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Abstract In the quantum three-body problem, There
are three possible models: 1. Each particle interacts in-
dependently with the two others, forming three inter-
acting pairs. Pairwise interactions refer to this model.
2. Each particle interacts with the centre of mass of
the two others, called the pure three-body interaction.
3. Each particle interacts with the centre of mass of
the two others. This kind of interaction is called the
pure three-body interaction. 3. Each particle interacts
simultaneously with the two others and with the centre
of mass of the two others. This latest is called the full-
three-body interaction, which combines pairwise and
pure three-body interactions. Therefore, knowing which
of these models prevails in a given physical context is es-
sential. In this paper, we choose the integrable Calogero
Sutherland Hamiltonian, and we explicitly write the
wave functions of the ground states in each of these
modellings for three fermions and three bosons on a
ring. These wave functions reveal regions of the null
probability of the presence of particles. This theoreti-
cal distribution of probability is to be compared with
observations to discover which of these models prevails
in the observed physical context. As a physical context,
we suggest cold atoms’ ring-shaped optical lattices. In
addition, we clarify several points about the relation
between trigonometric and inverse square interactions
on a line and a ring.

Keywords: Three-body quantum Problem; two-body in-
teractions; Calogero-Sutherland Hamiltonian; three-body
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1 Introduction

In recent decades, significant efforts have been made
to consider convenient Hamiltonians to describe mate-
rial properties properly. In this context, one of the effi-
cient procedures is, for a given potential, to classify the
way particles interact as a many-body system. Namely,
pure two-body interactions, two and three-body inter-
actions simultaneously, and two or three-body interac-
tions separately. [1]. Among recent works using this
approach, one can mention [2, 3] based on two-body
interactions and [4, 5] taking into account three-body
interaction, for various potentials.

In parallel, solvable models often provide insights to
initiate further approximations or numerical investiga-
tions. In the case of many-body quantum systems, the
knowledge of the ground state is of great importance,
not only because it determines the complete structure
of the spectrum [6, 7], but also, as we are going to show
in the case of three-body quantum systems, it reveals
essential correlations among particles. For this reason,
in the particular case of three-body quantum systems,
many efforts have been made, in the particular case
of the solvable model of Calogero-Sutherland (CS), to
generalize the pairwise interactions, to pure three-body
and full three-body interactions [8-12]. Let us remem-
ber that the pure three-body interactions are the in-
teraction between each particle of the system with the
centre-of-mass of the two others. The full three-body
interactions are the simultaneous two and three-body
interactions.

In this paper, we consider the one-dimensional CS
model, which, beyond its solvability, plays an important
role in various domains of physics [13, 14] as different
as the physics of black holes[15] or the quantum Hall
effects [16]. In the case of three identical particles on a
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ring described by the CS model, we give each model’s
explicit wave functions for fermions and bosons: full
three-body interactions, pairwise interactions and pure
three-body interactions.

Although experimental setups to highlight inverse
square or trigonometric interactions are a real challenge
for experimentalists, various experiments have been re-
alized in the context of cold atoms ring-shaped opti-
cal lattices [17], some others are suggested to be re-
alized [18], and a global review can be found in [19].
Based on our present study, the experimental obser-
vation of particles’ probability of presence can inform
which model best describes the system correctly and
accurately: the full three-body interactions or the pure
pairwise or triplet interactions.

The paper is organized as follows: In section (2),
we make some rigorous considerations about the rela-
tion between spatial and angular coordinates of parti-
cles on a line and on a ring, as well as some essential
clarification on the relation between inverse square and
trigonometric interactions in the case of the three-body
problem. In section (3), we briefly recall the method
of obtaining the wave function of the full trigonomet-
ric C-S Hamiltonian. In section (4), we write the sys-
tem’s wave function for full three-body interactions for
fermions and bosons. We obtain all the system’s for-
bidden configurations by solving the null density prob-
ability equation. In Sections (5) and (6), the same work
is done for pure three-body and pairwise interactions,
respectively. In section (7), we conclude and discuss the
outlooks.

2 Rigorous considerations

The pioneer study [20] reports on the N-body quan-
tum system online in pairwise interaction with an in-
verse square potential V (r) = g/r2, where r represents
the distance between two particles and g is a real con-
stant. This work has been generalized to the periodic
case for N particles [21], by considering N particles on
a ring with a circumference equal to L, where the fol-
lowing identity is introduced:

V(r)= 9 _ g_io(r+nL)_2 = ﬁ [Sin (LT)} - (1)
r2 T L2 L |

Eq. (1) can be justified as follows: at the first stage, the
periodicity is obtained by placing after the first pair
of particles r apart, IV particles at regular distances L
apart from each other. Hence, we have N pairwise in-
teractions between the first and the second particle r
apart, the first and the third particle » + L apart, the
first and the fourth particle r+ 2L apart, etc. In the

second stage, the line is wrapped into a circle. Con-
sequently, the distances in the trigonometric form of
the potential are angular. The relation between angu-
lar and linear distances is clarified in Eq. (3). However,
in the thermodynamics limit, the equalities of Eq. (1)
are valid rigorously.

The particular case of three particles on line, has
been considered in [8] and [22] where polar coordinates
are defined to study the problem with the potential
V(r)=g/r%

Later, the interaction of three particles via three
body trigonometric potential [10] was considered, and
in a more abstract approach, interactions of type r—2
and [sin (’%)} =2 were studied as two distinguished cases,
and were classified in two distinguishable mathematical
categories [9][11].

In this section, we intend to dissipate two ambigu-
ities. First, as mentioned above, the trigonometric po-
tential is only valid in the thermodynamics limit for
many particles. Therefore, a legitimate question is how
rigorously one can consider a three-body trigonometric
potential, far from the thermodynamics limit, and still
use Eq. (1). The second point, directly related to the
first, concerns the relation between trigonometric and
inverse square interactions.

The standard way to justify using the trigonometric
interaction for three particles is to consider the limit as
the ring’s radius grows and tell that the trigonometric
and inverse square interactions coincide in this limit.

We intend to go beyond this standard justification
and clarify these points without considering the ring’s
radius limit. To this end, let Z;7;, be the distance of the
straight line between particles labelled ¢ and j, with
i,j =1,2,3, and ;x;, the length of the arc between
particles ¢ and j, on the ring. It is easy to see that
T;2; = 20x;sin (6/2), where 6 is the angle between the
two radius Oxz; and Ox; of the ring, (see Figure 1).
Using fundamental trigonometric relations, we have

L  /m
TiZ; = ;sm (Z mla:]> (2)
It follows,
gr° 1 g

ﬁ [sin (%(g@))r ml ?)

Hence, taking into account that r = a™ " sinfa(z; —
x;)], where r =7;7;, and a =7/L, Eq. (3) shows that
the trigonometric potential and the inverse square po-
tential represent both, the same type of interactions,
in the sense that, the strength of the potential, is pro-
portional to the inverse of the square of the distance

1
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Fig. 1 The relation between the distance z;z; and the length

of the arc #;z; leading to Eq. (3) can be seen in this panel.

Fig. 2 The case of particles on a ring is not a simple winding of
the segment of length L on a circle with the same circumference,
but a mapping which does not conserve the length.

between particles. Consequently, trigonometric and in-
verse square potentials can be mapped from one to the
other. However, we must remember that this mapping
is not isometric and does not conserve the length. In-
deed, as illustrated in Figure 2, the distance of the arc
rxj=a'ix'; #T;xj, i,5 =1,2,3. This is the fundamen-
tal care that must be taken when using the trigono-
metric interaction far from the thermodynamic limit or
without considering a ring with an infinitely large ra-
dius.

3 Transformation of CS Hamiltonian into
Laplace-Beltrami Hamiltonian

We consider the full trigonometric Hamiltonian with
full three-body interactions of CS type for three iden-
tical distinguishable fermions with mass m on a ring.
This Hamiltonian reads [12]:

_p2 3 9 2
full _ 7%
a 2m ;(8%)

h? 1
—1)a?
+ vy =1)a® Y -

sin?[a(z; —24)]

3,j=1
i#]
12 ) 1
+—p(p—=1a . ; (4)
m 1,7]_7;:1 sin?[a(z; +xj — 22y))]
i#i#k

where a(x; — ;) is the angular distance between parti-
cles, while a(x; +x; —2x) is the angular distance be-

tween one of the particles and the centre-of-mass of the
two others. 0 < <1 and 0 < v <1 are real coefficients,
h is the Planck constant, and a is a constant homoge-
neous to the inverse of length, namely a = w/L, where
L is the circumference of the ring.

Notice that the pairwise interactions vanish for v =
0 or v = 1. The Hamiltonian (4) coincides with the
Sutherland Hamiltonian [21], whilst the three-body in-
teractions vanish for =0 or p =1, in which case, the
Hamiltonian in Eq. (4) covers the three-body inverse-
square potential on a line studied in [8]. Also, notice
that the constraints 0 < g <1 and 0 < v < 1 ensure the
system’s stability. Indeed, within these ranges of val-
ues, the interactions are attractive. Otherwise, they are
repulsive and cause the instability of the system.

The method to find the wave function of the Hamil-
tonian (4) is exposed in [12] and consist of separating
the Hamiltonian (4) as the sum of ng/[” and erul”,
the Hamiltonian of the centre-of-mass and the relative
Hamiltonian, respectively. Then, the following change
of variables:

zj = exp[2ia(R — zg)], (5)
where x; = v — 17, k,0l=1,2,3and R= %(a:l +xzo+x3)

transform ng;\lj and erul” into ﬁéﬁlj and ﬁf;llv as
follows:

3. .,
+(v+p) Z Z:}:<z];>} (7)

Notice that H f;” expressed in Eq. (7) is the so-called
Laplace-Beltrami Hamiltonian.

4 Forbidden configurations in the case of full
three-body interactions

4.1 three identical distinguishable fermions with full
three-body interactions

The eigenfunction of H f ;” for three fermions reads
[12]:
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i -1
¢£e1tlll,fermzon8(zj) = Eg:’l_i))} (21,22,23)
3
X H (zj —zk)(’”r/i)7 (8)
J,k=1
Jj#k
where
—1
JEED (21, 20,23)
:Z%ZQ"‘Z%Z:[‘FZ%ZB-{-Z%Z]_+Z§z3+z?2)22_ (9)
—1
J (g Jlrl:))} is the Jack polynomial for the partition {2,1,0}

which is the only possible partition for three fermions
in the Fock space. For more details, see [12] and related

references therein. Hence, in terms of the variable z;,
Eq. (8) reads

d]f:lll,fermions (21 2, 23)

= (z%zg + 2%23 + zgzl + Z%Zg + z%zl + Z%ZQ)

X [(21 — 22) (22 — 23) (23 — 21)] 7). (10)
Back to the initial coordinates z1, x2 and x3 by using
Eq. (5) and, relative distances z;; = z; —x;, 4,j =1,2,3,
Eq. (10) becomes:

wfull,fermions
rel

_ [6741a:c23721aa:31 _~_ef41a$23721am12 +e*41aa:31721a:523
+e—41ax31—21a112 +e—41ax12—21aa:23 +e—41am12—21a$31]
% [(e—2lax23 o e—21ax31)(e—21ax31 _ 6—21(11;12)

% (672iaI12 _ 67210,123)] (v+p)

(11)

It is worth noticing that p and v does not appear
separately in Eq. (11), but appears only as the sum
p~+v. Therefore, the probability density of particles de-
pends on p+v. As seen in Eq. (4), v and p determine
the strength of pure two and pure three-body inter-
actions, respectively. Consequently, it is impossible to
distinguish the strength of each interaction separately.

Straight forward calculations yield the density of
probability errmion|2 as follows:

|'¢)7Jf:lll,fermion5|2 :2(1+3V+3M) [3 +2cos 2(1(9321 + 1'31)

+2cos2a(w13 + x23)2cos2a(x12 + T32)
+cosda(x12 +x32) + cosda(xas +x13)
+ cosda(xsy + x21) +2cosbaxiy
+2cos6aras +2cosbars;|

X [(1—cos2ax12)(1 — cos2aza3)

x (1 — cos2azs; )]V TH) (12)
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Fig. 3 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable fermions with the full
3-body interactions. x12 is the relative distance between parti-
cles labelled 1 and 2 and, x23 is the relative distance between
particles labelled 2 and 3.

The configurations with null probability correspond-
ing to |¢|2 =0 for a = 0.5, are shown in Figure 3. Notice
that a = 0.5 corresponds to the circumference L = 27.

Figure 3 is a superposition of lines and ellipses. Any
point of these lines or ellipses constitutes a forbidden
configuration for fermions on the ring. For instance,
the equation of one of these lines reads ws3 = mx1s.
Therefore z12 = 5§ and x93 = ”—22 constitute a forbid-

den configuration. i.e. the angular distance zjzo= 45
and zax3z~ 103 degrees is one of the infinite number of
forbidden configurations in this case.

4.2 three identical distinguishable bosons with full
three-body interactions

The suitable partition for three bosons is {3,0,0}.
The Jack polynomial for this partition reads

) —1
ey (21,22,28) = 227 + 23 + 23), (13)
Therefore, the eigenfunctions of H 7{:;” for three bosons

reads

wfull,boson

Lol (z5) = (2] + 25 + 23 + 21 + 25+ 23)

x[(21 = 22) (22 — 23) (23 — 21)] V).

Back to the initial coordinates x1, x2 and x3 by using
Eq. (5) and, relative distances z;; = x; —x;, 4,j =1,2,3,
Eq. (14) yields

After straight forward calculations, we obtain the
density of probability |1/Jf :lll,boson‘Q as follows:

(14)
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Fig. 4 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable bosons with the full
3-body interactions. z12 is the relative distance between parti-
cles labelled 1 and 2 and, x23 is the relative distance between
particles labelled 2 and 3.

|w7{:lll,boson|2 — 22+3u+3u[3+ 2COS(6G($12 +.Z‘32))
+2cos(6a(z12 +z13)) + 2cos(6a(zaz + 13))]
X [(1 —cos2azx12)(1 — cos2axa3)

x (1 —cos2azs; )] A, (15)

d]full,boson -9 [e—6iam12 +e—61aac23 +e—6iam31]

rel

% [(6—21(1:7623 o e—2iam31)(e—2iaﬂc31 o e—Ziawlz)

% (672iax12 _ 672iaac23)} (V"r#). (16)

The null probability configurations are obtained by
letting |1/1Zeulll’boson\2 = 0. These configurations for a =
0.5, are plotted in Figure 4. The lines of Figure 4 are
similar to those of Figure 3. These two figures differ
only due to the ellipses of Figure 3 that are not present

in Figure 4.

5 Forbidden configurations in the case of pure
three body interactions

In the case of pure three body interactions, by set-
ting v =0 in (4), the Hamiltonian of the system reads:

—712 3 9 2
m§(ax>

h? 1
+ —p(p—1)a> , 17
TP DI e M

i#£j#k

H(puref3body) —

the Hamiltonian (17) is the sum of system’s Center
of Mass Hamiltonian H (p ure—3body) , and the Hamilto-
nian of the system in the framework of its Center of

Mass H ﬁi?ra_gbwy). Following the method exposed in

3body)
H(pure
rel

[12] by applying the change of variable (5),

i : 7 —3bod
is transformed into Hﬁg;”e ody),

3 2
Hr(zer.Lre 3body) _ 2h%a |:Z< )
2j+ 2k i
+uz Z]_Zk< azj)} (18)

Jk=1
#k

5.1 three identical distinguishable fermions with pure
three-body interactions

The eigenfunction of H ﬁzfm_?’b()dy) for three distin-
guishable fermions read [12]:

. -1
¢£€?re_3b0dy)’femwns(2 ) :J~l{L2,1,0} (21,22,23)
X H - Zk (19)
7,k=1
Jj#k
where

/.L71
J{27170} (Zla 223 23)

=232+ 2321 + 2323+ 2521 + 2523+ 2520, (20)

In terms of the variable z;, Eq. (19) reads

(pure—3body), fermions
¢rel (21322323)

= (2%2’2 + zf,23 + z§z1 + 2523 + z§21 + z%zz)
X [(21—Z2)(22—23)(2’3—21)]N. (21)
Back to the initial coordinates x1, x2 and x3 by using

Eq. (5) and, relative distances z;; = x; —x;, 4,j =1,2,3,
Eq. (21) reads:

w(pure—?)body) ,fermions

N _ (621a(2w1—w2+2x3) +661ax3

+621a(2$2—z3+2x1) _|_661a:r1 +621a(2$3—z1+2x2) +€61am2)
> [eéia(m172m2+4r3) _e%ia(m272m3+4m1)]p
> [e%ia($272w3+4$1) _e%ia($372$1+4w2)]u

~ [e%ia(z372z1+4x2) _e%ia(x1723;2+41:3)]u' (22)
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After straight forward calculations, the density of prob-
ability reads:

(pure—3body), fermions
W)Tel

2 = 201431 (3 4 2 cos bazas
+2cosbaxr1e +2cosb6axrsy +2cos2a(x13 + x23)
+2cos2a(x31 +x21) +2cos2a(x12 + x32)

+ cosda(x13 + x23) + cosda(rsy + x21)
+cosda(z12 +232) X ((1 —cos2a(x13+ z23))

X (1—cos2a(x3; +x21))(1 —cos2a(x12+x32))*  (23)

The configurations with null probability correspond-

. —3body), i
ing to |1/J£Z”e ody),fermions |2 =0 for a= 0.5, are shown
in Figure 5.
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Fig. 5 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable fermions with pure
3-body interactions. x12 is the relative distance between parti-
cles labelled 1 and 2 and, x93 is the relative distance between
particles labelled 2 and 3.

Each of the points of Figure one is a forbidden con-
figuration of the system. For instance the point x19 =

37”, r23 ~ 5 is a forbidden configuration where angular

distances r1x9~ 270 and zox3~ 90 degrees.

5.2 three identical distinguishable bosons with pure
three-body interactions

In the case of three identical bosons, the eigenfunc-
tion of Eq. (18) is

(pure—3body),bosons ot
djrel (ZJ) —J{3,070} (21722723)

3
X H (zj—zk)“.

7,k=1
i

Back to the initial coordinates x1, x2 and x3 by using
Eq. (5) and, relative distances z;; = x; —xj, 4,5 = 1,2, 3,
Eq. (24) becomes

(pure—3body),bosons . 2ia(x] —2x9+4x-
Py (2) = [26 (z1—2x2+4x3)

+ 262ia(m272m3+411) + 2€2ia(1372m1+4m2)] >
[egia(mdzﬁug) _ e%ia($272w3+4a§1)]ux
[egia(z272z3+4z1) . e%ia(z372z1+4x2)]ux
[egia(z3—2x1+4x2) _ e%ia(x1—2w2+4a:3)]u. (25)

Straight forward calculations yields:

(pure—3body),bosons |2 5(2+3
|wrel ‘ - 2( #) (3

+2cos6a(z13 + x23) +2cosba(xsr +x21)
+2cos6a(z12 +x32)) ((1 — cos2a(z13 + z23))

X (1—cos2a(xs1 +x21))(1 —cos2a(x12+32)))*. (26)

The configurations with null probability correspond-

. —3body),b
ing to |’t/)£i?re ody)bosons|2 _ g for g = 0.5, are shown

in Figure 6.

%23

w2

|

0 w2 T 3nl2 27
X

12

Fig. 6 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable bosons with pure 3-
body interactions. x12 is the relative distance between particles
labelled 1 and 2 and, x23 is the relative distance between par-
ticles labelled 2 and 3.

As in previous figures, In Figure 6, any point corre-
sponds to a forbidden configuration. For instance, the
point w12 ~ m, xe3 ~ 7 is a forbidden configuration
where angular distances £1z3~ 180 and Tox3~ 45 de-

grees.
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6 Forbidden configurations in the case of
pairwise interactions

In the case of pure pairwise interaction, the Hamil-
tonian of the system (4) is reduced to [23]:

o —ﬁ2 3 o 2
Hpa/LT’LU’LSe —
2m Z (8;@-)
=1
h? 1
+ —v(r—1)a? - .27
m ( ) i;_:l sin?[a(z; — ;)] (27)
i#j
Eq. (27) can be written as the sum of HZ """

and H fgl"wzse Hamiltonian of the centre-of-mass and

Relative Hamiltonian, respectively. The relative Hamil-
tonian can be written as follows [24]:

W &
pa'L'I‘wlSe_
Hiel B 2mjz<8x

0 0
——al/ cot(ax g ( ) (28)
]z;ﬂ:c J 8(Ej a’Ek

Letting z; = exp(2iaz;), Eq. (28) becomes

Hpazrwzse o
rel -

2h%a? { 3

6.1 three identical distinguishable fermions

For three identical fermions, the eigenfunction of Eq.
(28) is

pairwise, fermions
w'rel 7 (Z])

(z%zg + 2223+ 222 4 2523 + 2521 + 22 20)
X [(21 = 22) (22 — 23) (23 — 21)]", (30)

Back to the initial coordinates xi, zo and x3 by
using Eq. (5) and, relative distances x;; = x; —xj, ,j =
1,2,3, the wave function in Eq. (30) reads:

wpairwise,fermions

pa — e—2ia(2m1+:r2) _|_6—21a(2:c1+x3)

+672ia(2w2+ac1) +€72ia(2w2+w3) +e*21a(2$3+$1)
+e—2ia(2w3+x2) « [(e—2iaml _e—2iax2)

o) (31)

% (6—210,:]02 o e—Qiaxg)(e—2iax3

Straight forwards calculations yields

|wpairwise,fermions |2
rel

2 (1+3v) (3+2cos?am12

+ 2cos2axo3 + 2cos2axsy + cosdaris + cosdaras

+ cosdaxsy +2cos2a(x31 + 21)

+2cos2a(z12 +x32) +2cos2a(xa3 +13))

x ((1—cos2az12)(1 — cos2axa3) (1 —cos2ax31))” (32)

The configurations with null probability correspond-

ing to |1/Jf§l"wlse’f”mw"8\2 =0 for a = 0.5, are shown
in Figure 7.
2w
3xf2
©~
$' W
w2
0 ;
0 w2 " 3n/2 2%
X12

Fig. 7 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable fermions with pair-
wise interactions. x12 is the relative distance between particles
labelled 1 and 2 and, 23 is the relative distance between par-
ticles labelled 2 and 3.

Similar to previous figures, In Figure 7, any point
corresponds to a forbidden configuration. For instance,
the point w12 = 5, x23 = 5 is a forbidden configuration

where angular distances x1ro=z2x3= 90 degrees.

6.2 three identical distinguishable bosons

For three identical bosons, the eigenfunction of Eq.
(28) is

d)pairwise,bosons
rel

_|_6—6ia:c3] X [(e—Qiawl _

—2iaxo

-9 [6—610&1 +e—61axg
6—21am2)

_ e—Qiaml )] (33)

% (e _e—Ziamg)(e—Qiamg

Back to the initial coordinates x1, zo and x3 by
using Eq. (5) and, relative distances x;; = z; —xj, i,j =
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1,2,3, Eq. (33) reads:

|wfgli7’wise,boson8|2 _ 2(2+3y) [3_'_ 2cos6azyy
+2cos6axas +2cosbaxs)

x (1 —cos2ax12)(1 — cos2axes) (1l —cos2ax31) (34)

The configurations with null probability correspond-

ing to \ql)f:l"wzse’bos‘msP =0 for a = 0.5, are shown in
Figure 8.
2xF
3wf2
~
» T
wl2
0 : &
0 w2 ™ 3nf2 2
X412

Fig. 8 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable bosons with pairwise
interactions. x12 is the relative distance between particles la-
belled 1 and 2 and, x23 is the relative distance between particles
labelled 2 and 3.

Figure 7 is a superposition of lines and multitude
of small circles on these lines. Any point of these lines
or circles constitutes a forbidden configuration of the
system. For instance, the equation of one of these lines
reads x23 = x12. Therefore 12 = § constitute a forbid-

den configuration. i.e. the angular distance 1 xo=r9x3=
90 degrees is one of the infinite number of forbidden
configurations in this case.

7 Conclusions and outlooks

In the three-body quantum problem, an important
question is to know which of the pairwise, pure three-
body or full three-body interactions best fits a given
physical situation. In this paper, we have a strong tool
to answer this question by comparing theoretical pre-
dictions of forbidden configurations to experimental ob-
servations.

To this end, we write explicitly the wave function for
three identical distinguishable particles on a ring with
the so-called trigonometric interactions. We show that

in all cases, there are infinite sets of forbidden configu-
rations associated with the system’s null density prob-
ability. A configuration corresponds to a given set of
relative distances between particles, 15 and x23.

These configurations are exhibited in six figures:
Figures 3, 5 and 7 represent forbidden configurations for
three fermions on a ring in the case of full three-body
interactions, pure three-body interactions and pairwise
interactions, respectively. Figures 4, 6 and 8 represent
forbidden configurations for three bosons on a ring in
the case of full three-body interactions, pure three-body
interactions and pairwise interactions, respectively.

Given a system with, let’s say, three fermions on a
ring. The question is, with which kind of interactions,
full three-body, pure three-body, or pairwise, should
one model the system? Here is the procedure to choose
the correct interactions. Experimentally, it is possible
to point out some configurations with null probabil-
ity. These configurations, to experimental uncertainties,
will be closed to one of the figures 3, 5 or 7. Hence, this
simple comparison will decide which of the three kinds
of interactions prevail in this system.

We suggest the context of cold atoms ring-shaped
optical lattices as an observational, experimental con-
text [17-19].
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