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Abstract In this paper, we focus on connected locally
finite graphs G = (V, E). First we assume that there are
two constants jo and wg, which make the measure function
and symmetric weight function satisfy p(z) > po Vo € V,
Wzy = Wo, Voy € E . Based on this assumption, we ob-
tain two interesting embedding theorems on finite graphs:
Wy?(By) — LP(By), WY2(By,) < LP(By). Although
their inclusion relations are obvious on finite graphs, here
we mainly give the control relations under the same con-
trol coefficient. Secondly, A is the Laplace operator on a
general graph. Due to Lin and Yang (2022), using calculus
of variations from local to global, we establish the exis-
tence of solutions to the exponential power type nonlinear
Schrodinger equation, says —Au+ hu = fue“2 +g,z€eV,
and the existence of solutions for fractioyal nonlinear mean
ge

e _ !
field equations, says —Au + hu fv oy + o reV.

When f, g and h satisfy some conditions, we prove the
existence of non explicit solutions for the above two kinds
of equations in a specific space.

1 Introduction

The nonlinear Schrédinger equation and the mean field
equation are two crucial and widely studied models in
mathematical physics. The classical nonlinear Schrédinger
equation describes a series of profound phenomena in
continuous Euclidean space, from the transmission of
light waves in nonlinear optical fibers to the dynamics
of macroscopic quantum wave functions in Bose Einstein
condensates[1, 2].Its mathematical theory and physical
applications have been developed to a very mature level.
At the same time, the mean field equation, such as the
Liouville equation derived from mean field theory in sta-
tistical physics or geometric analysis[3], plays a central
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role in understanding the collective behavior of multi-
body systems, vortex point distribution, and problems in
conformal geometry.

In recent years, significant progress has been made in
the study of partial differential equations on graphs.We
can refer to article[4-16] and the references in it for details.
As a discrete extension of Euclidean spaces and Rieman-
nian manifolds, the Laplacian operator and its related
equations on the graphs have attracted widespread atten-
tion. Grigor’yan, Lin, and Yang[17-19] successfully solved
the existence problem of solutions for several types of el-
liptical equations on graphs by using variational methods,
including classic problems such as the Kazdan-Warner
equation, Yamabe equation, and Schrodinger equation.
Subsequently, as for certain nonlinear Schrodinger equa-
tion on locally finite graphs, Zhang and Zhao[20] have
obtained non trivial solutions. Fabio Punzo and Marcello
Svagna[21] explored the uniqueness problem of solutions
to the Schrodinger equation on an infinite graph,with a
focus on the case where potential energy tends to zero at
infinity. Yang and Zhao[22] first applied the quality con-
strained variational method system to NLS problems on
graphs. In terms of research methods, Sun and Wang|[23]
innovatively applied the Brouwer degree theory to prove
the existence of solutions to the Kazdan- Warner equa-
tion on connected finite graphs from another perspective.
Liu[24] conducted similar research on the mean field equa-
tion. In addition,Huang Wang and Yang[25] studied the
mean field equation on finite graphs and its relationship
with the relativistic Abel Chern Simons model.

The graph-based NLSE finds applications across mul-
tiple physical domains:

In the field quantum networks, Modeling Bose-Einstein
condensates in optical lattice potentials, where the dis-
crete nonpolynomial NLSE describes self-attractive BECs
in combined trap geometries. On-site collapse phenomena
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and soliton stability follow Vakhitov-Kolokolov criteria[26];
In the field of plasma physics, Network-structured plasma
systems support novel wave patterns describable by graph
NLSE, with applications to fusion device modeling[27];
For 2D Turbulence, Neri’s mean field equation describes
vortex statistics under stochastic circulation assump-
tions, with mass quantization phenomena for blow-up
sequences[28]; As for social/epidemiological dynamics,
Network-structured population models use mean field ap-
proaches for phase transition analysis[29, 30].

In the latest research progress, Lin and Yang[12] de-
veloped a variational method from local to global on local
finite graphs, Qiu and Liu[31] studied the Schrodinger
equation with fe* as the nonlinear term. Based on their
research ideas, the current research focus has shifted to
exploring the exponential power type fue“2 nonlinear
Schrodinger equation and fractional term u%»im nonlinear
mean field equation. Simultaneously we provide two em-
bedding theorems on finite graphs. These works laid an
important foundation for the theory of partial differential
equations in discrete spaces.

We first declare some annotations and concepts about
graphs. Let V' is a set of vertices, F = {zy|z,y € V 2 ~ y}
where © ~ y represents the connection between x and
y. Take G = (V, E) is a graph, in this paper, we discuss
connected locally finite graphs with symmetric weights
and positive finite measures, we always assume that G
satisfies the following conditions (a) — (d).

(a) (Locally finite) For any x € V, there exist only finite
vertices y € V such that zy € E.

(b) (Connected) For any x,y € V, there exist finite edges
connecting x and y.

(¢) (Symmetric weight) For any z,y € V, let
w : VxV — R be a positive symmetric weight,
ie. weyy > 0 and wyy = wWyg.

(d) (Positive finite measure) p: V — RT with  — u(z)
is a measure function.

Take C(V) as the space composed of all real valued
functions on the graph. Regarding any function u € C(V)
on the graph, its Laplacian operator is defined as follows

1

Au(z) = m

> way(u(y) —u(@)). (1)

y~z

In addition, we immediately provide the definition of the
gradient modulus of u

Nl=

1

Vul(z) = (szmyw@) —u<x>>2) | @)

Yy~

We define the integral of function u € C'(V) as

/v fdu =" u(@)f(@). (3)

zeV

For Vp € [l1,400), the Lebesgue space LP(V) =
{u] [}, [u[Pdp < 400}, and the norm on it is

lull oy = (3 Ju(@)Pu(x))?, (4)

zeV
when p = +o00,
[ulloc = sup fu(z)]. ()
zeV

For any =,y € V, since graph G is connected, there exists a
shortest path v connecting = and y. The distance between
x and y is defined by p(z, y), which means the number of
edges belonging to the shortest path «. That is, if xy € E,
then p(z, y) = 1, if zy € E, without loss of generality,
we may choose a shortest path v = {z1, 22, ..., Txy1}
connecting = and y, then p(x, y) = k. Take a certain point
O €V, for O, establish a distance function as follows

p(z) = p(z, O). (6)

The opening ball with O as the center and radius k is
denoted by

By ={zeV: p(z) <k}, (7)
and the boundary of By is written as
OB ={zx €V : p(x)=k}. (8)

For any fixed k, Grigor’yan et al. [18] defined the Sobolev
space W, %(By,) and its norm by
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Wol’Q(Bk) = {u: B, UOB, — R ’ u|aB,C =0,

(9)
/|vm%u<+m}
By

and

2
gy = ( [ 9ua)” (10)
k

Next we provide another important Sobolev space W12(V)
and its norm, which are defined by

Wh3(v) = {u : V=R ‘ /V(|Vu|2—|—u2)du < —1—00} (11)

and

1

wwwwz(ﬂﬂwﬁ+ﬁm@5 (12)

The above two spaces are both Hilbert spaces.
Let h(z) > ho > 0 for all z € V, we define a space of
functions

H = {u e Wy (V) : /V(|vu\2 + hu?)dp < oo}, (13)

with a norm

2

e = ([ (VP + btya) " (19
It is clear that .77 is a Hilbert space with the inner product
(u, V)p = /V (Vu-Vu+huw)dy, YVu, veH. (15)
where Vu - Vv is defined as

1
Vu- V=g > w(uly) —u())(v(y) - v(@). (16)

Yy~

When wyy > wy Yoy € E, Lin and Yang[32] proposed a
more general embedding theorem.

In this paper, we will consider the following exponential
power type the following nonlinear Schrédinger equation
on locally finite graph, says

—Au+ hu = fue“2 +g,inV,
(17)

u € I,

and the following fractional term nonliear mean field equa-
tion on locally finite graph, says

gevdp

—Au+hu=—2— 4+ L invy,
Iy wm (18)
uwe A L2(V),

where A is the Laplacian operator given as in (1), and ¢
is defined as in (14).

2 Notations and main results

Theorem 1 (Embedding theorem I) Let G=(V, E) be a
graph satisfying conditions (a)-(d). By is the opening ball
with O as the center and a radius of k, Among them,YO €
V,Vk € Z7, p(x) is the distance function with respect
to O on By. At the same time, it satisfies the following
properties:

(1) wey > wo > 0; (2) h(z) > hg > 0; 3) p > 0is a
constant Then, for Yu € Wy'*(By), we have llullr(By) <
C\|U||W01=2(Bk)-

Theorem 2 (Embedding theorem II) Let G=(V, E) be
a graph satisfying conditions (a)—(d). By is the open-
ing ball with o as the center and a radius of k, Among
them YO € V, Yk € Z7, If it meets the two conditions of
its subordinates:

(1) p(xz) > po > 0 established for any x € V; (2) 0 < g <
0o

Then for Vu € WY2(By), we have ||u||pa(p,) <
Cllullwr.2(B,). Among them, C is related to By, o, q.

Theorem 3 (Conclusion on the Existence of Solutions)

(19)

—Au+ hu = fue“2 +g,inV,
u € .

If the equation satisfies the following conditions:

(1) h(z) = ho > 0;
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(2) —hg < —M < f < 0;
(3) fe LN (V); (4) g € LA(V).

We have that the equation (17) has a solution in J .

we present an embedding theorem 4 that will be used
, which has already been proven in [31].

Theorem 4 (Embedding theorem [31]) Let G=(V, E)
be a graph satisfying conditions (a)—(d). For any u €
Wol’Q(Bk) and any 1 < q < oo, there exists a positive
constant C' depending only on q, hy and By, such that

lullzaqv) < Cllullygaas, - (20)

Theorem 5 (Conclusion on the Existence of Solutions)
If the equation (18) satisfies the following siz conditions

(1). G is a connected locally finite graph

(2). w(@) = po >0

(3). h(z) > ap >0

(4).g>0,ge LY(V) andVO € V, VI > 1,9 #0 in B,
(5). feLYV),qe|l,2], and f > 1

6)meR, 0<|m|<1

then the equation (18) has a solution.

3 Proof of Theorem 1-3

Let’s first prove Theorem 1

Proof For YO € V', We establish a distance function for
point O, denoted as p(x). Vk € Z*, We take the opening
ball with O as the center and k as the radius, it is recorded
as By = {z € V,p(z,0) < k}. We will discuss on the
arbitrary opening ball By. Vo € By, p(x, O) represents the
distance from a point in By, to a fixed point O, The shortest
path is labeled according to the direction from that point
to the fixed point, and we have v = {1, 22,23, ..., Tmi1},
Among them, z = x1, O = T,,41, x; is the point adjacent
to xiy1, and p(x,0) = m. According to the definition
of integral on finite graph, we can naturally know that
p(x) € LP(By,). In the following proof, we will show that
lpllLe(B,) constitutes the control coefficient.

In [31],Qiu and Liu have proven that ||uHW01,2(Bk) =

(ka(| Vu |2 +hu®)dp)? is the equivalent norm of the

original norm (10). We will use the newly defined norm
to discuss the following proof.

Yu € W()l’2(Bk), due to the property of opening the ball
with O as the center and radius &, the node of the shortest
path is still taken in By, we take the node interpolation
on the shortest path for processing. | u(x) |=| u(x1) |=|
w(@r) —u(ze)tu(ze) = .. —u(Tmir) Fu(@mer) [<] ul@r)—
u(ws) | + | u(ez) — u(zs) | .. | w(wm) — W(wmin) | + |

Firstly, let’s establish the relationship between | u(x) |
and HUHW(}'z(Bk) below.

[l sy = [ (T +ha)d
0 Bi
= / | Vu |? dp + hu?dp
By, By

1
= 3 ) g D e ()

xr€ By, Yy~

—u(@)?+ Y pla)h(x)u’(z)

€ By,

> 37 p(a)h(e)u(x)

T E By

> ho S ()i (a)

€ By
> hou(O)u?(0).

(21)

According to the expansion above, we have | u(0) |<

\/ﬁ"”””’&*z(m- Regarding

m

D ulws) —u(wipr) |[<m max | u(a;) —u(wi) |-
= 1<i<m

(22)

Since wgy > wo > 0 holds true for Voy € E, so we naturally
have that ww—? >1, s > 1, therefore, which leads to

w

w.

| u(a:) —w(@i) [< /=55 [ u(e;) — u(ziga) |, And we
can obtain that
max, lu(wi) — u(zip1) |
< max /I | y(ay) — i) | 23
= 1<i<m wo (23)
1

—u(zip1) |,

= \/770 1%2};1 VWzizi | U(IL'Z)

Inserting (23) into (22), we have that the original formula

m

< 7= 12%}%'/60“““ | w(z;) — w(ziy1) |, where m =
p().




208

Next, we will establish the relationship between
nax [Oarzirs | w(ri) — u(ziy1) | and W ?(B},) norms

to discover the connection between them.

Let’s assume that 12‘85” VP21 | u(z;) —u(zigr) |=
V2 zmir | W(Tm) — w(Tmi1) |, due to
1/2
H“”W(}*?(Bk) = (/Bk (IVul* +hu?) du) . (24)
we have
Iy = . ()
> [ vl
By
1
= > )
: 2u(x)
e (25)
XY way (ul(y) - ul@))?
Yyn~x
1
=5 2 waluly) —u@)’
€ By ,y~x
1
> iwmm,zm+l (U({Em) - U({Em+1))

Then, we get |ul?

W01‘2(Bk) > %wﬂﬁmﬂfwwrl (U(l‘m) -

w(@mi1))?, \/EHUHWO“(B) 2 VOrem | w(@m) -
m

w(Tms1) |- Which leads to > | u(z;) — u(zipr) |<
i=1

mv2 '

N HUHW(}‘z(Bk)' So far, we have

mv/2 1
lu(z) | < —= N [ully2(s,) + WHUHW(}?(B,C)
m\f 1
N \/7 |U||W1 2(Bg)?

(26)
= (

which is established for Vx € By.

Finally, let’s establish the relationship between
Wol’Q(Bk-) norm and LP(Bj) norm below.

We have known that p(z,O) € LP(By). From the con-
nectivity, we have obviously obtained that Vy € By, x # y

we have p(z,y) > 1. Below we investigate |[ul|z»(5,)-

el o) =( /B u(@) P du)b <

k p(x)v2
O

(27)
< ||“|W01’2(Bk)((/3k(\/w—0
1 » 1
+(/Bk(ho,u(0)> dp)?)
V2
= HUHWOI’Q(Bk)(\/T—OHpHL”(Bk)

1 1
N ([, 1

Z w(z). In view of p(x) > 1, one

has | p(z) [P> 1, u( ) | p(z) P> p(x), >

z€B;\{O}
plx) P> > w(x). And thus, we obtain the following
z€BL\{O}

comparison expression, which says

Ilze By < ( Z

z€BL\{O}

<25 -maz{( Y plx) |p|")7,

r€ By,

2% (| pll e (B + 1(O) 7).

Where ||1||1£p(

() |

wa) | plx) [P +u(0))7

wO)7}  (28)

Based on the above discussion, one has

V2
ullr ey < ||uHW01*2(B,€)(\/T—OHpHLP(Bk)

2» i
+ W(HPHM(B,C) +p(0)7))
V2

= ||UHW(}’2(B,€)((\/T—O
27

+ ————=)lpllr (5.
hop(0O) o
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where the coefficient only depends on wq, p, u(O), ho, By.
By now, we have completed the proof of Theorem 1.

In the following narrate, we will provide the proof of
Theorem 2.

Proof The W12(By) norm of u is denoted as (12), and
we investigate ||u||%V1,2(Bk).
When o < p < o0,

\w@mww:/|vw?mwu
By

:/Bk|Vu| du—l—/Bkudu
1

rEBy, Yy~x
2+ S n)d(a) (30)
x€ By
> 3 pla)t()
rE€ By,
> o Z u?(z)
€ By,
> pou?(z).

The above unequal relationship holds for Va € By. Which
will immediately lead to | u(x) |< \/%H“”WW(B;C)-

When p = oo, sup{| u |.@ € Bi} < \/Elullwrec,,
Thus, we obtain that ||u/| pe(p,) < /7= [lullwr2(s,). Next,

- Ho
we will investigate LP norm of w.

> w@) |ulx) [”

z€ By,

< Dl

IEBk

Hu(x)||1£p(3k) =

pmwmw
(31)
= WHUH@W%B“ Z ()

€ By,

1
= WHuH’;VM(Bk)Vol(Bk).

According to the derivation above, we get ||u(z)||Lr(5,) <

P
VOZ(Bk)P Vo
the proof of Theorem 2.

|ul|w1.2(B,)- And then, we have completed

Finally, we will prove the existence conditions of the
solution and provide a proof of Theorem 3.

Proof We fix O € V taking the distance function p(x).We
take the opening ball By = {x € V : p(x) < k} with O
as the center and radius k. Discussing equations at the
opening ball.

—Au+ hu— fue”” — g =0. (32)

Its variational energy functional is

1

—1/ (| Vu > +ha?)du
QBk

1
— f/ fe"zdu—/ gudji.
2 By By

Now let’s find a lower bound for it. In view of e* >ul+1
2
and —hg < —M < f <0, we have fe* < fu?®+ f,

Ji(u) =

| fe <] fud + fI<] fu? |+ | f 1< MuP+ | f|. (34)

Combining the above equation (34), we naturally obtain
that

U2 1 u2
L e ws§/|fe\w
By By

1
<o | M| ldu (35)
2 By

M/ ) 1/
- [ wdp+o [ | fdu,

wherein, f € L1 ). Due to h(z) > ho > 0, one has

4
h(m) > 1 and 22 y2(2) > u2(z). In addition lv“' > 0, so
we  have

IA

2
2 | Vu]| 2
—u’+ — >
ho ho =

1
/ widp < — hu*+ | Vu |* dp.
B, ho JB,

It following from aforementioned (35) (36), one immedi-
ately has

M

fe* d,u<ﬁ (hu2+|Vu|2)d

‘ ’ (37)
+§/V|f|du-

Next, we will handle the term [ gu dpu.
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/gudué/ lguldp
By By

< lgllz2Byy lullz2(B,) (38)

1/2
<ol ([ )™,
By

Because h > hy > 0, one has h% > 1, hiouz > u?. Besides,
% > 0, which implies ka wldp < h—loka | Vu |2
+hudp, and [|ul|12(p,) < ﬁ”uHWS’Q(Bk). And then, we
have [y, gudp < llgllzaqr) - el

Using the Young’s inequality, it can be obtained
that [, gudy < ﬁHgHQLQ(V) + éHuH?}V&,z(Bk), taking

€= hO}TM, then we get + — 2L — L > 0. So far, we

2 7 2ho 1e
have obtained that

1

To(u) = 5/3 (| Vu * +ha?)du

1
— = fedu— / gudp
2 Bk Bk

> f/ | Vu | +hu’dp
2 Jp,
(39)

Vu |? +hu?d
2o /. | Vu | 1

—%/Vlfldu

T
ho — M VN2 T T

Hu||%/[/01=2(3k)7

where %—%—ﬁ > 0, so we have Jy,(u) > — 1| fllpiv) —

ho%M”g”%ﬁ(V) , which holds true for Vu € W, %(By).
On openning balls with different radii, variational

functionals have the same lower bound, and if there is

a lower bound, there is an infimum. We mark A =

inf  Jk(u) . Because
u€Wy ' (By)

1
Ji(0) = 5/3 | VO |* +0%du
k
- feodu—/ g-0dp
Bk Bk
=— [ fdu (40)
By,

Z/Bklfldu

S/VIf\du=||f||L1(V),

and 0 € W,"*(By), we can see from the definition of the
infimum that Ay < Jx(0) < | f||z1(v). Thus, one has

1 1
—mHgHzL?(V) - §||f||L1(V) < Ap < | fllrgy- (41)

Below we will explain that the infimum can be reached.
From the above, it can be seen that (41) holds for Vk € Z+.
So {4y} is a bounded sequence. Because of the nature
of the infimum, on the opening ball with a fixed radius
k€ Z*, for n = 1, Ay + 1 is not lower bound, 3 ugk),
s.t Jk(uyc)) <Ap+1;n=2, A+ % is not lower bound,
similarly 3 ugk), s.t Jk(ugk)) < A;ﬁ—%; ... ,and so on, we get
u%k), s.t Jk(u%k)) < Ak+%. Thus, we have Ay < Jk(uglk)) <
Ay + % Let n — oo, so we get nhﬁn;o Jk(qu)) =/ .
Given gy > 0, 3 N, when n > N, we have | Jk(uglk)) -
Ak |< ep, iee. Jk(u%k)) < gg + Ag. Because A, < ||fHL1(V)7

we have Jk(uglk)) <\ fllzr vy + €o. In addition,

2 2h 4hg

1L M ho—MY 4o
( ) I gy

1 1 )
= sllnw = s—gleliew (42)
< | fllzr vy + €o-
so we get
k)2
||u£l)||W01'2(Bk)
3 1 2
< (3l + 2o+ g oo )

which holds true for n > N. When n < N, there is a
maximum value for finite terms, we mark

max{||u7(l"~‘)||wol,2(3k) in=12,...,N} & M*. (44)
Let
M** —
* 1 2
max4 M*, | ( 2] fllzrvy + €0 + o — M 19ll72 vy
(45)

1/2}
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thus, for V n € N*, we have 0 < ||“£lk)||wg'2(13k) < M**

and that {u%k)} is a bounded point sequence in Wy?(By)
as functions defined on By. In consideration of W, *(By,)
is self compacting set, there exists a uy € W072(Bk) s.t

ul¥) = wy under the Il - ||W1 2(p,), Where {un )} is a sub-
sequence of the origin sequence.

Next, we will explain that convergence according to
the norm must converge point by point.
Ve>0,3N,whenn > N, we have ||un)—uk||W12 By <
€. Unfold it, we’ll get that

/ <|V(ug‘”‘) —ug))? + h (@ — uk)z) du < e. (46)
By,

The first item is non negative, so we have [, h(ul —

uy)?dp < €. In view of h(z) > hy, it implies

ho/ (ulf) — up,)2dp < h(u® —up)?du <e.  (47)
By By,
Expand the above equation (47), one has
ho min p(z) (ul (z) — ug(z))
€ By
< ho min p(z) Y (ul (@) — ux())?
vEB TE B, (48)
<ho Y (@) (W (z) — uk(z))® <e.
rE By,
where the rightmost item is hg ka( ul — uy)?dp, and

the above equation is correct for V z € Bj. Thus, we
get | uP () —up(x) |<e- m and u\ converges
€ By
uniformly to ug. And then, we obtain point by point
convergence, i.e. lim ug,k)(x) = ug(z).
n—r oo

At this point,we have

lim Jy,(u®)) =

n— oo

Jk< lim u;k))
n— oo

(49)

= Jk(uk) = Ak, U € WOLZ(Bk)

Which indicates that the infimum can be reached.
The critical point function uj satisfies Euler-Lagrange
equation: %Jk (ug, + td)|t=0 = 0, so we have

mn Bk-,

—Auy, + huy, = fuke“i +g
on OBy.

uk:0

So far, we have obtained the solution of the equation
locally.

Next, we will perform extension processing.
Due to (39) holds true for V u € W, %(By), we get

I fllzrovy = Ak = Jr(ug)

(1 M hg—M
Z -

2
e

1 1

) Hf||L1(V) - m ||g||2L2(V)'

and then

2
||uk||W01’2(Bk)

< W) + ——
< 5 Wlleron + 5 =737

~ k.

ol ) (o) 52

We say that critical point function columns have a common
upper bound.Next, we will explain that the infinite norm
of the critical point function column on a bounded set is
still bounded.

V K C V is a bounded set, so there exists a sufficiently
large radius k € Z*1, s.t By D K. We consider the infinite
norm of the critical point function uy on By over K. In
view of

k2025, = /B (1Vu? + bt ds
k

> hui du
By,
(53)
/ huj dp = Z h(z (z)
reK
> ho J{Iélgﬂ( x) Z ui (z).
reK
we have u?(z) < m”uk” 32 (Br)’ and
e K
lug(2) | < Jo——llunllwi2p,)
ho Eélfr%“( ) 0
1
o min pi(z (54)

||9||2L2(v))

3 1
X \/(2|f||L1(V) + m

X ho
\ ho — M
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which holds true for Vo € K. Thus, we have ||ug|| o x) <
C, in which C' ~ ho, M, K, ||gllr2cv), [[fllzrov)- {un} is
defined on By U 0By, extanding it to the entire graph:

= {uk(a:) T € By,

Especially, taking 21 € V is a bounded set. 3 k € Z*, s.t
x1 € By, and then we can easily get

1
ho pu(z1)

3
. \/(2 Il + g

ho
ho — M
vV K > k, we still have 1 € Bg, | ur(zi) |<

\/W( 112y + 7 9120 iy The first
k — 1 critical point functions have finite values at z,

so {ug(x1)} is a bounded point sequence, it has conver-
gent subsequences. We take the opening ball where the
convergent subsequence is located and discuss z5 € V),
similarly, take the convergent subsequence, and so on. We
ultimately obtained 3 u* € V s.t up converges locally
uniformly to u*, ie. V1€ ZT, Jim ug(z) = u*(z), which
holds true for V z € B;. Finally, we will declare that the
limit of locally uniformly convergent sequences falls within
. Obviously, the critical point function sequence after
extension satisfies {uy} C . Below we prove u* € J#,
just need to explain that one of the functions in * and
H is equal.

k|2 = / | Vg [2 +huiddy
\%4

:/ | Vg |? dqu/ huidpu
BrUOBy By,

:% Z Zcuggy(ltk(y)*Uk(l’))2

r€BRUOBE y~x

+ Y hz)p(@)ui()

€ By

D 3D IR0

rEByg y~x

£33 Yy

T€0By Yy~

+ Y h(@)u(x)ui(z)

TEBy,

< Z way(uk(y)

— uy(x))?
x€ By y~x

+2 3 h@)ue)d ()

r€ By,
= 2||uk||€V1 2(B ) S 2C.

|uk(z1)] <

1912 v, ) (56)

— ug(x))?

) — ug(x))?

Thus, we can see that {ux} is a bounded sequence
in J#. Becuase ¢ is a Hilbert space, 3 u € J s.t
{ux} subsequence uy, vk T e VD € C.(V), we have
[y ur®dp — [, uPdp. Especially, we take

P(x) = {(1) Lo e e Cuv), (58)
then [, upPdy = gvu(x)uk(x)sﬁ(x) = plx)uk(xr),
Joaddy = ¥ p(@)i@)@) = p)i), and

zeV
p(z)ug(xr) = p(x)u(zr), as k — co. Due to the multipli-

cation property of limits, we deduce that ug(z1) — @(z1),
as k — oo. And 1z is arbitrary, so ug(z) — u(z) holds true
for Vo € V. We have konwn that ug(xz) — u*(x), Vo € V,
combining the uniqueness of the existence of limits, we
get that u*(x) = u(x) € . Thus, u* is a function in 7.
We have already konwn that the critical point function
satisfies the distribution equation:

hug @du

/ —Aqud/L +
Bk Bk

:/ fuge"™ ddu
By

+/ gbdu, Vb e Cu(By).
By

ForVa, € V,3k€Z", st 21 € By. The critical point
function uy on By, still satisfies the above equation. Taking

20 ={g 70 (0
and then we have
u(xl)(fAuk(zl)) + #(Il)h(zl)uk(xl)
= p(x1) 1) up () e @1) (61)
+ plz1) g(z1).
7Auk(x1) + h(xl)uk(xl) (62)

= f@1) ue(zr) e ) + g(a1).

When K > k, we take the corresponding characteristic
function, and there is still a value of uy at x1 that satisfies
the above equation. Let k — co, we get
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—Au*(z1) + h(zq) v* (1)

63
= f(z1) u*(z1) (63

e ) 4 g(ay).

i.e. u* satisfies the equation at x;. From the arbitrariness
of z1, u* is the solution of the equation (17), and u* € 2.
Proof completed.

4 Proof of Theorem 5

Proof Before starting our discussion, let’s do some prepa-
ration work first. Fixing one point O € V on the graph,
Vo € V, there is a distance function p(z) = p(z,O). Tak-
ing By = {x € V : p(z,0) < k} as the opening ball
on the graph, and we might as well restrict our discus-
sion to k > 1. Actually, only the situation where k is
sufficiently large needs to be considered. Wy'*(By) is a
Sobolev space, which satisfies u = 0 on dBy. We take
the norm on it as Hu||W01’2(Bk) = (ka | Vo |2 +hudp)z,
where h(z) > ag > 0 and p(z) > po > 0 hold true for
Va € V. We define variational functionals : Wy'*(By,) — R
as follows

1
I =5 [ (Va4

(64)

fln|u+m| du—log/ getdu
By, By

Since In |u+m |< 14+ |u+m |[< 1+ |u |+ | m |, there
are fln|u+m|< f+| ful+ | fm | naturally.And then,
we have

fln|u+m|du
By,

</ka|du+/Bk|fu|du

+|m|-/B f | du
— d d
(1+|m)/Bk|f| u+/kaUI s

Due to f > 1 and ¢q € [1,2], Vx € V we can get f(z)? >
f(x), which leads to

/Bklfdué/Bklf“du

S/Vlflqdu=||f\|q,;q(v)

Now we discuss | B, | fu|dp. It follows from Holder in-
equality that || fullz1(s,) < IIfllLesy) - lvllLe(B,), Wherein
%—&—%—1 p—l—é—q%,qe [1,2]. Using Theorem 4, we
can see that ||ul|1»(p,) < CHu||W1 2,y C ~ q, ho, po.
And thus, one has

1f ullr sy < ClF e lullwy2s,)
(67)
< Ol ey el (s,

By using the Young’s inequality to the above equation, it
can be obtained that

1

1 s < o lalnes, (68)

+ eC? ||f|\2Lq(V)~
which holds true for Ve > 0. Taking € = 1, then we have

fln|u+m|du

By,
(L m ) IR (69)
IIUH2 12 = C?|fllZaqv)
What’s more,
2 _ 2 2 2
o0z = [ Ptz [t
= Z h(sc),u(sc)v(x)2
r€ By, (70)
> aglto Z v(x)?
x€ DBy

Z aO,u‘OIU(I)27

so we have | v(z) |< \/m||v||wol,z(3k)7 and it holds for

Vx € Bj. Furthermore, one has (%)z < ﬁ,
(Br)

which established for Yo(z) € Wy’ 2(Bk). Becuase u =

v : : , it follows from Yo s lit
Tt 2 o) Hu||W01 2(p,)» it follows from Young’s inequality
that

- u]
U=————-||Uu 1,2
||’U’HW01’2(B,€) Wy (Bk)
u? 9
—— ¢
~ deful e g elullyacs, (71)
0 k
2
< 45/1:00/0 +5HU||WO12(Bk)
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cgag TEllu H
Thus ,we have e* < e how 2B 1 view of g >0
Thoa +5|\u||
and g # 0, one has ge* < ge o *(6)  Together
with g € L1(V), we get
/ getdp < e Tergag tellull?, 2(B,) / gdpn
By By
S 645;»0@0"1‘5“”“ Bp) / gdu (72)
v
Y +5\|“H
264 uo 0 O (Bk) ||g||L1(V)

This will directly lead to

log/ getdu
By,
+ellull?,

S log(ezlzuoao (B;,) ||g||L1(V)) (73)

— 2
- 45,“’0030 EHuHWOLQ(Bk)

+logllgllLr vy

Combining with formula (64)(69)(73), we can obtain that

1 1
Ji(u) > (5 -1 5)||UH§V1,2(B )
— (L Dy
1
depgan”

CQHfH%q(w (74)

—logllgllr vy —

Taking € = é, one has

Ju(w) = gllullfysz s, = O [ m DI
o l 9 (75)
- Hf”Lq(v) —logllgllLr vy — 100
Ji(w) = =1+ [ m DI 1o,
2 (76)
—C?| 2 —1 —
Hf||L<z(V) ogllgllrr(v) 1000

which holds for Yu € Wy*(By). Hence, Ji(u) has a
lower bound in W, ?(B},), and where there is a lower
bound, there must be a infimum. Then, we mark A =

inf  Jg(u) and take the minimized subsequence
u€Wy?(By)

(i) € Wy2(By) s.t Ji(dj) — Ag as j — oo. For n = 1,

A + 1 is not a lower bound, then 3 uy € Wol’z(Bk) s.t
Jr(ur) < A + 1; what’s more, for n = 2, A + % is

also not a lower bound, similarly, 3 uy € VVO1 2(By,) s.t
Je(Uz) < A + 3; Repeat the above operation, we ulti-
mately get Ay < Jp(u;) < Ax + % Let j — oo, one has
Jip(uj) = Ag. In view of (22), we have

50 == [ finm | dn=tog [ g (77)

In consideration of f > 1 and 0 <| m |< 1, so one has
In|m|<0and f9> f. Which directly leads to

fdu < /fqdu <Al Ze v (7%)
By
and
sl [ g —tnm gy (79)
k

For the second item in (77), due to g(z) > 0 and g Z 0,
Jxo € By, such that g(zo) > 0.

| o= 3 gl@nte) > glan)nte) > 0 (80)

€ By,

and then, we have
~log [ gdn < ~loglg(ao)n(zo)). (81)
By

Inserting (79), (81) into (77), one has

Ji(0) < —=In | m | [[fl| Ty — log(g(ao) (o)), (82)

and one thing needs to be pointed out, since we only
discuss the case where the radius of the opening ball is
sufficiently large, when the radius [ > k, xg € By C B;
can still be taken as a non-zero point, and thus zq is
considered independent of the radius k. Because

1
Jk(u) > gHu”%/VOlz(Bk) - C2Hf||%‘1(V)

= (A4 [m DIy — LogligllLr vy —

holds for Yu € Wy *(By), especially, we have Jj,(d;) >
— C, where

A R
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C=C? 3y + L+ ImD) £l
) (84)
Ho Qo '

+ log(llgllLr(vy) +

Due to Ji(u;) — Ai as j — oo and the boundedness of
convergent sequences, takinge = M > 0,3 J, when j > J,
one has | Ji(u;) — A |< M, ie. Jp(4;) < Ay + M. And
combined with

Ap < Jk(0) < —log(g(zo)u(x0)), (85)

= —In | m | Hf”Lq(V

it implies that

||uj||2 12 —C < Ji(ay) < A + M

(Be) = = (86)
< -ln | m | '||f||qu(V) - ZOQ(Q(JJ"O).U(@"O)) + M.

and

H@Hiyol,z(}gk) < 2\/5

(=t [ m | 18y — log(g(@o)u(zo)) + M + C)F (87)

£C.

where C' + k. The above indicates that all terms of
the minimization sequence (u;) before the J term are
bounded according to the norm || - ||W01,2(Bk). We take
the j > J terms and still mark the sequence as (u;), its
corresponding functional value sequence (ji(w;)) is a sub-
sequence of the original sequence, and (ji(u;)) converges
to Ay similarly. For the new sequence (uj;), noting that
H@HW&,Q(Bk) are bounded and Wol’Q(Bk) is pre-compact,

12 s,
so 3 uy, € Wy?(By), such that —>

(u;) is a subsequence.

In the following statement, we will deduce that se-
quences that converge according to the norm must con-
verge uniformly.

We have konwn that V ¢ > 0, 3 J, when j > J, one
has |la; — uk”vv(}*?(Bk) < ¢. Expand the above equation,
we naturally obtain that

uy, where

Hoao Z uj(z) — up(x (2))?
rE By
< 3 W) () - up())?
x€ By

— [ (@ - wau

By

< [ 190 - w) P (@ - w)du < 2,
By

which deduces that Vz € Bk, poao(;(z) — ug(x))? <
g2, ie. | uj(z) —ug(x) |< \/76 Combining the above
statements, we can easily get w; = u in By, hence, (u;)
uniformly converges to ug. Specially, one has pointwise

convergence lim u; = ug. Let j — oo, we get
]4)

Ap = lim Ji(u;) =

j‘)OO

Je(lim ;) = Ji(ug). (89)

j*}OO

Thus, uy is the reachable point of the infimum. What’s
more, uy satisfies the Euler-Lagrange equation.

—Aug + hug, = %kge“’“ — ukim, in By, (90)
up € W()172(Bk)7 Y = ka geud.u

Up to now, we have obtained the local solution wu of the
equation (18).
Combining (83) and (85), we can easily obtain that

lull s,y < C C %k (91)

For any bounded set K C V, there is always a sufficiently
large k € ZT, s.t. K C By,. Using Th 4 and (91), we imply
that

1

N (92)

o) <~y a2s,) < € % I

Given that uy is a function defined on By U 0By, let’s
extend it to the entire V' below. Let

r € By,

Next, we will take the convergent subsequence point by
point. For a set composed of individual points z; € V,
J k € Z*, as can be seen from the above, |ug(z1)| <
C and for any ! > k, which holds |u;(z1)] < C. Due
to the existence of convergent sub columns in bounded
point columns, it deduece that uy(x1) is a convergent sub
column, converging to u*(x1); For x5 € V| we consider the
kick-off corresponding to {uy(x1)}. 3 k € Z1 s.t. x5 € By
and |ug(x2)| < C, which holds for any [ > k. By the same
token, {ug(x2)} is a convergent sub column, meanwhile,
maintain the astringency of {uy(x1)}. Repeat the above
operation, we get ui(r) — w*(x), Vo € V. Hence, uy
locally converges uniformly to «*. Combining (91) and Th
4, we can deduce
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lurllw2(p,) < C. (94)

|uk Lo B,y <

1
v Hoao

And then, |ug(z)] < C holds true for any =z € Bx.
Considering —C < wug(z) < C and g > 0, thus we
obtain ge™¢ < ge“t < gef.Integrate its two sides on
By, one has e™¢||gl[1 (B < W < €°llgllLr(p,), where
Vi = ka ge¥=du. It follows from

R L R— e’, (95)

~ gllzr sy

and {W} is a bounded sequence, we can get a
L1 (By)
convergence subsequence, we still mark it as {W}
JILY(By)
Because lim 1 = 1 ——1—1 is conver-
e gl By = llgllrvy, {HgHLl(Bk)}

gent, according to the four operations of the limit, we can
know that ~; is convergent. We mark klim Vi = v*. Take
—00

the limit for (95), one has

lim e¢ < lim — 2% < lim ¢, (96)

k—o0 k—o0 ||g||L1(Bk) T k—oo
ie.
e(! S 77 S 667
lgllzrv) (97)

e “llgllLrovy <" < efllgllnr vy,

VY, € V, 3k € ZT, s.t. after the extension of the critical
function uy on By, it still satisfies the equation at 1. i.e.

ge's (1) f
~Aui (@) + (o) = [ getrdp - ug (1) +m’ (98)
k

When the radius [ > k, the corresponding critical point
function still satisfies the above equation at x; with respect
to the corresponding integral. Let k — oo, we have

u*(z1)
_ge n fo
y* u*(x1) +m

—Au*(x1) + hu*(x1) (99)

Based on the arbitrariness of x1, one obtains

ge f

—Au* + hu* = in V. (100)

So far, we have got a limit function u* that is close to
the solution to the equation. Now, we will declare that
v = fv ge* dp. On the one hand, for VI > 1 fixed, there
holds the following formula

/ ge' dy = lim ge'tdu
By k—o0 By

(101)
< lim ge'tdu =~*.
k—o0 By
Let [ — oo to the above formula, one has
/ ge <. (102)
1%

On the other hand, due to |jux|r~p,) < C and g €
LY(V), for V > 0, there exists sufficiently large Iy > 1,
s.t. when [ > lo, we have [, ge"*du < n+ [ ge"*du.
Actually, [lug|/z~(s,) < C, we temporarily fix k, one
has |ug(xz)] < C, which holds true for Vz € By. And
then, —C < ug(z) < C, combining with g > 0, we have
ge" < ge“. Integrate the two ends of the equation on
By \ By, we get

/ ge*tdu < ec/ gdu < ec/ gdy. (103)
Bi\B Bi\B V\B,

Due to fV\Bl gdy — 0 when [ is sufficiently large,
ka\Bz ge" dp < o(1). Add [ ge"*dp to both ends si-
multaneously, one has

/ ge'*du < o1(1) +/ ge“ dpu. (104)
By

B,

VYn > 0,31y > 1, when [ > ig, we have 0;(1) < n, which
leads to

/ ge"’“dugn—i—/ ge* dpu. (105)
By, B

As for the equation above, we let k — oo, I — o0, n —
0", and obtain taht v* < [, ge* du. Combining with
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[y g€ dp < v, and then, we get v* = [;, ge* dp. Thus,
u* is a function on the graph and satisfies the equation at
every point.

,ngeu* u*+m? mn Vv7

—Au* hu* = 1
A + (106)
v = [, ge* dp.

Finally, let’s declare u* € 5 N L*° (V) and first explain
u* € . We investigate |lug||%,,

g2 = /V (IVurl? + hud )y

— % DY way(uk(y) — us(x))?

zeV y~x
+ ) pla)h(z)ui ()
zeV
=2 Y ) - ml@)’
rEBy,y~x
t3 Y wnln) - u@)
rEOBy,y~x
+ Z M(x)h@g)ui(x) (107)
€ By
< Z Way (uk(y) — uk(x))z
€ By ,y~x
+2 3wy ()
x€ By
1 2
~ 2 ule) g 3 o)~ o)

+ Y pla)h(@)ui ()

T€ By
_ 2
- 2Hu||W(}’2(Bk)
< C »k.

so (ug) is a bounded sequence in 7. Because 7 is a
Hilbert space, any bounded point sequence has weakly

convergent subsequences, we still label the convergent

weak ~ .
subsequence as (ug), and up — u, u € J. ie. for

¥V & e Cc(V), we have [, up@dp — [, ubdp. Especially,
Vx, € V, we take the characteristic function of x;

r =,

2o (108)

() = {(1)

Then, ug(z1)u(zr) = u(xr)p(zr) as k — oo. Next, based
on the multiplication property of the limit, we have
ug(x1) — u(z1). Combining the arbitrariness of =1, one

has ug(z) — u(x) in V. Also, because the subsequence of
uj maintains the convergence of the original sequence, we
have uy(x) — w*(x) in V. Due to the uniqueness of the
existence of limits, we konw that u*(z) = u(z) € 4. In
the follwing step, we declare that v* € L>(V). We only
need to examine [|u*||%,.

aopio u*(x)? < aopo Y u*(x)’
zeV

<Y Hon@w @2 = [ hutde (109)

zeV

< / (IVu*[* + hu*?) dp.
v

And then, |u*(z)| < 7%)#0 - ||u*|| s, which holds true for
Vo € V. Thus, |[u” | qv) = sup Ju”(@)] < e < 4o,

which is a finite number. Moreover, u* € 7N L (V) and
u* is the solution to the equation. As so far, the conclusion
has been proven.
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