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Abstract In this article, the propagation of high-frequency
monochromatic beam of circularly polarized electromagnetic
waves in a curved spacetime has been studied. At first, the
standard geometrical optics is investigated; That is, we con-
sider the waves with infinitely high frequency. In this step,
it is found that the trajectories of light are null geodesics.
Secondly, the geometrical optics is modified. For this end,
by considering the polarization of light, helicity-dependent
correction on the geometrical optics is included. As a result,
we realize that the modified wave vector is null. Further-
more, the trajectories of light are null non-geodesic paths.
Keywords: Circular Polarization, Helicity, Curved Space-
time, Geometrical Optics, Modified Geometrical Optics.

1 Introduction

The propagation of circularly polarized beam of light in a
gravitational field has been a matter of study in the past sev-
eral years [1-6]. As we know, the propagation of electro-
magnetic waves in general relativity is obtained by investi-
gating Maxwell equations in a curved spacetime. But, find-
ing an exact solution to Maxwell equations in such spaces
is a formidable problem. When the electromagnetic wave
is highly monochromatic over a region of spacetime, we
use an asymptotic short-wave approximation. In quantum
mechanics, this method is known as WKB approximation
and in wave optics is called geometrical optics approxima-
tion. This approximation is valid when the reduced wave-
length (wavelength/27) is much smaller than any charac-
teristic scales (such as the curvature of the wave front, the
size and duration of the radiation beam and the radius of
the spacetime curvature) in the problem. we begin with the
Maxwell equations in a curved spacetime. we write the Lorenz
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condition and wave equation for the potential 1-form. we se-
lect an ansatz for the potential and put it in the Lorenz con-
dition and wave equation. Investigating these equations, we
conclude that in the leading order of the geometrical optics
approximation, light ray paths are null geodesics [7]. But, if
the light frequency is very high but it is finite, we modify
the geometrical optics by including helicity-dependent cor-
rections on phase function of the potential ansatz. What we
have done here is somehow different from what has been
presented in [5] in that we directly modify the wave vector,
and we find that this modified vector, corrected up to the first
order of expansion parameter, is null; Also, we find that the
ray trajectories of circularly polarized light in this approach
are null but not geodesic.

In this article, the metric has signature (—,+,+,+), vec-
tors and differential forms are denoted by boldface letters,
the inner product of two vectors a and b is defined as (a,b) =
guvatb¥, with a* = (a,a) and we shall use geometrized
unitsc =G = 1.

2 Null Tetrads and Maxwell Equations

2.1 Null tetrads and Polarization forms

Here, we use the Newman-Penrose formalism, a tetrad for-
malism with a special choice of the basis vectors {l,nn,m,m},
of which I,n are real and m,m are complex conjugates of
one another. They are required to satisfy the orthogonality
conditions,

(lvm) = (l,’ﬁ’L) = (nvm) = (TL,’I’T’L) =0, (D

besides the conditions,

(l>l) = (n,n) = (m>m) = (

3

,;m) =0, 2
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that the vectors be null. We impose further normalization
conditions as
(l,n)=-1, 3)
Itis necessary to mention that there are some freedoms in se-
lecting such null tetrads. For example, to construct the vector
m, we have the freedom m — ei"’(‘”)m, where y is an ar-
bitrary function. But, the validity of our framework to mea-
sure the changes of quantities is guaranteed when the size
and angle between the basis vectors do not change along the
trajectory of light; Also, they are required to be rotation free,
which means if the basis vector is initially tangent to the ray,
it will remain tangent during the motion. But, the operator
that can satisfy our needs from a basis vector is the Fermi-
Walker derivative. Fermi-Walker transportation of the bases
imposes some conditions which fix gauge ambiguity in the

choice of these bases. Volume 4-form and three polarization
2-forms 71'(“), a=0,1,2, are defined as [5]:

e=ilAmAmAn, @
79 =man, 7V =—(IArn-—mAm), #@® =1Am.
®)

For the electromagnetic field 2-form F', Maxwell equa-
tions in the absence of electric currents can be written as
dF = 0 F =0, in which d is differential operator, § := xdx
is codifferential operator and % is the Hodge star operator.
We define [5]:

Fo— % [F— ic(xF)], ©)
in which 6 = 41 is the helicity parameter of the field related
to right-handed and o = —1 is related to left-handed cir-
cularly polarized waves. Since in our 4-dimensional space-
time with the defined signature we have xx F' = — F', we can
write *F° = i0F°. Then, F 1! and F ! are self-dual and
anti-self-dual complex electromagnetic fields, respectively.
For these fields we have d.#° = 6% ° = 0. Using the coeffi-
cients @2, we can express F ° in terms of the basis 2-forms
(@) ag [5]:

2
Fo=Y ofn°.

a=0

)

Since Z° is a closed form, assuming the region we are
working on is simply connected, by the use of Poincare lemma
we can define the complex potential 1-form &/¢ as F° =
dgf°. The Lorenz gauge condition is 47° = 0.

2.2 Field equations

We start with the following ansatz for the potential 1-form
of the electromagnetic field:

is®
A =aeF ®)
in which a® is the complex amplitude 1-form, S is the real
phase function (eikonal function) and € < 1 is a dummy
expansion parameter that helps to track order of terms: a
term with €", for some integer n, varies as (X /)", where
A [lnin < 1. HereZ is the reduced wavelength (wavelength/27)
and [, is the minimal of the characteristic scales of the
problem. It is important to mention that we skip the helic-
ity index o and our calculation will be for the wave with
right-handed polarization. For left-handed one, it is neces-
sary to change € — —¢& and a — a. Putting the ansatz (8)

into Lorenz gauge condition gives:
*x(PA*a)—iexdxa =0, 9)

in which P :=dS is the wave 1-form. Also, the field strength
& can be written as:

F = éﬁ"e%, (10)
in which

¥ =B—ic¥, B.=Pha, €:=da. (11
It is easy to show that:

6F = et (12)
in which

j= —*%[PAx(aAP)]—ie[*(PAxda)—*dx(aAP)],

13)

is the truncated current 1-form up to the first order €. Note

that the symbols Y and £ indicate that we have kept the
equations up to zero order and first order of the parameter
€, respectively. Maxwell equations in current free spaces are
satisfied if 7 = 0. This point reaches us to the following field
equation:

Pla— ie((V"Pv) a+2P (Vyay) e“) Lo, (14)
in which V, is the covariant derivative associated with the
spacetime metric g,y and e! are co-frame 1-forms. It is
necessary to mention that some conditions are needed to
be imposed on the fields depending on the point that either
they are self-dual or anti-self-dual. For the self-dual field we
should have:

Ftlogl@ =y, (15)
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in which ” o” indicates the inner product of two differential
2-forms [8]. It is necessary to note that the gauge condition
& — of +d¥ which ¥V := el//e% and v is a scalar function,
preserves the physics of the problem. This gauge condition
will help us to find vector polarization in geometrical optics
approximation.

3 Geometrical Optics

At first, we keep the equation (14) up to zero order of the
parameter of expansion. so, we have:

P2=0. (16)

This means that P is null. If we interpret P, = VS as the
momenta canonically conjugated to x%, we can identified
the equation (16) with the Hamilton-Jacobi equation with
an effective Hamiltonian defined as follows [9]:

1
H(XIJ,PI_L) = Eg'uvP#P\/. (17)

Let x*(A), which A is an affine parameter, be an integral
curve of P%, P* = dx* /dA, then the Hamiltonian equations
give the trajectories of light in the geometrical optics limit:

D2

27 =it + LA =0, (18)

in which I, ,&, are Christoffel symbols. So, in the geometri-
cal optics approximation, the trajectories of light are null
geodesics.

4 Modified Geometrical Optics

In the next step, we modify the geometrical optics by includ-
ing first order correction in the wave vector. Here, different
from what has been done in [5], we directly correct the wave
vector as P = Py + € P;. If we put this in the equation (14),
we have:

(Po+€Py)aoy + £(Py+ €Py)ayy,
1
—2ig |[(Po+ ePl)"Vvao“ + anuVV(PO +eP)y 20,
19)

Now, we split this equation order by order in €. At first, we
have PO2 = 0. Here, we put Py = [. If we put this result into
(19) and use the relation agy = fozoy, by some simplifica-
tions we obtain:

(L, P)—il" 2" Vyzou =0, (20)

Using the condition (15) and the mentioned gauge condition,
we can imply that zg = m. Therefore, we get:

(1, Py) —il" "V ymy, = 0. 1)

Using the property of Fermi-Walker transportation, the sec-
ond term on the left hand side is zero, then we have (I, Py) =
0. Therefore, we can write:

P L2 0¢(1,P) =0. (22)

This indicate that in the modified geometrical optics, the
wave vector correction up to the first order of € is null. Up to
now, we find that P = [ + &P}, so we have (P —&eP;)?> = 0.
Like the geometrical optics section, we introduce the effec-
tive Hamilton-Jacobi equations, we obtain:

H(x*,Py,€) = %(P—ePl)z. (23)

Inspecting the Hamilton equations, we obtain:

D> xH

5= ea (VAP - VPl )i, (24)

Which means in modified geometrical optics the trajectories
of light rays are null non-geodesics.

5 Conclusion

In this paper, the propagation of circularly polarized high-
frequency electromagnetic waves in a curved spacetime was
studied. It is found that in the geometrical optics limit, the
trajectories of light rays are null geodesics. But, modifying
the wave vector up to first order correction, a process differ-
ent from what has been presented in [5], we can conclude
that the modified wave vector is null and the ray trajectories
of light are null non-geodesics.

References

1. V. P. Frolov and A. A. Shoom, Phys. Rev. D 84, 044026
(2011).

2. V. P. Frolov and A. A. Shoom, Phys. Rev. D 86, 024010
(2012).

3. M. A. Oancea, J. Joudioux, I. Dodin, D. Ruiz, C. F. Pa-
ganini, and L. Andersson, (2020).

4. S.R. Dolan, (2018), arXiv:1801.02273 [gr-qc].

V. P. Frolov, Phys. Rev. D 102, 084013 (2020).

6. M.M.Baghaiefard, The effect of polarization on the ray
trajectories of light in a curved spacetime. M.Sc. Thesis.
Department of Physics, Isfahan University of Technol-
ogy, Iran (2023).

7. C. W. Misner, K, Thorne, and J, Wheeler, Gravitation
(1947).

8. Benn, .M. and Tucker, R.-W. An Introduction to Spinors
and Geometry with Applications in Physics. Adam Hilger
(IOP publishing Ltd), 1987.

9. 1. Arnold, Mathematical methods of classical mechanics
(Springer, 1989).

9,1



	Introduction
	Null Tetrads and Maxwell Equations
	Geometrical Optics
	Modified Geometrical Optics
	Conclusion

