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Abstract In this paper, we consider the initial-boundary
value problem to a singular non-local fourth-order parabolic
equation with gradient-type logarithmic nonlinearity. We
prove the global existence of weak solutions by utilizing
the cut-off function technique and Galerkin’s approximation
method. We establish novel threshold criteria for the finite-
time blow-up of solutions with initial value at arbitrary en-
ergy levels, and derive explicit upper bounds for the blow-
up time under appropriate conditions. Furthermore, by em-
ploying energy estimates and specific ordinary differential
inequalities, we characterize both non-extinction and extinc-
tion phenomena of solutions in finite time, and rigorously
quantify their corresponding extinction rates.

1 Introduction

In this paper, we consider the initial-boundary value
problem to a singular non-local fourth-order parabolic equa-
tion with gradient-type logarithmic nonlinearity:

\’,\% + A2y +div (|Vu|1’_2Vulog |V”|>
=l — gy Ja lul'dx,  xeQ, 1>0,
ey
= =0, #€08, >0,
u(x,O):MO(x)v xE.Qa

where 2 C RV (N > 2) is a bounded domain with smooth
boundary 92, 1 denotes the outward unit normal vector on

00, x = (x1,x2,-+ ,xy) with [x| = \/x? +x3 4 - +x%, the
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initial data ug € H* (Q) satisfies [ updx = 0, and the pa-
rameters satisfy 0 < s <2, p > 0, ¢ > 0. Note that when
s =0, Eq. (1) reduces to the following fourth-order parabolic
equation:

u +A%u—div (f (Vu)) =g (x,1). 2)

This class of equations models epitaxial growth in nanoscale
thin films [1-4], particularly focusing on surface roughen-
ing phenomena during thin film deposition. Here, u repre-
sents the height from the surface of the thin film, A2y de-
notes capillarity-driven surface diffusion, and div (f (Vu))
describes upward atomic hopping. Recent studies on thin
film equations have yielded significant advances in several
key areas:

e For the case

div(f (V) = div <|Vu|p_2Vu> YAu, p>2, 3)

King, Stein and Winkler [5] established not only the exis-
tence, uniqueness, and regularity of solutions in an appro-
priate function space but also characterized the structure of
the w-limit set by employing a semi-discrete approxima-
tion technique to study the asymptotic behavior of solutions.
When

div(f (Vu)) = —pAu—AA|Vu]>, g(x,0)=f(x), &

Winkler [6] proved the existence of global solutions in
higher-dimensional settings. For the case where g (x,7) =0,
S (Vu) satisfies the growth condition
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&) —F @l =c(lal” ! +1el ") b -&l.
VELEERY, a>1, (5)

Sandjo, Moutari and Gningue [7] demonstrated the exis-
tence, uniqueness, and regularity of solutions in the func-
tion space C°([0,T];LP (R)), with p = F% and | < a <
2, by employing L, — L, estimates derived from Kato’s
method [8-10]. For further studies on thin film equa-

tions featuring the p-Laplacian nonlinearity div (f (Vu)) =
div (|Vu\p 72Vu) , we refer to [11-24, 26-29] and references
therein.

e Under the influence of molecular and ionic effects, the
conventional p-Laplacian nonlinearity div (|Vu|p 72Vu) is
replaced by a gradient-type logarithmic nonlinearity of the
form

div (|w\ﬂ*2 Vulog|Vu|) : ©6)

In [30], Liu, Ma and Tang established rigorous lower bounds
for both the blow-up time and the blow-up rate of solutions
under g(x,¢) = 0. For the case g(x,7) = u?logu, Liu, Li
and Li [31] established a complete characterization of solu-
tion behavior (finite-time blow-up versus global existence)
through a classification scheme based on both the initial en-
ergy and the Nehari energy. Additionally, the authors de-
rived precise asymptotic estimates for the blow-up time in
finite-time blow-up cases, as well as quantitative decay rates
for global solutions. For the case g (x,7) = u?logu, Liu, Li
and Li [31] established conditions for blow-up or global
existence by classifying the initial energy and the Nehari
energy. Furthermore, they showed asymptotic estimates for
blow-up time and a large-time estimate of solutions, respec-
tively. For the case g (x,#) = —aAu — u?"'u, Lv and Fang
[32] studied the asymptotic behavior of global weak solu-
tions under the conditions 0 < ¢ < 1 and a < Ay, where
A1 denotes the first eigenvalue of —Awu with null Dirich-
let boundary conditions. For further studies on fourth-order
pseudo-parabolic equations with gradient-dependent loga-
rithmic nonlinearities of the form div (|Vu\’7 2Vulog |Vu\) ,
we refer to [33] and [34].

In a homogeneous, isotropic, rigid porous medium satu-
rated with a compressible fluid, the balance of mass for the
fluid phase is expressed as [35]:

0(x)u; —div(uV) = f(u), (N

where 0(x) is the volumetric moisture content, V is the
Darcy velocity, u is the fluid density, and f(u) is the net

volumetric source term. Several modifications were imple-
mented in the parabolic model by incorporating terms of the
form

0(x) =

]

div(uV) = div (|VulP~2Vu), (8)

have been discussed in [36—39]. Recently, Liu and Fang [40]
studied a singular epitaxial thin-film growth equation with
logarithmic nonlinearity

%+A2u+cAu=\u|p72“10g|”‘v X€Q,1>0, ®)

where2 < p <2+ %,c < Ay, Aq is the first eigenvalue of —A
with null Dirichlet boundary condition. Under the Navier
boundary and initial conditions, the results of the local and
global well-posedness, blow-up with arbitrary initial energy
and the lifespan were derived. Furthermore, Liu and Fang
[41] also investigated a singular parabolic p-biharmonic
equation with logarithmic nonlinearity

u
@ + A (JAulP~2Au) =|ulT2ulog |ul,

xeQ, t>0, (10)

where max {1, 72} < p<g<p(1+ ). Subject to Navier

boundary and initial conditions, the results of blow-up with
arbitrary initial energy and extinction phenomena were pre-
sented. Lv and Fang [25] considered a singular parabolic
p-biharmonic equation with gradient-type logarithmic non-
linearity

+A <|Au|p_2Au) + div <|Vu|q_2Vulog |Vu|) —0,

Uz
|x|A\'

xeQt>0, (1

where 2 < p<g<p (1 + N%rz) Subject to Navier bound-
ary and initial conditions, the authors adopted the Hardy-
Sobolev inequality to show the finite time blow-up result
with arbitrary initial energy.

Inspired by the above-mentioned research work, in this
paper, we will concentrate on the initial boundary value
problem (1.1) for a singular non-local fourth-order parabolic
equation with gradient-dependent logarithmic nonlinearity.
And we will prove the global existence of weak solution,
the finite time blow-up properties of weak solution under
different initial energies and the finite time extinction and
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non-extinction phenomena of weak solution. The main dif-
ficulties stem from three key features: (i) the singular diffu-
sion coefficient ﬁ; (ii) the logarithmic nonlinearity

div (|VulP*Vulog|Vu|), (12)
and (iii) the non-local source term

_ 1 _
|ue|? Zu—@/g|u|q udx, (13)

which collectively make the methods from [12, 16, 22, 23,
42-44] inapplicable for analyzing finite-time blow-up of so-
lutions with arbitrary initial energy levels, extinction and
non-extinction behavior of solutions in finite time. In this pa-
per, to overcome these difficulties, we develop an approach
that combines truncation function techniques with Levine’s
concavity method [45], along with logarithmic inequalities
and Hardy-Sobolev inequalities. We prove the global ex-
istence of weak solutions by utilizing the cut-off function
technique and Galerkin’s approximation method. We estab-
lish novel threshold criteria for the finite-time blow-up of
solutions with initial value at arbitrary energy levels, and
derive explicit upper bounds for the blow-up time under
appropriate conditions. Furthermore, by employing energy
estimates and specific ordinary differential inequalities, we
characterize both non-extinction and extinction phenomena
of solutions in finite time, and rigorously quantify their cor-
responding extinction rates.

This paper is organized as follows. In Section 2, we
introduce essential notations, definitions, and preliminary
lemmas that are fundamental to our main results. Section 3
is devoted to proving the global existence of weak solutions
by utilizing the cut-off function technique and Galerkin’s
approximation method. In Section 4, under suitable assump-
tions, we establish threshold criteria for finite-time blow-up
of solutions with arbitrary initial energy levels and derive ex-
plicit upper bounds for the blow-up time. Finally, in Section
5, we analyze both non-extinction and extinction phenom-
ena of solutions in finite time through careful energy esti-
mates and analysis of key ordinary differential inequalities.

2 Perliminaries

In this section, we denote the norm of L? (Q) for 1 <
p < +oo by

p r . -
||¢||]7: </_(;|¢(x)| dx) ) Sll§p<+ ) (14)

esssup,cqo |9 (x)], Si p = oo,

and the norm of H? () by

191l20) = \/H¢H§+HV¢II§+IIA¢I|§- (15)

Considering the initial data uy € H* () with [ uodx =0
and the Neumann boundary condition to Eq. (1). As in [5]
and [12], the Hilbert space Hy () is defined by

Hy@) = {o e )| 3!

=0, [ ¢dx=0%, (16)
R

where H3 () is equipped with the inner product

(0.):= [ AoAwar. Vo.y e (@) a7
and the norm

19130 = 14911, (18)

which is equivalent to the norm ||| 72 g
We define the energy functional and Nehari functional
associated to problem (1) as follows:

1 1 1
Jw) = g laul— [ Vul?log |Vuldr-+ - |Vull

1 I
~o1 [ (19)
1= Aul} - [ [Vl logVuldr— 1] @0)

A direct calculation of (19) and (20) yields

1 p—2 2 1
J(u) = —1(u)+ == |Aull5+ — ||Vul|®
(u) p (u) o [[Aullz sz 15
Q+1*p q+1
N AT e Q1)
p(q+1) || ||q+1

Next, we provide a definition of a weak solution and discuss
the existence of weak solutions.
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Definition 1 (Weak solution) Let 7 > 0. A function u (x,¢)
is said to be a weak solution to problem (1) if u(x,7) €
L= (0,T;H (2)) with u, € L* (0,T;L? (2)) satisfying the
following conditions:

(i) forany ¢ € L? (0,T; H? (R2)) with % ’(m =0,r€[0,7),

ot
/0 /Q [;‘C—'Tm + AuA@ — |Vul? 2 Vulog|Vu| Vo

_ (Lﬂ—‘;z—‘ A |u\qu) (p]dxdrzo; 22)

@) fy

2
dt < 4o and u (x,0) = up € Hz (Q).
2

ug(7)
5
|x|2

Moreover, the weak solutions to problem (1) satisfy the fol-
lowing energy equality:

ur (7)

s

x| 2

2
T (uo) = J (u) +/Ot dt, Vi €[0,T). (23)
2

Remark 1 Let T be the maximal existence time of a weak
solution u (x,#) to Eq. (1), defined as follows:

(1) If u(x,1) exists for all 0 <7 < oo, then T = +o0, and the
weak solution exists globally.

(ii) There exists a #p € (0,4o) such that u (x,t) exists for
0 <t < 19, but does not exist at t = g, then T = 1y, and the
weak solution exists locally and blows up in finite time.

Next, we define a function

1 2

2

u(t)

‘x‘s/2

S(t) = 24)

2

And we provide two definitions for the finite-time blow-up
and extinction of weak solutions.

Definition 2 (Finite time blow-up) A weak solution u (x,7)
to Eq. (1) is called finite time blow-up if the maximal exis-
tence time 7' < o0 and

u(t)

lxfs/2 [,

lim 1/25(t) = lim

t—T~ t—T~

= oo, (25)

Definition 3 (Finite time extinction) A weak solution
u(x,t) to problem (1) is called finite time extinction if the
maximal existence time 7 < +oo and

u(t)

o2 |l

lim \/25(r) = lim =0. (26)

t—T~ t—T~

Finally, we present four key inequalities that play crucial
roles in the analysis presented in this paper.

Lemma 1 ([28]) Let p > 0. Then, the following elementary
inequalities hold:

{%5 <(ep)'EPTP, VE21, @7

EPInE| < (ep)”!,  VO<E<I.

Lemma 2 (Bihari’s inequality [46]) Suppose that Ty > 0
andco > 0. Let K : Ry — R be a continuous nondecreasing
Sfunction such that K (t) > 0 forallt > 0. Let u; () be a Borel
measurable bounded non-negative function on [0,T], and let
v1 (+) be a non-negative integrable function on [0,T]. If

uy(t) < co+/0tv1(*c)K(u1(1))d*c, vt €10,T). (28)
then,
u(t) < G™! |:G(co) +/0tv](r)d’c] . (29)

holds for all t € [0,T), and such that G (co) + [y v1 (7)dT €
Dom (G’l), where

" dt

G(}’()): o K(T)’

ro > 0. (30)

and G~ is the inverse function of G.

Lemma 3 (Hardy-Sobolev inequality [47]) Let RN =
R¥ x RN=K, where 2 < k <N, and x = (y,z) € R¥ x RV,
For given A and s satisfying 1 <A <N,0<s< A, s <k, and
S (s,N,A) = )L[(VALEY), there exists a constant H (s,N, A, k) >
0 such that

N—s

s 2
/ |u(x2\ deH(/ |Vu(x)kdx)N ,
RV [y RN
Yue W (RV).

(€1}
Remark 2 In particular, we set k = N in Eq. (23), which im-

plies x = y € RY. We define u (x) = 0 for x € R¥M\Q, thus,

N—s

/(zu|(;iz|6dx§H(/!2 |Vu(x)|ldx)N_l,
Vue W (Q).

(32)
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1f & = 29 — 2 in Eq. (32), then, by the 0 < s <2, N > 2,

and the Rellich-Kondrachov theorem, we have

N—s42

2 N
(/ mcq|dx<,,</|Vu@)N%¢d%>
o x| Q
<CylAul3, (33)

where Cy = HBy, By is the optimal embedding constant of

2N
the embedding H3 () — WO] "N=2(Q). Due to the bound-
edness of €2, there exists a sufficiently large L > 0 such that
Q C B (0), and |x| < L for all x € Q. Hence, we introduce
the cut-off function

Pp = min {|x|7“, n} , neNT. (34)

to handle the singular diffusion coefficients ﬁ in Eq. (1).
Then, it follows from Eq. (33) that

min (L%, n} [l < | paludx < Ci | aul3,

Vne N*. (35)

Lemma 4 ([20]) Suppose that 6 >0, o0 > 0 and B > 0. Let
W (1) be a nonnegative and absolutely continuous function

satisfying
W) +op’ () > B. (36)

Then, for 0 <t < oo, it holds that

u@)zmm{u®%<ﬁ>é}~ 1)

3 Global existence

In this section, we establish the global existence of
weak solutions utilizing the cut-off function technique and
Galerkin’s approximation method

Theorem 1 Let u € H; (Q). If

max | 2 2N < p < min 2N 2N+ (38)
‘Ny2f P N-2N+2 [
and
. [N+4 8
1 — 1+ — . 39
<q<m1n{N_4, +N} (39)

where N > 4. Then Eq. (1) admits a global weak solution
u=u(x,t) € L (0,+o0; H} () with T € L?(0, 4oo;
*(Q)).

Proof . We intend to utilize the cut-off function technique

and Galerkin’s approximation method to demonstrate this
theorem in four steps.

Step 1: Approximate problem We denote the solutions cor-
responding to p,, of Eq. (1) as u, for any n € N ;. Let {9},
be a completed orthogonal basis of H 1%, (). Suppose that the
finite dimensional space U; := span{®¥y, 0, -+, %}, € N4.
Then the approximate solution of problem (1) can be con-
structed as

l
ty (x,) 1= ) €3 (1) i (), (40)

which satisfies

(pm¢“3)+(AM”A§)AfUVMHFQVuﬁogKMM,Vﬁ)
S (G A @1)

uf, (x,0) = uﬁlo,

for any O € HZ (). For a differential equation involving
cl (1), the following Cauchy problem can be obtained by
taking ¥ = ¥ fori=1,2,--- [

(pnuf’ll’ﬁi) + (Au,l“Al?i)
— (IVuh|" >V log Ve | v,
= (Il — iy fo i fax.0s) . (42

(“ﬁlo’ﬁi) = by,

l . .
where b); are constants satisfying
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Zb ) — up(x) (43)

in Hy () as n — +o0 and [ — +oo. By the Picard iteration
theorem of ODEs, there exists a T > 0 such that ¢! . (¢) €
C'[0,T]. And thus, it follows from Eq. (40) that

uly € C([0,T],Hy(RQ)). (44)

From this, we obtain the local existence of solution to Eq.
(D).

Next, we prove the global existence of solution by esti-
mating on the boundness of «/, in any finite time.

Step 2: Priori estimates Multiplying the first of the equa-
tions of Eq. (42) by ciu. () and summing over i = 1,2,--- 1,
we obtain

(o) + ()
— (‘Vuf, "

Vil log ‘w;

Vu,ﬁ)

q 1
G ). e
Integrating Eq. (45) over (0,¢), we obtain
1
E/Qpn x_f/ Pn|u nO
:// ’Vun log‘Vun dxdt
/ / ( 1 Q‘ >uf,,dxdr. (46)

Setting F (1) = L fo puu| *dx+ [i || Adds |5 d, then F (0) =
% Jo p,,’uﬁlo‘zdx. Therefore, we rewrite Eq. (46) as

t / )4
= [ [ |va,
0.Ja
t g1
A
0./

By Lemma 1, Nirenberg’s inequality and Young’s inequality

with €, there exists a constant C; and a sufficiently small
p1 > 0 such that

(47)

dx) ufldxd T.

1P !
/‘Vun log’Vun dx
Q
+
< (ep))”! |vut|| "
Ptp1
§(ep])_1Cf+Pl A ri(p+p1) l ilfrl)(PJrPl)
<(e —1 ~p+p1 !
> Pl) Cl €| Au,
- 2—ri(p+
+(6P1) 1cf+Pl 1(217 pl)
__r(ptpy)
( 2¢ ) 271‘](])+p|>‘ 1|12
X | —m——— u,
(p+p1) 2
2m1
—Ci (e HAu 1 (e) ol L (48)
where
(N+2) (p+p1)— 2N
r = €(0,1), 49
TP I )
(1=r)(p+p1)
m=-————"-=>1. 50
YT (p+p) 0

Additionally, following a similar approach to Eq. (48), we
know that there exists a constant C; such that

LTl

u,

</ lq+1 1 / ld
u X — — u. dx
— Ie) n |Q| Ie) n
q+1
< Cq+1 HA ra(g+1) ‘ ;| (I=r2)(g+1)
"2
§C§+l£HAun
I L N =TI
. & —rp(g+ my
Cq+1 rnq 1
t6 2 r(g+1) Un 2
I = R
= Ca(e)||au|| +Coe) [ur (51)
where
N(g—1) (I-r)(q+1)
ry — €(0,1), m=—=""_"_">1. (52
T 4(g+1) ©0,1), m2 2—r(g+1) (52)

Thus, it can be obtained from Eq. (35) and Eqs (47)-(51) that
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1 I 2 _ I 2my t ! 2 _ I 2my
F(t)fF(O)g/O Ci (s)HAun L+ Cie) | d7:+/0 CQ(S)HAM,, +Ca(e) ]| ) ax
1 11?2
<Ci () <2/ Pn |ty ) +G () ( / Pniu )
Q
+C (8)/.t;-min{L"“ n}m' ul " 'dt+C (8)/ 7-min{L"’ n}m2 ul "
! o min{L=% n}"™ ’ "2 2 o min{L=% n}"? ’ "2
C] (8) t / ; 2 my CZ (8) t / 2 my
< F — n . n
<G (e) (tH_min{L—s,n}ml 0 ( o Pl d dﬂf—’—mm{L—S,n}m2 o o Pl ar
Ci (e t -
<C; (8)F(f)—|— Inln{Ll_(s)n}ml (/ Pn|U dT) drt
Ca ()

([ o]

min {L%,n}"

=C3(e)F (1) +Cs(¢)

which implies

F(0)
< N7
FO< 6@
e (8) . (54)
mi my
o /0 [F(2)™ + F(7)™]d.
where
Gi(e) =Ci(e) +Ca(¢), (55)
~ . 2mC (8) 2mC, (8)
C3 (&) = max { min{L~5,n}"™ "min{L=5,n}" | (56)
By Lemma 2, there exists a 7 > 0 such that
- F(0) Gs(e)
<! )
F(t)_CD {¢<1—C3(8))+1—C3(8)t 57
where @ (r) = [ e ml+ Faye 1> 0. Therefore, we

have F (t) < Cr, Wthh means

2/””

Multiplying the first equation of (42) by %cf”. (t), summing
overi=1,2,--- I, and integrating (45) over (0,7), we obtain

dr <Cr,VnleN,. (58

[ 1@+ @)ymiae

ny
) dart

(53)

J (uf,o) - ' e, (59)

!
o Jorle
0JQ

By the continuity of J (u(¢)) and Eq. (42), we can know that
there exists a C > 0 such that

J (uﬁlo> <€, Vn,leN,. (60)

From Egs (19), (5§9) and Eqs (60), we derive

C’z](u£,0> ZJ(ui,)
2 1] )4

Vi
p/:z‘ "

1 r 1
e L)
P? "y g+1

[1-ae

=l
/ q+1
n

q+1

2 2m

_Ci(e)
P

) l
Au, -

2 2

_CZ(E) 1]|2m

u,

2
2

Aul

n

2mC (e)
p pmin{L=% n}"™

_ 2m262 (8) -
(g+1)min{L—5,n}"™ (F(1)™.

(F ()™

(61)
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Combining Eqs (58) and (61), we obtain

p,% ul, <C,Vn,leN,, (62)
12(0,T:L2())

ul = (013() <C,Vn,leN,, (63)

ul, - (ormn @) <C,Vn,l €Ny, (64)

tn| (orasri@) S C,Vn,leN,. (65)

Step 3: Pass to the limit Since u, € C' ([0, T]; H} ()) and
Eq. (63), then {uﬁl} is a uniformly bounded and equicon-
tinuous sequence. Thus, by the Arzela-Ascoli theorem and
Eqgs (62)-(65), there exist a function u and a subsequence of
{ufl};;, which we still denote by {uﬁl}:;; , - for conve-
nience, such that

ui,, —> uy strongly in L* (O, T;L? (Q)) , (66)
uﬁ, — u weakly star in L™ (0, T;Hg (Q)) , (67)
ul, — u weakly star in L (O, T;Wol"7 (.Q)) , (68)
ul, = uweakly star in L (0,7;L771 (Q)). (69)

Combining Eqs (66)-(69) and the Aubin-Lions-Simon theo-
rem, we have

uly = u, Vul, — Vu strongly in C ([0, T];L* (R)), (70)

which implies u, — u, V!, — Vu, a.e. Q x (0,T). There-
fore,

Vil |" Vil 1og | Vil P2
n wlog | Vuy, | — [VulP”“Vulog |Vul,

a.e. 2x(0,T). (71)

Additionally, we define

Q i={xeQ |l (x)| <1}, Q:={xeQ|ld(x)]>1}.

(72)

Then, from Lemma 1, it follows that there exists a constant
P2 = 1 such that
p/
) dx

P2
/(‘Vun
Q
1P /
= <‘Vun ) dx
(o
1|P2 4
+ <‘Vun ) dx
2
p—1+p2 v
dx

<tep-ni 712l o ([
)p/deC. (73)

=le(p-n @I+ [ |V,

Vil log ’Vu;

Vi log ‘Vu,l1

Vuﬁl

Vuil log

Hence, by Eqs (71) and (73), we have

‘Vul "9 1o ‘V ! kI
n n g un wea y

star in L™ (0, T:L" (Q)) . (74)

In order to show the limit # in Eqgs (66)-(69) and (74) is
a weak solution to problem (1), we proceed as follows.
Fix a positive integer k € N satisfying k < I. For the

. - k .
given smooth function {d,lu (t)}izl, we choose a function

()Z

plying the ﬁrst equation of Eq. (42) by ; (t), summing for
from 1 to k and then integrate it with respect to ¢, we obtain

/OT (p,,uﬁn,zs) n (Auﬁ,,ms)
_ <’Vu£l - >dt
T
[(-a e o

Taking n — 400,/ — 40 in Eq. (75), and using 1ir£ Pn =
n—s—oo

;1) where ®; € C' ([0,T],H} (£2)). Multi-

Vuﬁl log ‘Vuﬁl

n

|x| ¥ and the convergence results established above, we con-
clude that
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T
/0 (|x]"*ur,®) + (Au,A0)

- (\Vu|”*2vulog|vu| ,st) dr
T
- 7 Tdx, 9 ) dt. 76
[ (= i o) 6

Since ¥ is dense in L? ([0,T],H3 (22)), Eq. (76) holds for
all 9 € L ([0,T],H} (R2)). Therefore, u is a global weak
solution to Eq. (1).

Step 4: Uniqueness Assume that there are different func-
tions i (x,7), v(x,7) as bounded weak solutions to prob-

lem (1) with the initial condition i (x,0) = V¥ (x,0) = up €
H3 (). Then, we have

(x|, ) + (Au,ms) - (|Vﬁ\1’—2vmog Vil ,w)

:(W o, lattas 19) )

x| 750, 9) + (A, A0) — (|Vi]P 2 Vilog|Vi|, VO
g
Ly
= (|97 —— [ |9|%x, 0 ), 78
(17 g7 [, a0 9
for any ¥ € H} (). Then, we have

(K@@= 7),,9) + (A (@), 49)
- (|Vﬁ|p_2Vﬂlog \Va| — |V5|P~2Vilog| V7| ,Vﬁ)

= (1ot~ g7 [ ottt = g [ Istan).0 )

(79)
We choose the test function in (79) as
i(T) —v if 0,1
8(c) = i(t) —v(1), 1 T €(0,1], (80)
0, ifte(,T).

which implies that Eq. (79) can be rewritten as

(@ —7),.a ) + (A (7). A (@)
- (IVﬁI"‘ZVﬁlog \Vid| — |V5|P2Vilog| V7| ,V(ﬁ—ﬁ))

1)

(1~ s s (11~ g [ 0 5).

Integrating over (0,), we obtain

//|A ii— )| dxdt

_ / / |va|"*2vmog|va|—|vv\F*2vmog|vv|)

|x|2

x (Vii— V) dxdt
+// {I |q—*/ |t dx — ( |Q/Q|17|qu)]
x (i1 — 7) dxd. 82)
Define
01(1) := |1|"*1log]1], (83)
0:(1) ::mtﬁ [ el 84

By the Lipschitz continuity of Q; : Ry — R, forall j=1,2,
we derive

1

u—v

2
t
o +//|A(ﬁ—\7)|2dxd1:
x|2 0JQ

_ /’ / (01 (Vi) — 01 (V9)) (Vi — V¥) dxd
JO JQ

[ [em-

°t t
<G / / Vi — Vo[2dxdt + Cs / / li—vPdxdt.  (85)
0JQ 0JQ

05 (7)) (it — 7) dxdt

Taking w = &t — ¥, from Nirenberg’s inequality and Young’s
inequality with €, we obtain

1

()

2
t
—5 +//|Aw\2dxd*c
2 0Ja

%2

2
1 t
§C4//|Vw|2dxdr+C5// o Pdxdt
JO JQ 0JQ

t t
gc4c§/0 ||Aw\|2||(oH2dr+C5/o/Q|(u|2dxdr

t t
gsc4c§/0 |\Aw||§dr+[(48)*1c4cg+c5}/0||w||§dr.
(36)
1
and Gy =

_ 24
Let £ = (C4C3) C‘a& +Cs. Then, we derive
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1

2

Q)

s

x| 2

2 t
<Cr [ oljde
) 0
1
¢ [ [ 12
0 Jo |x|
2

!
§C7LS/
0

By Gronwall’s inequality, we have

‘2
dxdT

dr. (87)
2

S

Mk

() u—v

2

=0, ie,i=7. (88)
2

which contradicts the assumption. Thus, Eq. (1) admits a
weak solution in © X [0,T]. Next, we consider Eq. (1) in
Q x [(k—1)T,kT] for all k =2,3,---. Finally, we conclude
that Eq. (1) admits a global weak solution.

The proof is completed.

4 Blow-up in finite time

In this section, we not only derive new threshold results for
the finite-time blow-up of solutions with initial value at ar-
bitrary energy levels, but also determine the upper bounds
for the blow-up time under appropriate conditions.

Theorem 2 Let 2 < p < g+ 1. If J (up) < 0, then the solu-
tion to problem (1) blows up in finite time t.. Moreover, the
upper bound of t, is estimated as

2
Uy

|x|% 2
"= P2 P ) e

Proof . We define a function

(1) = —J(u(0)). (90)

2

“ll >0
x|2 2

and y(0) = —J (o) > 0. Since the weak solution to problem
(1) satisfies the following energy equality

It is straightforward to observe that S(0) = %

2
Ug (:5)

x| 2

7 (u0) =J(u)+/0t dr, o1)

2

we obtain

__4 _d (@), d
70 =g =g [ o (wo)
2
i EAO 92)
2 ],
From Eq. (92), it follows that
0<y(0) <v(r), Vrel0,t). 93)

Based on Eqgs (20), (21) and the condition 2 < p < g+ 1, we
derive

S’(t):/Qde:—I(u(t))

Jcf*
p—2
= —pJ () + = Au () 3
1 q+1—p 1
+3 IVu (1)1 + . (D)3 = —pJ (u()). (94)
which implies

S'(t) > —pJ(u(t)) = py(t) >0, Vt <[0,1,). (95)

Using Egs (92), (95) and the Cauchy-Schwartz inequality,
we obtain

2
u; (1)

Sk

2
u(r)

Sk

S0 =5

2 2

2
zé(@“mW“%ﬁ =250y, 06

Jxf”

Thus, via direct calculation using Eq. (96), we have

It follows that
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0.<S72(0)7(0) < S (1)y(r)
and since ﬁ < 0, we deduce
(5*%“@))’ < @ﬁ(m 10). (99)

Integrating over (0,¢) yields

2
s () < MS*% (0)7(0)r+S~51(0).  (100)
Taking he limi # — ¢, in Eq. (100) to obtain
. —24 1
limS 27 (t) = ———=0. (101)
1t lim,_,, - $271(z)
which implies
, 1 u@) |
lim §(¢) = lim — = oo, (102)
t—ts ®) (=t 2 |)C|S/2 5
The proof is completed.
2
Theorem 3 Ler2 < p <q+1.1f0 <J (up) < 2[;% "‘IO% ,
H= 2

then the solution to problem (1) blows up in finite time t,,
and the upper bound of t. is estimated as

uo 2
8|3
Jx[*/2 1l
< . (103)

Proof . Suppose that u is a solution of the Eq. (1) with initial
data ug. We observe that

/l L(f) 2 /ZL(;[)dr
ol X[z ||, o [xz ],
t t
= M(Q_L(L Ki) - uoi ,V[G[O,—F‘x’).
R e | PO =7 R | P (Y R
(104)

Though a direct calculation, we obtain

ul))) | uo_ +/l u (@ e
AR | PO | N R | U | RS
RTINS
YN (e / ur(f) it
x[2 [, o fx2 i,
= |“|0% 12 (I (o) —J (u(1)))?. (105)
X202

Suppose u is a global weak solution of Eq. (1). We know
J(u(r)) > 0 for all ¢ € [0,4c0). If this were false, there
would exist 7y € (0,+o0) such that J(u(zy)) < 0. Following
the proof of Theorem 2, we conclude that u blows up in fi-
nite time, contradicting our assumption. Therefore, from Eq.
(105), we obtain

O I 43 (o) — T ()

2 |, |2 ],

< ﬁ 12 (J (ug))?, Vi€ [0,40). (106)
Xx|2 )

Furthermore, from the definition of S(¢) and using Eqgs (20),
(21), (33) with the condition 2 < p < g+ 1, we derive

§(1) =~ pJ (wle) + 22 4w (o) 3

1_
IEZP ()9

1
_ 14
vl .

(107)

d

ST ()= -

0. (108)

Then, from Eqs (107) and (108), it yields

& (5020w = 40

- P22 [sm—”CHJ(u(t)) |

1
c P (109)
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Let @ (1) =8(t) — ”CHJ( (1)), from Eq. (109), we have
d p—2
- r_= ). 11
4027500, Vi €0, te) (110)
Integrating Eq. (110) over (0,#), we obtain
2
o(1) >eCH "9(0), Ve [0,+00). (111)
namely,
? 2pC 2
p—z
MO 20 ) (1)) + 265 (0),
|x|2 p—2
Vit € [0, 4o0). (112)

Since 0 < J(u(t)) < J(up), it follows from Eq. (112) that

2 b2,

>2eC " 9(0).
2

u(t)

s

Jx[2

(113)

which implies

—2
4Ol 5 (2 (0)) b’
x[2 |,
25C, ’
2 2P ) | B v e 0,400, (114)
|x|z p—2

this contradicts Eq. (106) for sufficiently large ¢. Thus, ¢, <
o0,

Next, we derive the upper bound of 7,. Since the weak
solution to problem (1) satisfies the energy equality

2
dr. (115)
2

ur(7)

s

o) = Il + [

|2

Combining this with Eqgs (21), (23), (33) under the condi-
2

“o_ |l we obtain

5
Ix2

tions2 < p<g+1and0<J(u) < £

-2 1
I(uo) = pJ (uo) = =~ | Auoll3 = = | Vuol?
p
+1 2 ?
_4qTi=p g+l _ _p—< U
g1 ol =r i) =5
2 1 ?
- HAMOH%—F MO;
H | [x[2 |,
1 q+1—
p q+1
> ([ Vuol|5 — T P ollgy < (116)

We assert that [ (u(¢)) < 0 for all ¢ € [0, £,). Otherwise, there
exists a 7 € (0,z,) such that I (u(f)) =0, and I (u(r)) <O
for all 7 € [0,7). Combining with Eq. (95), we have §' () =
—I(u(r)) > 0 for all + € [0,7). It means that S(z) is strictly
increasing on [0,7), and consequently,

2
p—21 up p—2 ||u(f)
0<J(uo) < —5 5 (117)
(1o) 2pCh || |x|2 2pCy || |x|2
Furthermore, from Eqs (21) and (33), we derive
~ p—2 2 1 p
J (o) ZJ(u(t)):jHAu(f)llerﬁlqu(f)Hp
g+1—p q+l
WII Ollg1 + ( Q)
-2 f
> S au@)} > 2 O ,an
2p 2pC |x |

which contradicts Eq. (117). Therefore, I(u(z)) < 0 for all
t € [0,,), and consequently S'(r) = —I(u(t)) > O for all t €
[0,7,). This implies that S(¢) is strictly increasing on [0, 7).

In order to derive the upper bound of 7., we define a func-
tion

2 2
1
(1) ::/ M(E) dr+ (T —1) DN +o@+x)?
0 || x[2 x|
2 2
vt e [0,T], (119)

where T € (0,#), 0 > 0 and k > 0 are sufficiently small.
From Eq. (119), we obtain
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2 2

t
D' (1) = ”(3 - uoi +20(t+x)
x| |2 1],
! d 2
:/ — u(i) dr+2c;(t+1<)
0 dT |x|7
72// ||Y dxd’c+26(t+1<) (120)
It is evident from Eqs (119) and (120) that
2
®0)="T ||A +0k?>0, @(0)=20Kk>0. (121)

By Egs (21), (33) and (119), combined with 2 < p < g+ 1
and o > 0, we derive

CD” 2/ dx+2(7
- <>>+2a
=—2pJ(u(t))+(p—2)|Au()|3

2 2(¢g+1-p) +1
= py=\1 " - P q
+p||Vu(t)H,,+ . [u(®)lg41+20

=—-2pJ(

+(p=2) [ Au(@)ll3 +

2(qg+1-p) 1
+qTH”(t)HZL+2G

2
SV 01y

2
ur (1)

x|2

drt

t
> —2pJ (uo) +2p/0

2

2
u(t)

x| 2

p—2
Cu

Ve [0,T]. (122)

Recalling S(¢) is strictly increasing on [0,#.), we know
@' (1) > 0, which implies @ (¢) is strictly increasing on
[0,2.). Through a direct calculation, we obtain

_%’[ U/ )uf dxdT+O'(l+K):|2
o N e\
= </o )E? J”) </o o J”)

2
+o(t+x)

2 2
t t
Z—Zp/ “ON get o+ 1) / (Ol yot o
o | 1l o || W |,
- )
2—2p<1>(t)/ (D ey o (123)
ol X[zl
Then, it follows from Eqs (119)-(123) that
" P 2
(1) 9" (1)~ £ (@' (1)
. 2
> 1) [~ 2ps () +2p [ |2 ax
Joo|| Ixl2 ||,

o s 2 . 2
p=2||ult) ]_2pq>(r)[/ ue (7) dr—i—c}
C || ]x]2 ||, o |xl2 ],

5 2
pP— uo
—2p® (1) | [ =21 22|l —J@uo) | —o| >0, (124)
pe) || g, ||~
2

ugy
x| 2 2
@~3+1(r) for any r € [0,7]. By a direct calculation,
we obtain

where o© € (0 P2

I —J(uo)}. Let I'(1) =

@)= (—g + 1) ()@ (1), (125)
r'w=(-2+1)e ()
x [cb (1) ®" (1) — %(cb’ (r))z} . (126)

By Eqs (124), (126) and the condition p > 2, we have
I'" (r) <0, which implies that I" (¢) is a concave function on
[0,7], and I’ () is a decreasing function on [0,7]. There-
fore,

r(r)<r(), v:elo,7). (127)
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By integrating the above inequality over [0,7], we obtain

r(T)<r©)+r'()7. (128)

A

Since @ (0) > 0 and @ (1) is strictly increasing on [0,7], it
follows that

(129)

r(fy=o 2t (1) >0, (130)

for any 7' € (0,t,). Additionally, by the conditions &’ (0) >
0, p > 2 and using Eq. (125), we have

') = (—g +1) o5 (0)@' (0)
' (0)
@ (0)

—(-2+1)r©) <0, (131)

2

From Eqs(128)-(131), combined with Eqs (119) and (120),
we derive

e ro)—r(7) T _ 290
- -I(0) T -I(0) (p-2)9'(0)
2 2
o) voe |
[x[2 ], 2 |y 4 K
= = T 132
(p-20x  (p-Dox p-2 Y
2
4
where x € < ( ‘xlzz)é , —I—oo). Taking the limit as 7" — ¢, in Eq.

P
(132), we have

2

oK

1. < 5 (133)
(p—2)ok— ||
[x[2 ||
We define the set
5 2
p— ug
M::{ o,K 266(077 — 1| =7 uo},
(0,%) G [T |, 7
2

uo
)
|x|2

ke (mm)} (134)

and the function

flo,x):= 5 (135)

2

Direct calculation shows that f (o, k) attains its minimum
2
0
M? 2
(p=2)o

2

value at Kk =
rive

. Thus, from Eqgs (133)—(135), we de-

t. < inf f(o,x)

(o,x)eM
up
8p |l ——
_ b ‘X‘S/Z 2 (136)
(p-22| 22| 1o 2—ZIJJ(uo)
Cu || [/l

The proof is completed.

Corollary 1 Assume?2 < p < g+ 1. Then there exists a weak
solution with arbitrarily high initial energy to Eq. (1) that
blows up in finite time.

Proof . Let Q1 and £, be two disjoint open subdomains of
Q. Choose an arbitrary nontrivial function v € H3 (€;), and
for any R > 0, there exists a sufficiently large ¥ > 0 such
that

2 )
Xv 2/ v|
= dx
2], =% Jo
2 2pC
e M Prip (137)
1 |x|s -2

and for 2 < p < g+ 1 and Eq. (19), it follows that

x’ X’
R—J(xv) =R— 2 |Av|3+ / IVv|P log |Vv|dx
2 P JQ

x’ » X' p
+ 5 togz |Vl - v
Xq+l q+1
o IVIIZE = oo, (138)

as y — +oo. Fix x and @ € H3 (£,) such that J (yv) +
J () = R. Next, we extend v and @ as follows:
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v, xe Ly, _Jo,xe
V_{O,XGQZ, ""{0, xeQ. (139)
Let ug := xv+ w. Then we have

u xv+a)2

—OS :/ < ‘dx

|x|2 al |

24C,
>/ de>qHR (140)
o | X q-2
and

1 1
J(uo)ZE/Q|Auo|2dx—]—)/g|Vu0|p10g|Vu0|dx
—|—i/ |Vu0\”dx—i/ luo|  dx
p*Je g+1Ja
1 1
=3 J, evPds— [ g9 log vl dx
1
1
+?/ va|pdxf—/ \XV|q+1dx

1 1
+§/ lAw2d —;/ IVo|”log|Vo| dx

1
+7/ |Va)|pdx——/ 0|7 dx
=J(xv)+J (o)
=R, (141)
which means J (up) =R < 2’;;(;[ I:\O Therefore by The-

orem 3, we conclude that there exists a weak solution with
arbitrarily high initial energy to Eq. (1) that blows up in fi-
nite time.

The proof is completed.

5 Non-extinction and extinction in finite time

In this section, by employing energy estimates and specific
ordinary differential inequalities, we characterize both non-
extinction and extinction phenomena of solutions in finite
time, and rigorously quantify their corresponding extinction
rates.

Theorem 4 Assume that p > 2 and p > g+ 1. If J (up) <0,
then the solution to Eq. (1) does not extinct in finite time.

Proof . Since the weak solution to Eq. (1) satisfies the fol-
lowing energy inequality:

2
Ug (}')

x| 2

T (o) = J () + /0 ' dr. (142)

2

Furthermore, from the definition of S(¢) and using Eqgs (20),
(21), (23) and (33) under the conditions |x| < L, p > 2 and
p>q+1, we derive

S'(1) = —p (w () + 222 | Au (o)
||u<t>|\zii

1 q+1—p
+—|[Vu ()| + —=
IVl +

) ae+ 222 a3

=— pJ (up +p/

p—q—1

—l—f Vu(t)||? —
-2

+1
|| ()44

|x|2

p—q—1 +1
VT ||u(f)|\3+1

p—q—1 14 / 2 :
-1 _q|> d
o) ) 2] <Qu (z) X>

>—pJ(

_ _1 1—q
> pl(uo) - P00 20) T S (1), (143)
g+1
which implies
P—q gl gl
S’t+7.(2 2L°5) 7 S 2 (¢
(t) . @l L) (t)
> —pJ (up) (144)
Since p > 2, p > g+ 1 and J (up) < 0, we have
p— gt
o =—1Q 2L°) 7 > 0. 145
=l er) (145)
Then, it follows from Eqs (144) and (145) that
1) ﬂ
S'(t)+ S (t) > i (146)

By Lemma 4, we know

2
S(1) zmin{S( ), <ﬁ]> " } >0, Vr € (0,40). (147)
Hence, Eq. (147) implies
u(t)
2 25(t) >0, Ve (0,4). (148)
Ix2 1l
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Then, for any m3 > 1, by the interpolation inequality, we
obtain

t t)]|? t
we) | fule) ) ) (149)
el 2 1y Il 2 g e[ 2 1] ma
3
which together with % > 0, implies that for any m3 >
Xl

1, there does not exist a ¢, > 0 such that

u(r)

s

x|

lim

t—tx

0. (150)

m3

m3

Therefore, the solution to Eq. (1) does not become extinct in
finite time.

The proof is completed.

Theorem 5 Assume that p < 2 and q < 1. If

le(2—p)] 'B2 < 1and
D>\ T
U 2\ 1
, —= . 151
. () ey

then the solution to Eq. (1) becomes extinct in finite time,
with the upper bound of the extinction rate is

ol l o |7
[x|2 1], x|z 11,
I—q ﬁ
+§ <D2D1 \x\Z , >l‘] ,0<t < Ty, (152)
t
u(i) =0, t>1p.
lx|2 11,
where
o ||'79
x| 2
= _— (153)
=0 -D,
|x|2
Di=(1-g) {12~ p) "B} 5’ (154)
1 q+1)
Dy =(1- )\-Q\ (155)

and B is the optimal embedding constant of H3(Q) —
12
W, “(R).

Proof . Multiplying Eq. (1) by u and integrating over £, we
obtain

2
a3 = [ Vi) 10g|Vu(r)| x
2

_ /Q (1) (1) dx

For the left-hand side of Eq. (156), we observe from Lemma
1 and Eq. (32) that there exists a positive constant p3 =2 —p
such that

u(t)
Bk

d|u
dt

1
2
(156)

SO+ 4u ()3~ [ Va0 1og|Vu(r)|ax

(ep3) ™ IVu () 17253

>8'(6) + [[Au(0)]3 ey

=S'(t) + | Au(®)|3 — [e(2—p)] " [Vu ()3
>S'(t) + | Au(®) 3 — [e2— p)] ' B* || Au(t)|l3

/ - u(t) ?
>80+ {1-[e2—p)] "B} ¢y r{
—5'(1) +2{1 - [e(Z—p)rle}Cng(t). (157)

Then, Eq. (105) can be represented as

S’(t)+2{l—[e(2—l’)] 32 C'S(r
*lu ()IIqul

e ) g+l
ol 7 (1)

/ o (£)|9 dx

(158)

<|o| ™

q+|

Setting H(t) = S ! (t), we obtain from the above that

l—g -
H' (1) = zqs“’us'(r)
<(1-q2'7 | FLT
—1p2 | =14
~(-g{1-@-p)] B} ci's 7 (1)
=27 D, —DiH() = A1) (159)
1
Since ‘“‘O% > (D,D;') ™7, we have A(0) < 0. Then
X

there exists a sufficiently small 7 > O such that A (r) < @ <
0 for all t € (0,7]. This implies that
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A0
H'(1) < # (160)
Integrating Eq. (160) over (0,#), we obtain
A0
H(r) <H(0)+ #t, 0<t < Ty,
(161)
H(t) =0, t > Tp.

From the definitions of H(¢) and A(¢), we conclude that Eq.
(152) holds.

The proof is completed.

Theorem 6 Assume thats=0, p=2and q < 1.1fJ (up) <0

e
and ||ugl, < (D4D;1) =4 then the solution to Eq. (1) be-
comes extinct in finite time, where the lower bound of the
extinction rate is

—1 1—
lu@ll2 > |DaD5" + (Jluolly

e
—D4D3 ") P 0<t< T, (162)
Ju(®)l2=0, t>T
where
1 DyD;!
T = —log (_1 (163)
D5 DyD3 " — ||uo],
2 1—
D; = 1;—‘73172, Dy= ((I:;Tll) |Q2] Tq, and By is the optimal em-
bedding constant of W01‘2(.Q) — L*(Q).
Proof . We define
G(1) := 3]lu(r)]3 (164)

Combined with the conditions s =0, p =2 and ¢ < 1, and
based on the energy equality

J(uo) = J (u(t)) +/Ot |uc(7)|5dT (165)

we derive from Egs (20), (21), (23) and J(up) < 0 that

— —1(u(t))
= ~200u(0) + 5190+ ] e 1

B? 2
> 20 (up) + 5 u(@) [

qg—1 14 g+1
— Q2|2 t
o

1g—1 1— 1
> B2G(1) +2'7 Z+ : Q2 G" (1),

(166)

1—q

Setting Z(t) = G = (), we obtain from Eq. (166) that

Z0= 516"
1 _
x |B72G(r) +27 4 |l 2165 (1)
1— - 1)?, 1=
- a6 o) -2 Loy
2 qg+1
— DsZ(t)— 2 Ds. (167)
Solving this ordinary differential equation yields
Z(1) > 27 DyD5 ! + (Z(O) fz";zlz)w;l) Dt
0<t<T, (168)
Z(t)=0, t>T,

which implies that Eq. (162) holds.

The proof is completed.
Theorem 7 Assume that g+ 1 <2 < p. If J (up) < 0 and

1
—

D, T—q
< <6) .
2 Ds

then the solution to Eq. (1) becomes extinct in finite time,
and the lower bound of the extinction rate is

(169)

1

W > [pens!+ (|| b py')ers |
it 11, = (P60 T UILE ], ~P6%s ’
0<t <1,
L,S) :Oa tZT2a
[x[2 1y
(170)
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where

) Disog _ID(,DS: = | (171)
po0s" 2

1)54,(1__gi§f_‘2), (172)

Ds=(1-q) L™ | IH’-p;jll (173)

Proof . By a direct calculation, similar to Eq. (166), we ob-
tain

S (1) =—1(u(r))
— Pl () + ’%2 lAu(n)]3

1 qg+1—p 1

- p,4T17P g+
+p||Vu(t)Hp+ . (e ()] 441
1
I;IIW(t)Hﬁ

p—2
> = pJ (uo) + =5 | Au ()3 +

_p—q-1
q+1

2 2
——[[Au(t)|l5 -

q+1
[l () llg1

p—q—1

1
P w12, - (174)

Then, by Egs (33), (174) and |x| < L, we derive

2
u(t)

ak

2
S (1) szC‘l

2
q+1

Lap—q—1 / 2 7
— Q| . x (t)dx

>(p=2)Cy'S(1)

) B o 2
s ([ 200
g+1 o |x]
=(p—2)Cy'S(1)

g+l s(g+1)

2L @

q+1
2

|lz1p g—1 a+1

T ST (1) (175)

l1—q

According to Eq. (175) and H(t) =S 2 (¢),

0 ((p-26's0

—2%Lf“"z“’ o Pmd eyt )
q+1

—DsH (1) — 27 Ds. (176)

This ordinary differential equation directly implies that

H(t) > qTD6D1

2
( D6D )eDS’, 0<t<T, U177
=0,

t>1.

Then, we obtain Eq. (170).

The proof is completed.
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