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Abstract We introduce a new Lie bialgebra structure for
the anti de Sitter (AdS) Lie algebra in (2+1)-dimensional
spacetime. By gauging the resulting AdS Lie bialgebra, we
write a Chern-Simons gauge theory of bi-gravity involving
two dreibeins rather than two metrics, which describes
two interacting massless spin-2 fields. O ur ghost-free bi-
gravity model which has no any local degrees of freedom,
has also a suitable free field limit. By solving its equations
of motion, we obtain a new black hole solution which
has two curvature singularities and two horizons. We also
study cosmological implications of this massless bi-gravity
model.

1 Introduction

There are different t heories of gravity in t hree dimen-
sional spacetime and each of them has own advantages and
has been widely studied. General relativity is a classical
theory which describes interactions of a single massless
spin-2 particle (graviton) [1-5]. Three-dimensional general
relativity, without cosmological constant, is equivalent to
a Chern-Simons gauge theory with the Poincaré gauge
group ISO(2,1) [1]. But, the Chern-Simons gauge theo-
ries with gauge groups SO(2,2) or SO(3,1) are equivalent
to adding negative or positive cosmological constants to
three-dimensional general relativity, respectively [1].

It has been shown that does not exist any consistent
theory (with at most two derivatives of the fields) involving
interactions of many massless spin-2 fields in spacetime di-
mensions d > 3, because of the appearance of an unphysical
scalar mode of negative energy (Boulware-Deser ghost) in
such theories, or their discontinuity in the number of local
degrees of freedom at their free field limits [6]. Although,
in (2+1)-dimensional spacetime an exotic consistent in-
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teracting theory of many massless spin-2 fields has been
constructed in [7], but the physical consequences of such
interacting model has not been studied in detail. Theories
which describe massless spin-2 fields in (2+1)-dimensional
spacetime, have no local degrees of freedom, hence the
Chern-Simons theory (with any gauge group) which is a
topological model and has no local degrees of freedom [21],
is a suitable candidate to construct a (2+1)-dimensional
interacting theory of massless spin-2 fields.

On the other hand, in past years, “massive gravity”
theories which have local degrees of freedom and describe
the interactions of the massive spin-2 fields (gravitons),
have been developed. Massive gravity theories have been
greatly studied after resolution of their theoretical difficul-
ties (see for a review [8, 9]). Topologically massive gravity
[10-13], new massive gravity (NMG) [14-17] and general
massive gravity [17] are three higher derivative theories of
massive gravity involving auxiliary fields. dRGT massive
gravity [18-21] is a bi-metric theory of massive gravity, and
describes a massive together with a massless spin-2 par-
ticles. The non-dynamical reference metric of the dRGT
model is promoted to a dynamical metric by introducing
a kinetic term for it, resulting in the zwei-dreibein gravity
(ZDG) [22, 23] (see also [24, 25]). The ZDG model has
been generalized to obtain a parity-violating model which
is called General Zwei-Dreibein Gravity (GZDG) [21, 26].
These massive gravity models have not Chern-Simons
formulations, but they are Chern-Simons-like theories of
gravity (see for a review [21]). In ref. [27], the GZDG™
model has been introduced by adding a constraint term
to the GZDG model for fixing torsion. Moreover, dur-
ing the past few years two different extensions of the
Poincaré algebra, i.e. the Maxwell algebra [28-35] and
the semi-simple extension of the Poincaré algebra (AdS-
Lorentz algebra) [35-38] have been applied to construct
some group-theoretical gravity theories in four and three
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spacetime dimensions. Recently, we have studied a (2+1)-
dimensional interacting model of two massless spin-2 fields
by gauging a new Lie algebra [39]. Now, in this paper,
we are interested in the study of an interacting theory
of two massless spin-2 fields which obtains by gauging a
new Lie bialgebra. The resulting bi-gravity model, just
like the ZDG model, has been formulated in terms of two
dreibeins rather than two metrics. But, unlike the ZDG
model, it is a massless zwei-dreibein gravity theory.

Formulating new theories of the gravitational inter-
action is useful to understand the recent observational
data in cosmology, which indicate that the expansion of
the universe is accelerating. One of the possibilities for
constructing new theories of gravity is extending known
classical field theories to include additional spin-2 fields
and interactions, which can modify the general relativity
at large distances. Bi-metric theory of gravity, which de-
scribes the interactions of two different spin-2 fields, is
therefore an interesting candidate to explain the acceler-
ated expansion of the universe. One of the motivations
of massive and bi-metric theories of gravity is that the
interactions could change some of the dynamics of the
gravitational theory, and therefore by changing the long-
distance behavior of the gravitational fields, make them
candidate theories of dark matter and energy.

The outline of the paper is as follows: In section two,
we construct a new Lie bialgebra using the AdS Lie algebra
50(2,2) in (241)-dimensional spacetime. In Section three,
using the obtained Lie bialgebra (and the corresponding
Manin triple), we propose a Chern-Simons gauge invariant
bi-metric theory of gravity involving two different dreibein
fields which describes two interacting massless spin-2 fields.
We compare our bi-gravity model with the “massive grav-
ity” theories such as NMG and ZDG. We also solve the
equations of motion using the BTZ black hole metric for
one of the metrics, and obtain a new black hole in the
other metric solution. In section four, we study cosmologi-
cal implications of the model, and show that it admits a
homogeneous and isotropic Friedmann-Robertson-Walker
solution. Some concluding remarks and discussions are
given at the end.

2 Ads Lie bialgebra

In this section, we introduce a new bialgebra [40, 41]
which is obtained by use of the AdS Lie algebra in (2+1)-
dimensional spacetime. In (2+1)-dimensional spacetime,
the commutation relations of the six-dimensional AdS Lie
algebra are as follows [1]:

1
[Ja;Jb]zeabcjca [Jaapb]zeabcpca [Paapb}:ﬁﬁabc(]ca (1)

where £72 = — A is a constant, ey12 = —1, and J, and P,
(a = 0,1,2) are the Lorentz and translation generators,
respectively . The algebra indices a, b, ¢ can be raised and
lowered by (241)-dimensional Minkowski metric 1., =
diag(—1,1,1). By letting the basis of the AdS algebra
as {Xl, ...,Xg} = {JQ, Jl, JQ,P(), Pl, PQ}, and using the
structure constants f,,° of the AdS Lie algebra (1) and
the following Jacobi and mixed-Jacobi identities [41]:

fab’rlfngn_i_fc%fn?n_i_fbcnfn?n:0,
b b b F b [ rab
fmcaf mn_fmna mc_fmc famn+fmn amc:fcnm am7

respectively, we obtain the following structure constants
f2 of the dual Lie algebra:

54 F15 26 __ 21
6= 3=a, 1—=a, f 6__Aa7
756 _ 735 _ 724 _ 723 _
4=, 1=a, 3=a, 4__Aa7 (2)

where a is an arbitrary constant. By letting the basis of
the dual Lie algebra as

{Xla"'aXG} = {p()aphPQajO)jlan};

the commutation relations of the dual Lie algebra can be
written in the following form:

[jla jb] = _aelbcjc7

[J1, Py) = —ae1pcPC,

[jb7pl] = _aelbcpca
[P, Py] = al™ €3, (3)

where J, and P, (a = 0,1,2) are the generators of space-
time rotation and translation related to the dual geomet-
ric structures such as metric and spin connection (see
below). The dual Lie algebra (3) is very similar to the
AdS Lie algebra (1), but in (3) we have the commuta-
tion relations between generators with indice "1" (Jy, Py)
and generators with indice "j = 0,2" (J;, P;), only. In
other words, generators with indice "j = 0,2" (J;, P;)
commute with each other. The commutation relations (1)
together with (3) describe AdS Lie bialgebra. Now, us-
ing [X,, X% = f*¢ X, + f..2X¢ [40, 41], one can obtain
the commutation relations between the generators of the
AdS Lie algebra J,, P, and the generators of the dual Lie
algebra J,, P, as follows:

'Here, we use J* = %e“bCch for the Lorentz generators Jyp.
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[Jy,P1]=€1pe(aP—P.), [Py,J1]=—€1pc(aP°+P,),
[T, 1] = —€1pe(aJ+J,), [Py, Py =0 2e1pe(a]—J.),

[P, Bj]= z*Q[Jl,J]—Welj( ali+J1),

[Ji, Pj|=[Pi, Jj] =€,/ (aP1+Py),

[Pr, B =(72[Jy, Jy)=—0 %€ JC,

[J1, Bo)=[P1, ] = —€10e P, (4)

where the indices ¢ and j (i,j = 0,2) are the algebra in-
dices. The commutation relations (4) together with (1) and
(3), describe AdS Manin triple which is a 12-dimensional
Lie algebra.

3 (2+1)-dimensional Chern-Simons gravity with
Ads Lie bialgebra

In this section, we use the AdS Lie bialgebra, which is
discussed in the previous section, to construct a new (2+1)-
dimensional Chern-Simons bi-gravity. Using the relation
fasl Qcp+fart Qcp =0[42], 2 an ad-invariant metric
24p = (X4, Xp) for the AdS Manin triple is obtained as
follows:

(JarPp) == ap, (Jar Py) = Bdap+ac 54101,
(JarPo) =a*a3a10p1,  (PayJy) = Boap—ac 84101,

(Jas Jo) =(Pa, Py) =(Ja, J) =0,
<]5avpb>:<<]a»jb>:<Paa15b>:0» (5)

where 04 = diag(1,1,1) is the Kronecker delta function,
and a and § are arbitrary constants. The ad-invariant
metric should be non-degenerate, and then, we have 5 # 0.
Now, we use the AdS Manin triple to construct a gauge

symmetric Chern-Simons action, I.s = f Y ( (h A dh) +

3 (hA [h/\h])), where h = h,, dz' is an AdS Manin triple
valued Murer-Cartan one-form gauge field as follows:

hy=hXp=ePo+wJo+¢E P+ d, s, (6)

where the Greek indices p = 0,1,2 are the spacetime
indices, e, and w," are the ordinary dreibein and spin
connection, and €,",w,"* are dreibein and spin connection
corresponding to the generators of the dual Lie algebra,
respectively. In this point of view, we obtain a gauge theory
which has two metric tensors g,, = €Hae,,b7]ab and f,, =

é#“él,bnab. We use the infinitesimal gauge parameter u =

2f4:C is the structure constant of the AdS Manin triple.

PPy +7%J, + p* P, +7%J, together with the commutation
relations (1),(3),(4) and the gauge transformations h,, —
h), = U= th, U+U19,U, with U=e""* ~1—u and
U~'=e* ~ 14w, to obtain the following transformations
for the gauge fields:

8¢, =—8,up"+€"(pa Wb +Ta €ub)
L qeibe (Pi @Mb_;-bem_(—l) (n b—p w,”)),
5wltc:*3u76+€abc(£72pa Cub+Ta Wyb)
_geite (E (pz

0€, =~ Mﬁc—i-eabc (pb@#a —%aeub—i-Tbéw —ﬁawub)

= ) — (1) (75~ ),

—aelte (Tb €, —p w#b+T €ub—Pp W 1)
0, = —8,ﬁ'c+6abc (€ 2(pb €pa—Pat, 5470 Opa— Tawub>

—|—CL61bc (7:17 o‘:)ul—7:1ot}ub+€_2(p~1é#b_ﬁbéul))' (7)

The Ricci curvature two-form R = R, dz* A dz” can be
written as:

Ry = Ophuy + [l b)) = R[5 X4
*T'/u/ P +R/LV J +,‘T/Lu P +R,uu Ja (8)

such that the torsion T % and the standard Riemannian
curvature R 2 are as follows.

ij = 8[Heyj+eabjw[;eyl]’+aelbj (w[ﬁélj —e[ﬁd;y]l),
_3[M e bw[u V]—Faﬁlab(w[u ,j]—|—e[u V]),
1 b
+§fab( wiaw,] + ey u])
+a€1bj (E 2 [f:ey] W{ﬁa)u}),
1 b
Ruyl = 8[#(401/]1 + 761ab( [H V] + g V])

—aelab(é €€ V} + Wi @ V]) (9)

R/ v = a[ﬂwlﬁ

and in the same way, the field strengths 7 ! and RW“
which can be interpreted as dual torsion and dual Rie-
mannian curvature respectively, have the following forms:
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T =018, =€, (6[3%]1*“[35@)
+eyy (“e[u @y W[ﬁuﬁ*[ﬁuﬁ"“{ﬁﬁ)»
~W1:8[ é %—i—ela w[uéyl]’—&—elabe[l‘jovya’,
R,J=0 (.:J? elbj<€72e[ﬁéy%+w[ﬁdy]l)
—ey (

RNV (9 ] +€1a +Z

b -2 ~15b 1~b
e u+aw[u = aee o),

elabe[ﬁéyl]’. (10)

Using (1) as well as (3)-(6), one obtains the following
Chern-Simons bi-gravity model with the AdS Manin triple
as a gauge symmetry:

I =1TI%(e,w)+I%(&,0) + I (e,w, & @), (11)
where the first term is

I19% =—44G Igc(w,e,A),

and the Eistein-Cartan action Igc is

IEC’((")7 €, A) =

LV C
d>retVPe (D,,o.)pc

1 A .
T 167Gy z 3 Cabey ep)

The second term in (11) is the Einstein-Cartan action
with @/ =¢,7/ =0, @, #0, &, #0, as follows:
aa?

Ié,d) _
s

d etvPe 13[,, o

The third term in (11) includes some interaction terms
between the fields {e,*,w,*} and the fields {¢,,&,*} as
follows:

in d T
I t:/ o p—— ”{ ( De ;(D,,wpl—i—ﬂ elbcel,bep ))

+5 (&JMCD,,epC +é,  (Dow,” +07 %, e, e b))

P
gzubp)}

where D, w pc and D, e pc are the covariant derivatives with

respect to the spin connection w, as follows:

+2aﬁ€1bc(@ @,

, e, wpc) €, ( b~pc

Dvac = a[u Wole + €abe Wy, wpba
Duepc = 8[1/ €ple + €abe [,(,1 pl]7 (12)

The Chern-Simons bi-gravity model (11) which is invariant
under the gauge transformations (7), has no any local de-
grees of freedom, and is a ghost-free model which describes
two interacting massless spin-2 fields in (241)-dimensional
spacetime. Two dreibeins in the action (11) are related to
their corresponding metric tensors as follows:

gHV = euaeybnalﬂ fMV = ép, é]/bnab' (13)

In the absence of the interaction terms I'™, the free field
limit of (11),

176 = 1% (e, ) + 7% (2,00), (14)

similar to (11) has no any local degrees of freedom, and is
invariant under the following gauge transformations:

66;:—('),ch—|—e“bc(paw,w—i-TaeMb)7 0€, =—0up5
ol =— TP U2 pae iy +Tawp), 00,0 =—0,7% (15)

Now, by assuming the following relations among the fields
and constants:

L1
ﬂep :*mfuaa B ,ua,
aAl2=Ng, al" =2m?B, (16)

a=-—o,

the Chern-Simons action (11) can be rewritten in the
following form:

1 1
I=—Inyg+ — d3:ve“””{ a’aé 18
2 47
+ax (wﬂlD,,e 1—éﬂl(Dl,o.) Ly qbceybep ))
—apl—? €1bc€), e +ﬂ€ e Ge b

€u v €p
+2a8 e (3,0 (w2, +e, w,f%é;wfw;)}, (17)

where Iy is the NMG model involving a pair of the

auxiliary fields f,°, h,°, as follows: [14]

1 Ag
INMgzi/d?’me””p{ oe D,,wpc—i— 3 €abc€y, e bep

epb))}. (18)

Again, using the following redefinition of the fields and
constants,

c 1 C a a
Dyt £ (Dot eael6
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e = e, w = w?, ey =€, wy' = @4,
B1

a’=1, a=Mp, (*=—am? 57Mp(afaf),
1

the Chern-Simons model (11) can be rewritten in another

form as follows:

1

Iigfng((j: |

1
+E/Md3:ve“”” {aa (&)Hl Dl,ep1 — ~H1Dl,wpl)

+ﬁ<~ ‘Dye,+é, Dyw, C02 €. e# e bepj)

+2aﬂelb( (w €, +e, wp) Nl(w bwp éfzéybepc))},

where Izpg(o= =0) is the ZDG action [22]:
1 3, VP c c
IZDsziMp d’xe {UeluDl,wlpc+62#D,,w2pc
1
+§a1m26abceljeh,belpc+§

2 a b c 2 a b c
—B1m €apcey,; €1, €, — B2 €abey, €3,/ €2, }, (19)

2 a, b, c
QoM 6(11)062“ 6211 €2p

with the sign parameter 0 =—1 and the fields &/ =&/ =
0, (j=0,2), where M, is the Planck mass, o; and ay are
cosmological parameters, 81 and (2 are coupling constants,
and e;,* and w;,* (I = 1,2) are pairs of the dreibein and
spin connection one-forms, respectively. Note that the
zero values of the fields éuj = (I)Hj =0, in ZDG action is
imposed by the dual Lie algebra (3). Variations of the
action (11) with respect to the fields €4, €14, Wpa and Gyq
give the corresponding equations of motion, respectively:

r,,=1,"=R,, =R, =0, (20)

where T, @, T R

vp Vp7

¢ and R @ are defined in (9)-(10).

3.1 Black hole solution
Now, we use the BTZ black hole metric g, [43] to obtain

the following solution for the equations of motion (20):

ds® =—N*(r)dt*+ r?(N¥(r)dt+de); (21)

N

NG o SN AN NFdt+dg? (22
a2N2 + a2 A2 N6 i ( +dy); (22)

df*=—

where ds? = Juvdztdx”, df? = fuvdztdx”, and

2 2
9 re J _
N() lu+€2+427 NW(T)——ﬁ,
2 2
9 r J+2Dr
Ni(r)= Mf+€2 yrel Nf¢(r):_7ar2 ,

{20 2%, 2%} = {t,r, o} are the coordinates of the space-
time, M, J, D, My and {; are arbitrary constants, and the
spin connections w,*(r) and @,*(r) are obtained as follows:

w%=2DNdt+(1—aNdep,
2JD 2 _ _
wlz(—(Q— E)‘F(g 22¢; 2)7") dt

2
5, 2000 )

w2=—2ri2Ndr,
&= Z:V) (2Nf TN 2ﬁ2)>d

+N{2@;a><xfi—‘;> thie,
B (s
&%= M;VB(NQ Nf)dr (23)

The Kretschmann scalar K = R, ,o R*/?? for the metric
fuu is proportional to N[% and then f,,,, has two curvature
singularities at

& 2ive
Tsi:\/Q(ﬁfoi Efo —JQ), |£fo|>|J‘, (24)
where Ny(r) vanishes. f,,, has also two horizons at
14
ri:\/Q (éMi\/£2M2—J2>, M| > ), (25)

where N(r) vanishes. We use suitable values of the arbi-
trary constants M, My, £ and {f to have r >r,, such that
ry is the event horizon of the black hole. Then, depending
on the values of these constants, we have three different
situations: r_>7ry,, 15 > > and r_<7s_.

To investigate the asymptotic behavior of this solution,
we keep only the dominant terms. For very large values
of r, ds? has the following form:
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2 62
ds® ~ —%dt2 + fzdr2 + r2dy?,
¢ r

which is the AdS spacetime. But The metric df?, for large
values of 7, approaches to the following one:

4410(M/£; - Mf/e?)2

a?rS

4022
T 244
a €f

dri+ (%ﬂ dt— rd<p)2,

df?~ dt*+

which is clearly different from the AdS spacetime. This
new black hole is different from the black hole solutions of
the three dimensional f—g theory, which are asymptotically
AdS and have coordinate singularities [44, 45].

4 Cosmological implications

We study the homogeneous and isotropic cosmology of
our massless bi-gravity model (11) using the following
Friedmann-Robertson-Walker (FRW) Ansatz for both met-
rics:

2
ds® = —N2(t) di® + A%)(l 5+ r2dap2), (26)
— KT
and
df? = =X%(t) di? + V(1) ({2 + 12d6?)), (27)

where A(t) and Y (¢) are the spatial scale factors of the
FRW metrics g, and f,.,, respectively, and N(t) and X (¢)
are their lapse functions. The constant k& in both metrics
(26) and (27) is the spatial curvature, whose positive,
vanishing and negative values (k = 1,0,—1) correspond
to the closed, flat and open universes, respectively.

We solve the equations of motion (20), and obtain the
following equations:

(ab—1)A(t)—£&(t) N(t) =0, (28)
and
€AW —aeOX(0)+ (DT AW -R)ND =0, (29)

together with a relation between two scale factors as:

Y (t) =b A(t), (30)

and the following relations for the spin connection fields:

vV1—kr?

w'(t) = =1 do,

1 r(kab ~ (ab—1)? g?(t))
N T O
Wi(t) = 50 dr,

Vik?
—ab?*V1—kr?

wo(t) = (ab—1)2 'z

B br (kab 02 (ab—1)? A2(t))

R T G R

o) = PR ab—1) A% 1)

cOik2

where b is an arbitrary constant, dot denotes the time

derivative (A = 44y and

v—Fk

< T
|ab—1|

E(t)=—k—t"2(ab—1)242(t),  |A(1)] (32)

which implies that we have an open universe with negative
spatial curvature (k = —1), where the radial coordinate
r is defined on 0 < r < 4o00. Solving the equations (28)
and (29) give the following relations for N(¢) and X (¢) in
terms of the scale factor A(t):

N(t) = WA(t), (33)
and

bk .
X(t)= 53(t)A(t)' (34)

The equations (28) and (29) do not restrict the scale factor
A(t) of the FRW metric (26), and then A(t) is an arbitrary
function of the timelike coordinate t. Using the following
coordinate transformation

t=2¢ arcsm(a A(t)), (35)
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the FRW metric (26) can be rewritten as:

dr?
e + r2d<p2>, (36)

2 2 | A20%
ds? = —di +a(t)(1

where the scale factor is

a(h) = L3int/H) j:ft/f) , (37)

which is obviously an oscillating solution. The Hubble
parameter for this solution is obtained as follows:

H(t) = % = %cot(f/ﬁ). (38)

Its deceleration parameter is

q(t) = _aa tan®(t/¢), (39)

&2

which is obviously positive and implies that the expansion
of the universe is decelerating. Using another coordinate
transformation as follows:

o bhA(t)
T /10 2(ab—1)2A2(t)’

(40)

the second FRW metric (27) can be rewritten in the
following form:

2

dr
2 2, =2 25 2
df* = —dt* +a (t/)(1_|_7’2 + redy ), (41)
where the scale factor is
bt
a(t’) (42)

TRt 2 (ab-1)2¢?

The Hubble and deceleration parameters for this solution
are

HE) = s , (43)
102 + 0-2(ab-1)2¢?)

and

3(ab—1)2 ¢

o) = =——gp— (44)

respectively. The positive deceleration parameter (44) im-
plies that the universe which is described by the FRW
metric (41) has a decelerating expansion.

5 Conclusions

We have obtained a Lie bialgebra for the AdS Lie alge-
bra in (241)-dimensional spacetime. Applying a Manin
triple corresponding to the AdS Lie bialgebra as a gauge
symmetry algebra of the Chern-Simons theory, we have
introduced a new (2+1)-dimensional bi-metric gravity
model. Our ghost-free Chern-Simons bi-gravity action is
an exactly soluble model without any local degrees of
freedom which describes two interacting massless spin-2
fields. Its free field limit has also no local degrees of free-
dom, and is a ghost-free action. Our model is different
from known three dimensional bi-metric massive gravity
theories such as dRGT and ZDG models. The black hole
solution (21)-(23) of our model is different from the pre-
viously obtained three dimensional bi-gravity black hole
solutions [44, 45]. In our solution, one of the metrics is
the BTZ black hole metric, and the other metric is a new
black hole metric with two curvature singularities and
two horizons unlike two coordinate singularities of the
previously obtained solutions of the three dimensional
f— g theory. Our solution is also different from the other
solutions in its asymptotic behaviour, and unlike other
solutions, it has not asymptotically AdS form. Our bi-
gravity model admits a homogeneous and isotropic FRW
cosmological solution with two different scale factors in
two metrics g, and f,,, which describe two universes
with the decelerating expansions. It is also interesting to
study details of the new black hole metric (22) as well
as gravity /CFT correspondence at the boundary of the
bi-gravity model (11), which we leave them to later. Chern-
Simons formulation of our interacting model simplifies its
quantization, which may be interesting in the context of
quantum gravity. Study of (341)-dimensional version of
the AdS Lie bialgebra, and resultant (341)-dimensional
gauge invariant interacting model is also a useful task
which may have interesting features.
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