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Abstract We present optical instabilities in a micro-ring res-
onator filled with media that includes quantum inference
effects. The quantum interference effects we consider is a
three-level atomic media whose levels are coupled by two
laser beams under the A-type configuration. Under fast re-
sponse conditions, we obtain optical instabilities in an all-
optical bistable system and study the dynamics of the in-
stability in the regime gain without inversion, which is due
to the existence of the Hopf instability in the lower branch
of homogeneous stationary state solutions. We also investi-
gated the dynamics of the system under the scan of the con-
trol parameter adiabatically, where the temporal oscillations
of the intensity are period one, and the phase space of the
field is a limit cycle.

1 Introduction

Dynamic behaviour of Optical instability in atom res-
onator coupled systems has been studied extensively over
four decades, particularly in the context of lasers and opti-
cal bistability [1-6]. The all-optical bistability (AOB) phe-
nomenon fundamentally affects the cooperative dynamics
between atoms and the field. The motivation for the AOB
of two-level atoms primarily stems from its prospective ap-
plications in all-optical switching, essential for progresses
in all-optical communication and computing technologies.
Furthermore, AOB elucidates various quantum optical phe-
nomena such as optical instabilities, self oscillations, and
chaotic behaviour [7]. Effects of single-mode dynamical in-
stability in a two-level AOB system were first explored in
the framework of a plane-wave model. This analysis was
subsequently extended to the Gaussian field model address-
ing its experimental feasibility [8]. Numerous studies have
explored the interactions of three-level atomic configura-
tion patterns and multi-mode fields that lead to chaotic be-
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haviour. Savage et al. [9] investigated the possibilities of
tri- and quadra-stability alongside the phenomena of self-
pulsing and optical turbulence. Similarly, Grangier et al. [10]
focused on optical bistability within the dispersive regime
and illustrated how chaos can emerge at elevated intensi-
ties of the field. Additionally, chaotic behavior has been ob-
served in the A configuration pattern of a three-level atomic
system where feedback is exclusively applied to the probe
field; detuning of the coupling field is employed to induce
chaos at higher input intensities [11]. Extensive research has
been conducted on cooperative effects and investigating non-
linear dynamical characteristics, including self oscillating
and pulsing, instabilities, and chaotic behaviour [12].

The coherent manipulation of quantum states in at-oms
and molecules through the coherent light of a laser can give
rise to quantum interference in the probability amplitudes of
the wave function in transition pathways induced by opti-
cal excitation [13]. Quantum interfer-ence and quantum co-
herence in an atomic system can give rise to numerous sig-
nificant optical phenomena, such as electromagnetically in-
duced transparency (EIT) [13-16], optical bistability (OB)
[17], stimulated Raman adiabatic passage (STIRAP) [18],
enhanced index of refraction [19], lasing without inversion
[20, 21], etc., were also studied in recent years.

Dynamic of Optical instability, in media that includes
quantum inference effects confined in a ring resonator holds
substantial theoretical and experimental significance. Inves-
tigations on the spatio-temporal dynamics of cavities under
such quantum interference effects in 3-level systems began
by the Gian-Luca Oppo and were later extended to many
important investigations in 2D and 1D [22-26]. These stud-
ies considered A atomic configuration to realize coherent
population trapping and EIT, where many novel phenomena
were discovered, yet many other related topics remain to be
investigated. However, the nonlinear dynamics of temporal
to researchers [27, 28].
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Figure 1: (a) The A coupling pattern of three-level atomic media
that interact with the two coherent fields having amplitudes E; and E»
at frequencies ®; and m,, respectively, and A; and A, the respective
detuning parameters. (b) A schematic of the micro-ring resonator con-
figuration within pump P and E; as input fields, and E as circulating
field, filled with media that includes the A atomic coupling model with
the ground, metastable, and excited states |1), |2}, and |3) respectively.

The current study aims to present the instabilities of bi-
stable optical systems in a micro-ring resonator filled with
media that includes quantum interference effects. The quan-
tum interference effect we consider is a three-level atomic
media whose levels are coupled by two laser beams un-
der the A-type coupling pattern. We have identified and ex-
plored three regimes of operation depending on the popula-
tion decay rate of level |2) to level |1) and the ratio of the
driving field amplitudes: 1) gain without inversion (this is
similar to lasing without inversion), 2) gain with inversion,
and 3) inversion without gain. The dynamics of temporal
oscillations of the field, which circulates in a resonator, is
the focus of our interest. These oscillations arise from the
nonlinear reaction of three-level atomic media to the driving
fields in the micro-ring resonator in the mean-field limit.

2 Theoretical Model

An alternative promising configuration whose temporal
dynamics under the fast response condition in a cavity is
not studied is the A system, where a single excited upper
level (3) is coupled to two lower levels (ground state (1) and
meta-stable state (2)). The atomic configuration of interest
is shown in Fig. (1.a) and that of the micro-ring resonator
containing such medium in Fig. (1.b).

2.1 Interaction Hamiltonian and density matrix

We focus on the A coupling pattern of a three level ato-mic
system excited by two coherent laser lights with driving fre-
quencies w; and @, as demonstrated in Fig. (1.a). In this
study, we employ the semiclassical approach in which the
creation and annihilation operators, known as fermion op-
erators, act on an electron at the discrete atomic states. The
levels coupled by the driving fields exhibit dipole-allowed

transitions; however, the transition from |1) to |2) is dipole-
forbidden due to the parity selection rule.

The Hamiltonian that describes the interaction of a three-
level atomic configuration, selected from an infinite number
of possible levels of an atomic mixed state, with two coher-
ent laser fields treated as classical sources in the rotating-
wave approximation, is formulated by appropriately adapt-
ing the Hamiltonian of a typical two-level atom-field inter-
action [29] to the present problem, as follows:

3
H = Z Siaja,- + hgi (a;ral e ' 4 alra3e""1’)
i=1
+hgy (agazefi“’z’ +a;a3ei“’2’> (1)

Here, & (i = 1,2,3) are the eigenenergies of the discrete
atomic states, g; and g, are the Rabi frequencies of the cou-
pling fields E; and E, and @, = |i) and a; = (i| (i = 1,2,3) are
electron creation and annihilation operators, respectively.

We note that excitation (de-excitation) of an electron
to (from) level |3), corresponding to its creation (removal)
in (from) that state, can happen through two routes: |1) +»
|3) and |2) <+ |3). The full master equation, containing re-
versible and irreversible parts following the Liouville-von
Neumann equation in the interaction picture, can be written
as follows:

ap i
FIen —ﬁ[%ﬁp]+/\07 2

where

G = hg (agaleﬂAll —l—a11ka3e’A1’)

+hgo (agaze_mz’ + a;a3em2’) , 3)

and the material detunings are defined as A} = @; — @3 and
Ay = my — w3, with @31 and @s; representing the atomic
transition frequencies. Effects of spontaneous emission and
complex rate constants are described by A,, where the pop-
ulation transition rates between levels i and j are represented
by W;; and polarization decay rates by ¥;;.

Following the phenomenological approach, and noting
that for the three-level case there is more than a single route
for a population of a level to change due to spontaneous
emission, the density matrix elements, i.e., p;; as defined in
Eqg. (2), contain complex unambiguous time-dependent ex-
ponential terms. These can be eliminated using the follow-
ing transformation:
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Rii = pii (4a)
Ri3 = pize " (4b)
Ry3 = pyze ™! (4¢c)
Rip = pae” 41742 (4d)

where R;; denotes the transformed elements of the equation
of motion. This simplification significantly improves our ca-
pacity to analyze and interpret the behavior of the system. It
should be observed that damping rates for coherence terms
follow the relation

1
72 (u/lk+W]k) )

22 ®)

Yij =

where the downward population decay rates W;; (with i >
J) describe the spontaneous decay rate of the excited state.
In contrast, excitations from a stable and metastable state
to an excited state due to collisional processes have been
effectively disregarded, as the energy separations between
the levels are significantly greater than k7 [30]. Based on
this, we arrive at the following expressions:

1 W-
N2=3 (Wi + Wiz + Wy +Waz) & %7 (6)
1 W31 + W
N3 =3 (Wia+ Wiz +Wa +Wsp) & ¥7 (N
ro O 0 O
0 0 0 2
A Y2 —g 0
Yz A2 0 g
M =
0 g mn3 O
-8 0 0 73
0 g1 0 0
Lgr 0 0 O
and
I=0 0 0 0 0 g 0 0, (12)

1
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Eq. (2) leads to 8 linear time-independent equations for
the transformed elements of the equation of motion R;; in
the form of ;% = MW + I. At steady state, we have:

(—282)B23 — WaiRa2 + W3aR33 =0, (10.2)
(281)B13 + (282) B2z — (Wa1 +Wa2)R33 = 0, (10.b)
(A1 —A2)oua + 11212 — g203 + 810023 =0, (10.c)
V12002 + (A2 — A1) B2+ 2213 + 81823 =0, (10.d)
g2B12+n3ou3 — A1 fi13 =0, (10.)
— g0 +A10u3+ 1313+ g1Rn +2g1R3z = g1, (10.9)
81812 — 123003 + A2 a3 = 0, (10.g)
81012 — A2 03 — Y2323 + g2R22 — §2R33 =0, (10.h)

where @;; and f3;; are the real and imaginary parts of R;;.
Steady-state solutions can be obtained by considering Rj; =
1—Ry —Rs3, Rij = R;i’ W31 =1, and A; = 0, in the form
of MY = —I, through the coefficient matrix method, where:

0 —2g —Wy Wz ]

0 2¢ 0 —(Wn+l)

81 0 0 0

0 & 0 0

0 0 0 0 an
0 0 g 281
-3 4 0 0

A —13 & -8

where the dispersion (@;;) and absorption (B ) coefficients
are given in the Appendix. Note that all the parameters in
our calculations have been normalized to 7.
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2.2 Main Model

The schematic of the micro-ring resonator, in which me-
dia that includes quantum interference effects is confined, is
displayed in Fig. (1.b). The resonator has two inputs: one at
the top from a straight waveguide and the other at the bottom
of the ring. The quantum interference effects we consider in-
volve a three-level atomic medium whose levels are coupled
by two laser beams under the A-type coupling pattern, as il-
lustrated schematically in Fig. (1.a) with decay mechanisms.
States |1) and |2) are the ground and metastable states, re-
spectively, while state |3) is an excited state. The transitions
|1) —|3) and |2) — |3) have opposite parity, while |1) — |2)
has the same parity.

The maser field E circulates within the ring resonator,
externally pumped by a continuous wave (CW) source pro-
portional to P, and couples the metastable state |2) and the
excited state |3). The pump field is coupled to the resonator
from the top of the ring in Fig. (1.b), and after light-matter
interaction, it propagates as field E. The micro-ring resonator,
schematically shown in Fig. (1.b), is designed to keep the
field E inside the resonator, repeating the light-matter in-
teraction after each round trip of a photon along the ring.
Meanwhile, the field Ej, after coupling the ground and ex-
cited states under a technique, is directed out of the resonator
and does not circulate along the ring. This technique is effec-
tive when the field E is prepared with polarization opposite
to that of field E.

Identifying the field that should circulate within the ring
and the field that must exit without circulating relies on the
beam splitter embedded within the micro-ring resonator, in-
dicated by the black lines at the ring’s bottom in Fig. (1.b).
Due to the significant frequency difference between E and
E; [refer to Fig. (1.a)], they do not significantly influence
each other, allowing any minor effects to be disregarded.

In the case where the response of the atomic medium is
faster than the micro-resonator lifetime (fast-response con-
dition) and in the anomalous dispersion regime, the dynam-
ics of the beam propagating in such a resonator are described
in the mean-field limit with the Lugiato-Lefever equation
(LLE) [31]:

OGE =P —(14+i0)E + (2C)iRy3 + iV’E, (13)
where 0, represents the slow time over multiple round trips
within the resonator. P denotes the amplitude of the input
pump and is a fraction of field E, and 0 indicates the de-
tuning between the cavity resonant frequency and input fre-
quency, which we use as the control parameter in our simu-
lations. The transverse diffraction of the master field in two
dimensions is described using the Laplacian. Finally, 2C de-
scribes the cooperativity parameter of the light-matter inter-
action, given by

~ Nu*kL

2C =
2hyeeT’

(14)

where U represents the transition dipole moment, k denotes
the field wave number, L is the resonator length, y describes
the atomic linewidth, & indicates the permittivity of free
space, and T is the resonator transmissivity. Every physi-
cal parameter in Eq. (13) has been scaled through appropri-
ate normalizations, per standard methods for operating the
mean-field or LLE model [31].

Details of the spatio-temporal dynamics of such a model
are provided in Refs. [23, 25]. In this work, we ignore any
spatial dependence of the field within the resonator; in fact,
we consider the classical field circulating inside the ring res-
onator to be homogeneous and ignore the transverse diffrac-
tion of the field, setting the diffraction operator in Eq. (13)
to V2 = 0. This reduction simplifies the system’s dynamics
from spatio-temporal to temporal, allowing us to investigate
the evolution of temporal oscillations and optical instabili-
ties as the detuning 6 is varied as a control parameter.

We focus on the evolution of the driving field coupling
states |3) — |2) [see Fig. (1.a)]. We also consider a fast
medium where the atomic variables (level populations and
coherences) quickly relax to their stationary values. This al-
lows light propagating through the medium to experience
absorption (gain) and refraction characterized by the den-
sity matrix element R,3. We utilize the expression for Ry3
(see Appendix) for the nonlinear response in the ring res-
onator, where the dynamics of the field E are described by
the mean-field equation.

As mentioned above, our goal is to study optical insta-
bilities in an all-optical bistable system. To do this, we first
need to find homogeneous stationary solutions (HSS) de-
rived from Eq. (13) by setting d; = 0 and V> = 0:

PP = [(1+2Chn(;¢))2+(6—2CRe(%))2 E>,  A5)

where Re(y) and Im() are the real and imaginary parts of
the electric susceptibility in R, (see Appendix). We also set
2C = 30 and use the resonator detuning 6 as the control pa-
rameter of the atom-field-resonator system, as is commonly
done in experiments. The values of Ay, W3y, Wh1, P, and E|
will be chosen based on the regime of interest later.

In our simulations, we employed the second order Runge
Kutta algorithm to integrate Eq. (13) self consistently with-
out the diffraction operator. We must highlight that we in-
corporated the coherence term (off-diagonal density matrix
element) into the mean field using steady-state solutions (see
Appendix).
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3 Results and Discussion

As shown schematically in Fig. (1.a), we are interested
in the evolution of the driving field coupling states |2) — |3)
(denoted as E) with the Rabi frequency g,. One of the fasci-
nating predictions from [30] regarding A and = atomic con-
figurations is the amplification of a weak probe field across
a broad frequency ranges of the absorption feature. In this
study, the three-level atoms play the role of active medium.
This occurs when the dressed atomic states are driven to-
wards an inverted state, which necessitates fulfilling the con-
dition [30].
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Figure 2: The electric susceptibility and Population inver-
sion in the two allowed transitions and population of the
exited state versus the material detuning. (a, b) gain in the
presence of inversion W = 0.5, W3, =0.1, E; =4, E =1,
(c, d) gain in absence of inversion with W1 = 0.5, W3, =0.1,
E, =FE =1 and (e, f) inversion without gain W>; = 0,
Wi, =0.1,E,=E=1.

The findings from [30] regarding A and = atomic con-
figurations highlight the amplification of a weak probe field
across a broad frequency range of the absorption feature.
In this study, the three-level atoms function as the active

medium. This amplification occurs when the dressed atomic
states are driven towards an inverted state, which necessi-
tates fulfilling the condition [30]:

E\2
(&)

This phenomenon significantly differs from what is typi-
cally observed in two-level systems. Firstly, two-level atoms
generate gain rather than absorption in response to a probe,
but only within specific frequency ranges. Secondly, it in-
volves a parametric energy transfer from the pump to the
probe, mediated by atomic susceptibility. On the other hand,
for the three-level system, the gain arises from an inversion
state between the levels of the excited atoms.

Based on condition (12), as shown in Fig. 2, we have
identified and explored three regimes of operation depend-
ing on the population decay rate of level |2) to level |1) and
the ratio of the driving field amplitudes:

Wa1 — W3

12
1+ Wy (12)

i) Gain with population inversion in the |2) — |3) transi-
tion,
ii) Gain without population inversion (this is similar to las-
ing without inversion),
iii) Population inversion without gain.

Fig. 2 shows the steady-state solutions for absorption,
dispersion profile, and population inversion along A;. If we
follow condition (12), then gain (B3 < 0) is achievable in
the presence of population inversion (R33 — Ry > 0 & R33 —
R11 > 0) [refer to Figs (2.a) and (2.b)]. However, if we relax
the strict condition of Eq. (12) when choosing the strength
of the driving fields, we arrive at a situation where popula-
tion inversion (R33 — Ry < 0 & R33 — Ry < 0) is reversed
around the resonance while gain (B3 < 0) is still estab-
lished. In Figs (2.c) and (2.d), we have chosen equal val-
ues for the driving fields E; = E; = | while keeping the
other parameters the same as in Figs (2.a) and (2.b). It is
observed that around the resonance of the |2) — |3) tran-
sition, population inversion is absent but is obtained every-
where when A, moves far from resonance. The next regime,
shown in Figs (2.e) and (2.1), is realized when no population
decay is allowed from level |2) to level |1) (i.e., Wo; = 0).
In this case, gain is removed everywhere while population
inversion can still be obtained far from the resonance of
the |3) — |2) transition, a phenomenon that has been ex-
tensively studied. This also represents the “Raman transi-
tion,” the result of which is coherent population trapping,
and is realized when the population decay rate of level |2) to
level |1) is considered zero (W, = 0). In Fig. 3, the homoge-
neous stationary states (HSS) evolve with cavity detuning 0
at the maximum gain, i.e., A = 0.467, according to Eq. (15),
where a clear bistability is seen for negative cavity detuning
values. In this study, our results are based on the values of
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Figure 3: Bistability of the HSS in terms of cavity detun-
ing. Parameter values are similar to Figs (2.c) and (2.d) with
Ay =0.467.

the parameters in the regime of gain without inversion, sim-
ilar to lasing without inversion. As mentioned, we keep A,
in the region where no inversion is expected while the gain
is close to its maximum value. A wide bistability is obtained
for the HSS solutions. The stable and unstable branches of
The solutions are clearly defined. At 8 = —2.462, the sys-
tem switches from the lower branch to the upper branch, and
at 6 = —0.425 from the upper branch to the lower branch of
the bistable diagram, or vice versa, so the bistable threshold
is in the form of —2.462 < 6 < —0.425.

182

1.60
1.58
1.56

1.54

f“_1 .
S §=-2.462
1.50
1.48
1.48
1.44 o
1.42 T T
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Figure 4: Field intensity, under the adiabatic scan of the res-
onator detuning. The parameter values in this figure are sim-
ilar to those in Fig. 3.

In Fig. 4, we simulated the time-dependent field £ based
on Eq. (14) and kept the parameter values similar to Figs (3.c)
and (3.d); we started the simulation from noise under the
adiabatic scan —10 < 8 < 10. The simulation result and the
homogeneous stationary solutions coincide and show a clear
range for the bistable threshold and self-pulsing solutions.

During the scan of the control parameter, only a period-one
path for the field intensity appears, which is representative
of the limit cycle. This oscillation disappears at the bistable
threshold, which is due to the absence of Hopf instability in
the upper branch of the HSS solutions.

()

L] 4 2 (] 2 - - ] A0 o)
(b)

Figure 5: (a) Time trace, and (b) The limit cycle continua-
tion from the Hopf (H) point at the very onset of instability
on the lower branch of the OB curve shown in Fig. 3. Pa-
rameter values are similar to Fig. 3.

Figs (5.a) and (5.b) show the intensity-time and phase
space of the field, respectively. From Fig. (5.a), it is con-
cluded that from negative and positive values of 0, the os-
cillation frequency decreases and increases, respectively, at
the bistable threshold due to moving away from the Hopf
instability point in the lower branch. Fig. (5.b) shows the
phase space of the complex field, which illustrates the limit
cycles in the range of —10 < 0 < 10, where the radius of
the cycles increases as the bistable threshold is approached,
indicating an increase in the amplitude of oscillations in this
range.

Bistability for input (P) and output (Ejs) field intensities
is shown in Fig. 6. Under a certain value of the input field, by
increasing or decreasing 6 as a control parameter, the output
field increases and decreases respectively. The boundary of
these changes is the bistable threshold of Fig. 3, which is
the same interpretation for the other side. Thus, by reducing
or increasing 6, the output intensity value can be controlled
under the input intensity.
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Figure 6: Bistability in the input and output intensities with
6 = —2.462 as a boundary condition. Other parameter val-
ues in this figure are similar to those in Fig. 3.

4 Conclusions

Our results indicate that the intensity of the output field
from the micro-ring resonator, influenced by quantum in-
terference effects, exhibits oscillations if the fields used to
couple the atomic levels are considered continuous waves
(CW). This behavior arises from the Hopf instability in the
lower branch of the bistable dia-gram, attributed to the gain
present in this regime. We identified a single type of peri-
odic solution (one-periodic with a limit cycle) in the system
dynamics, as we considered a fast medium where the atomic
varia-bles (level populations and coherences) quickly relax
to their stationary values, facilitating the propagation of light
through the medium. Notably, we demonstrated a system
with self-oscillating dynamics by exploring the gain regime
without population inversion, which allows for utilization

in all-optical communication and cir-cuits. Furthermore, we
provide evidence that the output intensity of the resonator
can be controlled by adjusting the resonator detuning.
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Appendix

It should be mentioned that off-diagonal variables being
complex are written in the following form:

Ry3 = 03+ ifo3, (A1)
Ri3 = a3 +ipis3, (A2)
Riy = app+ipi2, (A3)

which are proportional to the field amplitude E| and E via
[29]:

Rz = xn3E, (A4)

Ri> = x13E1, (A5)

In this section, we solve the coefficients matrix (Eq. (10))
using MATLAB software and obtain the absorption and dis-
persion coefficients for the transition between the levels, as
well as the population equations for all three levels, and in a
simplified form, we have:

D =2g:88713(2Wa1 + Ws2) + g2 (Wa1 115 + 2833 + War Waa i3 — 8Wa1 43113 — 4Wn A3 1i3) gt
+ 82(—6Wa183713 +4Wa183 123 + 2Wa2g5 13 + 2Wag3 o3 + 1283712 113) 81 + 82 (8Wa1 V2 Vi3 13 + AW Vi N3 1o
+283713 + 28373 — 2Wa1 A3 713) 81 + 82(—2458513 + 285 V12 s + 4Wa1 43 13 + 2WaAJ i
+2Wa183713)81 + 82(—6Wa1g3 13 + 2Wanga 13 -+ 1283123 + 2Wa1 83713 o3 + 2Wa1 Vo Vs 123 )81
+ 2228371271313 — 2Wa W AT Vs + 4Wa1 A3 g3 Vi + 6Wa1 AT 3113 + 2W A3 g3 i) g1
+2(—2WnA3 83713 +4Wn AT 10 113 + AW A3 Y13 155 + 2Wa A3 1 113 + 2Wan A3 i3 15 )81

+ 82 (2Wa183712 713 + 4W21 83112135 + 2W83 2 13 + AWa1 Yo Vi3 Y33 + 2Waa Vi Vi3 133 )81

(A6)

+82(1243 831373 + 128370 V13723 + 2Wai Wang3 13123 + 2Wai Wan Y2 iy Yoz — OWa185 1213 123) 81
+ 82(2Wg3 112713 %23 + 285153 + Wa1 A7 g5 + War A3 73 + Wa183733) + 82 (2Wa185 103 + Wat A Vi i3
+Wa1 A3 V3135 + War Vo Vs Vas + 2438573 123) + 82(283 Vi Vi3 o3 + 483 1213 Y23 + Wai Wan A3 g3

4 4 22 2 2 2
+ W War A3 Y5 + Wai Wanga v ) + g2 (2Wa1 A2 €3 112713 4 2Wa1 831127135 + Wai Waa AS Y Vi + Wai Wi ATy 73
+ WarWa Vs 13 ¥33) + 82 (2Wa1 A3 8513 123 + 2Wa1 Yo V13 o3 + AWa183 M2 Vi3 ¥o3) -+ 2War Wz A3 3 V12 i3

+ 2W21W32g§)’12}’13 7223
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03 = Argo {g113(War — Waz) +2(Wsp — Way)
x (83712 + A313) +2(Wao — Wa1) M2 X 113
= [(14+War) X Y13 — (W + 1) x Wyy]
W21 X 12("13 + 723)
—~Wa1Wa2 X 113(1i2 + 13)g1 } (A7)

Bos = g182713 2712 (W2 — Way) — Way (Waz + 1)
+ [g2Wa1 (A3 713 — g5753) (Wi + 1)
+222753(Wa2 — Wa1 ) (€512 + A3 13 + Y1 ni3)
—(Waz+ Wa1)g2Y12 113723 &1 (A8)

013 = 8185 2WiAa (2 + 1o3) — War Az x
(W2 + 2712+ 293 + 1)) + 218542 X
[War (83 (1+Ws2) + 135 (1 4+ Wa2))
+2¢373(1+Way)], (A9)

Bis = g1 (Warni3) (1 + Waa) + 7 [War (1+ Wss)
x (82123 + 2713 (Y1223 — A3))
+283712%13(1+ Way)]
+a1 [(14+War) (28372723 +483%3%3)
X (45 + %)
+ Warns(1+Wa2) (43 + (273)?)
+EWa1i2(A3 +1353)]
+Wa1 A3 13 (1 +133), (A10)

a1z = g182 {(Wa1 — Wa2) x (271381 + 28785 13)
+ 71381 X (2N2723 —243)
—(War +1) x (2g183713 + 283 723)
+85 X (Na2¥i3¥e3) — (1+ Wap)
< (11381 Wa1 Y23 — g3W21453)
—WarYia¥is X (33 +43) } +Wai + 3, (A11)

Bi2 = g18242113 [War x (1+ W2 +2(i2+ 123))
—2W32 x (V12 +13)]
— 8182 % (1 +Wa)Wa1 A2 113 X (A2 + 133)
+2g182 X (1+War1)(A2113723), (A12)

R =2¢Wsoms + g261 (28%}’13 X (14212)

+2Ws2 X (85723 + 212 N3 123 — 24513))

+ 2287 [2Wa2 X (11343 (A3 +133))

+@72(A3 +133) + V31 (45 + V223)]

+4M3A583 3+ (1+202) X 28373

+28373 % (2d3 + 2913 — AF)] (A13)

Raz = 2Wh18522713 + 8182 (2Wa1 83 (123 — 113)

+4%3 x (War (112723 — A7) +83712))

4, 422 2
+ g2 [2Wa1 x (M347 + Asem2 +85M215
N3 oz + V3AT Va3 — ?’138%712723)
71345 (85 + V)| + 4833723

(A7 +7h) +28313 X 2n2 —Wa)] gl (Al4)
Rii = %, (A15)
oj = %7 (A16)
Bij = [j;/’ (A17)
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