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Abstract

We proceed to investigate the solutions of generalized super-
gravity equations (GSE) in three dimensions. Our candidate
is the metric of BTZ black hole. It is shown that only the
cases with J =M =0 and J = 0, M # 0 of the BTZ metric
satisfy the GSE. In the former, we find a family of solutions
including the field strength H,, = 2r/1, the cosmological
constant A = —1/ 12, one-form Z,, and a vector field which
is obtained to be a linear combination of the directions of
the time translation and rotational symmetries. In the lat-
ter, the solutions possess the same field strength as before,
while the cosmological constant A, one-form Z; and vector
field I will be different from the previous case. Finally, we
show that the charged black string solution found by Horne
and Horowitz, which is Abelian T-dual to the the BTZ black
hole solution, can be considered as a solution for the GSE.

Keywords: Generalized supergravity equations; Standard su-
pergravity; BTZ metric

1 Introduction

Supergravity is a modern field theory combining the prin-
ciples of supersymmetry and general relativity. The 10- di-
mensional supergravity theory describes the dynamics of mass-
less string excitations and arises in string theory as a low-
energy effective theory. Recently, new string backgrounds
have been discovered that satisfy a more general set of mo-
tion equations than ordinary supergravity. These equations,
which are a generalization of the standard supergravity equa-
tions, are called the GSE. It’s worth noting that the primary
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difference between standard supergravity and GSE is the ab-
sence of a scalar dilaton. Arutyunov, et al. [1] introduced the
GSE in order to investigate integrable deformations of the
AdSs x S° type 11 superstring sigma model [2, 3]', which
is closely related to non-Abelian T-duality transformations
[10-13]. This generalized system in string theory includes
additional vector fields 7 in addition to the standard compo-
nent fields of type IIB supergravity. Up to now, the corre-
sponding classical action has not been discovered, and only
the equations of motion are presented. Additionally, Ref.
[14] presents a solution of standard supergravity with a lin-
ear dilaton that has been mapped to a GSE solution through
a formal T-duality transformation along a specific direction.
These findings emphasize the importance of treating solu-
tions of standard supergravity and GSE equally in the con-
text of string theory, as T-duality is a fundamental symme-
try in string theory. As a great progress in the recent study
of string theory, Tseytlin and Wulff [15] demonstrated that
the GSE can be reproduced by solving the xk-symmetry con-
straints. In fact, their results show that the k-symmetry of the
Green-Schwarz action requires the background supergravity
fields to satisfy the GSE.

Later, the GSE attracted the attention of many researchers,
in such a way that it was shown that [16] the whole bosonic
part of the type II GSE can be reproduced from the T-duality
covariant equations of motion of the double field theory when
one chooses a non-standard solution of the strong constraint.
Additionally, in Ref. [16], the Weyl invariance of the bosonic
sigma model on a generalized gravity background has been

'In order to construct the Yang-Baxter deformations of AdSs x S°, one
must employ the classical r-matrix as a solution of the homogeneous
classical Yang-Baxter equation [4]. It has been shown that the Yang-
Baxter deformed background of AdSs x 3 satisfies the equations of
motion of type IIB supergravity if the classical r-matrix satisfies the
unimodularity condition [5] (see, also, [6-9]). Otherwise, the back-
ground is a solution of the GSE.
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shown by using the doubled formalism. We think that the
results of work of Ref. [16] have provided positive evidence
that superstring theories defined on solutions of the GSE are
Weyl invariant (see, also, [17]). In Ref. [18], without intro-
ducing a T-duality manifest formulation of string theory, it
has been constructed a local counterterm that cancels out
the Weyl anomaly of bosonic string theory defined in gen-
eralized supergravity backgrounds; the results of their work
support the Weyl invariance of string theory in generalized
supergravity backgrounds. Also, it has been shown that the
equations of motion of generalized supergravity can be fol-
lowed from the sigma model once the Killing vector I is
identified with the trace of the structure constants [12]. In
this regard, for the Bianchi spacetimes, it was shown that
[12] the non-Abelian T-duals with respect to non-semisimple
groups are solutions to generalized supergravity.

As a spin off from this progress, it would be interesting
to present new solutions for the GSE in three dimensions.
In this work, we obtain some new solutions for the GSE,
including special cases of the BTZ metric (/ = M = 0 and
J =0, M # 0). Notably, when we select the vector field 1
based on our perspective, it becomes evident that the cases
with J # 0, M =0 and J # 0, M # 0 do not satisfy the GSE.
As an interesting result, we show that the charged black
string solution found by Horne and Horowitz [19], which
is Abelian T-dual to the the BTZ black hole solution, can be
considered as a solution for the GSE.

The structure of the paper is as follows. We start with
a short overview of the GSE in section 2, and introduce our
notation. Next, in section 3, after the introduction of the BTZ
black hole metric, we consider the BTZ black hole solutions
in the context of the low energy approximation. Section 4
contains the original results of the work: we look into the
BTZ metrics in the context of the GSE and show that only
the cases J =M =0and J =0, M # 0 of the BTZ metric can
satisfy the GSE. In section 5, the charged black string solu-
tion is considered as a solution for the GSE. Finally, conclu-
sion is reported in section 6.

2 A brief review of the GSE

The subject of this section is a brief overview of the GSE. In
the absence of Ramond-Ramond fields, these equations in D
dimensions take the following form [1]

Ruv — % Hypo HY +(Vu Xy +Vy X)) =0, (1)
VA Hyyy —X* Hyyy — Vi Xy +Vy X, =0, )
R— 5H?+4V, XH —4X, X* —4 A =0, 3)

where R,y and R are the respective Ricci tensor and Gauss
curvature that are calculated from the metric Gy, and A

is the cosmological constant. Here, the D-dimensional in-
dices u, v,... of coordinates x* are raised or lowered with
the metric Gy. The covariant derivative V, is the conven-
tional Levi-Civita connection associated with Gy,y. The field
strength Hy,yp corresponding to anti-symmetry tensor field
B is defined as

Hyvp = 9y Byp + 9y Bpu +9p Buy. 4)

In addition, X, is defined to be X, = I, +Z, in which I =
I* 9y, is a vector field, while Z = Z;; dx* is a one-form. They
satisfy [1]

% Guy =0, &)
% Buy =0, (6)
Vu Zy—Vy Zy+1" Hyyy =0, )
* 7, =0, (®)

where ¥ stands for the Lie derivative. The conventional
dilaton is included in Z, as follows:

Zy=0u ®+By I". )

Here, @ is a scalar dilaton field hidden within Z;;. Note that
if we set I* = 0, then one gets that X, = 8“ &, and thus, the
GSE reduce to the standard supergravity equations.

In this work, we present new solutions for the GSE (1)-
(3) together with (5)-(8), including special cases of the BTZ
metric, field strength H, one-form Z;, and an appropriate
vector field /. In this manner, we will derive a family of so-
lutions for the cases / =0, M =0 and J = 0, M # 0 within
the BTZ metric. As mentioned earlier, the case I* = 0 of the
GSE corresponds to the standard supergravity equations. It
has already been shown that [20] a slight modification of
the BTZ black hole solution yields an exact solution to the
standard supergravity equations. In the next section, after a
brief overview of the BTZ black hole, we consider the BTZ
metric in the context of the low energy approximation.

3 The BTZ black hole metric as a solution of the
standard supergravity equations

First of all, let us introduce the metric of BTZ black hole.
The BTZ black hole, discovered by Banados, Teitelboim,
and Zanelli [21], is a 2 + 1-dimensional solution of Ein-
stein’s equations with negative cosmological constant, mass,
angular momentum, and charge. Unlike its higher-dimensional
counterparts, the BTZ black hole is asymptotically anti-de
Sitter and lacks a curvature singularity at the origin. The line
element for the black hole solutions is as follows [21]:
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2
ds* = ( —;—z)dtz—Jdtd(p-i-rz d¢>

2 2
r J
+ (5 —M+5)""ar,

B ) 0< o <2m.

10)

where the radius / is related to the cosmological constant by
I = (—A)~"/2. The constants of motion, denoted by M and
J, represent the mass and angular momentum of the BTZ
black hole, respectively. The line element (10) describes a
black hole solution with outer and inner horizons at r = r
and r = r_ , respectively,

M1 2\ 12y 172

The mass M and angular momentum J are related to r = ry.
by M = (r2 +12)/I> and J = 2 ry r_/I%. Solutions with
—1 <M < 0 and J = 0 describe point particle sources with
naked conical singularities at r = 0. The metric with J =0
and M = —1 can be recognized as ordinary anti-de Sitter
space, and it is separated by a mass gap from the case where
J =0 and M = 0. The vacuum state, representing empty
space, is obtained by letting the horizon size go to zero. This
corresponds to M — 0, which requires J — 0. It’s worth not-
ing that the metric for the J = 0 and M = 0 black hole is
not the same as the AdS3 metric, which has negative mass,
M=—1.

As mentioned in the previous section, a modified BTZ
black hole solution was obtained to a 2+ 1-dimensional string
theory with a matter source given by anti-symmetric B-field
with the contribution of the cosmological constant A [20].
There, Horowitz and Welch showed that very solution to
3-dimensional general relativity with A < 0 can be con-
sidered as a solution to the standard supergravity equations
with a constant dilaton field, A = —1/I? and field strength
H,, =2¢,,/l, where g, stands for the volume form in
three dimensions2. In addition, it was shown that [20] the
solution of BTZ black hole (10) along with a constant dila-
ton field, A = —1/I? and field strength H,, =2r/l satisfy
the equations of motion of the standard supergravity. It is
worth mentioning that 3-dimensional black hole solutions
to (10) do not exist assumed that H,,= 0.

(1)

4 Solutions of the GSE with the BTZ metric

In what follows we shall look into the BTZ solutions in the
context of the GSE. We show that the cases / = M = 0 and
J =0, M # 0 of the BTZ metric can be considered as so-
lutions of the GSE. As mentioned in section 3, the M and
J are the mass and angular momentum of the BTZ black

2Note that a special property of three dimensions is that the field
strength H,,,, must be proportional to the volume form g, .

hole, respectively. They are appeared due to the time trans-
lation symmetry and rotational symmetry of the metric, cor-
responding to the Killing vectors d/dt and d/d @, respec-
tively. On the other hand, relation (5) is called Killing equa-
tion, which in terms of a Killing vector field K, = K* 8” it
can be written as

WK} G, +K G, + oK} G, =0. (12)
Accordingly, the vector field I can be a Killing vector or
a linear combination of the Killing vectors corresponding
to metric (10). The Killing vectors K, corresponding to the
BTZ metric can be derived by solving Killing equation (12),
giving us six linearly independent vectors. Here, to construct
an appropriate vector field / we use the Killing vectors of the
BTZ metric. We assume that the choice of
I = oKy + -+ 06K, (13)
for some constants ;, can be a suitable candidate for solv-
ing the GSE (1)-(3) together with (5)-(8). It should be noted
the fact that the BTZ solutions must be single-valued in the
angular direction. Therefore, one should be careful in choos-

ing the vector field /. As the first example, we look into the
case J =0,M = —A2 <0 of (10) in full detail.

4.1 Solutions with J=0, M=-12 < 0

In this subsection we shall investigate the solutions of the
GSE for the case J = 0,M = —A? < 0 of the BTZ metric.
Before proceeding to do this, let us first write down the BTZ
metric for the case J = 0,M = —A? < 0. Using relation (10),
it is given by

2 2
ds’ = —(A+35) d + (22 + )7 drP 417 dg?.

5 (14)

The Killing vectors of the metric (14) can be derived by
solving Killing equations. They are then read off

P
1 _a(p7
\/W rl At . A 0
K2 = +r {m COS(T)SIH( (p) E
A J 1 . At 2]
—&—7Lsm(7)s1n(/1(p)§—l—;sm(T)cos()L(p)%}7
NGY T rl AL J
K3 = A« l “+r |:7W Sln(T)Sln(7L¢) E
At . J 1 At 0
—&—),cos(T)sm(l(p)g—i—;cos(T)cos(k(p)%},

Ky =V A212 412 { ri cos(&)cos(l(p) 2

A2 42 I ot
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-2 sin(%) cos(l(p)% + % sin(&) sin(A (P)i} )

rl . At d
Ks =\ A212 472 [m sm(T)cos(lq)) 3

At o 1 At . )
-2 cos(T)cos(/'L(p)&r +;c0s(7)sm(7ﬂp)%}7
d
K¢ = 12—
6 l&t' (15)

Fortunately, for integer values of A, the resulting Killing
vectors are single-valued in the angular direction. Now, we
apply the Killing vectors (15) to construct an appropriate
vector field by using formula (13). As we will see, our so-
lutions are classified into two special cases. In both cases of
solutions, the anti-symmetry tensor field B is considered to
be B = —r*/l dt Ad¢. Then, one can employ formula (5)
to calculate the field strength corresponding to this B-field,
giving us

2r

H=——drAdtNdo.

] (16)

Here, the forms of our solutions including the metric (14)
and field strength (16) are given by the following two cases
Tand II:

e Case I: In this case, the GSE (1)-(3) together with (5)-(8)
are fulfilled with the metric (14) and field strength (16) if the
vector field /, one-form Z and cosmological constant A can
now be expressed in the following forms

0 1
I=—ogl? o 2= sl do, A= -7 + %0214 (17)
Using these, the dilaton field is constant, and the compo-
nents of X, read off

2
X, = alP(A2+ 2,

lz X(P = (X6lr2,

X, =0. (18)
e Case II: In this case of solutions, the vector field 7 is a
rotational symmetry, which together with one-form Z and A

are given as follows:
2 r 1 2,252
—, Z=l(A"+ = )dt, A:—Z—Z—HL o “1°. (19)

Then, one finds that

2

%
Xl‘ = all(lz—’_ﬁ%

Xp=0ur*, X,=0. (20)
The corresponding dilaton field to this case of the solutions
is time-dependent, ¢ = ¢, + Aoy lr.

Let us now discuss the solutions for all positive and neg-
ative values of M, when J is zero. The BTZ metric with

J =0,M # 0 is given by

2
dszz(M—;—z)dtz—i-(

2

r _
I—Z—M) Ldr’ 4+ 12 de?. (21)
In this case, the solutions are similar to those of the case
J =0,M = —A2, so that one should use M instead of —A2
in the solutions (17) and (19). Then, the solutions take the
forms

p) 1
I=—a612§, Z=olr* do, A:—I—Z—M%zl4,(22)

and

r2

1
7 —May%1%, (23)

IZOClaa(p, Z=uol( M)dt, A:_TZ

and in the same way for the components of X,.

4.2 Solution with J=0, M=0

The BTZ metric with J =0, M = 0 is simply found by using
the formula (10), giving us

2 2
l
ds* = -2 a? + — drr+r* d¢*.
14

. (24)

In order to construct the vector field /, one may determine

the Killing vectors corresponding to the metric (24) similar
to what was done in (15). Analogously, only non-zero com-
ponent of the tensor field B is considered to be B o, = r? /I for
which the field strength is calculated to be as in (16). Now,

we solve the GSE with the metric (24), field strength (16)

and a constant dilaton field. The equations are then satisfied
if the vector field I, one-form Z and A have the following
forms?

I = —ogl? £+(X3 -—,
Jt leX)

2
z- O‘%’dw aslrdg,

1
Using the first two relations and also the B-field By, = /1,
one then finds that the components of X, are

(25)

r2

X, = (o3 + ol) R

Xp = (a3 + al) 17,

X, = 0. (26)
3Note that our solution including the metric (24), By = r2/l and re-
lations given by equation (25) together with a constant dilaton field
may be related to a GSE solution found in equation (4.12) of Ref.
[22]. There, it has been obtained a 10-dimensional solution for the GSE
(with a non-zero Killing vector /) whose metric is locally AdS3 x §3 x
T*. If we look at the AdS; part of solution (4.12) of [22], it may be
locally the same as our BTZ solution.
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At the end of this section let us compare the solutions
with J=0, M=0 and J=0, M#0. As showed in the above, for

the case of J=0, M=0 we obtained the vector I as a linear
combination of the directions of the time translation and ro-

tational symmetries, while this is not true for the case of J=0,
M-=£0. In the case M#£0 of the solutions, if one uses a linear
combination of (22) and (23) for the vector I and one-form
Z, then, equation (8) becomes a;ag/>M = 0. This means
that one of the constants o or ¢ should be zero. Therefore,
unlike the case of J=0, M=0, a linear combination of (22)
and (23) cannot be a solution for the GSE.

5 Abelian target space dual of the BTZ as a solution of
the GSE

One of the interesting issues in the context of GSE is that to
investigate the solutions of the GSE under the T-duality. The
T-duality symmetry is one of the most interesting properties
of string theory connecting seemingly different backgrounds
in which the strings propagate. We say that the duality is
Abelian if it is constructed on an Abelian isometry group
[23]. By making use of the Buscher’s duality transforma-
tions [23], it was shown that the BTZ black hole solution dis-
cussed at the end of section 3 is, under the Abelian T-duality,
equivalent to the charged black string solution discussed in
Ref. [19]. There, Horne and Horowitz found a family of so-
lutions to low energy string theory describing charged black
strings in three dimensions. This family of solutions is given
by

2_ M o _Q2 2
ds- = (1 ?)dt +(1 m)dx
M -1 QN7 PdP
Y (1_M?) 472 @7
H= g df Ndf N dR, 28)
r2
. 1.
& = — In(17), (29)

where M = 12 /I and Q = J/2 are the respective the mass
and charge of the black string. It can be easily shown that
the above metric admits two Killing vectors d /df and d /d%.
Here, we shall show that the metric (27) and field strength
(28) can satisfy the GSE, if the vector field I, one-form Z,
dilaton field and cosmological constant express as follows:

22 _ O2
Al 20°(M QY

7 ’ . (30)

In addition to this solution, one can see that the GSE (1)-(3)
together with (5)-(8) are fulfilled with the metric (27) and
field strength (28) if the vector field I, one-form Z, dilaton
field and cosmological constant can now be expressed in the
following forms

1= 2
0%’
Z:f%m+@m%fﬁma
P =, %lnf'—az%f,
- 132+ 2a22(1\1\i22—Q2) a1

6 Conclusion

In this study, we have obtained some new solutions for the
GSE in three dimensions. Our solutions include the special
cases J = 0,M =0 and J = 0,M # 0 of the BTZ metric
together with the field strength H = —(2r/l)dr Adt ANd¢.
In each case we have calculated the the vector field /, one-
form Z and the cosmological constant A. To determine the
vector field / we have used the Killing vectors corresponding
to the BTZ metrics. By comparing the solutions with J =
0,M =0 and J = 0,M # 0, we concluded that unlike the
case of J = 0,M = 0, a linear combination of (22) and (23)
cannot be a solution for the GSE. However, we have derived
a family of solutions as presented in relations (22), (23) and
(25). Notably, our results confirm that these solutions are
single-valued in the angular direction. On the other hand, we
have checked that the cases J # 0,M =0 and J # 0,M # 0
for the BTZ metric do not satisfy the GSE.

While we considered the BTZ metrics, one can easily
repeat for other geometric metrics such as Thurston geome-
tries. As mentioned in section 3, the BTZ metric with J =0
and M = —1 represents ordinary anti-de Sitter space (AdS3),
which is nothing but one of Lorentzian Thurston geometries.
Therefore, we have investigated that the AdS; space can be
considered as a solution for the GSE. Finally, as an inter-
esting result, we have shown that the charged black string
solution (27), which is Abelian T-dual to the the BTZ black
hole solution, can be also a solution for the GSE. In fact, this
result helps to answer the question whether the solutions of
the GSE are, under the Abelian T-duality, preserved. It will
be an interesting future direction to be addressed.
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