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Abstract The Finite Element Method (FEM) serves as a
standard numerical technique for Partial Differential Equa-
tion (PDE) solutions because it maintains stability combined
with theoretical proof. The method experiences significant
performance issues when dealing with high-dimensional
spaces that require fine mesh resolutions. The research intro-
duces a hybrid FEM-RBFNN framework that serves as a fast
surrogate model for studying nonlinear wave motion. The
hybrid method uses Radial Basis Function Neural Network
(RBFNN) training on low-cost, coarse-grid FEM data to
produce accurate results without requiring full-mesh refine-
ment. The nonlinear Schrodinger Equation (NLSE) analysis
shows that FEM-RBFNN successfully tracks the movement
of complex solitons while mitigating numerical issues aris-
ing from coarse mesh grids. The results demonstrate that the
system achieves a 60x speedup over detailed ground-truth
simulations, reducing processing time from 4.60s to 0.08s.
The surrogate maintains an L error of 0.014, matching the
performance of the coarse source while using training data
to address high-frequency dispersive tails. The research de-
velops an efficient PDE solver that supports real-time sim-
ulations and extensive parameter exploration through its ro-
bust, differentiable features.

Keywords: Finite Element, Nonlinear Schrodinger Equa-
tion, Radial Basis Function, Neural Networks.

1 Introduction

Fundamental in nature, partial differential equations help
simulate complex phenomena across several scientific and
technological domains. Computational meshes are funda-
mental to the accuracy and stability of traditional numeri-
cal methods such as the Finite Element Method (FEM), Fi-
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nite Difference Method (FDM), and Finite Volume Method
(FVM). These techniques nevertheless struggle with dy-
namic boundaries and complex geometries, where mesh
generation becomes computationally costly. Eliminating
meshing limitations enables mesh-free methods, especially
neural network-based systems such as Physics-Informed
Neural Networks (PINNs) and Radial Basis Function Neu-
ral Networks, to serve as a potential substitute [1]. Although
neural networks are perfect universal approximators, their
convergence guarantees and numerical stability remain the
subject of ongoing study. Numerical methods for PDEs have
been enhanced by recent developments, including the ratio-
nal multi-derivative integrator by [2]. This work presents
a hybrid FEM-RBFNN framework integrating the stability
of FEM with the adaptability of RBFNNs to improve so-
lution accuracy and computational efficiency. Particularly in
cases with noisy or inadequate data, the suggested method is
meant to manage both stationary and time-dependent PDEs.

FEM’s efficiency in solving PDEs does not eliminate
problems, including high computational cost, numerical in-
stability, and the need to handle irregular domains. Al-
though RBFNNs have shown promise in enhancing numer-
ical methods through improved function approximation and
generalisation [3], their integration with FEM remains a
challenging area of ongoing research. This work aims to
provide a hybrid FEM-RBFNN framework to address com-
putational inefficiencies, improve mesh discretisation, and
enhance numerical stability while preserving high solution
accuracy. The results will help to advance hybrid numerical
approaches for the solution of challenging PDEs in several
fields [4, 5].

The research develops a hybrid numerical framework
combining FEM and RBFNNSs that improves the accuracy,
efficiency, and flexibility of PDE simulations. The frame-
work provides an efficient computational method that adapts
to solve difficult PDE problems through a combination of
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numerical methods and machine learning techniques. The
combination of FEM with Radial Basis Function Neural
Networks is necessary because FEM struggles with spe-
cific problems involving noisy data, complex geometries and
domains, and the need for local adaptivity and improved
solution smoothness. The integration allows generalisation
because PDE problems are partially defined by boundary
data deficiencies and undisclosed coefficient information.
The hybrid technique aims to enhance FEM performance in
challenging problem situations while preserving its existing
functionality.

This study presents a hybrid FEM-RBFNN framework
that improves numerical resolution of PDEs by combin-
ing FEM and RBFNN techniques. RBFNNs enhance nu-
merical accuracy through their ability to diminish numeri-
cal errors, which leads to better FEM solutions for PDEs.
The hybrid model achieves greater computational efficiency
through shorter solution times, enabling its use in exten-
sive simulations. This method successfully solves nonlinear
PDEs, complex geometric structures, and difficult boundary
conditions in complex domains, which pose challenges for
traditional FEM methods [6]. RBFNNs enhance FEM ap-
proximation accuracy through their capacity to model geo-
metric variations while maintaining the fundamental prop-
erties of FEM [7]. The method improves observational data
integration by applying it to real-world situations that in-
clude sparse or noisy data, thereby supporting the solution
of inverse problems [4, 5].

PDEs admit both analytical and numerical solution
methods. The mathematical techniques of integral transfor-
mations and separation of variables enable analytical meth-
ods to deliver exact solutions for simple PDEs and geomet-
ric problems, but their application is limited to these ba-
sic situations. In complex situations, numerical techniques
that approximate PDE solutions using computer methods
are therefore more sensible. By discretising the problem do-
main and approximating derivatives using difference equa-
tions [8], the finite difference method is used. Stability re-
strictions cause FDM to struggle with complex domains and
high-dimensional problems, even though it is theoretically
simple and computationally economical for simple geome-
tries [7]. With piecewise polynomials, the FEM approxi-
mates solutions and is therefore appropriate for irregular ge-
ometries and complex boundary conditions [6]. Its localised
basis functions produce sparse system matrices that improve
computational efficiency; however, mesh generation can be
computationally costly. Because it guarantees local conser-
vation of mass, energy, and momentum, the finite-volume
method is frequently employed for PDEs originating from
conservation laws. In computational fluid dynamics, FVM
is extensively used; precise flux computations in irregular
geometries can be difficult. With excellent accuracy, spec-
tral methods approximate solutions using orthogonal basis

functions, such as Chebyshev polynomials or Fourier series
[9]. But the Gibbs phenomenon causes them problems with
discontinuities and irregular domains. Computational accu-
racy and efficiency are highly influenced by the choice of
basis functions and the mesh resolution.

2 Finite Element Method

Especially in complex domains, FEM is a commonly used
numerical method for solving PDEs. Using localised basis
functions [10] defined in small subregions known as finite
elements, it approximates solutions. The approach trans-
forms PDEs into a variational form, thereby generating alge-
braic equations that can be solved using matrix techniques.
FEM'’s advantage lies in its ability to produce sparse sys-
tem matrices, thereby improving computational efficiency.
Adaptive mesh refinement, which enables higher resolu-
tion in important areas such as steep gradients or singu-
larities, is a vital component of FEM [11]. However, mesh
generation, especially in three dimensions, remains com-
putationally intensive [6]. FEM has significant applications
across many fields. Stress analysis and vibration simula-
tions find application in structural engineering. FEM mod-
els the Navier-Stokes equations for both aerodynamic and
biological uses in fluid dynamics. Heat transfer is achieved
through two methods: thermal conduction and radiation sim-
ulation. The finite element method FEM is used in geo-
physics to model seismic wave propagation and groundwa-
ter movement, while it serves as a tool for solving Maxwell’s
equations in antenna and waveguide designs. The field of
biomedical engineering uses FEM to create biomechanical
models which examine stress distribution in both bones and
prosthetic devices. The technology is used in acoustics for
its ability to control noise and study sound wave motion.
The finite element method FEM remains an effective tool
for solving partial differential equations PDEs because it
provides precise solutions through its performance in var-
ious scientific and engineering fields, despite facing chal-
lenges from high computation requirements and intricate
mesh structures.

2.1 Artificial Neural Networks

Artificial neural networks (ANNSs) serve as universal ap-
proximators, unlike traditional linear techniques. The sys-
tem uses biological neural networks as its basis to build
interconnected layers of neurons that identify data patterns
and relationships for classification, regression, and function
approximation tasks. Neural networks utilise connections
with assigned weights to process information. The neuron
receives multiple inputs and performs a weighted sum be-
fore applying a non-linear activation function to produce an
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output, which is then forwarded to other neurons. The mech-
anism enables ANNs to learn complex relationships which
include non-linear patterns [12]. The training process uses
weight adjustments via optimisation algorithms, such as gra-
dient descent, to reduce prediction errors. The structure of
ANNSs consists of an input layer and multiple hidden layers
that lead to an output layer. Data in hidden layers extract
their most abstract features, which then lead to predictions.
The selection of activation functions, along with architec-
tural design and training approaches, determines how well
the system performs. The three major activation functions
used in neural networks include sigmoid, hyperbolic tan-
gent, and Rectified Linear Unit (ReLU). Each neural net-
work type serves a specific data processing purpose. Con-
volutional Neural Networks (CNNs) prove most effective
at processing images, while Recurrent Neural Networks
(RNNs) function best with sequential data [13]. Physics-
Informed Neural Networks use physical laws as training ele-
ments, while Radial Basis Function Neural Networks utilise
radial basis functions to achieve precise function approxi-
mation results. The basic form of artificial neural networks,
the Feedforward Neural Network (FFNN), transmits data in
a single direction [14]. The Universal Approximation The-
orem shows that any continuous function can be approxi-
mated by a fully connected FFNN when the network reaches
enough depth or width [12]. PINNs use physical constraints
integrated into their loss functions to solve partial differen-
tial equations while reducing their reliance on labelled data.
RBFNNSs achieve excellent accuracy in function approxima-
tion and interpolation because their radial basis functions
reach fast convergence times with smooth function approx-
imations [15]. The dissertation evaluates RBFNNs for their
efficient operation, with strong approximation performance
as its primary focus. The chosen architectures will meet
the required approximation accuracy standards demanded
by the studied tasks.

Figure (1) illustrates the conceptual analogy between a
biological neuron and an artificial neuron, which serves as
the foundational building block of artificial neural networks.
In the biological setting, a neuron uses structures known
as dendrites to receive signals from neighbouring neurons.
After processing these signals in the cell body, the neuron
produces an electrical impulse that travels down the axon
and connects with other neurons through synapses when
the total input exceeds a predetermined threshold. The left
side shows how an artificial neuron replicates this process
through mathematical representation. It receives multiple
numerical inputs, each multiplied by an associated weight.
The combination of weighted inputs with the bias term cre-
ates a value that the activation function uses to determine the
neuron’s output. This output can then serve as input to other
neurons in the network.

The resemblance between biological and artificial neu-
rons highlights the inspiration drawn from neuroscience in
the design of neural networks. Artificial neurons create pre-
dictive patterns through training by modifying weights and
biases, enabling the system to perform predictive and classi-
fication tasks and to recognise complex relationships in data,
just as the human brain develops knowledge through life ex-
periences.

2.2 Radial Basis Function Neural Networks (RBFNNs) —
Fundamentals and Applications

Radial Basis Function Neural Networks are a class of ar-
tificial neural networks widely used in regression, classi-
fication, function approximation, and time-series forecast-
ing. Designed in the late 1980s, RBFNNs are prized for
their simple architecture, fast learning, and ability to rep-
resent complex, nonlinear interactions. Three layers com-
prise them: an input layer, a hidden layer with radial ba-
sis activation functions (often Gaussian), and a linear out-
put layer. The hidden layer computes distances between in-
puts and neuron centroids by underlying localised activa-
tion and effective function approximation. Three fundamen-
tal parameters (centres, spreads, and output weights) are op-
timised during RBFNN training. While spreads are often
calculated using heuristics such as the mean distance to the
nearest neighbour, centres are usually found using cluster-
ing techniques such as K-means or random sampling. Com-
monly used for output weights, the least squares estimate
streamlines training. RBFNNs have a main benefit of fast
training because they do not require deep backpropagation.
Rather, they employ a two-phase approach: first computing
output weights [15], then deciding centres and spreads. This
structure lowers computational cost and allows fast conver-
gence. In function approximation, interpolation, and pattern
recognition, RBFNNs shine. They are used in time-series
forecasting for energy modelling, weather prediction, and
financial markets, as well as in classification tasks such as
image recognition, medical diagnosis, and biometric iden-
tification. They are also rather important. Adaptive control
systems, system identification, and signal processing also
make use of RBFNNs. Especially in solving partial dif-
ferential equations, RBFNNs have shown potential as sub-
stitutes for conventional numerical techniques such as the
FEM and the Finite Difference Method. The smooth interpo-
lation method, together with its capacity to handle complex
geometric shapes through direct modelling without using
mesh systems, makes this technique highly useful for struc-
tural analysis, fluid dynamics and heat transfer applications.
The method faces three main problems: sensitivity to param-
eter selection, potential overfitting, and increased computa-
tional demands associated with high-dimensional data. The
research examines the integration of RBFNNs with FEMs
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Fig. 1 Illustration and Comparison of a Biological Neuron and an Artificial Neuron

to improve the numerical stability and computational per-
formance of PDE solution methods.

2.3 Hybrid and Machine Learning-Based Methods

The evolution of computational science has created hybrid
methods which combine neural network technology with
established numerical techniques to solve PDEs. The re-
search work of [16, 17] employed neural networks as pri-
ors within a finite element framework to achieve stability
improvements by reducing the need for explicit regularisa-
tion. The research of [18] provided a foundation for further
research, enabling scientists to solve inverse problems with
enhanced accuracy, though the process required increased
computational power.

The research of [2] presented a rational multi-derivative
integrator which solves singular and advection equations by
using adaptive residual subsampling to manage computa-
tional needs. The research work of [19] developed a hy-
brid block method that solves singular initial value problems
using Poisson, collocation, and interpolation power series
techniques to improve numerical stability.

The research work of [20] developed a hybrid frame-
work that integrated neural networks with block integrators
to enhance solutions to boundary value problems, achiev-
ing better performance and greater accuracy. The research
demonstrates how hybrid methods can combine traditional
numerical solvers with machine learning techniques to cre-
ate powerful solutions for PDE problems.

2.4 Comparative Analysis of Existing Methods

The Finite Difference Method, Finite Element Method,
and Finite Volume Method, which are traditional numeri-

cal methods for solving partial differential equations, face
challenges when applied to advanced problems involving
complex geometries and multidimensional spaces, and they
require expensive computational resources. RBFNNs and
PINNs, among other neural network-based methods, offer
better function approximation. However, RBFNNs are sen-
sitive to hyperparameters, and PINNs demand large compu-
tational resources. The goal of hybrid methods is to com-
bine the advantages of numerical and neural network tech-
niques. Although they may cause more computing overhead,
methods including FEM-NN hybrids and neural network-
enhanced integrators have shown higher accuracy and adapt-
ability. The growing number of studies on hybrid approaches
highlights their ability to create more accurate and effective
PDE-solving systems.

3 Mathematical Formulation and Problem Definition
3.1 Finite Element Method

3.1.1 Weak Formulation of the Governing Equation

The finite element method is based on deriving the weak

form of a governing partial differential equation. Consider a
general second-order PDE given by
=V (a()Vu(x)) = f(x), x€Q, ()

subject to the boundary conditions:

x €9, 2

X € JQy. 3)
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Table 1 Comparison of Existing Methods for Solving PDEs

| Method

Strengths

| Limitations

| Applications

Finite Difference

Simple, efficient for regular
grids

Struggles with complex ge-
ometries, stability issues

Heat transfer, wave equations

Finite Element

Handles complex geome-
tries, high accuracy

Computationally intensive,

complex meshing

Structural analysis, fluid dy-
namics

Finite Volume

Conservation laws, flexible

Lower-order accuracy, com-

Fluid dynamics, heat transfer

tional and neural approaches

tial stability issues

meshing plex flux approximations

RBFNN Smooth interpolation, good | Sensitive to hyperparameters, | Function approximation, spa-
for non-linear relationships scalability issues tial interpolation

PINNs Physics-based learning, | High training cost, conver- | Scientific computing, data-
solves inverse problems gence challenges scarce environments

Hybrid Methods | Combines strengths of tradi- | Increased complexity, poten- | Inverse problems, real-time

simulations

The weak formulation is obtained by multiplying the
equation by a test function v(x) and integrating over the do-
main, we obtain:

/Q v(x) (—V - (a(x) Va(x))) dx = /

Q

v(x).f (x) dx. @

Using integration by parts and applying boundary con-
ditions, we derive the weak form:

/Qa(x)Vv(x) -Vu(x) dx—/aQN v(x)h(x)dI'

:/Qv(x)f(x)dx

3.2 FEM Discretisation Strategy

®)

The domain £ is discretised into finite elements, and the
unknown function u(x) is approximated as:

~ ) uigi(x)
i=1

where: u; represents the unknown nodal values, and ¢;(x)
are the shape functions.

Substituting this into the weak form leads to the system
of equations:

(6)

Ku—f. ™
where

K; = /Q a(3)V6,)- V() ®
= [ 600f(vdrt / 9i(x)h(x) dT. ©)

3.2.1 Solution of PDE from FEM

Solving the system Ku = f yields the nodal values:

u=[uj,uy,... u. (10)

where K is the stiffness matrix, u is the vector of unknown
nodal values, and f represents external forces or source
terms.

These nodal solutions (u) serve as training data for the
Radial Basis Function Neural Network.

3.3 Justification for Hybridising FEM and RBFNN

FEM depends on mesh quality and has a high computational
cost, whereas RBFNNs are mesh-free with better general-
isation. Hybridising FEM with RBFNN allows leveraging
FEM’s numerical rigour while enhancing flexibility and ef-
ficiency through RBFNNS.

3.4 Conceptual Framework of the Hybrid Model

To raise the accuracy and efficiency of partial differential
equation solving, the hybrid model combines Radial Basis
Function Neural Networks with the Finite Element Method.
By means of nodal value solving, FEM discretises the prob-
lem domain and generates an initial approximation. FEM
solutions, however, might be sensitive to mesh quality and
require fine discretisation to achieve high accuracy, thereby
increasing computational cost. The RBFNN system func-
tions as a post-processing tool which enhances the results
of the FEM analysis. The neural network learns from FEM
nodal solutions using spatial coordinates, producing outputs
that match FEM results. RBFNN achieves better solution
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accuracy through its interpolation and generalisation abili-
ties, which do not require additional mesh development. The
numerical framework of FEM benefits from this method’s
structured organisation, while RBFNN serves as a tool that
reduces errors and produces smoother results. The hybrid
model enables efficient computation while maintaining ac-
curacy by solving complex geometric problems that require
more FEM refinements to achieve the same level of preci-
sion.

3.5 Integration of FEM and RBFNN
3.5.1 Training the RBFNN

The data for training the RBFNN is extracted from the FEM
results:

— Input (X): Nodal coordinates, material properties, and
boundary conditions.

— Output (Y): FEM-computed unknowns (e.g., displace-
ments, stresses, or temperatures).

The training dataset is structured as:

{(X:, Y)Y, i=1,2,....n, (11)
where:

Xi: [xilaxi27"'7-xim]a (12)
Yi: [”“17”1‘27"'3”[}7} (13)

3.6 Radial Basis Function Neural Network (RBFNN)
Enhancement

To refine the FEM solution, RBFNN is employed as a
post-processing tool. Given a set of nodal coordinates X =
{x1,x2,...,x,} and their corresponding FEM-computed val-
ues Y = {uy,uz,...,u,}, RBFENN approximates the solution
as:

i(x) =Y wio(|lx—cill), (14)
i=1

where ¢(r) is a radial basis function and r = ||x — ¢;|| is the
Euclidean distance

3.6.1 Radial Basis Function

The choice of radial basis function affects the accuracy of
the approximation. Commonly used functions include:

2
o(r) = exp(—zrcz> , Gaussian, (15)
o(r) = \/i’2+7627 Multiquadric, (16)
1
¢(r)= Neaw=a Inverse Multiquadric. 17)

where o is the spread parameter.

3.6.2 Computation of Weights

The weights w; are determined by solving the linear system:

W =7, (18)

where @ is the interpolation matrix with entries:

Dij = 9(|lci —cll), (19)
and W = [wy,wa, ..., wu|T, Y = [ug,u,...,u,)7.

3.6.3 RBFNN Output

The output of the RBFNN is given by:

V=Y wip(|X —cil)) +b, (20)
=1

where w; represents the weight of the i-th RBF, ¢; is the cen-
tre of the i-th RBF, b is the bias term, m is the number of
RBF centres.

3.6.4 Optimisation of RBFNN Parameters
To achieve optimal performance, parameters w;, ¢;, and ¢

are optimized by minimizing the error function:

1 .
Error:EZHY,-—Yin. Q1)
i=1

Using techniques such as gradient descent or least
squares fitting, the weights and spread parameters are up-
dated iteratively to minimise the error.

3.6.5 Prediction Using RBFNN

For new input data Xpew, the trained RBFNN predicts the
unknowns as:

m
Yhew = Zwi(P(”Xnew*CiH)WLh (22)
i=1
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3.7 Purpose and Role of the RBFNN in the Hybrid
FEM-RBFNN Framework

The Finite Element Method is a powerful numerical tool
for solving partial differential equations by discretising the
problem domain £ C R” into smaller elements. However,
the accuracy of FEM strongly depends on mesh resolu-
tion, and refining the mesh significantly increases com-
putational cost. To overcome this limitation, we propose
coupling FEM with a Radial Basis Function Neural Net-
work, forming a hybrid framework that leverages the phys-
ical rigour of FEM and the approximation power of neural
networks. The RBFNN acts as an adaptive post—processor
to the coarse—-mesh FEM solution. Rather than attempting
to reproduce the coarse—mesh results, the network learns
a continuous functional mapping from the spatial coor-
dinates to the PDE solution and produces a smoother,
mesh—independent approximation that can generalise to ar-
bitrary points in Q. Let u(x) denote the exact solution of a
PDE in Q, and let u;(x) represent the FEM approximation
on a coarse mesh .7,. The hybrid strategy aims to construct
a continuous surrogate 4(x) satisfying

i(x) = u(x), Vxe,

The RBFNN model requires training data consisting of
input points x and their corresponding output values uy,.
The proposed hybrid method achieves its greatest efficiency
by performing a single FEM analysis on a coarse mesh
and incurring lower RBFNN training costs than complete
mesh refinement. The model #(x) enables evaluations at
any selected location, which makes it ideal for both para-
metric research and immediate simulation requirements.
The RBFNN serves as a data-driven function approxima-
tor within the hybrid FEM-RBFNN framework, thereby
improving the accuracy of FEM solutions. The theoretical
foundation of the method depends on radial basis functions,
which approximate functions and the system, thereby reduc-
ing errors through additive error reduction. The RBFNN cre-
ates a smooth and precise surrogate by learning from coarse-
mesh FEM outputs, delivering faster PDE solution approxi-
mation than traditional mesh-refinement methods.

3.8 Computational Complexity and Efficiency Analysis

The computational complexity of the hybrid FEM-RBFNN
model is determined by three processes: finite element dis-
cretisation and matrix assembly, and Radial Basis Function
Neural Network training. The primary costs of FEM depend
on the selected solver because they involve two tasks: stiff-
ness matrix development that grows according to ¢'(N) and
linear system solving that ranges from & (n'?) to &(n?).
Evaluating radial basis functions (&'(n?) and solving for
weights (€'(n*) RBFNN introduces complexity.

Leveraging RBFNN for interpolation and refinement,
the hybrid model enhances accuracy without undue FEM re-
finement. Particularly for complex geometries, this reduces
computational costs while preserving accuracy. Although
the worst-case complexity is ¢(N) + €(n?), solver and
training modifications can improve efficiency and thereby
make the method a feasible substitute for pure FEM for PDE
solutions.

4 Results and Discussion
4.1 Experimental Settings

The problems considered are partial differential equa-
tions spanning both time-dependent and steady-state sce-
narios, accompanied by suitable boundary and initial con-
ditions and known exact solutions for validation. A non-
linear Schrodinger Equation (NLSE) is defined over a one-
dimensional spatial domain and typically involves time de-
pendence. It is a dispersive partial differential equation
where the nonlinearity arises from the interaction term, of-
ten of cubic type (|w|*>y). The NLSE is widely used to
model phenomena such as wave propagation in nonlinear
optical fibres, Bose—Einstein condensates, and deep-water
waves. The solution to the NLSE often exhibits localised
wave packets, known as solitons, which maintain their shape
over time due to the balance between dispersion and nonlin-
earity. Boundary conditions may vary; periodic or homoge-
neous Dirichlet conditions are commonly used, and an ini-
tial condition specifies the initial wave profile. The problem
serves as a benchmark in numerical analysis, but here the
focus is on assessing schemes capable of handling nonlin-
earity, wave-like behaviour, and complex-valued solutions.
Numerical methods must maintain essential physical prop-
erties, including mass and energy conservation throughout
the entire time interval. The process serves as a fundamental
test method which enables researchers to assess how well
their time-stepping methods and spatial discretisation pro-
cedures function.

The study assesses two approaches, the Finite Element
Method and the FEM-Radial Basis Function Neural Net-
work, to solve three nonlinear partial differential equations
which hold essential value for scientific and technical fields.
The researchers applied multiple numerical methods, along
with optimisation techniques, to improve stability and accu-
racy. The research team conducted systematic adjustments
of key hyperparameters, including the gamma value, initial
points (n-init), and RBF centres, to enhance model perfor-
mance [15, 18]. The researchers used data from FEM to
create their input for FEM-RBFNN after they completed
the normalisation process, which resulted in better gen-
eralisation and convergence according to the findings of
[1]. Google Colab served as the computational environment
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for experiments because it handled the FEM and FEM-
RBFNN computational requirements despite lacking high-
performance computing optimisation. The implementation
used Python as the main programming language, combin-
ing Matplotlib for visualisation with NumPy and SciPy for
numerical computations, and Scikit-learn and PyTorch for
neural network training [21, 22]. FEniCS provides an effec-
tive framework for solving PDEs through its finite element
analysis system, which is based on [23]. The implemen-
tation of automated code-generation techniques improved
efficiency for high-order FEM computations. The research
demonstrates how hyperparameter optimisation, data stan-
dardisation, and FEM-RBFNN integration work with the
study to show the advantages and weaknesses of the two
methods, which will enable the creation of more effective
numerical approaches for solving difficult differential equa-
tions [2, 16].

4.2 Numerical Examples

Consider this 1D nonlinear Schrodinger equation.[4]

_19%y(x1)

P
vt 52wy (23)

ot 2
To solve this using the Finite Element Method, we de-
compose the complex wave function y(x,¢) into its real
and imaginary components, u and v, respectively, such that
v = u+iv. This yields a coupled system of real-valued par-
tial differential equations:

0 192

5= age W 24
dv 192

5 =25t (25)

. . . . . . 2
i: Imaginary unit, aa—';/: Time derivative (evolution), %Tg':

Spatial second derivative (dispersion), | |>w: Cubic nonlin-
earity (self-interaction term).

1D nonlinear Schrédinger (NLSE) solution module |y/|.
The solution is generated with FEM and used as a reference
solution. We also show the solution at different time frames
f=g E I 3m T

18242812

The initial boundary value problem, given a domain 2 =

[—10,10] x (0,T], is written as:

Vi +0.5ye+ WPy =0 (x,1)€Q
y(0,x) = 2sech(x) x € [-5,5] 26)
W(I,—S):W(I,S) IE(O7T]
Vi (t,—5) =y (1,5) t€(0,T]

where T = 7.

The 1D Nonlinear Schrédinger Equation (NLSE) is a
fundamental model in nonlinear optics and quantum me-
chanics. We consider the dimensionless form:
dy 1%y

— —_—— 2 pr—
i +2 2 +|ylfy=0 27

4.3 Temporal Discretisation: Semi-Implicit Crank-Nicolson

The Crank-Nicolson CN method provides second-order
temporal accuracy and necessary numerical stability. The
CN method approximates the solution at the midpoint
bnr1)2 =1t + A1 /2 using an arithmetic average of the val-
ues at the current and subsequent time steps. The semi-
discrete equations for the coupled NLSE system are estab-
lished through the following equations.

n+1 _ .n

u = u :gu(un+1/27vn+1/2) (28a)
vy n+1/2  n+1/2

i = AP (28b)

where ¢"+1/2 = L(¢"*+! + ¢"). To avoid the computational
overhead of solving a fully nonlinear system at each step,
we implement a semi-implicit linearisation. The nonlinear
potential |y|? is lagged by one half-step, evaluated at #,:

|Wn+1/2|2 ~ (un)Z + (Vr1)2 (29)

The corresponding variational (weak) form imple-
mented in the FEniCS framework involves finding m =
(u,v) € ¥ such that:

<';t'”,¢>+a(-ﬂ+%¢) .
+C(.n;.n+%7¢) =0, Voe7.

where a(-,-) represents the linear dispersive terms and
¢(+;+,-) represents the linearised cubic interaction. This for-
mulation preserves the Hamiltonian structure of the NLSE
more effectively than explicit methods, preventing non-
physical growth of the soliton amplitude over long integra-
tion times.

4.4 Ground Truth (Fine FEM) and FEM-RBFNN Strategy

The Ground Truth is established using a high-fidelity Fi-
nite Element mesh containing N;,. = 800 linear Lagrange
elements. This resolution enables the system to detect the
abrupt changes which occur during soliton phase transitions.

The surrogate modelling framework establishes a con-
nection between two opposing requirements by providing
fast computations which maintain precise numerical results.
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Table 2 Performance Comparison at t = /4

Method L[?Error L. Error CPU Time (s)
FEM 0.012181 0.039490  1.4089
FEM-RBFNN  0.014309 0.057344  0.0760

The project aims to train a Radial Basis Function Neu-
ral Network to generate a precise solution estimate from
data obtained from an economical coarse-grid simulation
(Neoarse = 100). The Finite Element Method (FEM) uses a
physics-based approach to solve problems, while neural net-
works can recover spatial details through interpolation.

The first phase, Data Generation, involves solving the
coupled NLSE on the coarse mesh to obtain the discrete
wave magnitude |Weoqrse (x, T)|. The data collected from the
coarse mesh exhibit inherent discretisation errors because its
resolution fails to meet the Nyquist criterion required to cap-
ture fine-scale dispersive ripples. The RBFNN uses its lo-
calised basis functions to filter out the errors, which it treats
as “noise.”

In the training phase, the RBFNN uses spatial coordi-
nates x to create the output magnitude . The network archi-
tecture consists of a hidden layer of M Gaussian kernels. To
ensure the surrogate accurately represents the soliton peak,
we employ K-Means clustering to define the kernel cen-
tres c;. This unsupervised learning step clusters the centres
around the spatial regions of highest data density. The final
surrogate model is formulated as:

2
Zw]exp< |x2602]| ) 31)

The weights w; are determined by linear least-squares op-
timisation, which minimises the L, norm of the error rela-
tive to the coarse training samples. The resulting model pro-
vides a continuous, high-resolution reconstruction that can
be evaluated at Ny;,. = 800 nodes at a fraction of the cost of
a full fine-mesh simulation.

Based on the computational experiment, the performance
metrics are summarised in Table 2.

The experimental results demonstrate the high efficiency
of the RBFNN as a surrogate model for the NLSE. The pri-
mary findings are detailed below:

Computational Efficiency The RBFNN method provides its
main benefit through its ability to decrease computational
requirements. The Fine FEM process needs about 4.60 sec-
onds to complete its final state but the RBFNN evaluation
process finishes in only 0.076 seconds. The system achieves
a performance increase of approximately 60x when com-
pared to actual measurements and the system achieves a
performance increase of 18x when compared to the training
coarse solver.

Accuracy and Generalisation The RBFNN achieves an L,
error of 0.0143 which approaches the approximate error of
the coarse training data that measures 0.0122. The surrogate
shows high accuracy in representing the main soliton peak.
The coarse grid exhibits a L. error increase to 0.057 which
occurs at the dispersive tails of the wave. The Gaussian ker-
nels improve numerical noise reduction of the coarse mesh
yet they function as a low-pass filter which causes slight re-
duction in the peak frequency oscillations of the dispersive
wave components.

4.5 Strengths and Limitations of the Proposed Method

By honing FEM solutions without requiring denser meshes,
the FEM-RBFNN method improves accuracy and reduces
computational costs. Its ability to interpolate helps reduce
numerical oscillations and enhance generalisation, hence fa-
cilitating the handling of complicated geometries. Still, pa-
rameter selection is quite important, as poor choices can
lead to instability or suboptimal approximations. Further-
more, even if FEM-RBFNN speeds up predictions, the ini-
tial RBFNN training adds significant computational over-
head, especially when clustering with K-Means. As shown
in situation 3, FEM alone was sufficient; thus, the usefulness
of the hybrid model depends on the situation. FEM-RBFNN
is most helpful when FEM suffers from accuracy issues.
FEM-RBFNN provides, all things considered, a balanced
and effective method for solving difficult PDEs, greatly en-
hancing numerical solutions while preserving computational
feasibility.

5 Conclusion and Future Work
5.1 Summary of Findings

This study successfully implemented a hybrid FEM-
RBFNN framework to optimise the numerical simulation of
the Nonlinear Schrodinger Equation (NLSE). While the Fi-
nite Element Method (FEM) provides a robust mathemati-
cal foundation for managing complex wave dynamics, high-
fidelity simulations on fine meshes are often computation-
ally prohibitive. By integrating Radial Basis Function Neu-
ral Networks (RBFNNs), this work established an efficient
surrogate model capable of reconstructing high-resolution
wave profiles from computationally "cheap" coarse-grid
data.

The benchmark tests showed that the soliton propaga-
tion testing demonstrated that the FEM-RBFNN method
achieved a complete transformation of computational re-
quirements for its calculations. The surrogate model
achieved a speed improvement of 60 times, as indicated
by the quantitative results, which showed it performed at
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Data Generation: Fine vs Coarse

Surrogate Result: RBFNN vs Ground Truth
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Fig. 2 Comparison of numerical solutions: (Left) Generation of training data via coarse sampling against the ground truth; (Right) RBFNN

prediction vs. Fine FEM ground truth.

3D Evolution: Fine FEM (Ground Truth)

3D Evolution: RBFNN Prediction

Fig. 3 Side-by-side 3D comparison of wave magnitude evolution. The left panel displays the Fine FEM (Ground Truth), while the right panel
displays the RBFNN Prediction. The RBFNN successfully captures the qualitative features of the soliton’s propagation. However, as seen in the
right panel, the RBFNN tends to act as a low-pass filter, slightly smoothing the dispersive ripples found at the base of the soliton peak. This is an
expected characteristic of Gaussian RBF kernels when the centre density M is lower than the Nyquist frequency of the underlying mesh.

0.08 seconds for the fine-mesh ground truth, compared to
4.60 seconds for the coarse-mesh ground truth. The RBFNN
model produced an L; error of approximately 0.014, which
closely matched the actual discretisation error of the coarse
training data, 0.012. The results demonstrate that RBFNNs
can use K-Means clustering to select their optimal centres,
which serve as continuous interpolators that eliminate nu-
merical artefacts arising from coarse FEM distributions.

The RBFNN system preserves the coarse training set
discretisation boundaries while providing users with a rapid
differentiable model that displays wave amplitude. The hy-
brid method provides an effective and promising solution
that enables researchers to conduct real-time wave analy-
sis and study multiple parameters at large scales, whereas
the standard FEM fine-mesh approach requires an unfeasi-
ble computational budget.

The FEM-RBFNN system requires more work on auto-
mated hyperparameter tuning for the RBF shape parameter
€. The proposed strategy provides a direct pathway to high-
accuracy numerical results that require fewer computational
resources.

The FEM-RBFNN surrogate system provides reliable
speed and accuracy, making it suitable for real-time wave-
propagation analysis and large parameter sweeps that exceed
the limits of full FEM simulations.

5.2 Contributions to Knowledge

The research project demonstrates how numerical analysis
advances through the successful application of the Finite
Element Method (FEM) and Radial Basis Function Neu-
ral Networks (RBFNNSs), which serve as fast surrogates
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for modelling nonlinear wave behaviour. The study demon-
strates that RBFNNSs can serve as "super-resolution” interpo-
lators, recreating the complete soliton profile using limited
common grid information.

The work achieves its primary goal by reducing com-
putational requirements. The semi-implicit Crank-Nicolson
FEM method produced training data that enabled the hybrid
model to achieve a 60x speedup while keeping the Nonlin-
ear Schrodinger Equation (NLSE) solution unaffected. The
study demonstrates that K-Means clustering improves RBF
centre placement by enabling the neural network to correctly
identify location-based events, including soliton peaks. This
method provides executives with a fixed system that com-
bines established deterministic solvers with machine learn-
ing systems to address the nonlinear physics requirements
for both spatial and temporal resolution.

5.3 Future Research Directions

The research must advance by extending the existing frame-
work to provide complete time-dependent surrogates that
can use Recurrent Neural Networks (RNNs) and Long
Short-Term Memory (LSTM) networks to model the future
evolution of |y| over all future time periods without re-
running the FEM solver. The engineering value of the hy-
brid model should increase through its extension to higher-
dimensional PDEs, including 2D and 3D NLSE systems for
research on optical filamentation and multi-physics fluid dy-
namics.

The RBFNN evaluation should use GPU-accelerated
systems, as this implementation will enhance the efficiency
of real-time wavefront sensing during control processes. Re-
search into automated hyperparameter optimisation must be
conducted to test the RBF shape parameter € and the num-
ber of centres M across various initial conditions. The FEM-
RBFNN framework should be used for industrial-scale sim-
ulations in structural analysis, heat transfer, and electromag-
netics to test its ability to serve as a general scientific com-
puting tool in hybrid scientific computing.
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