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Abstract In the matter of exact solutions of Einstein’s field
equations, coordinates play a very decisive role. Sometimes
it is very difficult to understand the physical concept of a
phenomenon or physical quantity in one coordinate system,
while by changing the coordinate system, a simpler under-
standing of that quantity is obtained. In geodesy, which deals
with the simulation and modeling of the gravitational field,
it is common to use elliptical coordinates. In this article, we
attempt to explain some computational fundamentals in el-
liptical coordinates and discuss its possible application to
gravity.

1 Introduction

The purpose of developing elliptic coordinates in

geodesy is to obtain a more accurate model of the Earth,
which is not a perfect sphere. In contrast, relativists usu-
ally employ spherical coordinates, since the modeling of the
Earth is not central to their concerns and spherical symme-
try provides a good approximation for most astrophysical
bodies under study. Nevertheless, it seems important to em-
phasize that elliptic coordinates can be useful for examin-
ing axisymmetric solutions in general relativity. By employ-
ing such coordinates, one may derive more elegant and po-
tentially simpler solution methods for Einstein’s field equa-
tions.
In this article, we review basic concepts of elliptic coordi-
nates and discuss known solutions of the Laplace equation
under the assumption of an ellipsoidal mass distribution act-
ing as the gravitational source.
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2 Two-Dimensional Elliptic Coordinates

We begin by introducing two-dimensional elliptic coordi-
nates, and in the following section the approach will be ex-
tended to three dimensions. Every point in the plane can be
described using two coordinates. In polar coordinates (r,0),
for example, specifying an angle determines a direction, and
specifying a radius determines where the direction intersects
a centered circle—thereby fixing the point. The same idea
can be applied to elliptic coordinates: we specify a line (di-
rection) by a known angle, and then instead of a circle, we
use an ellipse to determine the position of the point by the
intersection of the line and the ellipse. Therefor, we fix the
first coordinate, i.e. 8, and find the second coordinate using
the ellipse formula as follows:

y:xtan(e), (1)
2
a7+b7 =1, 2

we find out that
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3)

where e = ¢ is the eccentricity of the ellipse and =
a? — b?. Therefore, the elliptic coordinates are determined
by two parameters (a, 0), assuming that the eccentricity is
fixed and known in advance. Up to this point, the variable
0 has played the role of the angle in polar coordinates. We
now proceed to a different approach and introduce a new
coordinate, which seems to have no direct relation to polar
coordinates. Considering the equation of the ellipse, one can

see that for a given angle A, we may write:

x=acos(1),

y=bsin(1), @

which, taking into account the eccentricity, is expressed as
follows:

x=acos(A),

5
y=aVv1—e?sin(1). ®

To obtain a geometric and physical interpretation of the an-
gle A, one may compare relations (3) and (5) and determine
its connection with the polar angle 6. Before doing so, we
apply a convention commonly used in geodesy texts to re-
lations (3) and (5). In geodesy literature, instead of treating
the eccentricity as constant, the quantity c in the relation
¢? = a* + b? is usually taken to be constant and is denoted
by E, and instead of b, the symbol u is used. Under this con-
vention, relations (3) and (5) are rewritten in the following
form:

2 E2
y=all + 2 an(0)] 712,
S ©
y=atan(0)[l + — tan’(6)]~'/2,
u
x=Vu?+E?cos(),

7
y = usin(1). @

It is easy to see that the change of variable

tan(A) = Stan(@), 3)

transforms relations (6) and (7) into each other. To better
understand the meaning of the angles 6 and A, we consider
the following figure:

Fig. 2: relationship between the angles 6 and 4

In Figure 2, the inscribed and circumscribed circles with
radii a and b, respectively, are drawn as dashed curves. The
point A is the vertical projection of the point P onto the cir-
cumscribed circle. Therefore, the angle A is the polar angle
corresponding to the point A. Based on these assumptions,
the validity of relation (8) can be shown easily.

3 Laplacian Operator in the Two-Dimensional
Coordinate System (u,4)g

The subscript E indicates that the parameter E is constant in

this coordinate system. By applying the transformations (7)
to the two-dimensional Laplacian operator

2 2, 32
V= =9, +9y, )
and after some algebraic manipulation, we obtain
(07 +05)V =

1
u2 + E2sin%

2’V 9*V 9V (10)
2 2\Y vV v r ur
(u"+E )8u2 + 922 +uau

To solve the two-dimensional Laplace equation in this ellip-
tic coordinate system, we assume separation of variables:

V(u,A) = AU (u). (11)
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Introducing the substitution
Z=u+Vur+E2 (12)

the U-equation yields the solution

U(u) = Ay (u—i— vV uz—l—EZ)n

no(ur V)", o
where 7 is a natural number. The angular part becomes
A(L) =A;cos(nd)+Bysin(nd). (14)
Finally, note that if £ = 0, then
u=rA=20, (15)

and the usual solutions in polar coordinates are recovered.

4 Three-Dimensional Ellipsoidal Coordinate System

The procedure here follows the same approach as in the two-
dimensional case. This time, instead of fixing one polar an-
gle 0, we fix two angles 0 and ¢ and consider the ellipsoid

2 .2 2
xX“+y z
7 T3

=1. (16)

a C

The first two semi-axes are taken equal to a, which not only
simplifies the mathematics but also corresponds to axisym-
metric physical bodies. The above surface is an ellipse in the
z—y plane rotated about the z-axis.

A point on the ellipsoid in Cartesian coordinates (x,y,z)
can be described using spherical coordinates (p,0,0):

x=psinfOcos, y=psinOsing,

17
z=pcosH. .

Substituting these into (16) gives

C2+E2
p:c\/ c2+E2cos20’ (18)

We also note that
a* =+ E?, (19)

which is the standard relation between the semi-axes.
To introduce a new angular coordinate analogous to the
two-dimensional case, we define

c

V2 +E2?cos?0

cosf} = sin 6. (20)

This gives the coordinate transformation known as the Ja-
cobi ellipsoidal coordinates of the first type:

x=vVc2+EZcosfBcosg,
y=1Vc2+E?cosBsing, 21

z=csinf.

Substituting ¢ — u yields the final form of the 3-dimensional
ellipsoidal coordinate system.

5 Laplace Equation in Ellipsoidal Coordinates

Using the coordinates (21) and after some algebraic manip-
ulation, the Laplace operator becomes

1
W2+ E%sin’ B

d s 2.0V 1 4 oV
X |:au <(1/l +E )(91,{> + COSﬁ @ <COSﬁ 8[3) (22)
n u® + E?sin’ B 827V _0
(U2 +E2)cos2 B oA2|

Vv

To solve this equation for a static gravitational potential, we
assume separation of variables:

V(u,B,A) = A(A)B(B) H (u). (23)

This yields three ordinary differential equations:

d*A

F7El +coA =0, (24)
d’B dB o

a5’ anﬁdBJr( C082ﬁ+61> ) (25)



222

d’H dH

2 2

E°)—+4+2u—
(" + )du2+udu+<

C()E2

Applying boundary conditions on the potential (such as van-
ishing at infinity) and using relations (24)-(26), we obtain
the potential outside the ellipsoid as

Vp )= Y, § a0 (B) Tminp) @

n=0m=-—n

The coefficients a,,, are determined by the boundary con-
ditions. Q‘nm‘ (iu/E) are the generalized Legendre functions,
and Y,,,(A, ) are the normalized spherical harmonics. To
determine the coefficients a,,,, we may, for example, apply
Dirichlet boundary conditions on the ellipsoidal boundary
defined by u = b. By carrying out this procedure and using
the addition theorems of spherical harmonics, we obtain the
following relation:

Ay = é / /E w(B')Youm(A',B')V (b, A, B') dS. (28)

The surface area of the ellipsoid is

1 b? a+E
S=4ra (2+ . n(a >>, (29)

and the associated weight function isgiven by

/ a 1 b2 a+E)>
= (5t 7! 30
e \/bz—i—Tsmzﬁ’ (2 4aE n<aE (30)

The generalized Legendre functions satisfy

a(2)-ra()

— (o L (E>n+l 31)

Cn+1N \u
n—m+1 n+m+1 2n+3 E?
:2Fl ) ) sy Ty
2 2 2 u

where ,F] is the Gaussian hypergeometric function.

6 Review of Relativistic Results

Using the coordinate relations given in (21), the metric com-
ponents of the gravitational field outside an ellipsoidal body
can be rewritten in elliptic coordinates, and the unknown
functions may then be determined by solving Einstein’s field
equations. As an example, we may take the goo component
of the metric of a complete ellipsoidal mass distribution in
the form

1
800:1+C7f(7h“)- (32)

For the remaining metric components, a general form may
be assumed based on the Schwarzschild metric and axial
symmetry with respect to 3, and the Einstein field equations
can be solved accordingly. At this stage, the Newtonian limit
in elliptic coordinates may be used to determine the function
f(A,u). As mentioned earlier, this analysis is currently be-
ing developed by the authors.

7 Conclusion

In this work, we introduced the elliptic coordinate system
and derived several well-known differential operators in this
framework. Our motivation for employing elliptic coordi-
nates lies in the considerable simplification they provide
when solving Einstein’s field equations. The authors have
continued developing these solutions and have obtained a
simplified derivation of the Kerr solution, which is now be-
ing prepared for publication. Since axisymmetric solutions
play a central role in general relativity and astrophysics, it is
natural to use axisymmetric coordinate systems such as the
one defined by (21).
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Appendix A: A Brief Overview of Generalized
Legendre Functions

Equation (25) represents the angular part of the solution to
Laplace’s equation, and its solutions are well known and
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treated in standard texts in mathematical physics. The gener-
alized (or associated) Legendre functions arise as solutions
to the associated Legendre differential equation

m2

1—x2

2
(1 —xz)%—Zx%—&- (£(£+1)_

)y =0, (AD

where ¢ = 0,1,2,... is the degree and m = 0,1,2,...,¢ is
the order. This equation appears naturally when solving
Laplace’s equation in spherical coordinates and plays a cen-
tral role in problems with axial symmetry [1, 6].

Appendix A.1: Legendre Polynomials and Their
Generalizations

For m = 0, Eq. (A.1) reduces to the Legendre polynomials
Py(x). For m # 0, the solutions generalize to the associated
Legendre functions

PP = (122 Ly ).

A2
Tom (A.2)

These functions represent the angular dependence of fields
in systems with axial (but not full spherical) symmetry.

Appendix A.2: Legendre Functions of the Second Kind

The second linearly independent solution of (A.l) is the
Legendre function of the second kind, denoted Q7' (x) [2].
In gravitational problems, Q' commonly appears in exterior
(decaying) potentials, particularly when the coordinates in-
troduce complex arguments, such as

o (E) :

which naturally arises in ellipsoidal coordinate geometries.

(A.3)

Appendix A.3: Connection to Spherical Harmonics

The generalized Legendre functions form the angular part of
spherical harmonics:

Y/"(0,0) = Ny, P"(cos ) e™?, (A.4)

where Ny, is a normalization factor. Thus, spherical
harmonics describe the angular dependence of three-
dimensional solutions to Laplace’s and Helmholtz’s equa-
tions, while Q7' governs the radial dependence in certain ex-
terior potentials.

Appendix B: Normalized Spherical Harmonics

When solving Laplace’s equation in spherical coordinates,
the angular dependence of the solution is described by
the normalized spherical harmonics, denoted by Y;"(6,¢).
These functions form a complete orthonormal basis on
the unit sphere and are indexed by the integers ¢ =
0,1,2,..., m=—L,... [

The normalized spherical harmonics are defined in terms
of the associated Legendre functions P;"(x):

Y['(6,0) = Npw P (cos 0) €™ (B.5)
where the normalization constant is
20+1 (0 —m)!
Ny = . B.6
tm aw ((+m)! (B.6)

The normalization is chosen so that the spherical harmonics
satisfy the orthonormality condition

2n @ ,
/ / Y[ (6,0) Y *(6,9) sin0dOdo = Sy (B.T)
0 0

Spherical harmonics play a central role in quantum mechan-
ics as the angular eigenfunctions of the orbital angular mo-
mentum operator, and in classical gravitational and electro-
magnetic potentials where axial or spherical symmetry is
present [1, 6, 7].
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