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Abstract. A dynamical model for mitosis cell proliferation
from a geometric viewpoint is derived. The derived kinet-
ics are nonlinear partial differential equations of cell volume
and mass density. We consider the process of inherent cell
growth due to biological processes as the mass increase in
the cell which exerts force inside of the cell. Likewise, the
process of segregation is viewed as a mass decrease. We con-
sider the physical aspects of inherent biological processes
such as anabolism of structural proteins and lipids swelling
due to mass influx and shrinking due to mass outflow. To
this aim, by first and second equations of motion together
with Fick’s laws of diffusion for nutrition, we model this
force and obtain the cell radius function and mass density
evolution equations. The control action will appear in our
dynamic equation.
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1 Introduction

We can model biological processes and bio-systems with
the aim of physical laws and system insight. Furthermore,
by control theory of biological and biophysical processes, a
new field of sciences such as system biology, system bio-
physics, etc., has been created. This system’s viewpoints
opened new windows to physics and life science. From the
biophysical and biological control side, it makes it possible
to study many biological processes such as gene regulatory
networks (GRN) [1–5], genetic switch [6, 7], and DNA com-
puting [8–12], which is suited for technology developments.

Someone may view cell proliferation systematically to
infer new sophisticated medical methods for stem cell dif-
ferentiation technology, cancer cure, etc. The well-known
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cell cycle entails an ordered series of macromolecular events
that lead to cell division and the production of two daugh-
ter cells, each containing chromosomes identical to those of
the parental cell [13]. A brief illustration of cell mitosis is
depicted in Fig. 1. In normal cells, several genes control the
process of cell division. Normal growth requires a balance
between the activity of genes, those that promote cell pro-
liferation, and those that suppress it. It also relies on the
activities of genes that signal when damaged cells should
undergo apoptosis. Cells become cancerous after mutations
accumulate in the various genes that control cell prolifera-
tion. Deregulated cell proliferation led to cancer and many
diseases [14].

From a physical and geometrical viewpoint, cancer cells
divide more rapidly than their progenitors and become less
dependent on signals from other cells. Cancer cells even
evade programmed cell death, even though their multiple
abnormalities would normally make them prime targets for
apoptosis. In the late stages of cancer, cells break through
normal tissue boundaries and metastasize to new sites in the
body. In other words, cancer can occur when cell division
rates accelerate or by inhibition of normal controls on the
cell cycle arrest or programmed cell death. From a control
system viewpoint, cancer cell dynamics are different from
normal cell dynamics. Hence, by dynamic modeling of nor-
mal cell proliferation and then by designing an appropriate
control strategy it would be possible to prevent cells from
becoming cancerous during cell proliferation and differenti-
ation.

For the modeling aim, a novel scanning ion conductance
microscopy technique has been reported in [15] for assess-
ing the volume of living cells and the method gives a high-
resolution characterization of dynamic changes in cell vol-
ume without change in cell functionality. Volume growth
rate and division probability functions for mammalian cells
have been determined as functions of cell volume [16], and
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integral equations are derived from the distribution of birth
volumes in successive generations [17]. Despite biological
diversity, the dynamics of a single cell volume exhibit com-
mon basic features in various types of cells [18]. In some
mathematical models [19], the surface S and volume V of
a cell is considered as S = βV n, β > 0, where β is a pos-
itive real number, and the main result is that the volume
should grow at least with a third power of the time. In [20],
a linear time increase for dry mass is found, while volume
growth curves are either quadratic or exponential, depend-
ing on the relative contributions of metabolism and trans-
port to cell water. An interesting side of cells’ inherent bi-
ological processes is the beautiful physical geometry repre-
sentations [21, 22]. Here, we will derive equations for cell
radius more generally with physical insight and without as-
sumption on the type of growth, i.e., spherical, linear, or ex-
ponential growth, and also the control action is taken into
account.

Fig. 1: Major phases of the cell cycle: G1 is the period between “birth”
of a cell and the initiation of DNA synthesis. In the S phase, a replicated
chromosome consists of two daughter DNA molecules, and associated
chromosomal proteins (sister chromatid) will be produced. The end of
G2 is marked by the onset of mitosis followed by the division of the
cytoplasm to yield two daughter cells. The G1, S, and G2 phases are
collectively referred to as interphase. The non-proliferating cells leave
the cell cycle in G1 and enter the G0 state [13].

Assumptions and Notations

Let us define some notations used in this paper. We denote
the mass and volume of a cell by m and V , respectively. The

inner product between two vectors A⃗ and B⃗ is

⟨A⃗, B⃗⟩= A⃗ · B⃗, (1)

and ∥A⃗∥=
√
⟨A⃗, A⃗⟩ is the Euclidean norm. The vector r⃗ de-

notes the position vector. For instance, in spherical coordi-
nates, r⃗ = (r,θ ,ϕ). For a scalar function f (⃗r) = f (r,θ ,ϕ),
one has

∇ f = ∂r f r̂+
1
r

∂θ f θ̂ +
1

r sinθ
∂ϕ f ϕ̂.

∇
2 f =

1
r2 ∂r

(
r2

∂r f
)
+

1
r2 sinθ

∂θ (sinθ ∂θ f )

+
1

r2 sin2
θ

∂
2
ϕ f .

(2)

(3)

To develop a model for dynamic cell proliferation, we as-
sume the following conditions:

1. The nutrition (mass) diffuses from a homogeneous
medium into a cell and vice versa.

2. The temperature is constant and its variation is negligi-
ble.

3. The synthesis of cell mass involves the by-now-familiar
processes of transcription and translation.

4. The mass and volume for some time interval are increas-
ing, and in another interval are decreasing. The mass and
volume are functions m(t ,⃗r) and V (t ,⃗r).

2 Proliferation Kinetics of Cell Mass Density and
Radius

First of all, we visualize a single-parent cell with an arbi-
trary shape. It has a radius vector function R⃗(t ,⃗r) and a mass
density ρ(t ,⃗r). The cell imports water and some chemical
particles needed for growth and some biochemical reactions
and other processes will occur. In physical view those pro-
cesses have important consequences: the variation of vol-
ume and mass. Before the division starts time, the cell mass
and volume increase. In the division phase, the parent cell
growth will divide into daughter cells. To model this phase,
we imagine that one daughter cell is a newly created parent
cell that exports the second daughter cell like an ensemble
of mass outside itself, see Fig. 2. Then with this idea, we
can assume that we have two general physical phases in cell
proliferation: first is the mass import and expansion, and the
second is mass export and contraction.

Mass current and flow. The time rate of mass is called the
mass current, i.e.

Im =
dm
dt

. (4)

The mass flux is defined as Jm = Im/A, where A is the sur-
face section of volume mass transit. If the direction of mass
transit is denoted by n⃗, then J⃗m = Jmn⃗ is the mass flow [23].
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Fig. 2: A simple schematic that shows a mitosis cell division: in the
initial time of growth the cell radius increases to a new radius, not equal
to twice the initial radius, and then after some time when the division
starts, the radius decreases to a new decreased radius for a cell.

Cell mass diffusion and Fick’s laws. Molecules will move
from where they are at a high concentration to where they
are at a lower concentration. They diffuse down a concen-
tration gradient. Fick’s law is used to measure the rate of
diffusion. The larger the area and difference in concentra-
tion cause thinner surface and quicker rate. By this law we
have

J⃗m +D∇ρ = 0, (5)

where J⃗m is the mass current flow, D is the diffusion coef-
ficient and ρ(t ,⃗r) is the mass density. By using Fick’s first
law and the continuity equation, i.e.

∇ · J⃗m +∂tρ = 0, (6)

one has the well-known Fick’s second law of diffusion:

∂tρ =−∇ · (D∇ρ). (7)

For an isotropic diffusion coefficient, this equation reduces
to

∂tρ =−D∇
2
ρ. (8)

Force on the Cell Surface. Let R⃗ = R⃗(t ,⃗r) be the cell vector
function at time t and in the direction r⃗. Let us define* mR⃗ =

c1ρ∥R⃗∥ as the mass distributed along the radius vector R⃗ in
the cell, where c1 is a dimensional correction constant. By
Newton’s second law, the force exerted along the vector R⃗
on the cell surface is

F⃗ =
dP⃗
dt

, (9)

*More generally, one may consider a nonlinear relation mR⃗ =

f (ρ)∥R⃗∥, where f (ρ) is a scalar nonlinear function. For simplicity,
we restrict ourselves here to the linear case f (ρ) = c1ρ .

where

P⃗ = mR⃗∂t R⃗ = c1ρ∥R⃗∥∂t R⃗. (10)

Thus we arrive at†

F⃗ = ∂t P⃗ = c1∂t
(
ρ∥R⃗∥∂t R⃗

)
. (11)

Since the force F⃗ is proportional to the mass flow J⃗m,
then likewise by variation of mass, the force direction and
amplitude will change. Hence, we postulate heuristically a
law that relates the cell surface force with diffused mass‡.

The Cell Force–Mass Divergence Law: the force divergence
is proportional to the intercellular mass density up to the
transportability constant c:

∇ · F⃗ = cρ. (12)

By using the force divergence law (12) together with
Eq. (2), and the vector calculus identity [24]

∇ · (gA⃗) = ∇g · A⃗+g∇ · A⃗, (13)

for the scalar g = c1ρ∥R⃗∥ and the vector A⃗ = ∂t R⃗, we obtain

∂tρ ∥R⃗∥∇ · (∂t R⃗)+ρ ∂t∥R⃗∥∇ · (∂t R⃗)

+ρ ∥R⃗∥∂t∇ · (∂t R⃗)

+∇
(
∂tρ ∥R⃗∥

)
·∂t R⃗

+∇
(
ρ ∂t∥R⃗∥

)
·∂t R⃗− kρ = 0. (14)

Here k = c/c1. Equation (17) is a scalar equation; hence it
does not directly determine the cell radius vector. The proof
of this equation is as follows. From (11), one has

F⃗ = ∂t P⃗ = ∂t
(
c1ρ∥R⃗∥∂t R⃗

)
. (15)

∇ · F⃗ = ∇ ·
(

∂t R⃗∂t(c1ρ∥R⃗∥)+ c1ρ∥R⃗∥∂
2
t R⃗

)
=
〈

∇
(
c1ρ∥R⃗∥

)
,∂ 2

t R⃗
〉

+
〈

∇
(
∂t(c1ρ∥R⃗∥)

)
,∂t R⃗

〉
+∂t(c1ρ∥R⃗∥)∇ · (∂t R⃗)

+ c1ρ∥R⃗∥∇ · (∂ 2
t R⃗) = cρ. (16)

†Since P⃗ = c1ρ(t ,⃗r)∥R⃗(t ,⃗r)∥∂t R⃗(t ,⃗r) = P⃗(t ,⃗r) and r⃗ does not de-
pend on time, ∂t⃗ r = 0, the total time derivative of P⃗ reduces to the
partial time derivative:

dP⃗
dt

=
∂ P⃗
∂ t

+
∂ P⃗
∂ r⃗

· ∂ r⃗
∂ t

=
∂ P⃗
∂ t

.

‡This law is the analogue of Gauss’ divergence law for the electric
displacement field D⃗ and charge density ρ [24], namely ∇ · D⃗ = ρ.
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Since ∇ · F⃗ = cρ , one has〈
∇
(
c1ρ∥R⃗∥

)
,∂ 2

t R⃗
〉
+
〈

∇
(
∂tρ ∥R⃗∥

)
,∂t R⃗

〉
+∂tρ ∥R⃗∥∇ · (∂t R⃗)+ρ∥R⃗∥∇ · (∂ 2

t R⃗)− kρ = 0. (17)

where k = c/c1, and the proof is complete. To obtain the
radius vector, we have to extract a vector partial differential
equation. Note that

∂t(∇ · F⃗) = ∇ ·∂t F⃗ = ∇ ·∂ 2
t
(
c1ρ∥R⃗∥∂t R⃗

)
= c∂tρ. (18)

Since ∂t and ∇ are continuous operators, and since ρ and R⃗
are continuous functions, the operators ∂t and ∇ commute:

[∂t ,∇] = ∂t∇−∇∂t = 0. (19)

By substituting from Eq. (7) for ∂tρ , one finds

∇ ·∂ 2
t
(
c1ρ∥R⃗∥∂t R⃗

)
=−∇ · (cD∇ρ), (20)

or equivalently

∇ ·
[
∂

2
t
(
c1ρ∥R⃗∥∂t R⃗

)
+ cD∇ρ

]
= 0. (21)

Thus, the expression inside the divergence is a vector inde-
pendent of the spatial coordinates. Therefore,

∂
2
t
(
ρ∥R⃗∥∂t R⃗

)
+(kD)∇ρ = α u⃗(t)+ v⃗. (22)

For a general function mR⃗ = f (ρ)∥R⃗∥, Eq. (22) becomes

∂
2
t
(

f (ρ)∥R⃗∥∂t R⃗
)
+(kD)∇ρ = α u⃗(t)+ v⃗. (23)

The vector α u⃗(t)+ v⃗ is interpreted as a control action reg-
ulating cell proliferation. Here α and v⃗ are, respectively,
a constant scalar and a constant vector. For instance, the
control signals of these events are a small number of het-
erodimeric protein kinases containing a regulatory sub-
unit, called cyclin, and a catalytic subunit, called cyclin-
dependent kinase. These kinases regulate the activities of
multiple proteins; for more details, see [13]. The solution
of the partial differential equations (7) and (22) gives the
time evolution of the cell radius and mass density. By ap-
propriate control, the regulation of proliferation toward the
true profile becomes possible.

3 Analysis of the Cell Mass-Volume Diffusion Dynamic

Consider the mass-volume relation m = ρV and the mass
rate ∂tm. By Eq. (7) for constant diffusion, we obtain

∂tm
m

− ∂tV
V

=−D
(

∇2V
V

−2
∥∇V∥2

V 2

)
, (24)

where ∇2V = ∂ 2
x V + ∂ 2

y V + ∂ 2
z V is the Laplace operator in

Cartesian coordinates and

∥∇V∥2 = (∇V,∇V ) = (∂xV )2 +(∂yV )2 +(∂zV )2. (25)

Based on the last equation, we have these conditions.

(a) The first phase of proliferation, the cell grows. In this
phase, both the mass amount and the volume are increasing
and hence ∂tV,∂tm > 0, but evidence shows that the mass
increase ratio is more than the volume increase ratio [23],
i.e.

∂tm
m

>
∂tV
V

> 0. (26)

Then one finds for volume the relation

V (∂xV )2 +V (∂yV )2 +V (∂zV )2

−2∂
2
x V −2∂

2
y V −2∂

2
z V < 0. (27)

(b) At t0,

∂tm
m

=
∂tV
V

, (28)

which means the cell stops growing. For t > t0 the cell starts
to divide, and in the division phase we have V,m > 0 and
∂tV,∂tm < 0. Also

∂tm
m

<
∂tV
V

< 0, (29)

which is equivalent to ∂tρ < 0 or ∇ · J⃗m > 0, which means
that the mass flows outward the cell.

Remark. During a normal exponential-growth cell cycle,
both DNA content N and the cytoplasmic mass C double,
but asynchronously. In the cell cycle and after mitosis, the
cells begin to increase C, thus late G1 cells have a low N/C
ratio. In the subsequent step, S-phase, the nucleus content
of the cells doubles, thus the N/C ≃ 1 is re-established [25].
According to our model, when the volume growth rate of the
cell, increase in cytoplasm, is equal to its mass growth rate,
increase in nuclear mass, the cell will divide.

4 Conclusion

Here, we derive some partial differential equations for radius
vector and mass density of a cell. The systematic views of
biological processes are still in their infancy; it is far from
clear at this time what will be the ultimate impact of sys-
tematic view of cell growth, symmetric and asymmetric. As
a future work, someone can model the asymmetric cell pro-
liferation and differentiation.
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