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Abstract

The paper describes an efficient complex variable finite dif-
ference method (CVFDM) for calculating the two-dimensio-
nal potential flow, the viscous laminar flow in the straight
pipe. The theoretical development is based on the general-
ization of the Cauchy-Riemann differential equation into the
finite difference equation in terms of a complex variable to
solve a two-dimensional boundary value problem. A numer-
ical code is developed by this method and analytical solu-
tions are obtained for illustrative problems. The validation
of this method is confirmed through the analytical solutions
for Pois-euille flow and Couette flow.

Keywords: Complex variable finite difference method; Cau-
chy-Riemann equation; Poiseuille flow; Couette flow

1 Introduction

The mathematical approach to an approximate method for
solving the two-dimensional boundary value problems has
been studied by many researchers, of which the complex
variable boundary element method (CVBEM) and the com-
plex variable finite element method (ZFEM) are typical meth-
ods.

Hromadka and Lai [1] derived a complex variable bound-
ary element method (CVBEM) for solving numerically the
problems governed by the two-dimensional Laplace equa-
tion. The potential flow past single and multicomponent air-
foils in free air, in ground effect, in an infinite cascade, and
in perforated wall wind tunnels, is calculated by the com-
plex variable boundary element method algorithm [2]. Du-
mir et al. [3] presented a complex variable boundary ele-
ment method for torsion of anisotropic cylindrical/prismatic

aCorresponding author: rsc83320@star-co.net.kp

bars whose longitudinal axis is normal to the plane of elas-
tic symmetry of the bar. Satao [4] calculated the potential
flow in the presence of thin objects based on the complex
variable boundary element method. An accurate complex
variable boundary element method is proposed for solving
the two-dimensional boundary value problems governed by
a steady-state advection-diffusion-reaction equation [5].

Tamayo et al. [6] applied a virtual crack extension tech-
nique using the complex variable finite element method (ZF-
EM) to the thermoplastic fracture problems. This virtual cra-
ck extension approach provided an accurate computation of
the energy release rate as a byproduct of the complex vari-
able finite element analysis without using energy conserva-
tion integrals. Millwater et al. [7] proposed the virtual crack
extension method based on the complex variable finite el-
ement method and computed the energy release rate as a
numerical derivative of the strain energy with respect to a
crack extension using the complex Taylor series expansion
method. Fielder et al. [8] detailed the application of the com-
plex variable finite element method, ZFEM, to structures
containing residual stresses. A thick-walled sphere model
in which the residual stress field is induced by an autofret-
tage process, is considered. Since the results of ZFEM par-
tial derivative results show high accuracy compared with
standard finite element solutions, ZFEM is an effective step-
size independent method for calculating shape, material, and
loading sensitivities of structures subjected to residual stress-
es.

Restrepo et al. [9] combined the finite element method
with the complex variable differentiation theory to calculate
the first-order sensitivities for transient heat transfer equa-
tions accurately and reduced the computational time com-
pared to traditional sensitivity analysis methods. Millwater
et al. [10] computed accurate sensitivities with respect to
the unknown parameters by solving an inverse finite ele-
ment optimization problem using the complex variable finite
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element method, ZFEM, and proposed the use of full-field
kinematic measurements to determine the constitutive ma-
terial properties. Aaron Rios et al. [11] developed a com-
plex variable transient thermo-mechanical element and used
it to calculate accurate sensitivities of the thermal and stress
time-dependent responses of a thick wall cylinder with temp-
erature-dependent material properties using the complex Tay-
lor series expansion (CTSE).

In this paper, the complex variable finite difference meth-
od (CVFDM) is introduced to analyze the two-dimensional
potential problem. To calculate the velocity distribution of
viscous laminar flow in a straight pipe, the Cauchy-Riemann
differential equation is generalized to a complex finite dif-
ference equation and solve as a two-dimensional boundary
value problem. The numerical results of CVFDM for the
laminar flow velocity of a steady viscous fluid in a straight
pipe are compared with the available analytical solutions to
verify the proposed method.

2 The theoretical background of a complex variable
finite difference method

The complex variable finite difference method is based on
the Cauchy-Riemann equations. We will consider the com-
plex variable function F(z) = ψ + iφ continued on bound-
ary Γ of domain Ω (see Fig. 1), in which real part ψ and
imaginary part φ satisfy the Cauchy-Riemann equations and
Laplace’s equation respectively.

Fig. 1 Domain Ω enclosed by boundary curve Γ .

∂ψ

∂x
=

∂φ

∂y
,

∂ψ

∂y
=−∂φ

∂x
. (1)

Now we convert the Cauchy-Riemann equations into differ-
ence equations (see Fig. 2). The values of analytic function
F(z) = ψ + iφ on the points A, B, C, D and O are described
as Fi, j+1, Fi−1, j, Fi, j−1, Fi+1, j and Fi, j.

Fig. 2 Difference scheme.

By converting Eq. (1) into forward difference scheme,

ψi+1, j −ψi, j

∆x
=

φi, j+1 −φi, j

∆y
,

ψi, j+1 −ψi, j

∆y
=−

φi+1, j −φi, j

∆x
. (2)

We introduce ∆y/∆x = k in the above equation. Then we
deform the above equations, respectively,

ψi+1, j −ψi, j =
1
k
(φi, j+1 −φi, j),

ψi, j+1 −ψi, j =−k(φi+1, j −φi, j). (3)

We introduce the mathematical symbols Re (real part) and
Im (imaginary part) on Eq. (3). Then

Re(Fi+1, j −Fi, j) =
1
k

Im(Fi, j+1 −Fi, j),

Re(Fi, j+1 −Fi, j) =−kIm(Fi+1, j −Fi, j). (4)

By accounting Eq. (4),

Fi+1, j −Fi, j =Re(Fi+1, j −Fi, j)+ iIm(Fi+1, j −Fi, j)

=
1
k

Im(Fi, j+1 −Fi, j)−
i
k

Re(Fi, j+1 −Fi, j)

=− i
k

Re(Fi, j+1 −Fi, j)+
1
k

Im(Fi, j+1 −Fi, j)

=− i
k

[
Re(Fi, j+1 −Fi, j)+ iIm(Fi, j+1 −Fi, j)

]
=− i

k

[
(ReFi, j+1 + iImFi, j+1)− (ReFi, j + iImFi, j)

]
=− i

k
(Fi, j+1 −Fi, j). (5)

By deforming the above equation,

Fi+1, j −Fi, j =− i
k
(Fi, j+1 −Fi, j), (6)

or

kFi+1, j − (k+ i)Fi, j + iFi, j+1 = 0. (7)
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By deforming the difference scheme of Eq. (1) into back-
ward difference scheme,
ψi, j −ψi−1, j

∆x
=

φi, j −φi, j−1

∆y
,

ψi, j −ψi, j−1

∆y
=−

φi, j −φi−1, j

∆x
. (8)

By arranging the above equation similarly,

kFi−1, j − (k+ i)Fi, j + iFi, j−1 = 0. (9)

By applying central difference to Eq. (1),
ψi+1, j −ψi−1, j

2∆x
=

φi, j+1 −φi, j−1

2∆y
,

ψi, j+1 −ψi, j−1

2∆y
=−

φi+1, j −φi−1, j

2∆x
. (10)

By arranging the above equation,

k(Fi+1, j −Fi−1, j)+ i(Fi, j+1 −Fi, j−1) = 0. (11)

We will consider one method of solving Eqs. (7), (9) and
(11). We divide rectangular element EFGH by using a hor-
izontal line BD and a vertical AC, make 4 elementary rect-
angles such as EBOA, AODH, BFCO and OCGD (see Fig.
3).

Fig. 3 Dividing of rectangular element.

Here Fi, j+1(A), Fi−1, j(B), Fi, j−1(C), Fi+1, j(D), Fi−1, j+1(E),
Fi−1, j−1(F), Fi+1, j−1(G), Fi+1, j+1(H) and Fi, j(O) are values
of complex function on the angular points A,B,C,D,E,F,G,H
and O,

FA =ψi, j+1 + iφi, j+1,

FB =ψi−1, j + iφi−1, j,

FC =ψi, j−1 + iφi, j−1,

FD =ψi+1, j + iφi+1, j,

FE =ψi−1, j+1 + iφi−1, j+1,

FF =ψi−1, j−1 + iφi−1, j−1,

FG =ψi+1, j−1 + iφi+1, j−1,

FH =ψi+1, j+1 + iφi+1, j+1,

FO =ψi, j + iφi, j,

where ψi, j+1, ψi−1, j, ψi, j−1, ψi+1, j, ψi−1, j+1, ψi−1, j−1, ψi+1, j−1
and ψi+1, j+1 are 8 known, and ψi, j, φi, j, φi, j+1, φi−1, j, φi, j−1,
φi+1, j, φi−1, j+1, φi−1, j−1, φi+1, j−1 and φi+1, j+1 are 10 un-
knowns. We make the matrix form as follows to solve the
1st polynomial systems of equations with 10 unknowns.

-k 0 0 0 -1 1 0 0 0 0
-1 0 k 0 0 -k 0 0 0 0
-k 0 0 0 0 1 -1 0 0 0
-1 0 0 0 0 -k 0 0 k 0
0 0 0 0 0 0 0 0 -1 1
0 0 0 0 0 0 k 0 0 -k
0 1 -1 0 0 0 0 0 0 0
0 -k 0 0 k 0 0 0 0 0
0 1 0 -1 0 0 0 0 0 0
0 -k 0 0 0 0 0 k 0 0



×



ψi j
φi−1, j−1
φi−1, j

φi−1, j+1
φi, j−1
φi, j

φi, j+1
φi+1, j−1
φi+1, j

φi+1, j+1


=



−kψi−1, j
−ψi, j−1
−kψi+1, j
−ψi, j+1

−kψi, j+1 + kψi+1, j+1
ψi+1, j+1 −ψi+1, j

−kψi, j−1 + kψi−1, j−1
ψi−1, j−1 −ψi−1, j

−kψi+1, j−1 + kψi−1, j−1
ψi−1, j−1 −ψi−1, j+1


. (12)

We can calculate the unknowns ψ and φ in the domain and
on the boundary by solving these matrix equations. We will
compare an error between Cauchy-Riemann differential equa-
tion and Laplace differential equation. The difference form
of Laplace equation can be expressed as

ψi+1, j −2ψi, j +ψi−1, j

h2 +
ψi, j+1 −2ψi, j +ψi, j−1

k2

= L1(ψ) (13)

where h is a x-direction length of elementary rectangle, k is
y-direction length of elementary rectangle. By introducing
equation k = δh

L1(ψ) =
1
h2

[
(ψi+1, j −2ψi, j +ψi−1, j)

+
1

δ 2 (ψi, j+1 −2ψi, j +ψi, j−1)
]
. (14)

By expressing the error between Eq. (14) and Laplace equa-
tion as R1(ψ),

R1(ψ) = L1(ψ)−L1(ψ),

where L1(ψ) is an error of Laplace differential equation.
Therefore,

L1(ψ) =
∂ 2ψ

∂x2 +
∂ 2ψ

∂y2 ,
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Because L1(ψ) = 0,

R1(ψ) =
1
h2

[(
ψi, j +h

∂ψi, j

∂x
+

h2

2!
∂ 2ψi, j

∂x2 +
h3

3!
∂ 3ψi, j

∂x3

+
h4

4!
∂ 4ψi, j

∂x4 +
h5

5!
∂ 5ψi, j

∂x5 +
h6

6!
∂ 6ψi, j

∂x6 −2ψi, j

+ψi, j −h
∂ψi, j

∂x
+

h2

2!
∂ 2ψi, j

∂x2 − h3

3!
∂ 3ψi, j

∂x3

+
h4

4!
∂ 4ψi, j

∂x4 − h5

5!
∂ 5ψi, j

∂x5 +
h6

6!
∂ 6ψi, j

∂x6

)
+

1
δ 2

(
ψi, j + k

∂ψi, j

∂y
+

k2

2!
∂ 2ψi, j

∂y2 +
k3

3!
∂ 3ψi, j

∂y3

+
k4

4!
∂ 4ψi, j

∂y4 +
k5

5!
∂ 5ψi, j

∂y5 +
k6

6!
∂ 6ψi, j

∂y6 −2ψi, j

+ψi, j − k
∂ψi, j

∂y
+

k2

2!
∂ 2ψi, j

∂y2 − k3

3!
∂ 3ψi, j

∂y3

+
k4

4!
∂ 4ψi, j

∂y4 − k5

5!
∂ 5ψi, j

∂y5 +
k6

6!
∂ 6ψi, j

∂y6

)]
+O(h6).

Then,

R1(ψ) =
1
h2

[(∂ 2ψi, j

∂x2 +
∂ 2ψi, j

∂y2

)h2

2

+
(∂ 4ψi, j

∂x4 +δ
2 ∂ 4ψi, j

∂y4

) h4

12

+
(∂ 6ψi, j

∂x6 +δ
4 ∂ 6ψi, j

∂y6

) h6

36

]
+O(h6), (15)

where

∂ 2ψi, j

∂x2 =−
∂ 2ψi, j

∂y2 ,
∂ 4ψi, j

∂x4 =
∂ 4ψi, j

∂y4 ,

∂ 6ψi, j

∂x6 =−
∂ 6ψi, j

∂y6 .

Thus,

R1(ψ) =
h2

12
(1+δ

2)
∂ 4ψi, j

∂x4 +
h4

36
(1−δ

4)
∂ 6ψi, j

∂x6

+O(h6). (16)

If we assume δ = 1, then one can easily obtain

R1(ψ) =
h2

6
∂ 4ψi, j

∂x4 +O(h6). (17)

Therefore, the error of Laplace differential equation is in
the h2 order. Now we consider an error of Cauchy-Riemann
differential equation on the rectangular grid. By applying
a forward differential scheme on and backward differential
scheme on respectively,

ψi+1, j −ψi, j

h
=

φi, j −φi, j−1

k
,

φi, j −φi−1, j

h
=−

ψi, j+1 −ψi, j

k
. (18)

From the above equation,

L2(ψ) =
1
h

[
(ψi+1, j −2ψi, j +ψi−1, j)

+
1

δ 2 (ψi, j+1 −2ψi, j +ψi, j−1)
]
. (19)

By expressing an error of Cauchy-Riemann differential equa-
tion as R2(ψ),

R2(ψ) = L2(ψ)−L2(ψ),

where L2(ψ) is an error of Cauchy-Riemann differential equa-
tion L2(ψ) = 0. Thus,

R2(ψ) = L2(ψ) =
1
h

[
(ψi+1, j −2ψi, j +ψi−1, j)

+
1

δ 2 (ψi, j+1 −2ψi, j +ψi, j−1)
]
. (20)

By using the Tailor series around point (xi,y j) of the above
equation,

R2(ψ) =
h3

12
(1+δ

2)
∂ 4ψi, j

∂x4 +
h5

36
(1−δ

4)
∂ 6ψi, j

∂x6

+O(h6). (21)

We can know that the error of Cauchy-Riemann differential
equation is the h3 order from Eq. (21).

Considering a value of e = R2(ψ)/R1(ψ), we can know
that an error of Cauchy-Riemann differential equation is h
times smaller than an error of Laplace differential equation.
Generally the error changes with the form of difference scheme.
By using the central difference scheme respectively error
R′(ψ) is the same as equation (22).

R′(ψ) = R2(ψ) =
8h3

12
(1+δ

2)
∂ 4ψi, j

∂x4

+
32h5

36
(1−δ

4)
∂ 6ψi, j

∂x6 +O(h6). (22)

From the above equation, we can know that error is 8 times
bigger than above error. We will introduce a relaxation method
of elevating the convergence of a complex variable differ-
ence solution.

kFi+1, j − (k+ i)Fi, j + iFi, j+1 = 0. (23)

By expressing the iterative order as n, the above equation is
the same as follows:

kFn−1
i+1, j − (k+ i)Fn

i, j + iFn−1
i, j+1 = 0. (24)

By putting k = 1 to arrange the above equation simply,

Fn−1
i+1, j − (1+ i)Fn−1

i, j + iFn−1
i, j+1 = (1+ i)(Fn

i, j −Fn−1
i, j ). (25)
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By dividing real and imaginary parts in Eq. (22), we then
find that

ψ
n−1
i+1, j −ψ

n−1
i, j +φ

n−1
i, j −φ

n−1
i, j+1

= ψ
n
i, j −ψ

n−1
i, j − (φ n

i, j −φ
n−1
i, j ),

ψ
n−1
i, j+1 −ψ

n−1
i, j +φ

n−1
i+1, j −φ

n−1
i, j

= ψ
n
i, j −ψ

n−1
i, j − (φ n

i, j −φ
n−1
i, j ), (26)

where ψn
i, j, φ n

i, j, ψ
n−1
i, j and φ

n−1
i, j are values in other fields of

point (i, j).
Let’s introduce a new free parameter t, express iterative

order by it and deform into the following differential equa-
tion.

∂ψ

∂x
− ∂φ

∂y
=

∂ψ

∂ t
− ∂φ

∂ t
,

∂ψ

∂y
+

∂φ

∂x
=

∂ψ

∂ t
+

∂φ

∂ t
. (27)

By introducing the following equations,

ψ(x,y, t) = k(t)G(x,y), φ(x,y, t) = k(t)H(x,y), (28)

and by substituting Eq. (28) into Eq. (27), we then obtain

k(t)
(∂G

∂x
− ∂H

∂y

)
=

∂k(t)
∂ t

(G−H),

k(t)
(∂G

∂y
+

∂H
∂x

)
=

∂k(t)
∂ t

(G+H). (29)

Then(
∂G
∂x − ∂H

∂y

)
G−H

=

(
∂G
∂y + ∂H

∂x

)
G+H

=
k′(t)
k(t)

=−λ
2
m. (30)

From Eq. (30) we find that

k′(t)+λ
2
mk(t) = 0. (31)

and

∂G
∂x

− ∂H
∂y

+λ
2
m(G−H) =0,

∂G
∂y

+
∂H
∂x

+λ
2
m(G+H) =0. (32)

By introducing the following equations,

G(x,y) = A(x)B(y), H(x,y) =C(x)D(y). (33)

By substituting Eq. (33) into Eq. (32), we then have

dA
dx

.
1
C
+λ

2
m

A
C

=
1
B
.
dD
dy

+λ
2
m

D
B
. (34)

Because left side and right side of Eq. (34) are functions
about x and y, they are constant m.

dA
dx

+λ
2
mA−Cm =0,

dD
dy

+λ
2
mD−Bm =0. (35)

By substituting Eq. (33) into Eq. (35), Eq. (33) equals as
follows:

1
D
.
dB
dy

+λ
2
m

B
D

=− 1
A
.
dC
dx

−λ
2
m

C
A
. (36)

Because left side and right side in Eq. (36) are functions of
x and y, they are constant n. Then above equation equals as
follows:

dB
dy

+λ
2
mB−Dn =0,

dC
dx

+λ
2
mC+An =0. (37)

By deciding A, B, C and D from Eqs. (35) and (37), we can
decide G(x,y) and H(x,y) from Eq. (33). Thus, we can get
ψ and φ of Eq. (33).

ψ(x,y, t) =G0(x,y)+
∞

∑
m=1

Ame−λ 2
mtGm(x,y),

φ(x,y, t) =H0(x,y)+
∞

∑
m=1

Bme−λ 2
mtHm(x,y). (38)

In Eq. (38), G0(x,y) and H0(x,y) are solutions of the follow-
ing equations

∂G
∂x

− ∂H
∂y

=0,

∂G
∂y

+
∂H
∂x

=0. (39)

The second term of right side in Eq. (38) is an error of iter-
ative calculation. The value of this term is 0 on t → ∞.

limt→∞ψ(x,y, t) =G0(x,y),

limt→∞φ(x,y, t) =H0(x,y). (40)

Thus, the result of simple iterative calculation converges to
solution of Cauchy-Riemann differential equations from abo-
ve result we can know that numerical calculation has conver-
gence. The convergence is decided by power λ 2

1 of the sec-
ond term in right side of Eq. (38), where λ 2

1 is the smallest
eigenvalue. The greater this power is, the higher the conver-
gence is. The above eigenvalue equals λ 2

1 nh.
We can see that convergence is inversely proportional

to the step size. That is proportional to the total number of
grid points. Thus, power represents the convergence of nth
iterative calculation. Thus, λ 2

1 h shows the increment of con-
vergent velocity in the first iterative calculation.
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3 Numerical results on the viscous laminar flow in the
straight pipe

We have considered the new method of calculating the ve-
locity of Poiseuille flow and Couette flow by using the com-
plex variable finite difference method in this paper. We con-
sider N-S equation in order to calculate the steady laminar
flow velocity of viscous fluid in the straight pipe,

dV
dt

=
∂V
∂ t

+(∇.V )V = K − 1
ρ

gradP+ γ.∇2V. (41)

∂u
∂ t

+u
∂u
∂x

+ v
∂u
∂y

+w
∂u
∂ z

= X − 1
ρ
.
∂ p
∂x

+
µ

ρ

(∂ 2u
∂x2 +

∂ 2u
∂y2 +

∂ 2u
∂ z2

)
,

∂v
∂ t

+u
∂v
∂x

+ v
∂v
∂y

+w
∂v
∂ z

= Y − 1
ρ
.
∂ p
∂y

+
µ

ρ

(∂ 2v
∂x2 +

∂ 2v
∂y2 +

∂ 2v
∂ z2

)
,

∂w
∂ t

+u
∂w
∂x

+ v
∂w
∂y

+w
∂w
∂ z

= Z − 1
ρ
.
∂ p
∂ z

+
µ

ρ

(∂ 2w
∂x2 +

∂ 2w
∂y2 +

∂ 2w
∂ z2

)
, (42)

where V is the vector of velocity, γ is the kinematical vis-
cosity γ = µ/ρ , µ is the viscosity, ρ is the density of fluid
and K = Xî+Y ĵ+Zk̂.

We assume that the incompressible fluid with viscosity
µ moves along constant direction in the straight pipe with
different section (see Fig. 4). We set up z-axis as flow di-

Fig. 4 Flow along z-direction in the straight pipe with different section.

rection, while the velocity of x-axis and y-axis is 0. Thus
∂w/∂ z = 0, then w is a function about x and y. By applying
the motion equation, we get the following equation.

∂ p
∂x

= 0,
∂ p
∂y

= 0,
∂ p
∂ z

= µ(
∂ 2w
∂x2 +

∂ 2w
∂y2 ). (43)

Here we know that pressure p is only a function of z from
first and second equation. Considering the right side of third
equation is a function of x and y, we can get a pressure gra-
dient along z-axis in the straight pipe as ∂ p/∂ z = J (J is

constant). Thus,

∂ 2w
∂x2 +

∂ 2w
∂y2 =

J
µ
, (44)

and we consider that the fluid satisfies the equation w = 0 on
the wall of pipe. According to it, we can get the distribution
of the velocity along x-axis and y-axis,

w = ϕ − J
4µ

(x2 + y2), (45)

where ϕ(x,y) is the harmonic function of satisfying Laplace
differential equation. Substituting w into the motion equa-
tion, we get the equation about ϕ .

∂ 2ϕ

∂x2 +
∂ 2ϕ

∂y2 = 0. (46)

The value of the function satisfying Eq. (46) is expressed as
follows:

ϕ
2 =

J
4µ

(x2 + y2). (47)

Because the velocity of a Poiseuille flow is 0 on the bound-
ary of the wall, we can calculate the velocity of the steady
laminar flow in the straight pipe.

w = ϕ − J
4µ

(x2 + y2). (48)

Therefore, we can get ϕ by the complex variable finite dif-
ference method and then get the velocity w from Eq. (48).
Because a pressure gradient along z-axis of Poiseuille flow
in the straight pipe is not 0, a pressure gradient along z-axis
of Couette flow in the straight pipe is 0. Therefore, the veloc-
ity of Poiseuille flow in the straight pipe satisfies a Poisson
equation of non-homogeneous second-order partial differ-
ential equation. On the other hand, the velocity of Couette
flow in the straight pipe satisfies a Laplace equation of the
homogeneous second-order partial differential equation.

The approximate velocity of Poiseuille flow and Couette
flow in the straight pipe can be easily solved with a com-
puter code made in MATHCAD. Numerical results can be
obtained for any straight pipe with a different section, but in
order to validate the computer code, we consider a particu-
lar case, the problem of approximate velocity of Poiseuille
flow and Couette flow in the straight pipe with a rectangu-
lar section. It has great importance because it offers us the
possibility to make a comparison between the exact solution
and the numerical one.

First, we calculate the velocity of Couette flow in the
straight pipe by using the present method. The velocity of
Couette flow in the straight pipe with rectangular section
is represented as a cubic graph. (see Fig. 5) and the dif-
ferent sectional graphics (see Figs. 6, 7 and 8). The width
of the rectangular section in the straight pipe is 2400, and



7

the length of the rectangular section in the straight pipe is
800. The velocities of Couette flow on 4 borders of rect-
angular section have different sizes respectively, that is, the
magnitudes of velocity w on every border are 1000, 2000,
3000 and 4000. After considering the magnitudes of veloc-
ity based on the cubic graph, the approximate velocity w
of Couette flow in the straight pipe with rectangular section
from the calculated results, we can see that the larger the ve-
locity magnitude at the boundary, the larger the cubic gradi-
ent of velocity w in the Couette flow in a straight pipe with a
rectangular section. Specifically, this paper presents detailed
data on the approximate velocities of Couette flow at every
section along the width direction. According to this, we can
see that the change of velocity of Couette flow from a width
of x = 440 to x = 2000 is not large, and the form of the ve-
locity curves changes very little compared with changes in
width.

Fig. 5 The approximate velocity w of Couette flow in the straight pipe
with rectangular section.

Fig. 6 The approximate velocity w of Couette flow on width x = 440
of rectangular section.

Second, we calculate the velocity in Poiseuille flow in a
straight pipe using the present method. The size of the ve-
locity w of Poiseuille flow in the straight pipe with rectangu-
lar section by the complex variable finite element method is

Fig. 7 The approximate velocity w of Couette flow on width x = 1240
of rectangular section.

Fig. 8 The approximate velocity w of Couette flow on the width x =
2000 of rectangular section.

represented in the cubic graphics (see Fig. 9) and in differ-
ent sectional graphics respectively (see Figs. 9, 10 and 11).
In this paper, we have calculated the velocity w of Poiseuille
flow in the straight pipe with rectangular section in the case
of pressure gradient J = ∂ p/∂ z = −10. The width of the
rectangular section in the straight pipe is 2400, and the length
of the rectangular section in the straight pipe is 800. The ve-
locities of Poiseuille flow on 4 borders of rectangular sec-
tion have different sizes respectively, that is, the magnitudes
of velocity w on every border are 0. After considering the
magnitudes of velocity based on the cubic graph of the ap-
proximate velocity w of Poiseuille flow in the straight pipe
with rectangular section from the calculated results, we can
see that the larger the magnitude of velocity on the border,
the larger the cubic gradient of velocity w of Poiseuille flow
in the straight pipe with rectangular section. Specifically, de-
tailed data on the approximate velocities of Poiseuille flow
at every section along the width are presented in this paper.
According to this, we can see that the change of velocity
of Poiseuille flow from a width of x = 440 to x = 2000 is
not large, and the form of the velocity curves changes very
little compared with changes in width. Figs. 10, 11 and 12
show that profiles of velocity curve are reasonably smooth
The computational procedure appears to be appropriate for
a straight pipe with a different section.



8

Fig. 9 The approximate velocity w of Poiseuille flow in the straight
pipe with rectangular section.

Fig. 10 The approximate velocity w of Poiseuille flow on width x =
440 of rectangular section.

Fig. 11 The approximate velocity w of Poiseuille flow on width x =
1240 of rectangular section.

4 Conclusion

In this paper, the complex variable finite difference method
(CVFDM) is applied to analyze the viscous laminar flow in
a straight pipe. The Cauchy-Riemann differential equation
for solving the two-dimensional potential problem is gener-
alized to a complex finite difference equation. To verify the

Fig. 12 The approximate velocity w of Poiseuille flow on width x =
2000 of rectangular section.

accuracy of the proposed method, the analytical solutions
for Poiseuille and Couette flows are obtained.

The CVFDM has been demonstrated to be an efficient
technique for solving the two-dimensional boundary value
problem. The advantages of CVFDM include easy grid gen-
eration, fast computation, and high computational accuracy.
The CVFEM can also be applied to various physical phe-
nomena that satisfy the Cauchy-Riemann equation.
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