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Abstract In solving the Brans-Dicke (BD) equations in the
BD theory of gravity, their linear independence is important.
This is due to the fact that in solving these equations in cos-
mology if the number of unknown quantities is equal to the
number of independent equations, then the unknowns can be
uniquely determined. In the BD theory, the tensor field g, and
the BD scalar field ¢ are not two separate fields, but they are
coupled together. The reason behind this is a corollary pro-
posed by V. B. Johri and D. Kalyani in cosmology, which
states that the cosmic scale factor of the universe, a, and the
BD scalar field ¢ are related by a power law. Therefore, when
the principle of least action is used to derive the BD equations,
the variations 6g"¥ and 6@ should not be considered as two
independent dynamical variables. So, there is a constraint on
0g"v and 8 ¢ that causes the number of independent BD equa-
tions to decrease by one unit, in such a way that in the equa-
tions that have been known as BD equations, one of them is
redundant. In this paper, we prove this issue, that is, we show
that one of these equations, which we choose as the modified
Klein-Gordon equation, is not an independent equation, but
a result establishing other BD equations, the law of conser-
vation of energy-momentum of matter and Bianchi’s identity.
Therefore, we should not look at the modified Klein-Gordon
equation as an independent field equation in the BD theory,
but rather it is included in the other BD equations and should
not be mentioned separately as one of the BD equations once
again.

1 Introduction

In solving the BD equations in the BD theory [1, 2], their
linear independence is important. This is due to the fact that
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the number of independent equations must be equal to the
number of unknowns in their solutions. Actually, in BD the-
ory, BD equations form a system of coupled nonlinear second-
order differential equations. One of these equations is the mod-
ified Klein-Gordon equation and the other equations are gen-
eralized Einstein’s field equations (EFEs). In the spatially flat
(k = 0) FLRW cosmological model [3-9] for a universe that
is a perfect fluid with the equation of state

p=wp, e))

where —1 < w < 1, what we seek from solving the BD equa-
tions is that to find four quantities: the cosmic scale factor a,
the BD scalar field ¢, the energy density of the universe p and
its pressure p. To determine these quantities as functions of
cosmic time ¢, we must have four differential-algebraic equa-
tions. Then we can uniquely determine the unknown quantities
a, @, p and p as functions of the cosmic time ¢ from solutions
of this system of differential-algebraic equations.

The Johri-Kalyani’s corollary requires that quantities a and
¢ are not independent of each other, but they are related by a
power law as [6—-10]

od' =%, )

where n is an adjustable parameter and % is a constant. This
law first introduced into cosmology by Dehnen and Obregén
[11] as a hypothesis to solve the BD equations. Later, follow-
ing Dehnen and Obregén, authors [7-9, 12, 13] used this as-
sumption to solve the BD equations. Finally, in 1994 Johri and
Kalyani [6] proved that this relation should not be seen as an
assumption but rather a result of the constancy of the deceler-
ation parameter of the universe. Accordingly, in this article we
have called this power law as Johri-Kalyani’s corollary. Thus,
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in the FLRW cosmological model, in addition to the equation
of state (1), we have also the power law (2) as an algebraic
equation between the unknowns of the problem. So, to deter-
mine the unknowns of the problem, we only need two differen-
tial equations that together with these two algebraic equations
form a system with four equations for four unknowns a, @,
p and p. Based on this, the BD equations must contain two
coupled independent second-order differential equations.

As aresult, in order to solve the FLRW cosmological model,
the BD equations must be three differential equations. One of
them must depend on the other two equations. In other words,
from the set of BD equations, one of them is repeated. Our
goal in this paper is that to show in the BD theory, one of these
equations, which we choose here, the modified Klein-Gordon
equation [14, 15], is not an independent equation, but a result
of the establishment of other BD equations. For this purpose,
we first derive the BD equations by using the principle of least
action for the BD-action.

2 BD theory

The BD-action in Jordan’s frame is given by [14-20]

_ 1 4 O v
IBD_@'/%de_g((p%_ag Vuo Vyo

— V() + 161 gM) 3)

where @ is the BD scalar field, @ is the adjustable BD cou-
pling parameter, V() is the potential energy of the field ¢
and Z is the Ricci scalar of the space-time manifold .# with
the local coordinates x* = (x%,x',x% x%). Also, g = detg,y
and V; denotes the covariant derivative operator in the space-
time and finally, .%,, = .Z,,(guv,dp&uv) is the Lagrangian
density of the matter which is minimally coupled to the BD
scalar field ¢. Moreover, the BD scalar field ¢ inversely pro-
portional to the effective gravitational constant G,.rr by the
relation [7, 8, 15, 19, 20]

1 442w
*=3 ) )
eff 3420

where Gy is equal to the Newton’s gravitational constant
G =6.67x 1078 ¢cm® g7! 572 in the limit when ® tends to
infinity.

It should be noted that Eq. (3) is the original action of the
BD theory. In 2011, the generalization of this action was pre-
sented by S. Nojiri and S. D. Odintsov in [21, 22] as follows:

_ L (e, 9@
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where ¢*(?) and () are some appropriate functions of the
BD scalar field ¢. The above action, Eq. (6), was applied to
dark energy problem [23]. But in the present paper we focus
on the original BD action, Eq. (3).

Similar to the theory of general relativity (GR), the defini-
tion of energy-momentum tensor (EMT) of the matter

T 2 J
M v =8 aguv

(v=s2). ©

and its conservation
\%
VT, =0, (7

also hold in the BD theory [7-9, 14, 15, 19, 24].

By varying the BD action, Eq. (3) with respect to the dy-
namical variables, BD scalar field ¢ and metric tensor g"V,
and by using the least action principle for the BD action, i.e.
Olgp = 0, and this fact that the variations of §g"¥ and §¢
are arbitrary, then we get the following equations, respectively
[9, 14, 15, 20]

20 w av
Lo+ % — ZVrOV,0— - =0, (8)
o 7 o2 PP g
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where %,y is the Ricci tensor and [ is the covariant d’ Alemberian

operator of the metric tensor g, which is defined by

0:=VPV, = 71—g I (v—88""dy).

10
Ner (10)

We note Eq. (9) is a generalization of the Einstein’s field equa-
tions Zyy — %guv%—&—Ag“v = 87GTy,,, . By performing con-
traction on Eq. (9), we obtain

8TTif: 0]
#=——2k Zyev,
o @
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where T11,17L/1 =g"Ty v 18 the trace of the energy-momentum
tensor of the ordinary matter fields. By substituting Eq. (11)
into Eq. (8) one gets

dv
A
(87Thi', o —2v). (12)
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This equation together with Eq. (9) form a system of cou-
pled second-order non-linear differential equations which are
called the general form of the BD equations in the BD theory
of gravity. Notice that Eq. (12) is known as the modified Klein-
Gordon equation. Furthermore, Eq. (9) is sometimes called
BD field equations.

3 Linear independence of the field equations in the BD
theory

The purpose of this section is to show that in the BD the-
ory, the Klein-Gordon equation, Eq. (12) is not an independent
equation; but it can be derived from the BD field equations,
Eq. (9). For this purpose, we take the covariant derivative from
both sides of Eq. (9) with respect to the general coordinate x",
giving us

1 8w 1
v, (%ﬂv _ Eg”‘/%) —v, {?TM”V + (VEVY g — g )

(0] 1 1%
(VM Vo — — oHVVYP _ L v
g1 (VHOV O 58 VP eV0) g (13)

Then, using the Bianchi’s identity V,G*Y =0, (Guv = Zuv —
%%’gw is Einstein’s tensor), the left side of Eq. (13) becomes
zero. On the right side, according to the EMT conservation
law of the matter, Eq. (7), the divergence of the EMT is zero.
Finally, we obtain
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By doing some tensor calculations, Eq. (14) can be simplified
as follows:

87 0]
_ETMMVVV(P_ ﬁ(V‘%pr(p)V“@
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In order to calculate expression O(V*¢@) — V#(Oe) in the
above equation, let us consider the following tensor identity
[18, 24]

ViV WA=V, Vv =veZt (16)

where V* is an arbitrary four-vector and %’l(mv is the Rie-
mann curvature tensor. By putting A = v in the above identity,
we then get

V”V\,Vv — VVV”VV = VG.@VG”V,
= _chvcvu
= —V° %oy
= —Ve%5,, a7

where Zyv 1= '@AMV is the Ricci tensor. In Eq. (17), we de-
fine co-vector V5 = V5@, where @ is the BD scalar field. Ac-
cordingly, we get the following relation

VM(VVVV(P) - VV(VuVV(p) =—VeZ9,, (18)
which can be written as follows:
Vy([O) —O(Vye) = —(Vup) 2. (19)

For the next use, it is useful to write the above equation in the
following form

VY (Oe)-0O(VYe) = —(Vue)Z"". (20)

From the contraction of Eq. (9) one can obtain the Ricci scalar
Z, giving us

1 8 1
R, — 55’*592 = ?Tﬂg‘v + 6(V#vvq)— 84 00)

0] 1 \%
Jr?(V“(PVv‘P* 33V oV,0) - %5*3. @21)

By putting i = v in the above equation and then by using the
fact that %"L =% and 571 =4 we arrive at Eq. (11).

Now, in Eq. (9), instead of the Ricci scalar %, we put its
value from Eq. (11) and then calculate the tensor Z*" from
the resulting equation, giving us
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After some simplification, we then obtain
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By putting the tensor Z*V from the above equation into Eq.
(20), we get the following equation

VE(Oe) -O(VHe)

ar 8w
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From the combination of Eqs (15) and (24), one may get the
following equation

—Z—”T“Vvvtpf (pf(V”fprw)V“w
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After performing some tensor calculations we find that

1 2 av Ry —
2—(1)2[—SnTM;L+(2w+3)D(p+2V—(p%}V ¢=0. (26

Clearly, from the above equation we have

—SnT,&A+(2w+3)D<p+2V—(p% =0. 27

From solving Eq. (27) for ¢, we get the modified Klein-
Gordon equation, Eq. (12). In this way, we reached the desired
result.

4 Conclusion

In this paper, we proved that the modified Klein-Gordon
equation, Eq. (12) in the BD theory of gravity is not an in-
dependent equation of the BD field equation, Eq. (9), but it
results from the establishment of the BD field equation, Eq.
(9). Therefore, when we want to introduce the BD theory, it is
enough to consider only the BD field equation, Eq. (9) as the
basic equation of this theory. For this reason, if we consider
Egs (1), (2) and (9) without the modified Klein-Gordon equa-
tion, Eq. (12) as a system of equations in the “problem of the
FLRW cosmological model” to determine the four unknowns
a(t), o(t), p(¢t) and p(t), we have not made any mistake. Our
reason for doing this is that the modified Klein-Gordon equa-
tion, Eq. (12) in the BD theory is not a fundamental equation
and only Eq. (9) forms the fundamental equation of the the-
ory. The BD field equation, Eq. (9) provides us with two in-
dependent equations that are not enough to determine the four
unknowns. Hence, we need two other equations that together
with Eq. (9) form a system of four independent equations with
four unknowns. As seen in this paper, we have chosen the
equation of state, Eq. (1) and the power law, Eq. (2), which
are compatible with the physics of the problem, as the desired
equations. It is worth noting that although Eq. (12) is not one
of the basic equations of the BD theory, it can be added to
the system of algebraic-differential Eqs (1), (2) and (9), like
V,G*¥ = 0 (Bianchi’s identity) and V, T*V = 0 (conservation
of the energy-momentum tensor of the matter field) without
creating an obstacle in solving the FLRW cosmological model.
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