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Abstract In this paper, we have obtained the work of
friction force on arbitrary paths. Our results indicate that
the The work of the friction force depends highly on the
path equation. Our explicit calculations show that the
procedure and related examples are not simple.

1 Introduction

In elementary classical mechanics, the work done by fric-
tion is introduced as the change of mechanical energy of
the system. Whenever the energy of the system is not
conserved, we can write:

W' = AE = AU + AK (1)

In this equation, W’ is the work done by friction, AF is
the change in mechanical energy, and AU and AK are the
changes in potential and kinetic energy, respectively. Obvi-
ously, Eq. (1) shows that the work done by friction consists
of two parts: the change in potential energy, which is path-
independent if the force is conservative, and the change
in kinetic energy, which is path-dependent. If we want to
calculate the work done by friction directly without using
Eq. (1), then we can write the following:

W’:/?-Ei. 2)

In this procedure, it is not important to know the speed
values at the start and end points of the path. However,
the equation of the path is what is very important. This
procedure with the mentioned purposes has been reported
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in [1]. However, we indicate that this paper [1] did not
lead to the correct results.

A different article [3] has shown that the direct equa-
tion of work of friction on a particular curved path leads to
Eq. (1). This paper [3] somehow concludes the equivalency
between two equations (1) and (2).

In some textbook exercises, we can see that the ac-
tion of dissipative forces leads to entering the domain of
thermodynamics [2]. Indeed, the work done by frictional
forces has often been calculated incorrectly [4]. The key
to a correct treatment lies in distinguishing between the
energy equation and the center of mass equation [4-6].
This subject leads to an informal concept called "Pseu-
dowork" [7]. In any case, this concept is not considered in
our work. Section 2 begins with a critique of reference [1]
and continues with direct calculations of the work done
by the friction force. An example is given in Section 3 to
test the ultimate relationship for the work of friction.

2 Calculation of the Work of Friction

Now consider a particle sliding on a curved path with the
equation y = f(z), under the action of gravity. The final
equation in Ref. [1] is given as:

, 1 14 (@)
W' = —um dx, 3
2" g/ 21 [ @) — pf' () ®)

where m is the mass of the particle and p is the coefficient
of friction.

We believe that Eq.(3) is not correct. At the very least,
it does not give the correct result in limiting cases. For
example, consider the case of an inclined plane. In this
case, f'(x) = tan 6, where 6 is constant. Substituting this
into Eq. (3) from [1] gives:
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1+ tan26

W' = 2umg tan 02
Hmg 2 +tan?f — ptand

With respect to Az = (Al) cos, we can write:

2
1+ cos?26 — psinfcosd v

W' = (umg cos 0)(Al) (5)

But for an inclined plane, from basic classical mechanics
we know that N = mgcosf and W' = (umg cos0)(Al)
which is not the same as Eq. (5).

In fact, the definition of speed in the mentioned article
is problematic. Specifically, the equations:

dl

7}:%7

and v;«éj—l
x

Newton’s law, projected along the path and normal to
the path give the following equations:

1

g%z—siHH—un, (6)
02

R =n —cosé, (7)

where R is the curvature radius of the path, given by

dl N
R = B "= mig By using

dv dv dl B dv

- daa (8)

and defining:

we obtain:

@ _

= —2(sin 0 + un). (10)

So:

% = —2R(sinf+un) = —2up —2R(pcos @ +sind). (11)

Integrating this equation results in:

[
$(6) = exp (~2u(f — 6,) {wwl) 9 / dg

01

(ncos @ +sinp)R(p) exp [2u(p — 61)] } (12)
Assuming the particle starts from rest, we conclude:

0
¥(0) = —2/ (kcos o + sin )

01
x R(p) exp (2u(p — 0)) dep. (13)
Therfore
2 0
n(6 ZCOSH——/ cos ¢ + sin
(9) 70 J,, (ncosep ®)

x R(p) exp [2u(p — 0)] dp.  (14)

Finally, W’ or the work of friction is given by:

02
W' = umg/9 R(0)n(0)do. (15)

3 Example

Consider a trajectory with the following equation:

f(z) = Va. (16)
and:

1 ! 1
tan9 = _ﬁ, and /(; dé. 1 + E (17)

Defining the variable a as sinh(a) = ﬁ, we get

a1 dl _ cosh? ha R cosh? ha. (18)

da ~ cosha’' da 2 2

We can rewrite Eqs (14) and (15) in terms of « instead
of §:
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0 =q(a), (19)
where:

g9(a) = fg + /Oa Co‘iﬁﬁ = ,g ttan~l(sinha),  (20)
and

Rp(e)] =: p(a), nlp(a)] =:v(a). (6)

These latter equations give R(«) and n(«) in terms of o
instead of 6. Additionally, defining A(«) as:

_ cosh? ha (22)

(@) /: {M cos [¢(5)] + sin [¢(5)] }
X exp {M [q(B) — q(a)] })\(ﬁ)dﬁ, (23)

Finally, the work of friction is:

W= g [ " dBABIB). (24)

4 Conclusion

We have investigated, in a general form, the direct calcu-
lation of the work done by the friction force. As observed,
explicit calculations of the integrals may not be straight-
forward. However, we invite the reader to examine the
same procedure for a given path f(z) = —?, because
the radius of curvature of these two functions is identical.
Comparing the work of friction on these two paths and
analyzing the speed of objects sliding along these paths
at the end of the trajectories is highly desirable.
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