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Abstract Listeriosis is a bacterial infection and one of
the key zoonotic foodborne diseases, accounting for about
28% of yearly food-related mortality in the US. Listeriosis
spreads into human populations mostly through the inges-
tion of contaminated milk and meat. Since cows are a major
source of milk and meat to humans, a nonlinear epidemic
model is designed to analyse the transmission dynamics of
listeriosis in cow populations under management conditions
of treatment and disinfection. The model is studied qualita-
tively by deriving its equilibria and reproductive ratio (Ry),
and by analysing its stability using stability theory for dif-
ferential equations. The analysis reveals the necessary and
sufficient conditions for listeriosis persistence and eradica-
tion in cow populations. The results indicate that listeriosis
spread in cow populations could be prevented or eradicated
if the rates of application of treatment and disinfection ex-
ceed certain critical values.

Keywords: Listeriosis; model; equilibria; reproductive ra-
tio; stability

1 Introduction

Listeriosis is a contagious infection that instigates stillbirths
in mammals. The agent of listeriosis is Listeria monocy-
togenes, which survives in soil and water and attacks the
intestinal track through the ingestion of contaminated food
materials [1]. Listeriosis persists as a major issue in veteri-
nary medicine and as one of the key zoonotic food-borne
diseases, accounting for about 28% of food-related mortal-
ity in the US each year [2]. It is a serious foodborne disease,
and studies have established a link between ingestion of con-
taminated silage and animal rhombencephalitis [3].
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While cattle play a crucial role in spreading and ampli-
fying the listeria bacteria, L. monocytogenes is a saprophyte,
meaning it thrives and naturally survives as a free-living or-
ganism in soil, mud, and water [4, 5]. The bacteria are highly
resilient and can persist in dry soil, manure, and on straw for
long periods, continuously seeding the infection into animal
feed [6, 7]. While listeriosis is a serious infection in cer-
tain individuals, humans do not typically contract it through
direct contact with cattle; rather, they are infected through
foodborne transmission [8, 9].

The incubation period for listeriosis is between 11-70
days, and the most vulnerable individuals are the elderly, ba-
bies, pregnant women and immunosuppressed patients such
as individuals who are suffering from AIDS, hemochro-
matosis, cirrhosis, diabetes, sarcoidosis, renal failure, aplas-
tic anaemia, hematologic malignancies, ulcerative colitis
and collagen vascular disease [10-12]. When the infection
is fully developed, infected cows may exhibit meningitis,
febrile gastroenteritis, sepsis, perinatal infections, etc. [13].
L. monocytogenes infections in cows may be treated with an-
tibiotics such as rifampicin, linezolid and meropenem [11].

Listeriosis outbreaks have been reported in Europe,
Japan, North America, and South Africa, where 209 deaths
were attributed to listeriosis infections between 2017 and
2018 [14]. Several mathematical and nonmathematical mod-
els have been developed to give insights into the transmis-
sion dynamics, growth and survival of L. monocytogenes.
The majority of the mathematical models in the literature
consider listeriosis transmission in the environment and in
human and animal populations, without considering any par-
ticular animal [2, 11, 13, 14]. Since listeriosis spreads into
the human population mostly through the ingestion of con-
taminated milk and meat [15] and given that cows are a ma-
jor source of milk and meat to humans, it is reasonable to
argue that elimination of L. monocytogenes in cow popu-
lations may be enough to prevent or eradicate listeriosis in
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the human population. Based on that hypothesis, a nonlin-
ear epidemic model is developed by incorporating factors
capable of preventing or eradicating listeriosis in cow pop-
ulations; in the present analysis, unlike earlier works, the
dynamics of listeriosis in the environment and in human and
animal populations are considered. The management condi-
tions incorporated into the present model are vaccination of
calves, treatment of cows, and disinfection of the environ-
ment.

2 Model Formulation

The population N(¢) that consists of cows and contami-
nated environment in Fig. (1) is divided into five compart-
ments: susceptible cows (S;), vaccinated cows (V,), infected
cows (I.), recovered cows (R.) and contaminated environ-
ment (C,). Cows are recruited at rate 7, with some pro-
portion & vaccinated at birth and moved to the vaccination
class V, with the quantity o7, while the remaining propor-
tion (1 — &) moves to the susceptible compartment at birth
with the quantity (1 — o). The proportion a of the cows
that are vaccinated at birth is immune to listeriosis infec-
tion until the immunity wanes. The vaccinated cows move
to the susceptible compartment at a rate p after waning of
immunity. Infections occur when there is effective contact
between susceptible and infected cows, and between sus-
ceptible cows and a contaminated environment, at rates 3
and f3,, respectively.

1-a)m

(n+ml,
® +8)C,

Fig. 1 Transmission diagram of listeriosis dynamics in cow popula-
tions

Infected cows increase L. monocytogenes in the soil at
rate 6 and regain susceptibility after recovery at rate ¢.
Treatment and disinfection are introduced to the infected

cows and the environment at rates ¢ and 9, respectively, and
the introduction of the two controls results in reductions in
disease spread from the infected cows and the contaminated
environment, with reduction factors 7; and 7,, respectively.
The reduction factors 7; and 7, are embedded in Y. The in-
troduction of treatment ¢ to the infected cows also reduces
0, the rate at which the infected cows increase the growth of
L. Monocytogenes in the environment with reduction factor
&. Mortality unrelated to listeriosis in cows occurs at rate u
while listeriosis-related mortality in cows occurs at rate 1.
Also, listeriosis removal from the soil unrelated to disinfec-
tion occurs at rate . Going by the aforementioned assump-
tions and the transmission diagram, the following nonlinear
epidemic model is derived.

dv,

= am—(p Ve, (1)
das,.

i =(1—O£)7T+ch+(PRc—(lI/+IJ)Sm 2
dl.

o = VSe—(@+80+n+ul, 3)
dR.

dt - ¢IC (‘P""”)Rm (4)
dcC, =&E0I.— (04 9)C,, (5)
dt

where

v =1 B11. + 1 fC.. 6)

2.1 Positivity and Boundedness of Solutions

Theorem 1 The listeriosis model in Eq. (1)-Eq. (5) is
bounded in the region

T
0 = {(Ver S oo RerCe) € B2 0 < Se < 1

0<V.<1, 0<IL<I, 7)

0<R.<1, 0<C <

505)

v+6J)

if it is established that the solutions of the model are non-
negative.

Proof Let the solution set of the model be
{Ve(t),Sc(2),1.(¢),Re(2),Ce(t)}. Since the model moni-
tors the populations of living things, the initial conditions
to each state variable are nonnegative, i.e., V.(0) > 0,
5(0) > 0, 1,(0) > 0, R,(0) > 0, and C, (0) > 0.

From Eq. (1),

dve(t)
e =ar—(p+u)ve, (3
dv(t) B

di +oV.(t) =g, 9
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where 0 = p 4+ u and € = ax. Then,

= d‘;ct(t) exp(ot) + oV.(t)exp(ot) = gexp(ot), (10)
= % [Vc(t)exp(ot)} = gexp(ot), (11)
= V(1) :vC(O)exp(_oz)+§[1 —exp(—or)].  (12)

Therefore, V.(t) > 0 in Eq. (12) since V.(0) > 0.
Hence, the solution V,(¢) is nonnegative. By the same ar-
gument, the nonnegativity for other solutions S.(f), I.(¢),
R.(), and C,(t) can be established. Hence, the solution set
{Ve(t),8c(2),1.(t),R:(t),Co(2)} for the model is nonnega-
tive. Therefore, the model is bounded in the region defined
in Eq. (7).

3 Model Analysis

3.1 Equilibria and Reproductive Ratio

The listeriosis model Eq. (1)-Eq. (5) allows a listeriosis-free
equilibrium (LFE) obtained as Ly = (V2,52,12,R2,C?)

crcrter Ve

oan (ptp)(l-a)mtpan
(u+p’ waipy > % 0, 0] and a
listeriosis-endemic  equilibrium (LEE) obtained as

L* = (VF,SiI7,R;,C;) with coordinates

o 9T, (13)
L+p
(L+p)(v+p)
. vSe
f'=———"¢ >0, 15
Co+E6+n+pu (15)
R::—")IC >0, (16)
o+u
. oL
(o) 19+5>0 17)

After deriving the model’s equilibria, the reproductive
ratio (Rg) must be computed to quantify the tendency toward
listeriosis outbreaks or eradication in cow populations. It is
an epidemiological parameter that measures the transmis-
sion potential of infectious diseases. If the numerical value
of Ry is greater than one, the infection will spread, but if
Ro < 1, the infection will fail to spread or die out. Following
the Next Generation Matrix Operator developed by Driess-
che and Watmough, which has been applied in many epi-
demic models [16-21] and outlined in [22], the reproductive
ratio for the present listeriosis model is derived and is given
by

(0 +8)T1 B1SY + £ 675,50
(0+6)(9+E0+n+pu)

Ry = (18)

The result of Ry in Eq. (18) indicates that listeriosis
transmission can be prevented or eradicated in cow popula-
tions if the treatment and disinfection parameters, ¢ and ¥,
are sufficiently large. Increasing these parameters reduces
the effective transmission rates f8; and f, associated with
infected cows and the contaminated environment, respec-
tively, as well as the parameter 6, which governs the contri-
bution of infected cows to the growth of L. monocytogenes
in the environment. Consequently, higher values of ¢ and ¢
lead to lower effective values of B, B, and 0, thereby de-
creasing the magnitude of Ry. If Ry is reduced below unity,
as indicated by Eq. (18), listeriosis transmission cannot be
sustained, providing a necessary condition for the preven-
tion or eradication of the disease in cow populations.

3.2 Stability Analysis of Listeriosis-Free Equilibrium

Theorem 2 The listeriosis-free equilibrium of the model is
locally asymptotically stable if the associated Ry < 1, oth-
erwise the model is locally asymptotically unstable.

Proof To investigate the stability of the model about the
listeriosis-free equilibrium Ly, the variational matrix of the
model about Ly is derived and is given as

J(Lo) =
—(u+p) 0 0 0 0
P 1 TP 4 —0paS, (19)
0 0 171[5152 -r 0 172[3258 s
0 0 ¢  —(p+rp) O
0 0 £o 0 —(0+9)

where I’ = ¢ +56 +n +pu.

Three of the eigenvalues of the matrix J(L) are negative and
are given as —t, —(t +p) and —(@ + ). The remaining
two eigenvalues can be computed from the submatrix

_(uBS2—(9+E0+N+p) TSS
A= (P iw) o

|A — AI| = 0 is evaluated to
A2+ [6+6+¢+§9+n+u—rlﬁlsg]k

+(O+8)(9+E0+N+p) 2h
— (04 8)T1B1S — E01:B,8° = 0.

All the roots in Eq. (21) are less than zero if

O+8+0+E0+n+u—1BiS° >0. (22)
and,

9+8 0

(0+6)(9+E0+n+u) 23)

— (19 + 6)’1’1/3158 — 5672[3258 > 0.
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From Eq. (23),

(8+8)TBiSe + 0TS,
<(04+8)(¢+E0+n+u)
(94 8)T1B1SY + 6T BoS? (24)
(0+6)(9+E0+n+n)
(0+0)(¢+E60+n+p)
(O+06)(9+E0+n+u)

In view of Eq. (18), Ry < 1.

Since it has been established that Ry < 1, inequality (22)
is satisfied and all eigenvalues of Eq. (21) are negative.
Therefore, the listeriosis-free equilibrium of the model is lo-
cally asymptotically stable. The global stability of the liste-
riosis model can also be investigated around the disease-free
equilibrium Ly using a Lyapunov function.

Theorem 3 The listeriosis-free equilibrium Ly is globally
asymptotically stable if Ry < 1.

Proof The model is globally asymptotically stable around
Ly if it can be shown that V (r) < 0, where V (¢) is a Lyapunov
function. Define

V(t) = Al +A,Cl, (25)
Vi) == [A1(0+E0+m+p) ~ AT BiS - A2£6| 1,
- [Az(ﬁ+6)—Amﬁzsg} C., (26)
V(t) = (0 +8)T BiSIC, + 0T BS2C,
—(0+06)(¢+50+n+u)Ce, (27)
V()= (0+0)(¢+E0+n+p)
(19+6)11ﬁ152+5912[3259
[(ﬂ+5)(¢+§9+n+u> - }C“ @
V(t)=(0+6)(¢+E6+n+u)(Ro—1)C.. (29)

In view of Eq. (18),
V(it)=(0+8)(9+E0+n+u)(Ro—1)C,. (30)

If Ry < 1in Eq. (30), the Lyapunov function satisfies V (t) <
0. Also, V(¢) = 0 if C, = 0. Therefore, the listeriosis-free
equilibrium of the model is globally asymptotically stable.
However, if Ry > 1, there exists a unique listeriosis-endemic
equilibrium.

3.3 Stability Analysis of Listeriosis-Endemic Equilibrium

Theorem 4 The listeriosis-free equilibrium becomes unsta-
ble and the system moves from Ly to L*, the listeriosis-
endemic equilibrium, if R > 1.

Proof The reproductive ratio is greater than one (Rg > 1)
and the listeriosis-endemic equilibrium of the model is lo-
cally asymptotically stable if it is established that all the The
eigenvalues of the variational matrix of the model about L*,
the listeriosis-endemic equilibrium, are negative. The varia-
tional matrix of the model computed at L* is derived as

J(L¥) =
—-u—p 0 0 0 0
P —y—u —upis; ¢ —nhSi| @
0 Yy TIBISj—F 0 TQﬁQSj
0 0 ¢ —¢o—p 0
0 0 £o6 0 -0

One of the eigenvalues of J(L*) is —(f + p) and the remain-
ing eigenvalues can be derived from submatrix M defined as

J(M) =
—(y+u) —upiS; ¢ —npS;
(4 T ﬁl S: - 0 TszS; (32)
0 ¢ —(p+up) O '
0 1) 0 —(9+96)

Since a row reduction transform a matrix into a new one that
has the exact same solution set with the original matrix, we
row reduce J(M) in (32) and obtain

J(M) =
—(v+)—ups; ¢ —wpSe
A * o . (33)
0 o —(p+u) 0 ’
0 &6 0 —(®+9)
where
o\ rn[mpS: —VE¢+§9+”+“” T )
VAT @)

v

The matrix J(M) has the eigenvalue —(y + u) while the
remaining eigenvalues can be obtained from submatrix N
defined as

Cl (0] )
JN)=| ¢ —(p+u) O : (36)
£o 0 —(9+9)

Row reduce matrix operation reduces the matrix J(N) to

J(N) =
cq (&)
¢ —(p+u) 0 '
£6 0 —(8+9)
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The matrix J(N) has one of the eigenvalues being —(¢ +
W) and the remaining two eigenvalues can be derived from
matrix P given as

C1 (6]
JP) = <(P(<p+u)+¢(p(<p+u)>'
£o —(8+9)

(38)

The characteristic equation of Eq. (38), i.e., |A — AI| =0,
simplifies to

Az+{2(¢+u)+6+5¢}k

£ (39)
c c
FE2 )+ (9+8) | Dlp)—0] =0
¢ 9
The two eigenvalues in Eq. (39) are negative if
Lp+p)+0+8—¢>0and
¢
E6cs (40)

S0 g+ (0+8) | Dgt) o] 0.
¢ 9

If inequalities (40) are true, the two eigenvalues in
Eq. (39) are negative, Ryp > 1, and the endemic equilib-
rium of the listeriosis model is locally asymptotically stable.
However, if one or both eigenvalues in Eq. (39) are positive,
Ry < 1, and the endemic equilibrium of the model is locally
asymptotically unstable if one or both inequalities (40) are
not true.
From inequalities (40), assuming

Clotm)ros-9<0. (4D
Then,
¢*—19*>%((p+u)+5. (42)

Notice in the transmission diagram (Figure 1) as well as
in Eq. (4) and Eq. (5) that ¢ results in the transfer of in-
fected cows to the recovered compartment, while ¥ results
in the elimination of L. monocytogenes from the environ-
ment. Parameter ¢ acts as an injection (positive contribu-
tion), whereas ¥ acts as a withdrawal (negative contribu-
tion). Therefore, the quantity ¢* — 9* appearing in inequal-
ity (42) does not represent a net difference between the two
controls, but rather the critical threshold condition that must
be satisfied for Ry to be reduced below unity and for the
endemic equilibrium to lose its local asymptotic stability.
While ¢* denotes the critical treatment level required to
transfer infected cows into the recovered compartment, 9*
denotes the critical disinfection level required to eliminate
L. monocytogenes from the environment. Consequently, the
stability of the endemic equilibrium depends on the magni-
tude of the treatment and disinfection parameters ¢ and 9.

If the threshold condition (42) is satisfied, one or both eigen-
values in Eq. (39) become positive and the endemic equilib-
rium is locally asymptotically unstable. Conversely, if con-
dition (42) is not satisfied, the eigenvalues in Eq. (39) may
remain negative and the endemic equilibrium may be neg-
ative and the endemic equilibrium of the listeriosis model
becomes locally asymptotically stable.

4 Results and Discussion

Based on the hypothesis underlying the model, eradication
of L. monocytogenes in cow populations may be enough to
prevent or eradicate listeriosis in the human population. A
rigorous analysis was conducted, and the necessary condi-
tions for local and global stability of the model were de-
rived, which depended on the threshold parameter Ry. The
disease-free equilibrium of the model was proved to be lo-
cally and globally asymptotically stable whenever Ry < 1.
The implication of the disease-free equilibrium being locally
and globally asymptotically stable is that listeriosis would
fail to spread within the model framework in both local and
global cattle farms if a listeriosis-infected cow were intro-
duced into a naive cow population. Listeriosis would not
break out locally and globally in cow populations if the con-
ditions imposed on the model were maintained. The stability
of the disease-free equilibrium therefore depended on the
rates of applications of treatment and disinfection parame-
ters whose values must attain the critical level defined in the
analysis (i.e., ¢* and ©*). If the values of the control param-
eters treatment and disinfection fall short of these critical
levels, the disease-free equilibrium would become unstable.
L. monocytogenes might spread in cow populations and con-
sequently get into the human population when the disease-
free equilibrium becomes unstable.

5 Conclusion

Listeriosis is a widespread zoonotic disease. The main nat-
ural reservoirs are soil, water, decaying vegetation and the
gastrointestinal tracts of animals. A wide range of animals —
both domestic and wild — act as reservoirs and asymptomatic
carriers, shedding the bacteria into the environment via fae-
ces, milk, and uterine discharges [1, 3]. Examples of animals
(both domestic and wild as well as farm animals) that are
carriers for L. monocytogenes are sheep, cattle, goats, pigs,
dogs, cats, poultry, deer, moose, elk, reindeer, wild boars,
mice, rabbits, rats, gulls, crows, pigeons, fish, crustaceans,
insects, etc. [3, 10]. While animals rarely transmit listerio-
sis directly to humans, humans typically contract listeriosis
by consuming food or water contaminated by these animal
reservoirs. Because cattle are a major reservoir that transmits
the bacteria into raw milk, unpasteurised dairy products, and
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meat, a compartmental model has been designed to analyse
the transmission dynamics of listeriosis in cow populations
under management conditions of treatment and disinfection.
The solutions of the model had been proved to be positive
and bounded. The equilibria and reproductive ratio of the
model were derived, and the stability was analysed based
on the derived reproductive ratio. The model’s stability had
been analysed to theoretically derive the minimum level of
treatment and disinfection needed to eradicate human lis-
teriosis by preventing or minimising listeriosis in the cow
population. The model analysis had been limited to quali-
tative aspects, while the quantitative and numerical simula-
tions had been excluded to reduce space, as in [20, 23-25].
However, it is anticipated that this analysis has provided the
essential knowledge required to prevent listeriosis transmis-
sion in the human population by preventing or minimising
listeriosis spread in the cow population.
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