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Abstract In this work, we investigate a class of in-
tegrable nonlinear evolution equations where extrinsic
quadratic contributions are the only source of nonlinear-
ity. Within the Inverse Scattering Transform (IST) frame-
work and using the ∂-bar method based on the Riemann-
Hilbert approach, we extend the analysis to systems gov-
erned purely by singular dispersion relations, and we de-
rive integrable equations that lack intrinsic nonlineari-
ties and are driven only by the interaction between the
evolution equations and their spectral problems. By suit-
able choices of singular dispersion relations, we derive the
"truncated" Nonlinear Schrödinger (NLS) and Korteweg-
de Vries (KdV) Equations that exhibit localized coherent
structures and singular asymptotic behaviors that arise
independently of initial conditions. The integrability of
these systems is confirmed through their associated Lax
pairs. To demonstrate the physical relevance of these sys-
tems, we derive them in the context of laser-plasma inter-
actions, where they model the formation of propagating
localized structures and energy transfer dynamics.

1 Introduction

The Inverse Scattering Transform (IST) [1, 2] has
won physicists’ consideration by offering a method to
solve universal nonlinear evolution equations such as
the nonlinear Schrödinger (NLS) and Korteweg-de Vries
(KdV) equations. In this method, also called the Non-
linear Fourier Transform, a nonlinear evolution qt(x,t) =
L[q(x,t)], where L is a nonlinear operator, is associ-
ated to a convenient spectral operator. As is well known,
the spectral operators associated with the NLS and
the KdV equations are the Zakharov-Shabat [3] and
the Sturm-Liouville operators [4], respectively. In this
ae-mail: latifi@qut.ac.ir

method, q(x,0) plays the role of a “potential” for the
spectral operator inducing spectral data at time t = 0. A
linear time evolution of these spectral data must be cho-
sen obeying the so-called compatibility conditions [5]. Fi-
nally, q(x,t) is reconstructed using the inverse scattering
transform (IST).

An alternative approach, consists of writing the ∂-bar
equation for the spectral operator [6]. In particular, the
Zakharov-Shabat spectral operator (associated with the
NLS equation) is written as follows:

∂

∂k̄
ψ(k) = ψ(k)R(k),

ψ(k) = 1+O(1
k
) , ∣k∣ →∞,

(1a)

(1b)

where ψ(k) and R(k) are 2× 2 matrices (for more de-
tails see Appendix A), ∂/∂k̄ = ∂/∂kR + i∂/∂kI is the ∂-
derivative with k = kR + i kI , and 1 is the 2× 2 unitary
matrix. Note that a vanishing ∂-derivative implies an-
alyticity. R(k) is the jump operator in the associated
Riemann-Hilbert problem. The Sturm-Liouville spectral
operator associated with the KdV equation is written as
follows:

∂

∂k̄
ϕ(k) = ϕ(−k)r(k),

ϕ(k) = 1+O(1
k
) , ∣k∣ →∞,

(2a)

(2b)

where ϕ(k) and r(k) are given scalar distributions in C
(for more details, see Appendix B), where r(k) is the
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jump function in the associated Riemann-Hilbert prob-
lem. R and r can be called “reflection coefficients” since
they are related to spectral data. At this stage, one should
choose a “simple” x and t dependency for R and r which
will also imply, through (1a)-(1b) and (2a)-(2b), a depen-
dency of ψ and ϕ on x and t.

To obtain the NLS equation with source (5a)-(5b)-(5c)
from (1a)-(1b), one has to choose (Appendix A)

Rt = [R , Ω] ,

Rx = [R , ikσ3] ,

(3a)

(3b)

where Ω is a 2×2 matrix and is the sum of a diagonal
matrix of k-polynomials and a diagonal matrix of non-
analytic (singular) functions of k. Likewise, to obtain the
KdV equation with source (23a)-(23b) from (2a)-(2b),
one must choose (Appendix B):

rx(k) = 2ikr(k),

rt(k) = [β(k)−β(−k)]r(k)k,

(4a)

(4b)

where β(k) is a sum of a k-polynomial and a non-analytic
(singular) function of k. The time-derivatives of reflec-
tion coefficients Rt(k,t) and rt(k,t) are called disper-
sion relations. If the dispersion relations do not contain
any singular (non analytic) term, namely ∂Ω/∂k̄ = 0 and
∂β/∂k̄ = 0, then one recovers the usual NLS and KdV
equations without “source”. Suppose the dispersion rela-
tion contains a singular term and its polynomial part. In
that case, the compatibility condition yields the coupling
of qt(x,t) = L[q(x,t)] and its spectral problem [5].

These systems are integrable using IST. The Lax pair
for the NLS and KdV coupled to their spectral problem
are given in their most general form in [7] and [8], respec-
tively.

In a more general context, the link between the Rie-
mann Hilbert problem, the ∂-bar method and Lax pairs is
presented in [9]. In the present work, we point out that if
the dispersion relation contains no polynomials but only
singular terms, then the evolution equation does not con-
tain any intrinsic nonlinear or dissipative term; see Eqs.
(9a) and (27a). The integrability of these equations is dis-
cussed in the Appendices, and their Lax pairs are given.
These set of “truncated” coupled equations possess solu-
tions evolving toward localized coherent structures with a
singular asymptotic behaviour (blow up). The formation
of this localized structure, independent from the initial
condition q(x,0) is due to the “extrinsic” nonlinearity and

the “blow up” to the continuous energy transfer from the
external media described by the spectral problem into the
system described by the evolution equation. This work
shows how the two major prototypes of universal non-
linear evolutions, namely the NLS and KdV equations,
exhibit these properties. The relevant physical examples
demonstrate the importance of this type of equations in
physics.

In Sec. (2), starting from the NLS equation with
source, we show how the choice of a proper singular dis-
persion relation leads to the “truncated” NLS equation
coupled to its spectral operator. The lax pair is given,
confirming its integrability. A related physical example is
derived and solved. In Sec. (3), starting from the forced
KdV equation, we show how the choice of a proper singu-
lar dispersion relation yields the “truncated” KdV equa-
tion coupled to its spectral operator. The Lax pair for
this system is also given and confirms its integrability. In
Sec. (4), using the multi-scale analysis, a related physical
example, namely, a system of resonant coupled waves is
derived in the context of the laser-plasma interaction. In
Sec. (5), we present the method of solution to the system
obtained is Sec. (3), based on the ∂-bar approach and we
solve analytically the system. Finally, in Sec. (6), major
results are discussed.

2 The truncated NLS equation coupled to its
spectral problem and related physical model

We consider the following NLS equation coupled to its
spectral problem

− iqt(x,t)+
1
2
qxx(x,t)−q(x,t)∣q(x,t)∣

2 =

iα∫
+∞

−∞
dλ r1(λ,x,t)r2(λ,x,t) ,

r1,x(k,x,t)+ ikr1(k,x,t) = qr2(k,x,t) ,

r2,x(k,x,t)− ikr2(k,x,t) = qr1(k,x,t),

(5a)

(5b)

(5c)

where α is a real constant and the over-head bar, the
complex conjugation (throughout the paper).

The system (5a)-(5b)-(5c) associated to following con-
ditions:

q(x,0) ∈L1(R) ; lim
x→+∞

r1(k,x,t) =A(k,t)e−ikx ;

lim
x→−∞

r2(k,x,t) = 0. (6)
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In the ∂-bar approach [10], (5a)-(5b)-(5c) associated to
(6) has a singular dispersion relation, namely

Ω(k,t) = ik2σ3−
1
π
∬

C

dλR dλI

λ−k f(λ,t)σ3, (7)

where σ3 is the Pauli matrix and f(λ) any given distri-
bution in the complex plane for λ = λR + iλI . A phys-
ical application of the system (5)-(6) can be found in
[11] for f(λ,t) = (iπ/6)δ(λI)δ(λR − k0)∣A(kR, t)∣ with
a1(k0,x,0) = 0. The proof of integrability based on the
∂-bar approach is exhibited in Appendix A, while the
Lax pair of the system can be found in [7].

Now, if we reduce the dispersion relation into its sin-
gular part

Ωs = −
2i
π
P ∫

+∞

−∞

dλ

λ−kf(λ,t)σ3, (8)

where P denotes the Cauchy principal value of the inte-
gral. By setting aj(k,x,t) = rj(k,x,t)e−ikx, j = 1,2, system
(5)-(6) is reduced to the “truncated” coupled system

qt(x,t) = ∫
+∞

−∞
dλ f(λ,t)a1a2,

a1,x(x,t) = q(x,t)a2(x,t),

a2,x(x,t)−2ika2(x,t) = q(x,t)a1(x,t).

(9a)

(9b)

(9c)

Sys. (9), associated to initial/boundary conditions,

q(x,0) ∈L1(R) ; lim
x→+∞

a1(k,x) = 1 ;

lim
x→−∞

a2(k,x) = 0. (10)

is also integrable. Its Lax pair is [7]

µx+ ik[σ3,µ] =Qµ,

µt = (Cf)µσ3−((Cf)µσ3µ
−1)µ,

(11a)

(11b)

where Cf(k) denotes the Cauchy integral of f :

Cf(k) = 1
2iπ ∫R

f(l)
l−k dl, k ∈C, (12)

and

Q = ( 0 q

−q 0) , µ = (a1
a2
) , σ3 = (

1 0
0 −1) . (13)

A physical application has been found [12] in the context
of laser-plasma interaction, where a1 and a2 represent the
small amplitude of laser beam components in the labora-
tory frame (T,z), namely

E =εa1(x,t)exp{[i(ω1T +k1z)]}
+εa2(x,t)exp{[i(ω2T +k2z)]}+O(ε2), (14)

where ε = (me/mi)2 is the squared ratio of the electron
and ion mass. q accounts for the fluctuations of electron
density n(z,T ) around its average value n0, through

n(z,T )/(n0)−1 =
ε(2k1c

2)/(iω2)q(x,t)exp{[i(ω̃T + k̃z)]}+O(ε2), (15)

where s is the sound velocity, c is the speed of light, ω̃
and k̃ are the frequency and the wave number mismatch
between the two components a1 and a2 of the laser beam,
respectively. ω̃ and k̃ are expressed as follows:

ω1 = ω2+ ω̃ ; k1 = k2+ k̃. (16)

In (9a), f is chosen to be

f = ω
2
0
ω2

Ze2∣A∣2
2mimec2

sc
, (17)

where ω0 = 4πn0e
2/me is the plasma frequency, Ze is the

plasma ion charge and A is the amplitude of the applied
laser beam. We define the slow variables moving with the
ion-acoustic waves as follows:

x = ϵ(z+csT ), t = ϵ2T. (18)

Within the framework defined by the variables (18), Sys-
tem (9) accounts for the Stimulated Brillouin Scatter-
ing effect and results from the low-frequency effect of
the high-frequency electrostatic waves (ESW), E(x,t), by
means of the ponderomotive force on the electrons, which
acts as a source of ion-acoustic waves (ISW) q(x,t). The
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time-asymptotic solution in the sharp line limit (i.e., as
A(k) tends to δ(k)). Eqs. (9), completed by the initial-
boundary conditions (10), read

a1 =
1+∣η∣2
1−∣η∣2 a2 =

2iη
1−∣η∣2 ,

q = −2i(ft
x
)

1/2 η

1−∣η∣2 ,

(19a)

(19b)

where

η(x,t) = iρ
√
π

2ft
u1/2 [1− 27

4u
+O(u−2)]eu/2, (20)

where

u(x,t) = 4
√
fxt, x > 0, (21)

and ρ is an arbitrary constant. One can see that q(x,t)
is a soliton-like solution for any initial function q(x,0) ∈
L1(R), representing the asymptotic behavior of the ion
acoustic wave (IAW). Notice that q(x,t) has singular
points for ∣η∣2 = 1, that is, when u(x,t) solves the equation

[ 2f√
πρ
]

2

t2e−u = u[1− 27
4u
+O(u−2)]

−2
. (22)

3 The truncated KdV equation coupled to its
spectral problem

We have proved [13] that the KdV equation coupled
by its spectral problem

qt+6qqx−qxxx =

−2 ∂

∂x
∫
+∞

−∞
dλ ν(λ)∣u(λ,x,t)∣2 ,

uxx+k2u = qu,

(23a)

(23b)

and associated with the following initial and boundary
conditions

q(x,0) ∈L1(R), lim
x→+∞

u(k,x,t) =A(k,t)e−ikx, (24)

where ν(k) is a real function in L2(R), is integrable with
the singular dispersion relation

β(k,t) = −4ik3− i∫
+∞

−∞

dλ

λ−kν(λ)∣d(λ,t)∣
2
. (25)

The proof of integrability of this System as well as of
System (3) as a sub-case, based on the ∂-bar approach,
is exhibited in Appendix B.

Now, if we reduce the dispersion relation to

βr(k,t) = −i∫
+∞

−∞

dλ

λ−kν(λ)∣d(λ,t)∣
2
, (26)

System (23) is reduced to the “truncated” coupled system

qt = −2 ∂

∂x
∫
+∞

−∞
dλ ν(λ)∣u(λ,x,t)∣2 ,

uxx+k2u = qu.

(27a)

(27b)

The x-part of the Lax pair for System (27) is Eq. (27b)
and its t-part is [8]:

ut−
1
4k
[(Hν)(uū+ 1

k2uxūx+(uû)x)]ux

+ 1
4i
[(Hν)(uū− 1

k2uxūx)]u = 0, (28)

where

(Hν)(k) = p
π
∫
R

ν(l)
l−k dl, k ∈R, (29)

where H denotes the Hilbert transform and p denotes the
principle value integral.

4 Derivation of a related physical example

In this section, we are going to use three set of vari-
ables: laboratory frame (ξ,τ), the dimensionless variables
(X,T ), defined in (32) and the slow variables (x,t), de-
fined in (38). Let consider the propagation of a polarized
electrostatic wave-packet (laser beam)

E(ξ,τ) = ∫
+∞

−∞
dωẼ(ω,ξ,T )e−iωτ , (30)
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in the laboratory frame (ξ,τ) with a frequency close to
ω0 = (4πe2n0/me)1/2 in a uniform warm electron-cold ion
plasma, where Ẽ (ω,ξ,T ) is the slowly varying envelope
of E(ξ,τ) and T the slow scaled time, defined below Eq.
(32). The low frequency effect on the electrons due to the
high frequency field E, results in the ponderomotive force

fp = −
e2

2me
∂ξ∫

+∞

−∞
dω ω−2∣Ẽ(ω,ξ,T )∣2, (31)

which is the real part of [δξ(∂E/∂ξ)] around the average
position < ξ >, where δξ is the solution of me(δξ)tt = eE .

Using the small parameter of the system ϵ = (memi)2,
where me is the mass of an electron and mi the mass
of an ion. The Debye wavelength is defined as λ2

D =
KBTe/4πn0e

2, where Te is the electron temperature and
KB is the Boltzmann constant. We set the following di-
mensionless set of variables

X = (λD)−1ξ, T = ϵω0τ. (32)

Using these variables and the dimensionless electrostatic
field, the electrostatic potential and the velocity of ions,
are defined as follows:

E′ =E e

ω
( 1

2meKBTe
)
−1/2

;

ϕ′ = e

KBTe
ϕ ; v′i = vi(

me

KBTe
)
−1/2

, (33)

where −e is the charge of the electron. For ω2 > ω0
2, we

can write the fluid-type equations [12,13]

∂ϕ′

∂X
− 1
(1+qe)

∂qe

∂X

− ∂

∂X
∫
+∞

−∞
dω ν(ω)∣E′(ω,X,T )∣2 = 0,

∂v′i
∂T
+v′i

∂v′i
∂X
= −∂ϕ

′

∂X
,

∂qi

∂T
+ ∂

∂X
[(1+qi) v′i] = 0,

∂2ϕ′

∂X2 = qe−qi.

(34a)

(34b)

(34c)

(34d)

Next, we expand ϕ, qe qi and v′i, in powers of ε as

qi = εq(1)i +ε2q
(2)
i +O(ε3), (35)

and, we define Ẽ′ and E by applying a multi-scale expan-
sion to the amplitude of the electric field

E′ = εE +O(ε2), Ẽ′ = ε3/4(E′+O(ε)) . (36)

In the the laboratory frame (ξ,t), the set of Eqs. (34)
gives at first order

∂2q

∂t2
− ∂

2q

∂ξ2 = ε
1/2 ∂

2

∂ξ2 ∫
+∞

−∞
dω ν(ω)∣E(ω,ξ,t)∣2, (37)

where q = q(1)e = q(1)i . Introducing the slow variables

x = ε1/2(X −T ), t = ϵT, (38)

co-moving with ISW at speed Cs = (KBTe/mi)1/2 =
εω0λD, Eq. (37) provides the evolution equation (27a).

On the other hand, the Maxwell equation for ESW,

[ ∂
2

∂τ2 −3(VT e)2
∂2

∂ξ2 ]E(ξ,τ) = −ω
2
0(1+qe)E(ξ,τ) (39)

is obtained on the basis of the dispersion relation [14]
ω2 = ω2

p +3V 2
T ek

2, where VT e = λDω0 is the thermal elec-
tron velocity, k is the wave number and ωp is the plasma
frequency ω2

p =ω2
0(1+qe), and, qe is the fractional change

in the electron density of average value n0, namely ne =
n0 [1+qe(ξ,t)] . Using the scalings and the expansions
(32), (35), (36) and (38), the Maxwell equation gives at
first order, the spectral problem (27b).

5 Method of solution

Based on the physical context described in the previ-
ous section, system (27a)-(27b) accounts for the follow-
ing physical quantities: u(ω,x,t) represents the incoming
electric field (laser beam), ω the frequency of the Pump
closed to the plasma frequency and q(x,t), the fractional
change on electron density. By letting µ(k) be the profile
of the source, in the (x,t)-frame moving with IAW, the
physical system can be written as
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qt =
∂

∂x
∫
+∞

−∞
dλ µ(λ)∣u(λ,x,t)∣2 ,

uxx+λ2u = qu.

(40a)

(40b)

Notice that for convenience, we have slightly changed the
system (27a)-(27b) by letting µ = −2ν. We associate a
very general initial condition to system (40) by impos-
ing q(x,0) to obey the Faddeev condition, namely,

∫
+∞

−∞
(1+∣x∣) ∣q(x,0)∣dx <∞. (41)

In other words, any background noise in the fractional
change of ion density in plasma will satisfy this condition.
We also associate to system (40a)-(40b), the following
boundary conditions

u(k,x,t) → T (k,t)eikx, x→+∞,

→ eikx+R(k,t)e−ikx, x→−∞,

(42a)

(42b)

where, R(k,t) and T (k,t), stand for the reflection and
transmission coefficients, respectively. The boundary con-
ditions (42) are quite generic. Indeed, conditions (42) cor-
respond to a normalized incoming laser beam from left
to right, which is partially transmitted from to the right
and seen at the vicinity of +∞ as T (k,t)eikx and par-
tially reflected to the left and seen at the vicinity of −∞,
as R(k,t)e−ikx.

In this section, we will obtain the time-asymptotic
solution of system (40a)-(40b) complemented by the
generic, initial/boundary conditions (41)-(42). The inte-
gral equation could be either the Marchenko equation ob-
tained by the usual IST method [15] or the Cauchy-Green
equation obtained by the ∂-bar approach. Here, we adopt
the ∂-bar approach, which allows for obtaining directly
the singular dispersion relation from the evolution equa-
tion and for writing the time evolution of the reflection
coefficient in its simplest form [5].

By extending the parameter k to the complex plane,
let us define the complex-valued function f(k,x,t) as fol-
lows:

f(k,x,t) = u(k,x,t)e−ikx, (43)

and associate the following ∂-bar problem [16]

∂

∂k
f(k) = f(−k,t), k ∈C,

f(k) = 1+O(1/k), ∣k∣ →∞,

(44a)

(44b)

to Eq.(40b). We consider the case where q(x,0) has non-
bound states, and we define r(k,x,t) as follows:

r(k,x,t) =R(k,t)e2ikxδ(kI +0), (45)

where kI stands for the imaginary part of k and δ for
the Dirac distribution. We assume then, a simple time
dependence for r(k,x,t) in the form of

∂

∂t
r(k) = [β(k)−β(−k)]r(k), (46)

where β is a distribution obtained by the comparison of
the evolution equation (40a) with

qt = −
1
π
∬

C
dα∧dα u(α)u(−α) ∂

∂α
β(α), (47)

obtained from the compatibility condition ∂t(∂2
xu) =

∂2
x(∂tu). We remind that dα∧dα=−2i dαR dαI where αR

and αI are the real and imaginary parts of α, respectively.
Notice that in Eq. (46), we have chosen odd coefficients
because any even part can be scaled off through a gauge
transformation of f(λ). In our case, we choose:

β(k) = −1
2

i∫
+∞

−∞

dl

l−k
µ(l)
aa(l) , (48)

where a(k) is a scattering coefficient of the potential u in
(40b). For clarity, let us recall briefly the definition of the
scattering coefficients a(k) and b(k) and their relation
to the reflection and transmission coefficients R(k) and
T (k). Let us consider the Schrödinger equation

ψxx(k,x,t)+(k2−q)ψ(k,x,t) = 0, k ∈C, (49)

where ψ has the following asymptotic behavior

ψ(k,x,t) → eikx, x→+∞,

→ a(k,t)eikx+b(k,t)e−ikx, x→−∞.

(50a)

(50b)
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For k = α > 0, we have [16,17],

u(α,x,t) = 1
a(k,t)ψ(k,x,t)

⎪⎪⎪⎪⎪k=α
, (51)

and

T (α,t) = 1
a(k,t)

⎪⎪⎪⎪⎪k=α
, R(α,t) = b(k,t)

a(k,t)
⎪⎪⎪⎪⎪k=α

. (52a)

Now, inserting Eq. (48) into Eq. (46), yields

∂

∂t
R(k,t) =R(k,t)∫

+∞

−∞

−ik
l2−(k+ iϵ)2

µ(l)
aa(l)dl. (53)

The potential q(x,t) is obtained by solving the basic in-
tegral equation

f(k,x,t) =

1+ 1
2iπ∬C

dl∧dl
l−k f(−l,x,t)R(l, t) e2ikxδ(kI + iϵ), (54)

which solves the ∂-bar problem (44). The solution q(x,t)
of (40b) can be obtained from f as follows [5]:

q = −2i ∂
∂x
f(1)(x,t) , (55)

where f(1) is the coefficient of 1/k in the Laurent series
expansion of f(k,x,t). We now have to solve the evolution
given by Eq. (53), which can be written as

∂

∂t
R(k,t) =

R(k,t)(πµ(k)
aa(k) − ik P ∫

+∞

−∞

dl

l2−k2
µ(l)
aa(l)) ,

∂

∂t
R(k,t) =

R(k,t)(πµ(−k)
aa(k) + ik P ∫

+∞

−∞

dl

l2−k2
µ(l)
aa(l)) ,

(56a)

(56b)

where P is the principal value of the integral and R(k) =
R(−k). Notice that the potential q(x,t) is real. Therefore,
R(k) must be equal to the complex conjugated of R(k),

and a(k) = a(−k). The assumption of a symmetric profile
µ(k), namely µ(−k) = µ(k) implies

∂

∂t
(RR) = 2πµ

aa
RR. (57)

Now using the basic relation aa−bb = 1 [15] and Eqs. (51)-
(52), one can solve Eq. (57) by eliminating aa, and obtain

∣R(k,t)∣2 =
∣R(k,0)∣2

∣R(k,0)∣2+[1−∣R(k,0)∣2]exp[−2µ(k)πt] . (58)

Equations (56a)-(56b) can now be solved and yield

R(k,t) =
R(k,0)eiθ(k,t)

{∣R(k,0)∣2+(1−∣R(k,0)∣2)e−2µ(k)πt}1/2
,

θ(k,t) = k

2π
P ∫

dl

l2−k2×

ln{∣R(l,0)∣2+(1−∣R(l,0)∣2)e−2µ(l)πt}.

(59a)

(59b)

Note that for µ > 0, when t → +∞, ∣R(k,t)∣ → 1. Here
it worths to notice that we have the remarkable prop-
erty that the phase of R(k,t) approaches a constant as t
yields to infinity. Indeed, using the fact that the function
∣R(k,t)∣2 =R(k)R(−k) is even in k, we have

θ(k,t) → θ∞(k) = −
k

π
P ∫

dl

l−k ln ∣R(l,0)∣. (60)

The solution f of the integral equation (54) approaches,
asymptotically, the solution f∞ of the integral equation

f∞(k,x) = 1− 1
π
∫
+∞

−∞

dle2ilx

l−(k+ i0)×

f∞(−l,x)exp[iθ∞(l)+ iargR(l,0)]. (61)

To evaluate the asymptotic behavior of IAW from Eqs.
(61) and (55), we must choose a model for R(k,0) [15]:

R(k,0) = −exp( −wk
k− iκ

) , (62)
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where the constant w measures the width in k space of
the continuous spectrum, and κ determines how fast the
spectum drops off in k space. For large k, R(k,0)→−e−w.
Therefore, w must be chosen quite large. With this choice,

f(k,x,t) = 1+ 1
π
∫
+∞

−∞

dlf(−l,x,t)
l−(k+ iϵ) )×

exp[2ilx+ κl

2(l+ iκ) −
κl

l− iκ
] . (63)

The behavior of Eq. (63) is evaluated by the steepest
descent method. Let

g(l) = 2ilx+ wl

2(l+ iκ) , g̃(l) = 2ilx− wl

2(l− iκ) . (64)

The stationary points are given by

x < 0, ∂

∂l
g(l) = 0⇒ l± = −iκ±

√
κw

4∣x∣ ,

x > 0, ∂

∂l
g̃(l) = 0⇒ l̃± = iκ∓ i

√
κw

4x
.

(65a)

(65b)

For x < 0, the path of integration can follow the path of
the steepest descent, namely I[g(l)] = I[g(l±)]. In this
case (x < 0),

f(k) → 1− 1
π
∑
±

R0(l±)
l±−k f(−l±)×
√
−2π
g′′(l±) exp[g(l±)]. (66)

Using (55), we obtain

q(x) = ∂

∂x
∑
±

−4il±C± exp[g(l±)]
l+C± exp[g(l±)] , (67)

where

C± = R0(l±)
2πl±

√
−2π
g′′(l±) . (68)

The approximation in Eq. (66) is valid as long as the
second term of the expansion is smaller than the first
term, which occurs taken κw∣x∣ ≫ 1.

For x > 0, one can evaluate f by the method of sta-
tionary phase, following the path of integration R[g̃(l)] =
R[g̃(l−)], which yields

f(k) → 1+ i
π

f(−l̃−)
l̃−−k

exp{[ wl̃−

2(l̃−+ iκ)
]}×

√
πe

∣g̃′′(l̃−)∣
exp{[g̃(l−)]}. (69)

Again, using Eq. (55), we obtain

q(x) = ∂

∂x

−4il̃−C̃ exp[g̃(l̃−)]
l+ C̃ exp{[g̃(l̃−)]}

, (70)

where

C̃ =
√
κweπ(4x)3/4

2π(w−
√
κw/4x)

exp{[−(w
2
) 2κx−√κwx

4κx−√κwx]}. (71)

In this case, the approximation is valid only if κwx≫ κ2.
Otherwise, l̃− moves into the lower half plane and it would
no more be possible to ignore the contribution of other
terms in the Laurent expansion of f .

6 Results and conclusion

In this work, we aim to highlight two integrable sys-
tems of coupled waves that we call the “truncated NLS
with source” (9) and the “ forced truncated KdV equa-
tion” (27). The physical context we have chosen to dis-
cuss these systems is the laser-plasma interaction. How-
ever, these are systems of equations which can appear
in many other physical contexts. Indeed, we deal with a
low frequency initial “noise” as a generic initial condition
q(x,0) evolving in time toward a coherent structure due
to a nonlinear interaction with high-frequency external
fields. This allows us to refer to this phenomenon as a
“universal behavior”.

It is worth to note that the only reason we call Eq.
(9a), “truncated NLS” even though (9a) does not contain
the key terms q∣q∣2 and qxx of the NLS equation, is that
in the context of the IST method, both (9a) and NLS
equations are associated to the same spectral operator,
namely to the Zakharov-Shabat operator. It is the same
for the so-called “forced truncated KdV” equation (27a)
which does not contain the key terms qqxx and qxxx of
the KdV equation but again in the IST approach, both
(27a) and the KdV equations have the Sturm-Liouville
operator as the associated spectral problem in common.
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In both cases described by Eqs. (9) and, (27), i.e. the
“truncated NLS with source” and “ forced truncated KdV
equation” respectively, the only nonlinearities arise from
the nonlinear quadratic contribution of an external field.
In our physical context, this contribution results from the
coupling between the IAW and the electrostatic waves.
Using the integrability of these systems through the ∂-bar
formulation of the Inverse Scattering Transform method
(see Appendices A and B), we have demonstrated the
formation of localized coherent structures due to this ex-
trinsic nonlinearity, which is valid for any generic initial
condition.

Appendix A

Here we prove the integrability of the system

Qt−
i
2
σ3Qxx+ iσ3Q

3 =

i[σ3,
1

2πi∬C
dλ∧dλ̄g(λ)µ(λ)σ3µ

−1(λ)] ,

ψx(k)+ i[σ3,ψ(k)] =Qψ(k).

(A.1a)

(A.1b)

A reduction of the above system (A.1) yields

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−iqt + 1
2qxx −q ∣q∣

2 = iα∫
+∞
−∞ dλ a1a2 ,

a1,x+ ika1 = qr2 ,

a2,x− ika2 = qr1,

(A.2)

where α is a real constant, the over-head bar represents
the complex conjugation, q is a function of (x,t) and a is
a function of (k,x,t). We have

q(x,0) ∈L1(R), lim
x→+∞

a1(k,x,t) =A(k,t)e−ikx,

lim
x→−∞

a2(k,x,t) = 0. (A.3)

The integrability of the “truncated” system (9) can be
seen as a sub-case of (A.2)-(A.3). The second and the
third equations of System (A.2) are the vectorial form
of the Zakharov-Shabat spectral problem [3] that can be
written in the general matrix form [18]

ψx =U ψ, U = −k σ3+Q, Q = (0 q
r 0) . (A.4)

(A.2) is recovered by the reduction r = q̄. Here, ψ is a
2× 2 matrix, built with two independent column-vector
solutions (ψ1 ,ψ2) and is completely determined by its
asymptotic behavior. Then, the set of differential equa-
tions ψx = U ψ can be equivalently written as a set of
Volterra integral equations. For convenience, let us write
these equations for the matrix µ(k,x), defined by

µ = ψ exp(ikσ3x) ⇒ µx = ik [µ , σ3]+Qµ . (A.5)

Two dependent solutions µ+ and µ− can be defined
through

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

µ+11 = 1−∫
+∞

x
dx′ qµ+21

µ+21 = ∫
x

−∞
dx′ q̄ µ+11 e2ik(x−x′)

µ+12 = −∫
+∞

x
dx′ qµ+22 e−2ik(x−x′)

µ+22 = 1−∫
+∞

x
dx′ q̄ µ+12

(A.6)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

µ−11 = 1−∫
+∞

x
dx′ qµ−21

µ−21 = ∫
+∞

x
dx′ q̄ µ−11 e2ik(x−x′)

µ−12 = −∫
x

−∞
dx′ qµ−22 e−2ik(x−x′)

µ−22 = 1−∫
+∞

x
dx′ q̄ µ−12

(A.7)

One can easily verify, by using the Leibniz formula, that
µ satisfies Eq. (A.5). In the reduction r = q̄, one has

Q = σ1 Q̄ σ1, σ1 = (
0 1
1 0) . (A.8)

and it is easy to prove that

µ+(k,x) = σ1 µ−(k̄,x) σ1 . (A.9)

The set of Volterra equations (A.7) can be mapped into
a Riemann-Hilbert problem as follows: µ+, (respectively
µ−) is holomorphic in the complex upper half plane I(k) >
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0 (respectively in the complex lower half plane I(k) < 0).
Let us write

µ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

µ+ in I(k) > 0

µ− in I(k) < 0
. (A.10)

The matrix µ is holomorphic every where in the complex
plane, except on the real axis, where it is discontinuous.
Writing the Riemann-Hilbert problem consists of express-
ing this discontinuity in terms of µ+ (or µ−). To do so, let
us compute

D(k,x) =
[µ+1(k+ i0,x)−µ−1(k− i0,x)]e2ikx, x ∈R. (A.11)

from the integral equations (A.7) and obtain the following
Volterra equations for D1 and D2, what constitutes the
components of D,

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

D1 = −∫
+∞

x
dx′ q D2 e2ik(x′−x)

D2 = α+(k)−∫
+∞

x
dx′ q̄ D1

. (A.12)

Here,

α+(k) =

∫
+∞

−∞
dx′ q̄(x′) µ+11(k,x′) e−2ikx′ , I(k) = 0+ . (A.13)

An integral equation having the same Green function as
Eq. (A.12) can be obtained readily from Eq. (A.7). In-
deed, the vector

L = µ+2(k+ i0,x)α+(k), k ∈R. (A.14)

is also a solution of Eq. (A.12). General theorems about
integral equations allow to prove that Eq. (A.12) pos-
sesses only the trivial solution α = 0. Then, we have D =L,
which gives the following Riemann-Hilbert problem

µ+1(k+ i0 , x)−µ−1(k− i0 , x) =
α+(k) e2ikx µ+2(k+ i0 , x) . (A.15)

Hence,

D′(k,x) =
[µ+2(k+ i0,x)−µ−2(k− i0,x)]e−2ikx, x ∈R. (A.16)

This leads to the second Riemann-Hilbert problem:

µ+2(k+ i0,x)−µ−2(k− i0,x) =
α−(k)e−2ikxµ−2(k− i0,x). (A.17)

Using Eq. (A.7), we obtain:

α−(k) = −∫
+∞

−∞
q(x′)µ−22(k,x′)e2ikx′dx′

≡ −α+(k), I(k) = 0−. (A.18)

Eqs. (A.15) and (A.17) can be written as:

µ+−µ− = (µ−1 ,µ+2)S, (A.19)

where

S(k,x) =

e−ikσ3s( 0 −α+(k)
α+(k) 0 )eikσ3x, k ∈R. (A.20)

The matrix S satisfies the reduction S(k,x) =
−σ1S̄(k,x)σ1. The function α+(k) is called the re-
flection coefficient. α+(k) and q(x) are equivalent in the
sense that, given q(x), one solves the Volterra equations
(referencing Eq. (A.7)) and computes α+(k) through:

α+(k) = lim
x→+∞

µ+21(k,x)e−2ikx. (A.21)

This solves the direct problem.
The inverse problem consists of constructing Q(x)

from a given function S(k,x) and solving the Riemann-
Hilbert problem (A.19) to obtain µ(k,x). Once µ is ob-
tained, q(x) can be computed as follows: Write the Lau-
rent expansion,

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

µ−11 = 1+ 1
k
µ−11

(1)+ 1
k2µ

−
11
(2)+ ....

µ−21 =
1
k
µ−21

(1)+ 1
k2µ

−
21
(2)+ ....

, (A.22)
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obtained from Eq. (A.7). Then, insert Eq. (A.22) in
Eq.(A.5) and use the Liouville theorem to obtain

q = 2i µ−21
(1)
, (A.23)

which gives q(x) from µ(k,x). To solve the Riemann-
Hilbert problem, it is convenient to use the “∂-bar prob-
lem” formulation:

∂µ

∂k̄
≑ 1

2
[µ(k) δ+(kI)−µ(k) δ−(kI)] , (A.24)

where

∂

∂k̄
= i

2
( ∂

∂kR
+ i ∂

∂kI
) , (A.25)

with k = kR+ i kI , δ
+ = δ(kI − i0), δ− = δ(kI + i0), where δ

is the Dirac distribution. Eq. (A.19) becomes

∂µ

∂k̄
= µ R, R = 1

2
S (δ

+ 0
0 δ−

) , (A.26)

and the generalized Cauchy formula reads

µ(k,x) = 1
2iπ ∫∂D

dλ

λ−kµ(λ,x)

+ 1
2iπ∬D

dλ∧dλ̄
λ−k µ(λ,k)R(λ,k) (A.27)

where D denotes the complex plane.
The Laurent expansion (A.22), allows for the compu-

tation of the first integral in Eq. (A.27) and, taking into
account the analytic properties of µ, the second integral
of (A.27) is reduced to an integration over the real line.
Consequently, for the first column vector µ1 with the re-
duction of (A.9), we have

µ−1(k,x) = (
1
0)+

1
2πi ∫

+∞

−∞

dλ

λ−k ×

σ1 µ−1(λ̄,x) α
+(λ) e2iλx . (A.28)

A similar equation holds for the second column vector.
Hence, the inverse problem (construction of q(x) from

α+(k)) is resolved by solving the Cauchy-Green integral

equation and by calculating q(x) from Eq. (A.23). No-
tice that the preceding formalism remains valid if q(x) is
assumed to depend also on a real external parameter t
(time). Then, the eigenfunction µ(k,x) and the spectral
transform R(k,x) will also depend on t.

Next, we must construct integral evolutions from a
simple choice of a given time dependence of the spectral
transform R(k,x,t). We start with the following generic
∂-bar problem

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂

∂k̄
µ(k) = µ(k) R(k)

µ(k) = 1+O( 1
k ) , ∣k∣ →∞

, (A.29)

and ask for an (x,t)-dependence of R through the set of
equations

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Rt = [R , Ω]

Rx = [R , Λ]
, (A.30)

where Λ and Ω are given distributions of k ∈ C, and are
functions of x and t. It is a simple task to check the
following relations

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂k̄
(µxµ

−1−µΛµ−1) = −µ∂Λ
∂k̄

µ−1

∂

∂k̄
(µtµ

−1−µΩµ−1) = −µ∂Ω
∂k̄

µ−1

. (A.31)

By integrating the above equations, one obtains:

µx(k,x,t) = [U −
1

2πi∬C

dλ∧dλ̄
λ−k µ(λ,x,t)

×∂Λ(λ,x,t)
∂λ̄

µ−1(λ,x,t)]µ(k,x,t)

+µ(k,x,t)Λ(k,x,t),

µt(k,x,t) = [V −
1

2πi∬C

dλ∧dλ̄
λ−k µ(λ,x,t)

×∂Ω(λ,x,t)
∂λ̄

µ−1(λ,x,t)]µ(k,x,t)

+µ(k,x,t)Ω(k,x,t).

(A.32)

(A.33)
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The matrices U and V , referred to as the "constants of
integration of the ∂̄ operator," are given by:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U(k,x,t) =
−Polk [µ(k,x,t)Λ(k,x,t)µ−1(k,x,t)] ,

V (k,x,t) =
−Polk [µ(k,x,t)Ω(k,x,t)µ−1(k,x,t)] .

(A.34)

Here, Polk [⋯] denotes the polynomial part in k of the
given expression.

To obtain Eq. (A.5), we adopt the following choice:

Λ = ikσ3. (A.35)

The compatibility condition µxt = µtx, when ∂Λ/∂k̄ = 0,
leads to:

Ut(k)−Vx(k)+[U(k),V (k)] = −
1

2πi∬C

dλ∧dλ̄
λ−k ×

[U(λ)−U(k),µ(λ)∂Ω(λ)
∂λ̄

µ−1(λ)] . (A.36)

With the choice:

Ω = ik2σ3+
1

2iπ∬C

dλ∧dλ̄
λ−k g(λ)σ3, (A.37)

the time evolution (A.36) becomes:

Qt−
i
2
σ3Qxx+ iσ3Q

3 =

i[σ3,
1

2πi∬C
dλ∧dλ̄g(λ)µ(λ)σ3µ

−1(λ)] . (A.38)

This equation describes the evolution in (A.33). The ex-
plicit time evolution of the reflection coefficient α =α+(k)
is then:

αt(kR, t) =

2i[k2
R−

i
π
∬

C

dλRdλI

λ−(kR− i0)g(λ)]α(kR, t). (A.39)

In the specific case:

g(λ) = iπ
6
δ(λI)δ(λR−k0)∣A(kR)∣, (A.40)

we find:

α(k,t) =

α(k,0)exp[2i(k2+ 1
6 ∫

+∞

−∞

dkA(k)
k0−k

)t] . (A.41)

Clearly, the function α(k) has an essential singularity
at k = k0. Hence, α(k) is not defined for k = k0 un-
less a(k0,0) ≡ 0, which is required by the system (A.2).
For q(x,0) vanishing at both ends of the x-axis, consis-
tency requires that a1ā2 also vanishes. Consequently, us-
ing Eqs. (A.17) and (A.23), α(k) must vanish for k = k0.
This condition determines the parameter k0 from q(x,0),
as the solution of:

α(k0,0) = ∫
+∞

−∞
dx′ q̄(x′)µ−22(k0,x′,0)e−ik0x′ = 0. (A.42)

This demonstrates that the initial value q(x,0) deter-
mines the small correction to the wave number of the
scattered ESW.

Appendix B

In this section, we prove the integrability of the sys-
tem:

uxx+λ2u = qu, q = q(x,t), u = u(λ,x,t),

qt+6qqx−qxxx =

− ∂

∂x
∬

C
dλ∧dλu(λ,x,t)u(−λ,x,t)µ(λ,t),

(B1a)

(B1b)

where µ(λ,t) is an arbitrary distribution in C, and
dλ∧ dλ = −2idλR for λ = λR + iλI . These equations are
associated with the initial and boundary conditions:

q(x,0) = q0(x),

lim
x→+∞

u(λ,x,t) = d(λ,t)e−iλ(x−λ2t).

(B2a)

(B2b)
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The integrability of the “truncated system” (27) will be
shown as a sub-case of (B1b)-(B2a)-(B2b).

We start by writing the ∂-problem for the scalar ϕ:

∂

∂λ
ϕ(λ) = ϕ(−λ,t), λ ∈C,

ϕ(λ) = 1+O(1/λ), ∣λ∣ →∞,

(B3a)

(B3b)

where r(λ) is a given distribution in C. We restrict our
study to the case where ϕ(λ) has only simple poles or
discontinuities along lines in the λ-plane.

The solution of (B3a) satisfying (B3b) is given by the
following integral equation:

ϕ(λ) = 1+ 1
2iπ∬C

dl∧dl
l−λ ϕ(−l)r(l). (B4)

This leads to the asymptotic series:

ϕ(λ) =
n−1
∑
j=0

λ−jϕ(j)+O(λ−n), ϕ(0) = 1. (B5)

The (x,t)-dependence for ϕ is obtained by requiring the
“simplest integrable” (x,t)-dependence for r(λ):

∂

∂x
r(λ) = [α(λ)−α(−λ)]r(λ),

∂

∂t
r(λ) = [β(λ)−β(−λ)]r(λ).

(B6a)

(B6b)

The choice of α(λ) = iλ fixes the principal spectral prob-
lem. For this choice, the function:

ψ(λ,x,t) = ϕ(λ,x,t)e−iλx (B7)

solves the Schrödinger spectral problem for

q = −2i ∂
∂x
ϕ(1)(x,t). (B8)

The proof of the above statement is given in [19] and
relies on a comparison of the asymptotic expansions of
ψxx+λ2ψ and ψ. In our treatment, we assume r(λ) is such
that the integral equation (B4) has a unique solution.

ψ and u solve the same scalar second-order differen-
tial equation. The function u is defined by its asymptotic
behavior, while ψ is determined by its behavior in the
complex λ-plane. Therefore, to relate ψ and u, one must
find the behavior of ψ as x→∞, which is feasible at least
when q(x,t) is piecewise continuous, bounded, and van-
ishes rapidly as ∣x∣ →∞.

The integral equation (B4) provides a solution (u,q)
of the system (B1b) through (B8) and:

u(λ,x,t) = ψ(λ,x,t)d(λ,t)eiλ3t. (B9)

We now relate the dispersion relation β(λ) to integrable
evolution equations in the (x,t)-space. The auxiliary
spectral problem is constructed by analyzing the spectral
Wronskian:

Ŵ [ψ(λ),F (λ)] = 1
2iλ
[ψ(λ)F (−λ)−ψ(−λ)F (λ)]

def= b(λ). (B10)

When β(λ) is chosen as:

β(λ) = iλ
n

∑
j=0

β2jλ
2j +βs(λ),

βs(λ) =O(1/λ), ∣λ∣ →∞,

(B11a)

(B11b)

the well-known Korteweg-de Vries hierarchy of nonlinear
evolution equations is recovered in the absence of βs(λ).

The nonlinear evolution equations are obtained from
the compatibility condition:

[ ∂
2

∂x2 +λ
2−q, ∂

∂t
−b ∂
∂x
+ bx

2
]ψ = 0. (B12)

This system is integrable by means of the spectral trans-
form.
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