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Abstract We study the persistence and slow evolution of
soliton solutions of a nonlinear Schrodinger equation per-
turbed by a nonlinear intensity—gradient term arising from
a weakly noninstantaneous Kerr response. Starting from
Maxwell’s equations with a nonlocal nonlinear polariza-
tion, we derive a perturbed envelope equation containing
the correction in y ;| w|?, which represents the leading con-
tribution of a short-memory nonlinear response. To ana-
lyze the resulting dynamics we employ a variational collec-
tive—coordinate reduction that describes the pulse in terms of
a small set of evolving soliton parameters. The reduced dy-
namical system shows that the perturbation preserves the op-
tical power while producing a slow evolution of the soliton
center and carrier frequency. At the level of the governing
partial differential equation we derive an exact balance law
for the momentum, which reveals that the nonlinear gradient
term acts as a systematic source of momentum drift. This
balance relation yields explicit scaling predictions for the
long-distance evolution of the soliton parameters. Numeri-
cal simulations confirm the persistence of a localized pulse
together with the predicted parameter drift. The results pro-
vide a transparent connection between the microscopic ori-
gin of delayed nonlinear responses, the modified conserva-
tion structure of the perturbed equation, and the observable
dynamics of optical solitons.

Keywords: nonlinear Schrédinger equation, optical soli-
tons, delayed Kerr response, balance laws, collective coor-
dinates.

1 Introduction

Localized nonlinear wave packets play a fundamental role
in many areas of modern physics, ranging from fluid dy-

4e-mail: latifi@qut.ac.ir

namics and plasma physics to nonlinear optics and Bose—
Einstein condensates. Among the most prominent examples
are optical solitons, which arise when the dispersive spread-
ing of a pulse is exactly balanced by nonlinear self-phase
modulation in a Kerr medium. This balance leads to robust,
shape—preserving propagation and provides the basis for a
wide range of physical phenomena. The theoretical descrip-
tion of such pulses is most commonly formulated in terms of
the nonlinear Schrédinger equation (NLSE), which serves as
a universal envelope equation for weakly nonlinear disper-
sive waves [1-3].

The NLSE occupies a distinguished position in nonlin-
ear science because it is both physically relevant and mathe-
matically integrable. Its soliton solutions were first obtained
through the inverse scattering method by Zakharov and Sha-
bat [4], establishing the NLSE as a prototype integrable non-
linear wave system. Shortly thereafter, Hasegawa and Tap-
pert demonstrated that the same equation governs the prop-
agation of optical pulses in dispersive dielectric fibers, pro-
viding the first experimental platform for NLSE soliton dy-
namics [5, 6]. Classical treatments of NLSE theory and ap-
plications can be found in [1, 2, 7-10].

In realistic optical media, however, the nonlinear re-
sponse is not strictly instantaneous. The Kerr response orig-
inates from electronic and molecular polarization processes
with finite relaxation times, and therefore the nonlinear po-
larization may depend not only on the instantaneous in-
tensity but also on its temporal variation. This behavior is
naturally modeled using a nonlocal response function [10].
When the response time is short compared with the pulse du-
ration, a systematic expansion of the response kernel yields
higher—order corrections to the standard Kerr model. Of
particular interest is a nonlinear intensity—gradient term of
the form in y d,|y|?, which arises in several nonlocal and
delayed-response models.
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Such perturbations break the integrability of the NLSE
and lead to a slow evolution of the soliton parameters along
the propagation direction. The resulting solitary waves are
no longer exact solitons but slowly varying structures whose
amplitude, width, frequency, and center evolve during prop-
agation. Early systematic methods for analyzing these ef-
fects relied on perturbation theory and inverse scattering
[11, 12]. Variational approaches [13, 14] provide a com-
plementary framework in which the pulse is represented by
a parameterized ansatz, reducing the NLSE dynamics to a
finite—dimensional system for the soliton parameters.

In the last few years there has been renewed interest
in perturbations of the NLSE generated by delayed, non-
local, and ultrafast nonlinear responses. These effects are
especially important in modern platforms such as photonic
crystal fibers, integrated waveguides, and ultrafast nonlinear
media. Recent studies have investigated how weak nonlocal
corrections and delayed Kerr responses influence soliton sta-
bility, parameter drift, and modified conservation laws [15—
18]. Broader perspectives on noninstantaneous effects and
generalized NLSE models in contemporary optics are pro-
vided in recent works [19, 20].

Motivated by these developments, this paper analyzes
the persistence and slow evolution of NLSE solitons in
the presence of a nonlinear intensity—gradient perturbation.
Starting from Maxwell’s equations with a nonlocal nonlin-
ear polarization, we derive a perturbed NLSE that incorpo-
rates this correction. A variational collective—coordinate re-
duction is then used to obtain a dynamical system for the
soliton parameters, enabling a clear characterization of the
parameter drift induced by the perturbation.

A central goal of the analysis is to understand how the
nonlinear gradient term modifies the conservation structure
of the NLSE. We show that while the optical power remains
conserved, the momentum satisfies a modified balance law
that generates a monotonic drift of the soliton center and
carrier frequency. The theoretical predictions are supported
by numerical simulations, which illustrate the propagation
dynamics and confirm the scaling behavior deduced from
the balance law.

The remainder of the paper is organized as follows. Sec-
tion 1 derives the perturbed NLSE from Maxwell’s equa-
tions using a nonlocal nonlinear response model. Section 2
develops the variational formulation and obtains the equa-
tions governing the soliton parameters. Section 3 discusses
soliton persistence and qualitative features, along with the
physical interpretation of the gradient correction. Section 4
presents the balance laws and their implications for param-
eter drift. Section 5 provides numerical simulations validat-
ing the analytical predictions. Section 6 concludes with a
discussion and outlook.

2 Physical Model and Governing Equations

We consider the propagation of an optical pulse in a weakly
nonlinear, single-mode Kerr fiber. The starting point is
Maxwell’s equations in the absence of free charges and cur-
rents. For a nonmagnetic dielectric the electric displacement
is

D =gE+P, (1)

where P denotes the material polarization. In nonlinear op-
tics P is expressed as a power series in the electric field,

P=¢)(x VE+xPE + xVE +--.), )

with x(”> the nth-order electric susceptibilities [10]. In cen-
trosymmetric media such as silica fibers, x(z) =0, so the
leading nonlinear response arises from the third-order sus-
ceptibility. The corresponding Kerr polarization is

Pa = &) |E]E. 3)

Substituting this expression into Maxwell’s equations yields
the nonlinear wave equation

nd’E 1 9*Py

VE-— =
c? 02 gc? 91?2 ]
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where the linear index satisfies n2 = 1+ (1.
In a single-mode optical fiber the electric field is repre-
sented as

E(x,y,z,1) = F(x,y) E(z,1) &, (5)

where F(x,y) is the normalized transverse mode profile, € is
the unit polarization vector, z is the propagation distance,
and ¢ denotes the laboratory time. Projecting Maxwell’s
equations onto the fundamental guided mode yields an ef-
fective one-dimensional evolution equation for the longitu-
dinal field envelope E(z,t).

Introducing a slowly varying complex envelope y(z,T)
via

1 . .
E(z1) = 5 [z 1)) 1y (¢, ) e home] | (6)

where @y is the carrier angular frequency, ko = B(@y) is
the corresponding propagation constant, and 7 =1 —z/v,
is the retarded time in a frame moving with the group veloc-
ity vy = (dB/d®)~"|a,, one expands the propagation con-
stant B(w) = n(®)®/c about . Retaining terms up to sec-
ond order in the dispersion and applying the slowly varying
envelope approximation leads to the nonlinear Schrodinger
equation

Ay B o’y
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where B, = d*f/d®?|q, is the group-velocity-dispersion
coefficient and

_ 360())((3)
r= 8n2(my)c ®

is the Kerr nonlinearity parameter. Standard derivations of
Eq. (7) for optical fibers may be found in Refs. [5-7, 21, 22].

Equation (7) admits localized solutions in the anoma-
lous dispersion regime 3, < 0, where the effects of disper-
sion and Kerr nonlinearity exactly balance. The fundamental
bright soliton solution is

2
y(z,T) = Agsech <T> exp <l-7’;‘oz> , )

Ty

where Ao is the peak field amplitude and 7j is the
pulse width. These parameters satisfy the soliton condition
AZT? = |Ba|/7v. Defining the peak power Py = A3, the dimen-
sionless soliton order

_ YP OT()2
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identifies the case S = 1 as the fundamental soliton [7].
Realistic dielectric materials may exhibit a weakly de-
layed Kerr response: the nonlinear refractive index depends
not only on the instantaneous intensity but also on its tempo-
ral variation. Retaining the first-order term in this nonlocal
expansion gives nnL = n2|W|*> + 1 dr|w|?, where the small
parameter 1) characterizes the strength of the delay. Substi-
tution into Eq. (7) yields the perturbed envelope equation

il//ﬁ%wrﬂlwzw:isn vor|yl?, (11)

with 0 < € < 1 emphasizing that the correction is weak. The
added term introduces a nonlinear intensity-gradient pertur-
bation that accumulates over long propagation distances and
modifies the soliton parameters.

For subsequent analysis we normalize the equation using
T=T/Ty, & =z/Lp, and y = \/Pyu(&, 7), with dispersion
length Lp = T /| B2| and soliton power Py = || /(YT#). The
resulting dimensionless form is

iué—&—%u”—&—|u|2u:iﬁu8ﬂu|2, (12)

where 7) = enPyLp /Ty quantifies the normalized perturba-
tion strength. For 7] = 0 the fundamental soliton is u(&,7) =
sech(r)e’f /2, while the small nonlinear gradient term intro-
duces a slow, symmetry-breaking drift that will be examined
analytically in subsequent sections.

3 Variational formulation and collective—coordinate
dynamics

The perturbed propagation model introduced in Sec. 2
reduces to the standard nonlinear Schrddinger equation
(NLSE) (7) in the absence of the nonlinear gradient term.
While the NLSE is a completely integrable system possess-
ing an infinite hierarchy of conservation laws and exact soli-
ton solutions [4, 7], the additional perturbation breaks in-
tegrability and modifies the evolution of the pulse. When
the perturbation strength is sufficiently small, however, so-
lutions remain close to the fundamental soliton (9), and the
optical pulse preserves its localized shape while its physical
parameters vary slowly along the propagation coordinate z.
Such slow modulations can be described efficiently through
areduced dynamical system for a finite set of collective vari-
ables characterizing the soliton [12, 13, 23].

The collective—coordinate approach exploits the La-
grangian structure of the unperturbed NLSE. Equation (7)
follows from the stationary action principle 65 = 0 with ac-
tion S = [ Ldz and Lagrangian density

i * *
Z=z(yvi-v wz>—%|w|2+g|w|4, (13)

where y(z,T) is the slowly varying envelope introduced in
Sec. 2, z denotes the propagation distance, T is the retarded
time coordinate, 3, is the group—velocity—dispersion coef-
ficient defined after Eq. (7), and ¥ is the Kerr nonlinearity
parameter.

To express the perturbed propagation equation in the
standard form

in+%WTT+Y|W|2W:R(W)a (14)

we introduce the perturbation operator corresponding to the
nonlinear gradient term in Eq. (14). Explicitly,

R(y)=inor(lyy), (15)

where 1 is the dimensionless perturbation parameter de-
fined after Eq. (14). The assumption |1| < 1 ensures that
the nonlinear-gradient correction produces only a weak de-
viation from NLSE soliton dynamics.

To capture the slow modulation of the soliton parameters
we assume that the pulse maintains approximately the func-
tional form of the fundamental solution (9) while its param-
eters become functions of z. The field envelope is therefore

approximated by
T—é(Z))
— h(—2*
v(z,T) A(z)sec( e a6)

x exp[iQ(2)(T — E(z)) +ip(2)],
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where A(z) denotes the pulse amplitude, T(z) is the tempo-
ral width, &(z) is the pulse center in the retarded time coor-
dinate T, Q(z) represents the instantaneous frequency shift,
and ¢ (z) is the overall phase. These quantities constitute the
set of collective coordinates

aj(z) = (A(2), T;(2), € (2), 2(2), 0 (2)). (17)

Substituting the ansatz (16) into the Lagrangian density
(13) and integrating over the temporal coordinate produces
an effective Lagrangian

L(Clj,c'lj):/::de, (]8)

where the overdot denotes differentiation with respect to z.
In the absence of perturbations the parameters evolve ac-
cording to the Euler—Lagrange equations

d [ JL JdL

Because the perturbation term R(y) does not originate
from a Lagrangian density, its influence enters through gen-
eralized forces [12, 23]. The evolution equations for the col-
lective variables therefore take the form

d ( JL JL
i (56;) 30 =0 e
with
) aw*
Qj:2Re/ R(y)— —dT. 1)
J—eo J

Evaluation of the integrals appearing in Eq. (21) is facil-

itated by introducing the dimensionless variable
T —
w128 (22)
Ti(z)

which reduces the required expressions to standard inte-
grals of powers of the hyperbolic secant function [24]. After
straightforward calculations one obtains a closed system of
evolution equations for the collective coordinates,

A=—-CnA’Q, (23)
T, = AT, 24)
§= P2 +CinA’, (25)
2
Q=-Cin=— 26
47 7—;2 ’ ( )
B v B 2

== -—"—+4+=0Q°4+C5nA"Q 27

‘P ZTSZ D) + ) +Csn ; (27)
where the constants Cy,...,Cs arise from overlap integrals

of the sech profile and depend only on the assumed func-
tional shape of the soliton ansatz.

A natural propagation scale of the unperturbed soliton is
the soliton length introduced after Eq. (9),
];2

: (28)
B2
The collective—coordinate description remains accurate
when the parameters a(z) evolve on propagation distances
much larger than Ly, ensuring that the pulse retains its soli-
ton profile while its parameters vary adiabatically along the
fiber.

L=

4 Persistence, conservation laws, and physical
interpretation

The reduced dynamical system derived in Sec. 3 provides
a finite—dimensional description of the perturbed nonlin-
ear Schrodinger equation (14) through the collective coor-
dinates A(z), T(z), £(z), 2(z), and ¢(z) introduced in the
variational ansatz (16). These quantities represent respec-
tively the pulse amplitude, temporal width, center position,
carrier frequency shift, and global phase. Their evolution
is driven by the nonlinear gradient perturbation R(y) de-
fined in Eq. (15), where 11 denotes a small real perturbation
parameter satisfying |17| < 1. The purpose of this section
is to examine how this perturbation affects the persistence
of soliton solutions, modifies the conservation laws of the
nonlinear Schrédinger dynamics, and arises physically from
weakly nonlocal nonlinear response effects.

For the unperturbed nonlinear Schrodinger equation (7)
a fundamental bright soliton solution exists in the anomalous
dispersion regime 3, < 0 with focusing nonlinearity y > 0.
The explicit form of this solution, given in Eq. (9), depends
on the amplitude Ay and temporal width Tp, which satisfy
the balance relation
AT = @. (29)

Y

When the perturbation is weak, the solution remains
close to the soliton family but its parameters evolve slowly
along the propagation coordinate z. Denoting the collective
parameters generically by a;(z) € {A,T,§,2,¢}, one ob-
tains the scaling

daj _

Z = om), (30)

so that the parameters vary on the long propagation scale
z ~ 1/|n]. According to the general perturbation theory of
solitons developed in Refs. [12—14], localized solitary waves
of integrable equations persist under sufficiently small per-
turbations. Consequently the optical pulse remains close to
the hyperbolic—secant profile while its parameters evolve
adiabatically during propagation.
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This behavior can be interpreted geometrically in terms
of the soliton manifold of Eq. (9). Let

Ws(t7Z) :ASCCh<t_T§) ei(Q(tf‘gH"P) (31)

denote the family of soliton profiles parametrized by p =
(A, T,E,Q,¢). For initial data close to this manifold the so-
lution can be represented in the form

v(t,2) = ws(t,p(2)) + O(n). (32)

Projection of the perturbed dynamics onto the tangent space
of this manifold produces the collective—coordinate equa-
tions derived in Sec. 3. The remaining component corre-
sponds to weak radiation of order &'(1) over propagation
distances z = O(n~'). Hence the nonlinear gradient pertur-
bation does not destroy the soliton but produces only a slow
drift of its parameters.

Additional insight into the perturbed dynamics can
be obtained from the conservation laws of the nonlinear
Schrodinger equation. For the unperturbed system the op-
tical power

N=[ v, (33)

the momentum

P:é/, (Vaoy" -y dy)dt, G4

and the Hamiltonian

_ [P Yy
H—/m<2|atw 2|w)dr (35)

are conserved quantities.
When the perturbation R(y) is included these quantities
satisfy balance relations. For the optical power one finds

aN _ 2Re/°° W R(v)dr. (36)

dz
Substituting R(y) = in y d;|y|* shows that the integrand is
purely imaginary, yielding

w_,
dz
Thus the nonlinear gradient perturbation preserves the total
optical power exactly, consistent with the variational dynam-
ics where the soliton amplitude remains constant to leading
order.

More interesting behavior arises for the momentum. Dif-
ferentiating P with respect to z and using the perturbed evo-
lution equation (14) gives, after integration by parts and as-
suming sufficiently rapid decay as [t| — oo,

(37)

dpP

— * 2N\2
=/ _@lyPra. (39)

Momentum drift
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Fig. 1: Evolution of the soliton momentum P(z) predicted by the
balance law (38) for parameters A=1,T =1, 3, =—1,y=1, and
n = 0.05. The nonlinear gradient perturbation produces a slow
monotonic drift of the momentum during propagation.

Center position evolution
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Fig. 2: Propagation of the soliton center position & (z) obtained from
the collective—coordinate equations with parameters A =1, 7 =1,
B, =—1,y=1,and n = 0.05. The nonlinear gradient perturbation
induces a gradual shift of the pulse position along the propagation
direction.

Since the integrand is nonnegative, the momentum varies
monotonically when n > 0. The rate of change is pro-
portional to the squared temporal gradient of the inten-
sity, showing that the perturbation redistributes momentum
across the pulse profile.

Representative trajectories illustrating this slow drift are
shown in Figs. 1, 2, and 3. These plots correspond to a soli-
ton with parameters A=1,T =1, f, = —1, y= 1, and per-
turbation strength 7 = 0.05.

A useful scaling estimate follows from evaluating the in-
tegral in (38) for the approximate soliton intensity profile

y | = A%sech? <tT§> . (39)

Direct differentiation yields

24 t—¢& t—¢&
2_ 2
o|ys|” = T sech ( T >tanh< 7 ), (40)
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Frequency drift
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Fig. 3: Evolution of the frequency shift (z) under the nonlinear
gradient perturbation forA=1,T =1, B = —1, y=1,and n = 0.05.
The perturbation produces a slow spectral drift consistent with the
momentum balance relation.

which implies the scaling relation

oo . A4
| _@lwPyars<"-. @n
Consequently Eq. (38) predicts
dp A*
—~ N = 42
iz n=7> (42)

demonstrating that stronger and narrower pulses experience
a larger perturbation-induced momentum drift.

The nonlinear gradient perturbation has a clear physi-
cal origin in the finite response time of the nonlinear polar-
ization of the medium. In general the nonlinear polarization
may be written as

Aw(t) = & [ ZR(t ) EWPE@) Y, (43)

where R(t) is the nonlinear response function. If the re-
sponse time is short but finite, R(¢) may be expanded as

R(t)~6(1)+ndo(r)+.... (44)

Substitution into the polarization integral gives

P\~ YIEPE+NEQ|E|, (45)

which produces the perturbation term in Eq. (14) after ap-
plying the slowly varying envelope approximation.
Physically, the term 9,|y|? introduces an asymmetric
nonlinear phase shift across the pulse profile. The leading
and trailing edges therefore acquire slightly different non-
linear phase modulations, producing the systematic momen-
tum variation described by Eq. (38). Because the soliton mo-
mentum is directly related to the frequency shift and center
position, this mechanism generates a slow drift of the soli-
ton parameters while preserving the localized structure of
the pulse. Such gradient corrections arise naturally in opti-
cal media with delayed Kerr or Raman responses [7, 10, 23].

5 Numerical validation

To verify the analytical predictions obtained in Sec. 3 and
Sec. 4, we perform direct numerical simulations of the per-
turbed nonlinear Schrodinger equation (14), which includes
the nonlinear gradient perturbation R(y) defined in Eq. (15).
The goal of these simulations is to examine the evolution
of a perturbed fundamental soliton and to compare the ob-
served dynamics with the collective—coordinate equations
derived in Eq. (27).

The numerical integration is performed using a sym-
metric split-step Fourier method, which is standard for the
simulation of nonlinear pulse propagation in dispersive me-
dia [7]. In this approach the dispersive part of Eq. (14) is
evaluated in the frequency domain while the nonlinear con-
tribution is computed in the time domain. A sufficiently
small propagation step Az is chosen so that numerical dis-
persion and operator—splitting errors remain negligible over
the entire propagation interval.

The initial condition corresponds to the fundamental
soliton solution of the unperturbed nonlinear Schrodinger
equation (7),

v(0,1) = Wl (1), (46)

whose explicit form is given in Eq. (9). The soliton pa-
rameters satisfy the balance relation (29) ensuring that the
launched pulse corresponds to an exact solution in the ab-
sence of the perturbation.
In the simulations the parameters are chosen as

Ag=1, Th=1,  pp=-1,
which satisfy the soliton condition (29). The perturbation
strength is taken to be

r=1 (47)

1 = 0.0, (48)

which lies well within the weak—perturbation regime |1| <
1 assumed in the theoretical analysis. The computational
window is chosen sufficiently large so that the pulse ampli-
tude decays to negligible values at the domain boundaries,
ensuring accurate spectral evaluation of the dispersive step.
The characteristic propagation scales follow from the
dispersion and nonlinear lengths introduced in Sec. 2,

I 1

Lp = ) Ly = —.
B2 YA}

(49)

For the chosen parameters both scales are equal to unity,
which simplifies the interpretation of the propagation dis-
tance z in the numerical results.

Figure 4 shows the numerically computed evolution of
the pulse intensity |y(z,¢)|* obtained from Eq. (14) with the
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Illustration of slow soliton deformation
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Fig. 4: Numerical evolution of the intensity |y(z,¢)|? obtained from

direct integration of Eq. (14) using the split-step Fourier method. The
parameters are Ag = 1, Tp = 1, B = —1, y=1 and 1 = 0.05. The
pulse remains localized while its position and phase gradually drift
due to the nonlinear gradient perturbation.

parameters specified above. The pulse remains strongly lo-
calized throughout propagation, preserving the characteris-
tic hyperbolic secant structure of the fundamental soliton. At
the same time a slow drift of the pulse parameters is clearly
visible.

The observed dynamics agrees with the qualitative be-
haviour predicted by the collective—coordinate equations
(27). In particular, the soliton parameters evolve slowly on
the long propagation scale z ~ O(n~!), while the pulse pro-
file remains close to the variational ansatz (16). The tempo-
ral position & (z) exhibits a gradual drift, consistent with the
momentum balance law (38), while the amplitude and width
undergo only weak adiabatic variations.

For larger propagation distances or stronger perturba-
tions small deviations from the adiabatic dynamics become
visible in the form of weak radiation emitted from the soli-
ton core. Nevertheless, within the regime || < 1 consid-
ered here, the reduced dynamical system derived in Sec. 3
provides an accurate and physically transparent description
of the numerical solutions of Eq. (14).

6 Discussion and outlook

The variational reduction developed in Sec. 3 together with
the numerical simulations of Sec. 5 provides a coherent and
self—consistent description of soliton dynamics in the pres-
ence of the nonlinear gradient perturbation R(y) defined in
Eq. (15). The perturbation does not destroy the solitary wave
but induces slow adiabatic evolution of the collective coor-
dinates A(z), T(z), &(z), 2(z), and ¢(z) appearing in the
variational ansatz (16). As a result, the soliton persists as
a robust localized structure whose characteristic parameters
drift gradually along the propagation direction.

The leading—order evolution of the collective coordi-
nates is governed by the reduced dynamical system (27).
These equations show that the perturbation produces sys-
tematic corrections to the amplitude, width, temporal posi-
tion, frequency shift and overall nonlinear phase of the soli-
ton. In particular, the amplitude and width vary only slowly
on the long scale z = O(n '), which reflects the adiabatic
character of the perturbation. Consequently, the pulse retains
its sech—type profile while its parameters evolve smoothly.

Direct numerical simulations of the perturbed NLSE
(14) confirm this analytical picture. Starting from the funda-
mental soliton (9) of the unperturbed equation (7), the pulse
remains localized and preserves its characteristic shape
throughout propagation. The observed variations of ampli-
tude and temporal width follow the qualitative trends pre-
dicted by Eq. (27), and the slow temporal drift of the center
&(z) is consistent with the momentum balance relation (38).
The numerical intensity evolution in Fig. 4 illustrates this
behaviour: the pulse remains sharply localized while ex-
hibiting the gradual deformation characteristic of the non-
linear gradient perturbation.

Small discrepancies between the reduced model and the
full numerical solution arise only at larger propagation dis-
tances or for stronger perturbations. These differences are
attributed to higher—order effects not included in the lead-
ing—order variational approximation, such as weak disper-
sive radiation or corrections beyond first order in 1. Never-
theless, within the regime |1| < 1 the reduced model pro-
vides an accurate and physically transparent representation
of the full dynamics.

From a physical standpoint, the nonlinear gradient term
originates from a finite nonlinear response time of the
medium, as discussed in Sec. 4. In this setting the nonlinear
polarization depends not only on the instantaneous intensity
but also on its temporal variation, which naturally introduces
contributions proportional to ¥ d;|y|? in the envelope equa-
tion.

The characteristic dispersion and nonlinear lengths,

I L 1
= Tp NL — — .+
B2’ YRy’

provide a convenient way to compare the relative importance
of dispersive and nonlinear effects with the influence of
the gradient perturbation. In the parameter regime explored
here the propagation distance is several times larger than Lp
and Ly, yet the perturbation parameter remains sufficiently
small for the soliton to evolve adiabatically.

The framework developed in this work admits sev-
eral natural extensions. Additional physical effects such
as higher—order dispersion, Raman scattering, or fre-
quency—dependent loss may be incorporated into the per-
turbation term. Each such contribution would modify the
generalized forces in the variational system and lead to new

Lp (50)
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evolution laws for the collective coordinates. Another inter-
esting direction concerns the interaction of multiple solitons
in the presence of the gradient perturbation. Because the
perturbation induces frequency shifts and temporal drifts,
it can modify the interaction forces between neighbouring
pulses and affect the formation of bound states or soliton
molecules.

In summary, the combined use of variational analysis,
conservation—law considerations, and direct numerical sim-
ulations provides a consistent picture of soliton dynamics
under nonlinear gradient perturbations. The fundamental
soliton persists as a stable, localized structure whose param-
eters evolve slowly and predictably according to the reduced
dynamical system derived in this work.
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