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Abstract This paper is concerned with proving that an in-
finite number of fast homoclinic solutions exist for a spe-
cific type of damped vibration system with nonlinearities
governed by the p-Laplacian operator. Unlike most exist-
ing works, which typically require coercivity, periodicity,
or global growth conditions on the potential, we establish
our results under weaker, localized assumptions. In particu-
lar, the damping and stiffness terms are allowed to be non-
coercive, and the potential function satisfies local conditions
near the origin. Our approach relies on variational meth-
ods and the symmetric mountain pass theorem. Two main
existence results are obtained, illustrating the effectiveness
of this method in treating strongly nonlinear systems with
nonstandard growth and damping terms.

1 Introduction

Second-order differential systems involving the p-Lapla-
cian operator arise naturally in various scientific fields, in-
cluding non-Newtonian fluid mechanics, nonlinear filtration
theory, and nonlinear elasticity [1]. In this context, we study
the following nonlinear damped vibration system with a p-
Laplacian operator:

%(‘”0)"’72”0)) +q(0)[a(r) [P 2a(r)

—a(t)|u(t)|P"2u(t) + VW (t,u(r)) =0, t€R.

6]

where p > 2, g,a € C(R,R), and the potential W : R x RN —
R is continuous and differentiable with respect to its second
variable.

This system generalizes the classical damped vibration
equation, which corresponds to the case p = 2. When p =2
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and g # 0, the equation reduces to a linear second-order
differential system with variable coefficients, for which the
existence and multiplicity of homoclinic orbits have been
extensively studied via variational methods and critical point
theory. Many works have focused on establishing fast ho-
moclinic solutions under superquadratic or asymptotically
quadratic conditions on the potential, particularly in periodic
or coercive settings [2—15].

On the other hand, when p # 2 and ¢ = 0, the system
becomes conservative and retains the p-Laplacian structure.
In this setting, several researchers have also investigated
the existence and multiplicity of homoclinic solutions using
variational approaches [16-20].

However, in the general case where p > 1 and g # 0, re-
sults remain scarce due to the technical challenges introduced
by the nonlinear damping term, which breaks the self-adjoint
structure and complicates the variational analysis. Existing
works in this general framework often impose strong assump-
tions on the nonlinearity or the potential. For instance, in [21],
the authors considered a potential composed of two parts
satisfying super- and sub-quadratic Ambrosetti-Rabinowitz-
type conditions, and applied both the classical and symmetric
mountain pass theorems to obtain fast homoclinic orbits.
More recently, [22] used Jeanjean’s monotonicity trick along
with concentration-compactness principles to establish the
existence of infinitely many fast homoclinic solutions with-
out relying on the classical Ambrosetti-Rabinowitz condi-
tion. However, such results generally assume that W (z,x) is
periodic in time and globally superquadratic in the spatial
variable.

In contrast to these works, the present paper investigates
the existence of infinitely many fast homoclinic solutions
under more relaxed assumptions. Specifically, we allow the
coefficient a(t) to be non-coercive, and consider potentials
W (¢,x) that satisfy only local conditions with respect to both
time ¢ and the spatial variable x. Notably, we do not require
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periodicity in ¢ or global growth conditions at infinity for the
potential. Instead, the potential may exhibit superquadratic
growth locally near the origin, which significantly broadens
the class of admissible nonlinearities and allows us to treat
more general and realistic systems.

Our approach relies on variational methods and, in par-
ticular, on the symmetric mountain pass theorem due to Ka-
jikiya [23]. To handle the lack of compactness, we construct
suitable truncations of the potential and apply refined esti-
mates to show that the associated energy functional satisfies
the Palais-Smale condition. We then prove the existence of
an infinite sequence of nontrivial critical points converging to
zero in the energy space, which correspond to fast homoclinic
solutions of the original system.

We now introduce the precise assumptions:

o (Qy) There exists a constant v > 1 such that

t
Q(t):/ g(s)ds — oo as || — oo,
0
200
T <o
/\tlzl |¢] In"¢]

e (A) There exists ap > 0 such that

a(t) > ag, VteR,

o(Ay) measo ({t eR: a(t)/(|t|In"]r]) < b}) < oo,
Vb > 0.

e (W;) W(t,0) =0 and 3r > 0 such that W(¢,—x) =
W (z,x) for all (¢,x) with |x| < 7.

e (W,) Jda < band a > p such that
W(t,x)

=0 [x[*

= 4o uniformly for 7 € [a,b].

e (W3) Ry > 0 such that

L]

i @t 0 uniformly for [¢] = Ro.

o(W4) 3¢>0,0€(5,p), R >0,p e (0,r) with

VW (x| <ol Vil >Ry, [x] <p.

We now state our main results. The first covers the case
where the potential satisfies a local symmetry condition near

zero and has locally uniform superquadratic growth over a
bounded time interval.

Theorem 1.1. Suppose assumptions (A) and (W;) through
(W3) are satisfied. Then the system (2%) has infinitely many
nontrivial fast homoclinic solutions.

Example 1.1. Let a(z) = |[rcost|+ 1, and let p < Y < a be
constants. Define

W(t,x) =a(t)|x|", |x| < 1. 2)

One can verify that a satisfies the condition (A), and W (¢, x)
satisfies the conditions (W) — (W3).

The second result allows for non-coercive coefficients
a(r) under a weighted measure condition, and assumes cer-
tain local estimates on the gradient of the potential.

Theorem 1.2. Suppose assumptions (A), (Ay), (W), (W2),

and (W,) are satisfied. Then the system (27¥) has infinitely
many nontrivial fast homoclinic solutions.

Example 1.2. Let 6 €]5, p[, @ > y> p+1 be constants. Let

la,b] = [%,%]. Define
W (t,x) = |x|° cost + |x|” sint. (3)

One can verify that W(z,x) satisfies the conditions (W),
(Wz), and (W4)

These results represent a significant extension of the cur-
rent theory, allowing for more general p-Laplacian systems
under minimal local conditions. To the best of our knowledge,
this is the first result establishing the existence of infinitely
many fast homoclinic solutions under such minimal local
assumptions in the presence of nonlinear damping and non-
coercive stiffness.

2 Preliminaries

Our analysis of fast homoclinic solutions for (27%') begins
with a review of key properties of the weighted Sobolev space
E. This space serves as the domain for a variational func-
tional J such that its critical points are exactly the homoclinic
solutions of (7). For 1 <'s < e, we define Lj(R) as the
Banach space of measurable functions from R to RV with
the norm:

1

Jul, = ([, 20 luto)"a) . @
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Additionally, we define L5(R) as the Banach space of func-
tions from R to R with the norm:

(t)
HMHLZ :esssup{eQT |u(t)|/t€R}. 5)
Next, we define the Sobolev space WQl’p (R) as:
L, .
WP (R) = {ueLg(R)/ueLg(R)}, ©6)
equipped with the usual norm:
1
lulysr = ([ €29 [l + hute) ] ar) " ™
0 R
Under the condition (A), we introduce the Banach space:

E= {u EWSP(R):

/ReQQ)(|u(t)\1’+a(z)|u(t)|p)dt < w}. )
with the norm:
el = (/ﬂgew [|b't(l‘)"’—|—a(t) ""(I)V]}dt)%_ o

It is well known that E is continuously embedded in Lj,(R)
forall p <s <o,

Definition 2.1. We define a solution u of (27¥) to be a fast
homoclinic solution provided that u belongs to the space E.

Lemma 2.1. [16] For u € WQl’p (R), the following inequalities
hold:

-1\ 1
g < (%0) 5 P +loP)as. o
and foru € E,
1
el < (Bt )l ()
o)l < (=17 [
/’ (12)

% [a()] 7 (Ja(s)|? +a(s)lu(s)|P) ds, 1 ER.

13)

where p’ is the exponent conjugate of p: % + % =1.
Lemma 2.2. Suppose that (Qy ), (Ay) are satisfied. Then E is
compactly embedded in Lj,(R) for any s € [§,o[. Moreover,
for all s € [%oo], there exists a constant 1, > 0 such that

el < sl Ve € E. (14)

Proof : Let € > 0 be arbitrary. Assumption (Ay) guaran-
tees the existence of a radius r¢ > e for which the measure
of the set B is less than or equal to €, where

a(t 1
Bg:{teR\[—rg,rg} |[|lflv)|[|<£} (15)
and
1

O — S 16
Joo i (10
Let
D¢ =R\ (BeU] = re, rel), (17)
and
ae = inf 20 (18)

reDe |t InV |e|

Then i < &. Consider a sequence (i) converging weakly
to u in the space E. An application of the Banach-Steinhaus
theorem yields

M = sup|jug — u|| < oo (19)
keN

The continuous embeddings E < WQl’p (R) = LH(R) hold
for every s € [p,o]. Consequently, we can find a constant
M; > 0 satisfying

Huk—uHLsQ <M, Vk e N. (20)
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Since a(t) > ag in Iy =] — re, r¢[, the operator E — WQl’p(Ig),
u — u, defines a linear operator that is continuous. Here,

the symbol WQI”’ (I¢) refers to the weighted Sobolev space
over the interval I

Wy (Ie) =
{u I, — R//

An application of the Sobolev embedding theorem shows
that

@1)
OF + lu ()|p]dt<+°°}.

uy, — uuniformly inI. (22)

Step 1. We first demonstrate the compactness of the embed-
ding of E into L‘é(R). To see this, observe that

/MZrE PO uy (1) — u(t)|” di =
/B Q0 gy (1) —
+/ \Mk

< measo(Be) [lu — ul|f=

i / 0(0)
De

<e (7}%)2 i /}ReQ(’)a(r) |uge (£) — u(r)|P dt

gs[(%;)”+Mﬂ.

where mg = inf,cg ¢2"). Combining (2.10) with (2.11) yields
||uk7u||L;(z2 —0ask — oo,

Step 2. s €]p,oo[. Next, we assert that the embedding of E
into LSQ(R) is also compact. This can be shown by noting

RN (e!ly
o=z = [ e

Mo \*77 P
<|— Up—u
(=) tm—uity

u(t)|? di
()P i

(23)

o] 10" e (1) — () P

luy — u)® dt

(24)

Building on the result from Step 1, we conclude that u; — u
in L7, (R).

Step 3.5€ [Z,p[ We claim that uy — u in Ljy(R). Let 7=
p 5~ Then s > £ and 7s > 1. For v € [ (R), Holder’s
inequality implies

/ QO (1) di = / Q0 |y(1)[* dt
MZ”E Be

+ [ LU

De

—1

< [ edet)‘T( [ e

O (r) | dr

|v(z)|mdt)5

+ 1€Dg
I (o)<

+ teDg Q) [v(t)|* dt

|~/ I e |v(1)|>1

! o)
< 14 S T ToT
S (meaSQ( 8)) ”V”Ll + |27 ‘t|lnrs|t|
N o)
e e L]
7] In~%|¢]v(r)|>1 (25)
x (e[ 1% || |v(2)]) "dt
EQt
Y +/
T T
+ 1eD, (Ie]"* " Je| [v(r)|) e
75 % | (o)1
p=l 21 p
<e 7 |vlis+e+ . |t ™) [t [u(r)|Pd
t|>re
p—1
<€ |V tet |e|In" |¢] |v(2)|P di
[t|>re
<& Wi tet — / () [v(2)|P dt
< &7 |Vl + £+ v]”
<& (Il +1+107).
Hence, we have
/ 2O uy (1) — u(t)|* dr
1| =re (26)
p=1
<7 [l —ully + 1+ [ —]”].
Since ps > p, we deduce that
p=1
[ () —ufar <€’ M+ 14m]. @D
[t|>re
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As above [; ) |uy(t) —u(t)]’dt — 0 as k — co. Hence
u — uin L (R).

The proof of Lemma 2.2 is completed. |

Our proof applies critical point theory, specifically the
symmetric mountain pass theorem due to Kajikiya [5], to
establish the main result. Before proceeding, we recall the
concept of genus.

Let X be a Banach space and let A be a subset of X. The
set A is said to be symmetric if for every element u € A,
the element —u is also in A. Let A be a closed symmetric
set not containing the origin. Its genus, denoted by y(A), is
the smallest integer k for which one can construct an odd
continuous mapping from R to R¥\ {0}. If no such k exist, we
define y(A) = +oo. Additionally, we define y(@) = 0, where
0 denotes the empty set. We now introduce the set I, defined
as

I = {A cX ‘ A is a closed symmetric subset,

(23)
0¢A, y(A) > k}.

Below, we summarize the essential properties of the genus
that will be utilized in our argument.

Lemma 2.3. [5, Proposition 7.5.] Let A and B be closed
symmetric subsets of a Banach space X that do not contain
the origin. The following properties hold:

(i) If A C B, then y(A) < ¥(B).

(ii) The N—dimensional sphere SV has a genus of N + 1 by
the Borsuk-Ulam theorem.

Lemma 2.4. [5, Theorem 1] Let E be an infinite-dimensional
Banach space and @ € C!(X,R) be an even functional with
@(0) = 0. Suppose that P satisfies the following conditions:

(1) @ is bounded from below and satisfies the (PS)—condition;
(2) For each k € N, there exists A € I} such that

sup @ (u) < 0.
ucAy

(29)

The theorem guarantees two types of sequences: (a) a se-
quence of critical points (1) with negative energy converg-
ing to zero, and (b) two distinct sequences: one of non-zero
critical points with zero energy that tend to zero, and another
of critical points with negative energy tending to zero, which
itself converges to a non-zero limit.

3 Proof of Theorem 1.1.

Our strategy is to apply critical point theory to a modified
version of the potential W (¢, x), denoted W (¢, x), which coin-
cides with W (z,x) near the origin but is altered for large |x|.
This modification is defined as follows:

Choose a constant & €]0, 1[. By (W3), there exists a constant
& €]0, r] such that

|VW (t,x)| < goa(t) |x|P~", V|| > Roand |x| < &.  (30)

Define a nonincreasing cut-off function g € C! (R*,R*) such

4
that g(s) = 1 for 0 <5 < %, g(s) =0 for s > &7 and 0 <
g(s) <1foralls € R, Let

W(t,x) = g(|x|”) W(z,x), V(t,x) cER xRN, 31

This modified potential leads us to consider the following
associated system 27

(1)) + g(0)i(r) — aleyuts)

t B (32)
+ VW (t,u(r)) =0,

teR.

and we can now ¢ define the action functional J for the
modified system (Z7) by

9 = [0 ()" + ale)u(0))

P JR
_ / COW (1, u(t)) dt
R

(33)
- 11) ||u||pf/ReQmW(t,u(t))dt.
It is well-known that J € C'(E,R) and for all u,v € E
I = [ 2 (jito)2a(e) 500
alt) u(t) " 2u(r) - v(r) ) dr (34)

- / OV (1,u(t)) - (1) dr.
R

Moreover, critical points of J are fast homoclinic solutions

of (27).

Lemma 3.1. Assume that (A), (W;), and (W3) hold. Then
J(0) =0 and J is even and bounded from below.
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Proof By (W}), itis clear that J is even and J(0) =
Eq. (30) and the fact that W(z,0) = 0, we obtain

0. From

W) < La@)x?, V| >Roand x| < &. (35
p

By combining Eq. (35) and the properties of g, we get

1

J(u) = ;IIMII”—/ReQ(’)g(lu(t)l”)W(t,u(t))dt

1
= — [|ull”
p

[ ()W e, u(e)) ds
{lrI<Ro}

= [ gl W . u(o)) dr
{lf|=Ro}

_! (uel | _/ 20
p {lt1=Ro, |u(r)|<&} (36)

x g([u(0)]")
@ g(|u()|P) W (t,u(t)) di

W (t,u(t))dt

- /{\1\§R0= u(6)| <8}

1
= lull” -
=7

1

/ 00 a(¢) lu(e)|” dt — ¢
R

2 jull? ~ex.

where ¢1 = supj;<g,, |x‘<50€ Dg(|x|”)W(t,x). Hence, J is

bounded from below and coercive in E.

Lemma 3.2. Under assumptions (A) and (W3), the functional
J satis es the Palais-Smale condition.

Proof We will prove that J satisfies the (PS)-condition. Let
(un) be a (PS)-sequence, that is, there exists a positive con-
stant My such that

[/ (un)| <My, VneN, and

, 37
J' (up) — 0 asn — oo.

Combining estimates (3.3) and (3.4), we deduce the bound-
edness of the sequence (u,) in the space E, that is,

lnll < c2, Vn e N. (38)

The reflexivity of E allows us to find a weakly convergent
subsequence, which we continue to denote by (u,) for con-
venience:

u, — ug weakly in E as n — oo, 39

By (W3), for any 0 < € < &), there exists a constant 0 < § <
& such that

VW (t,)| < €a() |"~", V]| > Ro, x| <8, (40)
which, with the condition W (¢,0) = 0, yields

£
Wit )l < Za)xl”, Vit 2 Ro, x| < 8. (41)

y (Qv), there exists a constant Tp > Ry such that

I 5
00) 20 (5~ 17 L) @)
Combining Lemma 2.1, (38), and (42), we have
1
lua(t)” < (p—1)7

x /[ " e 00)20) i ()17 +a(s) in ()17 ] s

1 ) (43)
<(p-17 lua]]” < 87,
(p—1)7¢}
Vt > Ty, neN.
Similarly, we get
1 L,
00) 255~/ ). (@)

Inequalities (38) and (39) yield that ||up]| < liminf, e ||, || <
¢y, thus by similar steps one can get

luo(1)|? < 87, V|t| > Tp. 45)

It follows from (3.7), (3.10)-(3.12), and the properties of g
that

/|f\>To e g(lun(1)|”)
VW (2,1, (2)) - (un (1) — uo (1)) dt
N /|t\>T0 2 g(|uo(1)[7)

X VW (t,u0(t)) - (un(t) —uo(t)) dt

< /| W ) (46)
+ VW (1,u0(2))]) (|tn (£)] + |uo (2)]) dt

< 28/“‘2% 20 a(t) (Jun (1) P~ + o (1))
X (|un(0)] + |uo(2)|) dt

< 48./?‘2% 20 a(t) (|un(0)]7 + |uo(2)|7) dt

< e (flunll? + lluo|”) < 8ech.
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Conditions (41), (43)-(45), and the properties of g yield

‘p-/t|>TO 220 g’(|un(t)\p) |Mn(t)\p72u,,(t)
X W (t,un(t)) - (un(t) —uo(t)) d
[ @8 (o@l) o)l o)

X W (t,uo(t)) - (un(t) —uo(t)) dt

<2p5l’/ 20
=0 Jpem

+2p5(f/

=Ty
<2pfe | 20 % ale) (a0 + luo(0)”)

< 46(§7C3C§€.

(47)
|8 (Jun (0)|7) [ W (1, 1a (1)) | dt

@0 [/ (luo(0)|7) | 1W (1,0 (1) i

where ¢3 = max P

1€ 2,85

|¢’(¢)|. From Lemma 2.2 and (3.5),

we obtain

it (1)] < ([ttn| 25 < Moo ||| < Moz = 4,
VteR, VneN.

(48)

and

()] < ltollz= < Mr lt0]] < Monz = c,

49
VteR. “49)

Combining (48) and (49), we get for a positive constant cs

VW (t,u,(1))| < cs, (50)
VW (t,uo(t))| <cs, Vi€ [-T,To], VneN.
and
W (2,un(1))| < cs,

(5D
[W(2,u0(t))| < cs, vVt € [T, To], Vn e N.

Since E is continuously embedded in WQLP
Sobolev’s embedding theorem implies that

([_TO’ TO] 7RN)’

u, — uy uniformly on [—Tp, Tp]. (52)

Then, by (50), (52), and the properties of g, we have

/If\<T0 (0L
X VW (t,un (1)) - (un(t) — uo(t)) dt

= [, 2 80l0)?)

X VW (t,uo(t)) - (un(t) — uo(t)) dt
< /vwgro e (0N

VW (2, u0(0)]) (1) — o ()|

< 2¢s / 20
[t|<Ty

(53)

|un(t) —uo(t)|dt — 0

asn — oo,

so there exists N; € N such that

J e a0

X VW (t,u, (1)) - (un(t) — uo(t)) dt

[ 20 8 oOP)

X VW (t,uo(t)) - (un(t) —uo(t)) dt| < €,

(54)

VnZNl.

In addition, from (51), (52), and the properties of g, one gets
8 (Jun(0)[7) lun (£) 2 (1)

‘ /\I<To
W (£, 10n(2)) - (10 () — uo (1)) dt
—p [ @O (luo(r)|7) luo(r) P~ uo(r)

[t|<To

(55)
X W (t,uo(t)) - (un(r) —uo(r)) dt

<2pcs 601771

x  sup  |g(s Oy () — uo ()| dt

se[8f /27,80 [t|<To

—0 asn — oo,

Hence, there exists N, € N such that

‘ /\|<ro 8 (lun(O1) lan ()17 (1)
X W (t,un (1)) - (un (1) — uo(r)) dt

P J<n 20 g (Jug (£)[7) uo () |7~ 2uo (¢)
>10

X W (t,uo(r)) - (un(t) —uo(t)) dt

<e

(56)

, Vn>N;.
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Combining (46), (47), (54), and (56), we obtain

[t — MOHP - (J,(”n) _J/(MO)) (un — uo)

= [ 2 g(lun0)17)

(57)

X W (t,uo(t)) - (un(t) —

< (8ch+4p8fesch +2) ¢, Vn > max(Ny,N,).

This with (3.5) and (3.6) shows that 1, — ug in E. Hence J
satisfies the (PS)-condition.

Lemma 3.3. Assume that (A) and (W,) hold, then for all
k € N, there exists an Ay € I} such that sup,¢4, J(u) <0.

Proof For any fixed k € N, we divide the interval I = [a,b]

into k equal closed subintervals, denoted by /; fori =1, ... k.

For each i, let K; C I; be a subset such that K; has the same
center as I; and has a length of 4. Now, choose k functions

@; € C'(R,RN) fori=1,. ksuchthat

supp(¢;) C Ii,  supp(¢i) Nsupp(@;) =0, Vi # j,

i) <1, [@i()] <M, ViER, (58)
loi(t)] =1, Vi e K.

where M is a constant independent of i. Let

Vk:{(tl,..

k
X = {Zfi(Pi

i=1

) € R

max |t,| = 1}

(l‘l,...,tk) GVk}.

It is evident that supp(u) C I for any u = Y*_, ;¢;. The paper
[8] implies that X; is a closed subset of E with ¥(X;) = k. By
the properties of ¢;, for fixed k € N, there exists a constant
Bx > 0 such that

(59)

lull < B,  VueX. (60)

From (W), there exist two positive constants 1 and R such
that

W(t,x) > R|x|%, Vi € [a,b], |x| <. (61)

For every u = Z{-‘:l tiQ; € Xy, let s € }O,min (n, %) {
Then, by (3.22), we have

[swu(t)|” < s llullf= < s [lue]”

_ 517 ) 517 (62)
— 2pnl7 pn‘x’ﬁk - 2p'

which implies that g(|sxu(¢)|”) = 1. Moreover, by the prop-
erties of ¢;, we obtain

|sitipi(2)| = sic |til [ @i ()]
<8 < n,

(63)
Vi=1,... k.

The definitions of V; and ¢; imply that there exists a j €
{1,...,k} such that |t;| = 1 and |y;(r)| =1 for any ¢ € K.
Now, from (3.22) — (3.24), we get

1
J(s) = s~ /R COW (¢, spule))di

P b
=% u [ eOW (e se) e

<%pr- Z/

S
< Sk P_/eQ(
_pﬁk JK

J

W (2, sit;0:(t))dt

W (1, sty (1))dt (64)

p
s
< *"ﬁf—R/ e sty ()| di
P Jk;
§°
< -k BP —moRsFmeas(K;)
P
sy
£ Bk moRsk , YueX.

Note that R can be any sufficiently large number, so choose

14
R> mjé(bﬁia)sfia' From (3.25), we have
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4
1
T(spug) < s;kﬁ,f’ — PRl = —gsfﬁ,f <0, YueX,. (65

Foreach k € N, let Ay = 5;.X;. Then, we have Y(A;) = 7(sXy)
=k, s0 Ay € I} and sup,¢4, J(u) < 0. The proof is complete.

Lemmas 3.1 — 3.3 establish that J satisfies all the hypothe-
ses of Lemma 2.4, implying the existence of a sequence of
nontrivial critical points (u,) C E of the functional J, where
u, — 0 in E as n — oo. Therefore, (u,) forms a sequence
of fast homoclinic solutions for the system (%/ ). From
Lemma 2.2, it follows that sup,cp |u,(t)| — 0 as n — 0. Con-
sequently, there exists a positive constant ng such that for all
n > ng, we have sup,p |u,(t)| < 8, where d is as defined
previously. This implies that for all n > ny, u,, is a fast homo-
clinic solution to the system (27%). The proof of Theorem
1.1 is thus complete.

4 Proof of Theorem 1.2.

Let the cut-off function 2 € C!(R*,R") be defined such that
h(t)=1fort €[0,5], h(r)=0fort > p,and —p <K' (t) <0
for & <t < p. We define the modified function

W (t,x) = h(|x|) W (t,x) +c (1= h(|x])) x|, 66)
V(t,x) € R xRV,

where c is defined in (Wj). Next, we introduce the following
modified system (27)

d

(I =2(e) ) +q(e)ile) — L(e)uz)

VW (1,u(r) = 0,

(67)
teR.

We then define the variational functional J associated with
the modified system as

p
— [ QOW (t,u(t))dr (68)
R
=l = [ 2OW (1 ute))ds
p

It is well established that J € C' (E,R), and for any u,v € E,
the derivative of J is given by

+alr) () [P 2ulr) - v(r) ) (69)

Furthermore, the critical points of J correspond to fast homo-
clinic solutions of (2%).

Lemma 4.1. Assume that the conditions (A), (Ay), (W;), and

(W,) are satisfied. Then, the functional J is bounded from
below and fulfills the (PS)-condition.

Proof From (Wy) and the fact that W(z,0) = 0, it follows
that

|W(t,x)|§§|x|6§c|x|o, V|| >Ry and x| <p.  (70)

which, together with the properties of &, gives

|W(t,x)| <clx|°,  V|t| >R, and |x| <p. (71)

For § < |x| < p, we have

VW (t,x)| = h(|x|)VW(t,x)+h’(|x|)|i—|W(t,x)

+co(1—h(|x])) x|~ 2x

(72)
— ch(lx]) || x

<d|x|°7"
whered:c(l—i—%z—ﬁ—o—f—pz).For |x| > p, we get
VW (t,x)| = co|x|°". (73)
For |x| < £, it follows that
VW (1,2)] = [YW (1,2)] < e || (74)
Thus, we conclude that
VW (t,x)| <d|x|°7",  V|t|>Ry, xeRY, (75)

Hence, we can write the functional J as
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Ty = >l = [ 20 u(e))
p R
1 .
== u”—/ ELOW (¢, u(t)) dt
Sl [ ()

1 -~
— 2 fuf” - / COW(t,u(r)) dt
P {r1>Ry, Ju(t)|<p}
— COW (£.u())dt
/{m<R1 iy’ ) (76)
> 1 ||u||p—c/ ) u(1)[® di — ¢
“p (>R}
1
f||u||”—c/ ) |u(1)[° di — ¢
p
:1||u||"—c||u||“ ¢
P e
1

> —|lull” —eng [|ull® —cs.

=

where ¢6 = 2R} SUP{j;|<g, v/<p} Q) ’VW(t,x)‘. Since o <

p, we conclude that J is bounded from below and coercive
in E. Next, let (u,) C E be a (PS)-sequence of J, i.e., there
exists a positive constant ¢7 such that

()| < 7, T (1) — 0 as n — oo, a7

From (76) and (77), we deduce that there exists a positive
constant cg such that

lun ]l < cs, VneN. (78)

Since E is reflexive, (78) implies that (u,) has a subsequence
(denoted by (u,)) such that

u, — u, weakly in E as n — oo, (79)

Using similar arguments as in Lemma 3.2, we can show that
there exists a constant 77 > R; such that

lun(H)| <p and |uo(t)|<p, VY|t|>Ti, VneN. (80)

Moreover, we have

u, — uy uniformly on [—T7,T]. (81)
Hun—MOHP— (f( n) =T (0)) (un — uo)
_ / W (t,un(2)) — VW (¢, 0 (1))]

(un(f) uo(t))dt

- 00 [V (1 (1)) — VT (1
N {11>11} e [VW(I7 A(1)) — VW (2, 0(1‘))}

X (un (1) —uo (1)) dt
OO TV (b (1)) — VT (1.0
+/{|r\sm O VW (110 (1)) = VW (1,100 (1))]
X (un(t) —uo(t))dt
20 (11 (1)1 + ug (1) °
S A (O Ol

X un (1) — uo(t)| dt
+oo / 20 [u () — uo (1) dr
(<7}
p=2

(o=1)p P
<d / 20 |, (1) 72 dt)
l( Gz ! (82)

p—2
(o-1) wE
+ < / 20 |ug (1) 72 dz) ’
(=1}

o [ @0 fu(0) ~ uolo)] de
{lrl<7i}
<d(Jlanl L + ol ) e ol
LLP’ LL’” 0

oo / 20 [ (1) — uo (1) dt
(i<t

<2405y, e lun —uol

,,72)" L5
o e un(e) (e
{lr<m}
—0 asn —» oo

Hence, u, — ug in E as n — oo, that is J satisfies the (PS)-
condition.

By (W1), the fact that W(r,0) = 0 and the properties of
h, it follows that J is even and J(0) = 0. Combining this
with Lemma 3.2 and Lemma 4.1, we conclude that J sat-
isfies all the conditions of Lemma 2.4. Therefore, J has a
sequence (u,) of nontrivial critical points that converges to
0asn— o in E. As aresult, (u,) is a sequence of fast ho-
moclinic solutions for (W ). By Lemma 2.2, we deduce
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that sup,cp |un(t)] — 0 as n — eo. Thus, there exists a posi-
tive constant ng such that for all n > ng, sup,cp |u.(t)| < p,
where p is as defined earlier. Hence, for all n > ny, u, is a
fast homoclinic solution of (27%"). This completes the proof
of Theorem 1.2.

Acknowledgment. The author sincerely thanks the anony-
mous referees and the Executive Editor for their careful read-
ing of the manuscript and for their valuable comments and
helpful suggestions, which have greatly improved the quality
of this paper.

References

1. M.A. Herrero, J.L.. Vazquez, Comm. Part. Differ. Equ. 7,
(1982)

2. R.P. Agarwal, P. Chen, X. Tang, Appl. Math. Comp. 219,

(2013)

P. Chen, X.H. Tang, Math. Nachr. 286, (2013)

. F. Khelifi, M. Timoumi, Indigat. Math. 28, (2017)

. M. Timoumi, J. Nonlinear Funct. Anal. 2016, (2016)

. M. Timoumi, Comm. Opt. Theory 2017, (2017)

= N I NIV

[e BN

13.
14.
15.
16.
17.
18.
19.
20.
21.

. M. Timoumi, Diff. Eq. Dynam. Sys. (2024)

. M. Timoumi, J. Elli. Parab. Eq. 6, (2020)

. M. Timoumi, J. Nonlinear Funct. Anal. 2020, (2020)

. M. Timoumi, Sahand Comm. Math. Analysis 21, (2024)
11.
12.

M. Timoumi, J. Nonlinear Var. Anal. 5, (2021)

M. Timoumi, W. Selmi, Commun. Korean Math. Soc.
37,(2022)

M. Timoumi, Z. Anal. Anwend. 43, (2024)

M. Timoumi, Mediterr.J. Math. 2018, (2018)

X. Wu, W. Zhang, Nonlinear Anal. 74, (2011)

X. Lin, X.H. Tang, Taiwanese J. of Math. 17, (2013)

X. Ly, S. Lu, Appl. Math. and Comp. 218, (2012)

L. Wan, Bound. Value Pr. 2020, (2020)

X. Zhang, Electr. J. Diff. Eq. 2013, (2013)

Z.Zhang, R. Yuan, Qual. Theory Dyn. Syst. 16, (2017)
P. Chen, Xh. Tang, Yy. Zhang, Acta Math. Appl. Sin.
Engl. Ser. 38, (2022)

. M. Timoumi, Le Mathematiche LXXIX, (2024)
. R. Kajikiya, J. Functional Anal. 225, (2005)
. P.Liu, F. Guo, Acta Math. Sinica, English Ser. 38, (2022)



	Introduction
	Preliminaries
	Proof of Theorem 1.1.
	Proof of Theorem 1.2.

