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Abstract To explore how rigid rotation affects the thermo-
dynamic properties of free relativistic bosons, we employ the
standard imaginary time formalism of thermal field theory to
calculate the free propagator of complex scalar fields under ro-
tation. We introduce the corresponding partition function and
explicitly compute it by expanding the modes in cylindrical
coordinates. The resulting propagator is in full agreement with
similar findings in the existing literature.
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1 Introduction

Recently, there has been significant interest in studying the
effects of rigid rotation on the thermodynamic properties of
relativistic particles [1-9]. In [5], a system of spin zero mass-
less bosons bounded on a one-dimensional ring is studied in
the presence of an imaginary angular frequency. It is shown
that the system’s thermodynamics exhibits a fractal depen-
dency on the rotation frequency, and ninionic statistics emerge.
In [8], an interacting relativistic bosonic gas subjected to a
rigid rotation is studied at finite temperature. Various thermo-
dynamic quantities, including pressure, energy, entropy, and
angular momentum densities, as well as heat capacity, moment
of inertia, and the speed of sound are computed analytically
and numerically. It is shown that certain thermodynamic in-
stabilities appear at high temperatures and large coupling con-
stants. They are manifested as zero and negative values of the
moment of inertia and heat capacity, as well as superluminal
sound velocities. Zero moment of inertia, which was previ-
ously observed in [6] in a rotating and hot spin one gluon gas,
leads to the phenomenon of supervorticity in relativistic a Bose
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gas under rigid rotation and is believed to be the reason for the
negative Barnett effect [7]. We notice that the study of bosonic
and fermionic systems under rotation may offer potential ap-
plications in diverse fields such as heavy ion collision experi-
ments [1-3,9], condensed matter physics [10] and astrophysics
of boson stars [11-13].

The standard method for determining thermodynamic
quantities involves calculating the partition function, which
yields the pressure of relativistic gases. Other thermodynamic
quantities can then be derived from the pressure. The primary
component of the partition function is the free propagator. This
paper aims to determine the partition function and the free
propagator of relativistic bosons under rigid rotation.

The propagator for free fermions under rigid rotation was
first determined in [14] by Ayala et al. using the generalized
Fock-Schwinger method. Subsequently, in [4], the propagator
for the Yukawa model was derived, incorporating both bosons
and fermions. The general form of the boson propagator was
also calculated in [8] using a method similar to the approaches
in [14] and [4]. It is the aim of this paper, to compute the free
propagator of a rotating Bose gas, by making use of an alter-
native method, which is referred to as “mode expansion ap-
proach”.

The paper is organized as follows: In Section 2, we use
the corresponding metric to rigid rotation and determine the
Lagrangian density of free complex scalar fields in the rigidly
rotating medium. In Section 3, we define the canonical parti-
tion function of this model and the corresponding Hamiltonian
density. Section 4 includes the mode expansion of the boson
field, including a Fourier sum in cylindrical coordinates. In
Section 5, we obtain the free propagator of rigidly rotating
complex scalar fields by using the aforementioned mode ex-
pansion. Finally, Section 6 is devoted to our conclusions.
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2 Free complex field in the presence of rigid rotation

We use the Lagrangian density Eq. (1) to describe the non-
interacting relativistic bosons,

L=g""9u0% 00 -m"9*9, )
where

1—()c2+yz).(22 yQ —xQ2 0
vQ -1 0 0
—xQ 0o -1 0}

0 0 0 -1

8uv = (2

is a rigid rotation metric [1]. Considering this metric means
that the bosons rotate around the z-axis with a uniform angular
velocity 2. By defining angular momentum

L= i(yax(P —xay(])), 3)

and plugging Eq. (2) into Eq. (1), the Lagrangian density is
expressed as

L=(d—iQL,)9* (d—iQL)o |V —m?|9[*. )

Also the conjugate momentum of each fields can be obtained
form Lagrangian density and are given by

aL .
n= m =do¢ —iQL.9, (5a)
* a‘c _ * . *
T = m = (9()¢ IQLZ(P . (Sb)

3 Partition function

In the canonical ensemble, the partition function is given
by

Z- fDn*Dn/D(p*Dq)
xexp[ij(ﬂ*,n*;d)*7¢)], (6)

where

[Xzfoﬁd’cffx, and B=1/T. (7N

Here, 7 =it is imaginary time [16]. In Eq. (6), the integrand is
defined as

J (7", 7*5¢%,0) = (n"do + 9™ - H), ®)
where
H:80¢*n+80¢>7r*—£, ©))

denotes the Hamiltonian density. Plugging Eq. (4) into Eq. (9)
and using Eq. (5a) and Eq. (5b), yields

H=|nf* +iQ(xL¢* + T L) +|Vo|* +m*|9|*. (10)

To integrate over & and 7* in Eq. (6), we introduce following
shifted momenta:

F=m-00+iQL.9, (11a)

B =mt -9yt +iQL.*. (11b)

Using Eq. (10) and after some standard algebraic steps, the
integrand Eq. (8) reads

J=-7"F+L, (12)
where £ is given by
L' =(9~iQL)| - Vo ~m?|o[*. (13)

4 Mode expansion in cylindrical coordinates
We can describe a complex scalar field ¢ (x) with a pe-

riodic boundary condition ¢(7 =0) = ¢(7 =) by using a
Fourier sum in cylindrical coordinates (7,7, ¢,z),

_ v i i( @, T+HlQ+k;z)
o) =VBV Y, ¢

x Jo(kyr)@u e (), (14a)
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—i( 0, T+l Q+klz)

ORI

x T (K r) @ oo (k). (14b)

Here, r is the radial coordinate, ¢ the azimuthal angle, and z
the height of the cylinder. Moreover, , = 27nT are Matsubara
frequencies and Jy(k,r) refers to Bessel function of the first
kind. Following notation is introduced,

dk,k, dk,
gf ) / Tulut (15a)
Mk e i it (2m)
j . Ji" /‘dk'k’dk' (15b)
n',z/,k'_n,, it (2m)?

The current series expansion differs from the conventional ex-
pansion introduced in references such as [15, 16] in that it in-
cludes solutions derived from the Klein-Gordon equation in
cylindrical coordinates. In this coordinate system, these solu-
tions involve plane waves in three directions and Bessel func-
tions along the radial direction [8].

5 Free propagator under rigid rotation

According to above arguments, the partition function of
free complex scalar fields is given by

zz[Dn*mfD¢*D¢exp[fx(£'—fc*ﬁ)]. (16)

Performing the Gaussian integration over shifted momenta,
we arrive at

Z:Nngb*anexp[fXﬁ’]. (17)

The result of the Gaussian momentum integral is included in
the constant factor N. In cylindrical coordinates, Eq. (7) turns
out to be

[(:—/Oﬁdrfomdrrfoznd¢[:dz. (18)

In what follows, we compute

fxﬂl:fx|(‘90—iQLz)¢|2—|V¢|2_m2|¢|27 (19)

by using the mode expansion of Eq. (14a) and Eq. (14b). Uti-
lizing the completeness relations presented in Appendix A, it
can be readily demonstrated that

1= [ om0 G )k, r) (20)
= ﬁ(zﬂ:)zslngr: (kmkl’k, k, )a

where 5 o 1s defined as

52"5'} (ks kKl k) = — (kz—kg)S(kl—k’l)Sn’,,/Sg’y. (21)

The first contribution of Eq. (19) is first given by

Ti= [ (d-i2L)of
- [ (u-i@L)o" (d-i0L)s, 22

where in the imaginary time formalism dy = id;. Plugging the
mode expansion of ¢ and ¢* into Eq. (22), using

(id; —iQL.)¢* = \/BV 25 » (0 +i/Q2) (@ T O+
xJr (K )@ (K"), (23)

and

(i0:=iQL) 9 =\/BV ., (-0, +ilQ) & {OnT+107h3)
*xJp(kyr) e (k), (24)

as well as Eq. (20), and performing the integration over k’ and
summation over n’, ', we have

L=V brk) (B (@u+it2)) k). (25)
The gradient contribution of Eq. (19) is

T.= [ 1vef - [ vo7ve. (26)
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where the gradient operator in the cylindrical coordinates is
given by

L1990,

90;,1904,90, @7)
dz

Vo= Br r )

Using the orthonormality of the unit vectors in cylinder coor-
dinates, Eq. (26) is equal to

199" 3¢ 99" 99
) 00 8(p dz dz”

_ (99799,
Iz_.[x dr dr (28)

The radial derivative is

—i( @, T+l Q+klz)

Ve

Ay (k' ,
% G o (K),

(29a)

19 i(On T+ +k:2)
E_\/Wi (O T+

an(kJ_r)

——=— (k). (29b)

Using the relations of Bessel functions from Appendix B, the
product of radial derivatives is given by

v i i e—i(wn,r+é'(p+k£z)ei(m,,r+€qu+kzz)
n' ' k" Inlk

|:2]g l(klr)]g/ (k, r) +2Jg+1(klr).]g/+1 (k r)

00" d¢
or ar
K,

4

400

o K 2.][(]{Lr)‘]g/(k’ r)] O [,(k ) e (K). (30)

The azimuthal derivative is computed as follows:

0 e~ i(@y T+ Q+klz)

n' (', k’
X‘If'(klr)(pn’.l’( ,)a (313)
(97(]) _ i(0, T+0Q+k;Z)
0 =\/BV jn,é,kge
xJo(kr) @, (k). (31b)

The product of azimuthal derivative is thus given by

2¢* 37(]) _ V_i 00" ¢~ (@ T+l 9+k(z)
e ¢ 0k It

x OO 1y (k1) T (K ) B o (K ) Be(K). (32)

Finally, the product of derivative in the z direction is given by
9" 96 _

Vi i k. e—i(wn,r+£’q)+kgz)
dz 09z w0k Tnek o C

xe O gy (k)T (K )G o (K)o (). (33)

Similarly, by using Eq. (20) and performing integration over
k" and summation over n’,¢’, we arrive at

L=V, 6 (B2 (2482)) s (). (34)
The final result for the last contribution is given by

T,=v ;i“ By (k) (B2m?) (k). (35)
Combining Egs (25), (34), and (35), we obtain

e f, S EDi®)aw, o

where DZ(')(k) is the inverse free propagator in the presence of
rigid rotation,

D o(k) = (0, +ilQ)* + 0, (37)

and, w?* = ki +kz2 +m?.

6 Conclusion

In this paper, we have derived Eq. (37) representing the
propagator of a free boson at finite temperature under the in-
fluence of a rigid rotation. Our approach utilized a new method
based on mode expansion in the cylindrical coordinate sys-
tem, deviating from the standard plane wave approach used
in references such as [15] and [16]. The previously calculated
propagator for a rigidly rotating Bose gas at finite temperature,
as seen in [4] and [8], was determined using the generalized
Fock-Schwinger method. The result in Eq. (37) is consistent
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with the findings in [8], except for the sign of ¢, which is re-
lated to the symmetric nature of this propagator under such a
change (specifically, see Eq. (2.25) in [8]).

It is worth noting that the Fock-Schwinger method em-
phasizes geometric and path integral aspects and uses the
Schwinger proper time technique, while the mode expansion
approach focuses on the Fourier transform and operator for-
malism. In this work, a Bessel-Fourier expansion is employed
due to the special cylindrical geometry. Each of these meth-
ods has its own advantages. For example, the Fock-Schwinger
method is more advantageous in curved space-time scenarios,
while mode expansion is generally more straightforward for
perturbative calculations in flat space-time. Importantly, both
methods yield the same result, as demonstrated in the present
study.
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Appendix A: Useful completeness relations

To arrive at Eq. (20), we used completeness relations [8]

B
fo dte @0t g5, (A.la)
It
fo doe = = 2m) 8y, (A.1b)
f " dzel ke (27)8 (k. —KL), (A.1lc)
0 1
fo dr g (koK) = =8 (ke =K)). (A.1d)
1

Appendix B: Bessel function relations

To derive the propagator in Fourier space, we used, in par-
ticular, the derivative of the ¢-th order Bessel function

aJ[(klr) _ ki

(Jo-1(kyr) =Jog1 (kir)), (B.2)
or 2
and another useful recursive relation [17]
20
Jor1(kyr) = Eff(kﬂ) —Jo-1(kyr). (B.3)
1
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