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Abstract The atomic interferometer has two quantum uni-
tary gates that must be realized for quantum sensing pur-
poses: the atomic gravimeter and the atomic interferome-
ter gyroscope. An optimal cost function that defines the dis-
tance between two unitary operators is defined. Based on it,
general adaptive (GADA) algorithms for optimization-based
quantum control are innovated to realize the atomic mirror
and beam-splitter gates. We used optimal quantum control to
realize those atom interferometer gates. We obtained gate fi-
delities of 0.99980 and 0.99998 for the mirror and the beam-
splitter gates, respectively. In this research, a two-level atom
system with clock transitions 'Sy <+ *Pq of strontium(3”Sr)
atom was employed.

1 Introduction

Atoms are surprisingly accurate measurement devices. They
can detect external signals with high sensitivity; further-
more, they are employed for very accurate time measure-
ment in atomic clocks. An important class of atom sen-
sors are atom interferometers that in a controlled manner
have been versatilized for investigation fundamental physics
such as particle physics, general relativity [1], gravity [2, 3],
gravitational wave detection [4, 5], dark matter [6] and cos-
mology. Atom interferometers also have several applica-
tions in quantum sensing and quantum metrology, naviga-
tion, and geophysics. Zhaoshan long-baseline atom inter-
ferometer gravitation antenna (ZAIGA) in China [7] and
MAGIS-100 atom interferometer in Fermilab in USA [5]
are among the most famous. For the detailed formulation
of atom interferometry, see the lecture [8]. Atomic inter-
ferometer gyroscopes are more accurate than optical gyro-
scopes, and shortly, they are hoped to become more accu-
rate than mechanical gyroscopes. Atom interferometers are
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more angle-sensitive than light interferometers because the
de Broglie wavelength is much smaller than optical wave-
lengths. Hence, when covering the same area, the two types
of interferometers display differences in phase shifts. Atom
interferometers cause much longer phase shifts based on the
Sagnac phase shift formula [9, 10].

Moreover, the precise working of any technology de-
pends on its embedded control system, and especially, quan-
tum technology requires the implementation of arbitrary
control operations on the quantum system [I11]. Among
different technologies, quantum technology will become a
dominant future technology that will change the whole lives
of human beings. For quantum technology, it is essential
to develop quantum materials, devices, and circuits; then,
we must precisely engineer and control quantum states or
unitary gates of such devices based on appropriate high-
fidelity circuit readout. For example, for quantum comput-
ing applications, the exact unitary matrix of quantum gates
must be implemented despite decoherence, relaxation, and,
in some quantum materials, leakage errors, which lead to
quantum computational subspace exit from qubit computa-
tional subspace. All of these issues, in addition to the devel-
opment and engineering of the quantum devices, need pre-
cise and high-fidelity quantum control protocols [12-16] to
be implemented on appropriate classical hardware such as
SOC-FPGA and the quantum hardware. Quantum control
as an essential part of the development of quantum science
and technology dates back to 1980-2000 by pioneering re-
search works in [17-20]. Optimized control, especially nu-
merical pulse-based optimal control, performs better than
the other quantum control methods since it guarantees opti-
mal realization and increased convergence speed to achieve
the desired quantum gates or states. Numerical optimiza-
tions were at the centre of researchers’ attention. They in-
cluded stochastic gradient descent [21], adaptive gradient
[22, 23], momentum method [24], adaptive momentum [25],
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Levenberg-Marquardt [26], adaptive delta [27], etc. These
methods have been successful in different scientific and en-
gineering applications.

In this research, we initially innovated a numerical opti-
mal control method. Then, we introduced the quantum dy-
namics of a two-level atomic transition clock and the atom
interferometer. We introduced the cost function for gate re-
alization, which was adopted from the related quantum in-
formation literature and derived the numerical pulse opti-
mal control for this atomic system. Finally, we numerically
simulated the optimal control for implementing two unitary
gates of the atom interferometer, i.e., the atomic reflection
or mirror and the atomic beam-splitter gate.

2 Optimal Control Methodology

Lets start with a cost function J (u(r)) of the control vector

U, (t). We denote the gradient vector of this cost as g(t) =

o7 . . _ 98()
uiny and the Hessian matrix as'Spo(t) = 0 Now, let
us expand the Taylor series of this cost function around the
control vector as:

J(u(t) +Au(t)) = J (u(t)) + Au(r)" g(¢)

+ %AQ(I)TS(t)Ag(I) +h.o.t. (1)

We consider the first three terms of this optimization. To
minimize the cost function, the future values of the cost
must be less than those of its previous ones; hence, J (g (1) +
Au(t)) <J(u(r)) leads to:

Au(r). (g(t) + fS(t)Ag(t)) <0. )

Employing the above inner product, a solution of this in-
equality is g(t) + 3S(t)Au(t) = —AAu(t) in which A >0
is a free positive parameter. Then by simplifying this re-
lation, we will obtain Au = — (Al + %S)_lg and then, we
would have the following numerical control vector at itera-
tion k = kot:

| RSN
Uy == (A1 +550) g, (3)

Let us convert the control vector in Eq. 3 to adaptive. Then
the following general adaptive (GADA) optimization would
be obtained:

ék:ﬁlék_l‘i"yl&k y éozgpxh
My = BoMy_ 1+ %Sk, Mo=[0]pxp,
Uy :ﬂk_n(M,(Jr)u)‘lgk. 4)

In the above equation, 8, — é . and Sy — M}, are one-order
discrete-time dynamic systems without any transfer function
zero; however, they have transfer function poles at B, 3,
Note that the pole of S; — M is the zero of ;k — Uy
and then it can be outside of unit-circle and the pole of
8, — &, is the pole of & . — . Then to stabilize the con-
trol signal iteration f; € [0,1) and B, € R and the param-
eters 7,7 must be real numbers. Actually, with this adap-
tation, we include a forgetting factor coefficient of gradi-
ent vectors and Hessian matrices in optimization-based con-
trol, i.e. My =9 fozl(ﬁzl"iH,-),ék =1y ( lk”gi), then
by adding the momentum terms and the Hessian matrix and
gradient vector became dynamic which causes the optimal
control system to converge faster compared to the conven-
tional gradient optimization methods. We mention that this
adaptive optimization for y = =9 =01 =1,A =1
diminishes to the stochastic gradient descent (SGD). For pa-
rameters 31 = B, = 0,71 = 1 and a quadratic cost function,
GADA diminishes to the Levenberg—Marquardt (LM) opti-
mization, and for 8, = 9» = 0 it diminishes to adaptive gra-
dient method (AdaGrad). Note that SGD and LM are not
adaptive optimization methods. If the inversion of matrix
in equation4 for the large Hessian matrix is problematic,
heuristically we can consider only the diagonal elements of
the Hessian matrix Sy and the off-diagonal elements equal

9%J 9% : "
e &ui.k)' In this condition, the

M), matrix and also the My + A1 are always diagonal and the
inverse (M 4 A1)~ ! is trivial, let us call this simplified adap-
tive optimization, the diagonal adaptive (DADA) algorithm
in the subsequent sections.

to zero,i.e. S = diag(

3 Atom Interferometer Application

3.1 Two-Level Atom Rabi Oscillation as Rotation over
Bloch Sphere

These quantum mechanical matter waves can be manipu-
lated with the atomic equivalents of lenses, beam-splitters,
and mirrors. Atom interferometry is analogous to optical in-
terferometry. In both interferometers, a beam-splitter splits
an incident wave into two paths. The two paths are later
redirected back toward each other with mirrors and over-
lapped on a final beam-splitter to produce an interference
pattern (see figure 1). Making beam-splitters and mirrors in
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Fig. 1 Mach-Zehnder based Atom Interferometer in space-time coor-
dinate: At times 7y and 27 + ¢y, the atomic beam splitter (BS) and also
at time T + t(, the atomic mirror (M) must be implemented.

optical beams is known. To implement similar interferome-
ter devices, such as those in atomic experiments, an ensem-
ble of cold two-level atoms such as Strontium atom (37Sr)
in clock transition states (|0) = 'Sy <+ |[1) = 3Py) with a
Ajoyes|1) = 698nm wavelength transition and a very long co-
herence time is considered. Freely falling atoms have en-
abled the development of atomic gravimeters and atomic
gyrometers. In these devices, an atom cloud measures ac-
celeration by sensing the spatial phase shift of a laser beam
along its freely falling trajectory.

The quantum system described by Schrodinger equation
as(h=1): i% |w;) = H ()| ;). The Hamiltonian of two-level
atom in Rabi modeling is:

1AM Qe
H<t)_2(.(2(t)e’¢ () ) ®)

in which QA are Rabi frequency and detuning respectively
and ¢ is the initial phase of laser electric field. Sometimes,
scientists employ the three-level Raman transition atoms for
atom interferometer [8]; in this case, there are two stable
atomic levels |0), |1) and an unstable excited state |e). For
Raman’s levels atoms, there are two laser beams; one is the
upward beam with Rabi frequency 2; and phase ¢;, which
transfers the atomic state transition |0) — |e) and the other
is a downward beam with Rabi frequency €2, and phase ¢
which lead to transition |e) — |1), the detuning in both tran-
sitions assumes to be approximately equal to A. In [28] it
is shown that with two Rabi-frequencies €21, {2, the three-
level Raman transition atom can be approximated with two-
level atom with Q = ‘QZ'AQQ ,9 = ¢ — @1, then for every in-
terferometer, we can use two-level Hamiltonian model of
equation5. We can write this Hamiltonian based on Pauli
matrices Oy, Oy, O; as follows:

H() = %(.Q(t)cos((]))ox—|—Q(t)sin((]))6y+A(t)6z). ©)

Let us define the infinitesimal evolution as .#, = ¢
then the unitary propagator at time step k&t is:
Uy = My Moy M |Wi) = Ui|wo). (7

The evolution of the two-level atom at time sample t =
kot is:

M (nSt) = exp (— 58t (cos() 0y +sin(9)oy) 2(nSt)
—i5t0.A (n5t)). )

We know that, the rotation operator is [29]:

—i%0 p(1).6

Fio).al) = €
=sin(1a(t))I—icos ($a(t)) #(t)- G, )

where G = O£+ 0, + 0;2, and 7 = rf 4+ ryy 4+ r;Z is the
rotation axis and o = @, is the rotation angle, @, is the
angular speed of quantum state vector on Bloch sphere. By
comparing Eq. (8) and Eq.(9), we will obtain:

ai = 8t (cos(¢) Q(ndt) % +sin(9) Q(ndt)¥

+A(n6t)2). (10)

Then since |a?| = o we obtain:

a(ndt) = 811/ Q2 + A2, (11)

) o o .
r(n5t) :COS((P)\/WX‘F Sln((b)\/mjwy
&, (12)

=

In these relations, we use these abbreviations Q, = Q(ndr),
A, = A(ndr).
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3.2 Atom Interferometer Gates Realization

The unitary operator of a mirror (M) and beam-splitter (BS)
is:

01 1 1 i
Uy = (1 0>:6x;UBS:\/§<i 1)- (13)

The aim of gate optimization is the implementation of
atomic unitary operator of Eq. (7) to move to the desired
gate of Eq. (13). For this aim, we can select an objective
function as:

1
a2
1 . 2

- E’Tr(ugate Uamm(T))’ : (14)

2
Joare(T) =1 ’<Ugate, Uatom(T»‘

in which Ugom = U (k8t),gate = M, BS,d = dim(Uggse) =2
and T is transpose complex conjugate. For this cost function
as Ugrom — Ugare then Jgge — 0. The control vector includes
Rabi-frequency and detuning, then the gradient vector and
the Hessian matrix are:

2 2
alJ. d Jgate J Jeate
Q the 002 04,
u, = g, = k Sy = k (15)
Lk Ak 7 Sk aJgattz ’ azjgate aZ‘Igzzre ’
A IAIQ oA}

3.3 Code Structure and Parameter Selection

For simulation, we develop the codes in Python 3 by us-
ing Numpy, QuTip, and Matplotlib packages. The general
learning parameter 1) is set to 10%, and the other parameters
for each gate realization are explained in subsequent subsec-
tions. After setting the parameters, we optimize them in each
iteration in a for loop based on the above adaptive optimiza-
tion. In the for loop, we save each quantum state and fidelity
value, which allows us to plot the quantum state transition
on the Bloch sphere and also the fidelity curve.

3.4 Mirror Gate

At first we choose to implement the mirror gates, then we
will obtain the following cost function:

Jy = 1—cos? (%a) r?

_QZ
= 1—C052(¢) C052 (%6[\/93+A%) WnA% (16)

Then, the following updates for the gradient vector will be
obtained:

Iy 2(6)si %
30, = 301 cos”(¢)sin(or) W
QA2
—2c0s?(¢) cos® (3@) (.QZiAkZ)Z’ "
k k
oIy 1 2 i AkQ]?
74 = 50tcos”(¢) sin(c) W
AQ2
Frof@) o) s A
k k

The elements of Hessian matrix by neglecting (8¢)? term is:

%y 5 2 ; .Q,gA;?
gnp 2 0PI gy
A2 —3Q?
—2cos?(¢)cos? (La) A} =Kk (19)
@) A or s
v 2 : p S —4A;
gaz ~20res OS B g A
Q2 —3A?
+2cos?(9)cos? (La) @f Kk 20
(¢)cos® (z00) @2+ a) 20)
82.]11/1 o 82JM
&Qk8Ak N aAka-Qk
2 A3 —3A23
1 2 . kA k=“k
= 38t cos “MSIH(OQW
Q3Ak—QkA3
— 4cos? cos? (La) A— K. 21
(¢)cos™ (3) (@7 + A7) 5

To make Optimization possible, we must have the initial
phase of the Rabi signal as ¢ # M Based on SGD with
parameter setting of (B =, =% =0,71 =0.85,A = 1) in
GADA method, the optimal control signals are depicted in
figure (2 a;,b;) and the fidelity of gate optimization is de-
picted in figure (2 cp). Also, with the GADA method, the
optimal control signals are depicted in figure (2 ap,b;) and
the fidelity of gate optimization is depicted in figure (2 cy).
By using the GADA optimal control, after 44 samples of
1-microsecond control pulses (see table 1), we obtain gate
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fidelity of 0.999 for the atomic mirror realization, which has
a unitary of atomic gate approximately up to a phase factor
¢'7 which is different from the actual mirror gate of Eq. 13:

0.02—0.06i 0.999i
Uatomm (N 81) = < 0.999i 0.02+0-06i> 7
N=44, &t=1us. (22)

By gate optimization, simultaneously we can control two
populations of atoms, one population from state |0) to |1)
and the other population from |1) to |0) as we can see in
figure (2 d;) for SGD and figure (2 d;) for GADA method.
Since the result of SGD,LLM and AdaGrad are similar to each
other and also GADA is similar to DADA, then one method
from each set is depicted in figure 2.

Table 1 Number of control pulses (6t = 1 us each pulse width) and
fidelity based on optimization method to realize NOT gate

Optimization Control Pulse NOT Gate
Method Number Fidelity
SGD 42 0.99850
AdaGrad 45 0.99846
LM 43 0.99936
GADA 44 0.99980
DADA 44 0.99990

3.5 Beam-Splitter Gate

Now, to optimally implement the atomic beam-splitter on
atomic clouds, we will optimize the following cost function:

L/, 1 2
JBS:I—E(sm(ioc)—cos(joc)rx) : 23)

and after simple calculations, we will have the following up-
date rules for Rabi frequency and detunings:

aJ .
a—g}f = — (sin ($0t) —cos () )

£
[62 1 A2
Qp + A

A2
) @
(22 +47)

x (;& (cos (Lex) +sin (Lat) ry)

—cos (2a)cos(¢)

62840
(a) 62825 |z+) |0>
62820
6280.0
62800
62780 6277.5
g 62750
& 62760 5
62740 62725
62720 6270.0
62700 267.5
6 0 2 ) 2 )
t(sec) 1e-5 t(sec) 1e-5
F ] ()
74000 (a2) 6000 (b2) (c2)
72000 0.8
5500
. 70000 - —~06
£ () <
c 5000 =
68000 0.4
66000 4500
0.2
64000
4000 s
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Fig. 2 Atom interferometer mirror gate realization: Top is for SGD
and Bottom is for GADA based on optimal quantum control methods.
SGD parameters: (f; = 2 =1 =0, = 1,A = 1) and GADA param-
eters (B; =0.85,8, =85,71 =7 = 1,4 = 1072). (ay,b;) are the con-
trol pulses and (cy) fidelity function for implementation of the atomic
mirror gate realization and (d;) shows the simultaneous quantum state
transfer (|0) = [z+) = [1) = [Woz-) and [1) = [z+) = [0) = [W121))
on Bloch-sphere using optimal mirror gate realization with SGD. Fig-
ures (az, by, c2) are the control pulses and the fidelity over time for mir-
ror implementation with GADA. (d») displays simultaneous quantum
state transfer using optimal mirror gate realization on Bloch-sphere via
GADA.

aJ, .
T‘B: = — (sin($a) —cos () rx)

x | £8t (cos ($o) +sin (

QI—
Q
=

oy

A2y
-+ cos (la) cos(9) ; (25)
2 (ar+ap)”?
and the Hessian matrix elements are:
2
995 — (461 (cos (300) +sin (b r) 2
k QF +A;
—cos (30) cos(q&)A/“z) 2
2 (aF+3)"
. QA?
— (sm (%a) —Cos (%a) rx) X | 30tsin (%(x) ka +kAk2
AZ
+ 1687 (cos (2ot) +sin(2o) r k
s (on () s () )
A2,
+ 1 8tsin (o) cos(¢) k 5
(¢ +47)
2
+3cos (o) cos(¢) A ) (26)
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9*Jps L5 | 1
5 =—| 361 (cos (30) +sin (50) 1)
XY

+cos (3 o) cos(¢)

- () s () x|

QP A
2 2
Q2 + A

- %5tsin (%a)

QZ

+ 181 (cos (2o) +sin (L) ry) ——%

s (s () () o
ARy

(@ +47)°

Q3 —2A28

(@2 +42)""

— Lé&tsin (a)cos(¢9)

+cos (5 a) cos(¢) ) 27)

9%Jps  9%ps
0AOQ, ~ 0QLIA:

=_ (;& (cos (%Oﬂ) +5in(%06) ’"X)

+cos ($a) cos(¢)

L

\/ QAL
A} >

(@2 +a) "

— (sin(3a) —cos () ry) x l

QP A
(@2 +ap)*

X <é6t (cos () +sin ($a) )

—cos (§a) cos(¢)

— 1é8tsin (Ja)cos(9)

QA
— 168t (cos (Ja) +sin(La)ry) k2

4
(2F+47)°
A} =249} .
(22 +42)""

+ 1 8tsin ($ o) cos(9)

+cos () cos(¢) (28)

Based on SGD with parameter setting of (f; =, = =
0,71 = 1,A = 1) in GADA method, the optimal control
signals are depicted in figure (3 aj,by) and the fidelity of

(22 +a2)”?

gate optimization is depicted in figure (3 ¢1). Also, with the
GADA method, the optimal control signals are depicted in
figure (3 ay,by) and the fidelity of gate optimization is de-
picted in figure (3 c,). The control signals are depicted in fig-
ure (3 ap, by) and the fidelity of gate optimization is depicted
in figure (3 c;). After 23 samples of 1-microsecond control
pulse we reach the fidelity of 0.9998 for beam-splitter gate
optimization (see table 2) and the atomic beam-splitter gate
at this optimal control reach:

0.703—0.025  0.710i
Ustoms (NOt) = ( 0.710i 0703+ 0.025i> :
N=23, &=1ps. 29)

By gate optimization, simultaneously we can control two
populations of atoms, one population from state |0) to |y+)
and other population from |1) to |[y—) as we can see in fig-
ure (3 dj) for SGD method and in figure (3 dy) for GADA
method.

Optimization Control Pulse Beam-Splitter
Method Number Gate Fidelity
SGD 26 0.99985
AdaGrad 26 0.99991
LM 26 0.9999
GADA 23 0.99998
DADA 24 0.99996

Table 2 Fidelities and control parameters for different optimization
methods.

4 Conclusion

Several researchers have developed and employed numeri-
cal optimal controls, such as SGD and AdaGrad, for quan-
tum state preparation and some for gate synthesis. Here, we
derived a general adaptive optimal methodology to speed up
quantum gate realization and to increase the quantum gate
fidelity. Several numerical optimizations can be deduced as
a special case of our method; hence, we have more degrees
of freedom to optimize the cost function of physical sys-
tems by this adaptive method. However, our optimal quan-
tum control methodology was employed to realize atom
interferometers; it will open up a new window for high-
fidelity quantum gates realization for quantum computing
purposes. For instance, we can realize the most important
fundamental one-qubit gates such as NOT(o,), Hadamard
(\%(O’x + o)), phase shift gate, etc. and also fundamental
two-qubit gates such as CNOT (|0){0] @ I+ |1){1| ® o),
CPHASE (|0)(0| ® I+ |1)(1]| ® o), etc which are essen-
tial for quantum algorithms. In this research, we achieved
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Fig. 3 Atom interferometer beam-splitter gate realization: Top is for
SGD and Bottom is for GADA based on optimal quantum control
methods. SGD parameters: (8 = 2 =9 =0,77 = 1,A = 1) and
GADA parameters (8 =0.85,8, =85, 71 = =1,A=10"1). (a1, by)
are the control pulses and (c) fidelity function for implementation of
the atomic beam-splitter gate realization and (d;) shows the simultane-
ous quantum state transfer (|0) — %(|0) +i[1)) and %(1\0) +11)) —
[1) on Bloch-sphere using optimal mirror gate realization with SGD.
Figures (ay,by,c>) are the control pulses and the fidelity over time
for mirror implementation with GADA. (d;) displays simultaneous
quantum state transfer using optimal beam-splitter gate realization on
Bloch-sphere.

high fidelity of gate realization and faster convergence com-
pared to conventional optimization methods. The method
employed in this research is a promising methodology for
quantum control applications from quantum sensing, quan-
tum computing, and quantum simulations for different quan-
tum system platforms such as superconductor circuits, atom
spin systems and the spin quantum dot.
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