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Abstract The thermodynamics of cavity radiation is
usually introduced through the quantum theory of a
photon gas. In contrast, we investigate which features of
thermal radiation follow from classical electrodynamics
alone. Using two complementary approaches, we show
that the proportionalities between energy density, radi-
ation pressure, and energy flux arise without invoking
photons or quantum statistics. The first approach uses
explicit solutions of Maxwell’s equations and spatio-
temporal averaging of electromagnetic waves. The sec-
ond approach develops the classical statistical mechanics
of the electromagnetic field from first principles by con-
structing the canonical Hamiltonian, implementing the
gauge constraints, formulating the partition function as
a functional integral, and evaluating the corresponding
field correlation functions. By combining wave analysis,
statistical mechanics, constrained Hamiltonian dynam-
ics, and functional methods within a single classical
framework, this work provides a coherent classical for-
mulation of electromagnetic radiation thermodynamics.

Keywords: Photon gas, Classical electrodynamics, Clas-
sical field theory, Statistical mechanics, Gauge invari-
ance.

1 Introduction

The thermodynamics and statistical mechanics of elec-
tromagnetic radiation confined in a cavity is usually
presented as the problem of a photon gas [1]. The pho-
ton picture – massless bosons obeying Bose-Einstein
statistics – gives a clean and straightforward derivation
of the Planck spectrum, the Stefan-Boltzmann law, and
aloran@iut.ac.ir

the relations between energy density, radiation pressure,
and energy flux. This quantum approach is so successful
that little else needs to be said. Historically, however,
important results concerning thermal radiation were
obtained before the introduction of the light quantum in
1905 [2, 3]. Stefan first discovered the Stefan-Boltzmann
law experimentally in 1879, and Boltzmann derived it
theoretically in 1884 [4]. Boltzmann’s derivation used
only thermodynamics and the relation P = u/3 between
the pressure P and the energy density u – the latter
following from Maxwell’s electrodynamics. But there is a
subtlety: Boltzmann’s argument implicitly assumed that
the internal energy U is a finite function of temperature
and volume, an assumption that classical electrody-
namics could not justify. Indeed, when one attempts
a purely classical calculation of the energy density by
counting modes and applying the equipartition theorem,
one runs into the ultraviolet catastrophe and a divergent
result. Thus, while the Stefan-Boltzmann law was ob-
tained before quantum theory, it was not derivable from
first principles within a consistent classical framework
without additional (and ultimately unjustified) assump-
tions. Given this failure, one might ask: why revisit the
classical treatment at all, let alone in a systematic field-
theoretic manner? The answer is twofold. First, despite
its inability to produce the correct spectrum or the cor-
rect absolute value of the Stefan-Boltzmann constant,
classical electromagnetism can still predict certain uni-
versal relations between observable quantities correctly –
in particular, the proportionality between energy flux, I
and energy density, u, and similarly the proportionality
between radiation pressure, P , and energy density. These
proportionalities, when combined with standard ther-
modynamics, yield the Stefan-Boltzmann form u ∝ T 4;
only the numerical constant remains undetermined (and,
in the classical calculation, divergent). Second, and more



114

importantly for the present paper, electrodynamics is a
classical gauge field theory. Constructing its statistical
mechanics from scratch – starting from the Lagrangian,
identifying the constraints, fixing the gauge, writing the
partition function as a functional integral, and comput-
ing thermal averages — is a nontrivial exercise that
rarely appears in textbooks on thermal physics. This ex-
ercise provides a valuable playground for understanding
how field theory, gauge invariance, and statistical me-
chanics interact, and it serves as a natural warm-up for
finite-temperature quantum field theory and path inte-
gral methods. The literature has also explored attempts
to derive the blackbody spectrum within a purely classi-
cal framework, invoking assumptions such as zero-point
radiation or stochastic electrodynamics; see, for example,
the works of Boyer and Cole [5–8]. Numerous treatments
of electromagnetic radiation discuss individual aspects
of radiation pressure, blackbody thermodynamics, or the
Hamiltonian formulation of Maxwell theory. The present
work differs in that it presents these topics within a sin-
gle self-contained classical framework that combines
wave analysis, statistical mechanics, constrained Hamil-
tonian dynamics, and functional methods. This unified
presentation is intended to provide advanced students
with a coherent bridge between classical electrodynam-
ics and finite-temperature field theory. In this paper, we
focus on what classical field theory can do. We present
two complementary classical derivations of the propor-
tionalities I ∝ u and P ∝ u. The first is more intuitive:
it solves Maxwell’s equations, decomposes the fields into
Fourier modes, and uses spatial and temporal averaging
to obtain the desired relations. The second is the pa-
per’s methodological core: we start from the Lagrangian,
move to the Hamiltonian formalism, explicitly handle
the gauge freedom, write the classical partition func-
tion as a functional integral, compute field correlation
functions, and finally derive P = u/3 from the Maxwell
stress tensor. Along the way, we also see why the average
Poynting vector vanishes in equilibrium, a fact that dis-
tinguishes the equilibrium ensemble approach from the
first wave-based derivation, where modes propagating
in opposite directions can be treated separately. The
paper is organized as follows. Section 2 briefly recalls the
standard photon-gas argument for context and shows
how the proportionalities lead to the Stefan-Boltzmann
law via classical thermodynamics. Section 3 gives an
intuitive, classical, wave-based derivation. Section 4 con-
tains the systematic, constraint-based, field-theoretic
treatment. We conclude in Section 5 with a discussion
of what classical physics can and cannot achieve in this
problem, and why the exercise remains useful for under-
standing the interface between field theory, statistical

Fig. 1 A cavity filled with a photon gas and held at temperature
T . The small hole acts as a blackbody aperture through which
the equilibrium radiation can escape and be observed.

mechanics, and gauge invariance. Technical details and
supporting derivations are provided in the Appendices.

2 Photon gas and thermodynamic relations

Consider a photon gas consisting of photons confined
within a cavity, as illustrated in Figure 1, and maintained
in thermal equilibrium with the cavity walls at temper-
ature T . In equilibrium, the energy radiated per unit
surface area per unit time obeys the Stefan-Boltzmann
law, i.e., it is proportional to the fourth power of the
temperature. In addition, one can show that the en-
ergy density is proportional to both the rate of energy
emission per unit area and the radiation pressure.

Remarkably, the Stefan-Boltzmann law can be ob-
tained without any reference to the quantum nature
of light, using only classical thermodynamics together
with the relation between radiation pressure and energy
density [9]. Suppose we know from electrodynamics (or
from experiment) that for isotropic radiation

P = u

3 , (1)

where P is the radiation pressure and u := U/V is the
energy density. The first law of thermodynamics,

dU = TdS − PdV, (2)

gives, at constant temperature,(
∂U

∂V

)
T

= T

(
∂S

∂V

)
T

− P. (3)

Using the Maxwell relation that follows from the Helmholtz
free energy [10],(

∂S

∂V

)
T

=
(

∂P

∂T

)
V

, (4)

we obtain(
∂U

∂V

)
T

= T

(
∂P

∂T

)
V

− P. (5)
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Since U = V u(T ) and P = u(T )/3, the left-hand
side is simply u(T ), while the right-hand side becomes

T

3
du

dT
− u

3 . (6)

Equating the two sides yields a differential equation for
u(T ), whose solutions is the Stefan-Boltzmann law,

u = AT 4, (7)

where A is an undetermined constant. Kelly and Lee
have discussed similar thermodynamic analyses of black-
body radiation [11, 12]. Thus, without invoking any
quantum hypothesis, the temperature dependence u ∝
T 4 follows solely from thermodynamics and the classical
relation P = u/3. The constant A cannot be fixed by
classical physics; deriving its correct value,

A = π2k4
B

15c3ℏ3 , (8)

requires quantum theory and the Planck distribution,
which agrees with the experiment [13].

Now we are left with a question: where do the propor-
tionalities P ∝ u and I ∝ u come from? The standard
textbook answer uses the photon picture and kinetic the-
ory (see, for example, [14]). Consider a cavity as shown
in Figure 1. We aim to determine the intensity of the
radiation that escapes through a small hole in the wall.
The radiation may contain photons of different frequen-
cies ω. In the photon-gas picture used here, photons are
assumed to be non-interacting,1 so each frequency can
be analyzed independently. Thus, we focus on a single
frequency at a time.

To calculate the radiation rate, we first determine
the number of photons passing through the small hole
per unit time. Because the motion of photons is isotropic,
the number of photons with velocity within the solid
angle dΩ is independent of the orientation of that angle.
In spherical coordinates, the solid angle element is dΩ =
sin θ dθ dφ, where θ is the polar angle (measured from
the z–axis) and φ is the azimuthal angle (measured in
the xy–plane). If we denote by f(θ, φ) dΩ the probability
that photons move in a given direction, then

f(θ, φ) = 1
4π

. (9)

Let us now compute the number of photons that, mov-
ing in a given direction, strike a small surface area A

of the wall during a short time interval dt. Figure 2
illustrates the geometry: all photons contained in the
1In quantum electrodynamics (QED), photons can interact with
each other via higher-order processes such as virtual electron-
positron loops [15]. These effects are extremely weak at ordinary
energies, but they have been experimentally observed [16].

Fig. 2 Photons moving at angle θ reaching a surface element
A during the time interval dt. The shaded volume corresponds
to the photons traveling a distance c dt. The inset shows the
infinitesimal angular spread δθ, whose effect on the calculation
is negligible to leading order.

parallelogram volume shown in grey, and moving in the
specified direction, will reach the surface in time dt. One
might object that we have drawn only a single angle
in the figure, whereas we should consider an interval of
angles. This is correct, but if we take an interval such as
θ to θ + δθ, the difference is only that the parallelogram
volume is slightly modified, producing a higher-order
correction that does not affect the calculation. Thus, the
number of photons colliding with the surface is equal
to the volume of this parallelogram multiplied by the
photon density and by the probability of having such a
velocity:

N(ω, θ, ϕ) = (c dt A cos θ) nω
dΩ

4π
, (10)

where nω is the density of photons with frequency ω.
Two more steps are required to reach the desired

result. First, we must integrate over all angles of inci-
dence; second, we must include all frequencies together
with their energies. Carrying out the angular integration
gives

N(ω) =
∫

(c dt A cos θ) nω
dΩ

4π
= cAdt nω

4 . (11)

Note that the integration is taken only over half of the
space, corresponding to the side of the wall where the
photon gas is present. In this way, the collision flux of
photons with frequency ω, i.e., the number of collisions
per unit time per unit area, is c nω/4.

All that remains is to account for the energy carried
by each photon and sum over all frequencies. The energy
of a photon is ℏω, so the energy flux per unit time per
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unit area is

I =
∫

dω ℏω
c nω

4 . (12)

The energy density has a similar expression: multiplying
the number of photons per unit volume of frequency
ω by their energy and integrating over all frequencies
gives

u =
∫

dω ℏω nω. (13)

Comparing the two relations, we immediately find

I = c

4u. (14)

This is the result we sought. Similar straightforward
arguments also establish the relation between radiation
pressure and energy density,

P = u

3 , (15)

which likewise appears in most statistical physics text-
books. In fact, this relation has been obtained from
classical reasoning in the seminal book by Landau and
Lifshitz for ultra-relativistic particles [17]. This deriva-
tion, although it does not require quantum mechanics,
is still based on the particle picture of a gas. However,
the proportionality should be derivable within the wave
picture of classical electromagnetism alone, without as-
suming the existence of particles or photons. In the
following two sections, we present exactly such classi-
cal derivations. These derivations show that while the
absolute normalization of the Stefan-Boltzmann law re-
quires quantum physics, the functional relations among
energy density, flux, and pressure are already contained
in classical electromagnetism and classical statistical
mechanics.

3 An Intuitive Approach Based on Classical
Electromagnetic Waves

In thermodynamics, we deal with macroscopic quanti-
ties. Using statistical mechanics, we try to derive these
macroscopic quantities from microscopic ones, usually
by some averaging. In real measurements, we average
mostly over time and sometimes over a region of space.
For example, when we measure the pressure of a car
tyre, we use a pressure gauge with a small but finite
area, leave it in contact with the tyre for a time much
longer than the microscopic time scales, and then read
the pressure. In the theory part, if we wanted to per-
form time averaging directly, we would normally face the
problem that the equations of motion cannot be solved

analytically. Therefore, we usually turn to ensemble av-
eraging. In the case of electromagnetic waves, however,
we are dealing with a system that is exactly solvable
analytically: Maxwell’s equations in vacuum are linear,
and their solutions are plane waves. Hence, we can follow
the more intuitive path: start with the direct solution of
Maxwell’s equations, then perform spatial and temporal
averages over scales larger than the microscopic ones
(i.e., larger than the typical wavelength and oscillation
period), and finally compute the macroscopic quantities
of interest. As stated earlier, we focus on the relations
between the energy flux, the energy density, and the
radiation pressure.

3.1 Fourier representation of the fields

From a purely classical standpoint, the description of
an empty cavity filled with radiation relies entirely on
Maxwell’s equations in vacuum, which govern the dy-
namics of the electric and magnetic fields E⃗(x⃗, t) and
B⃗(x⃗, t). Moreover, Maxwell’s equations ensure that once
the electric field is specified, the magnetic field is deter-
mined accordingly [18]. It is therefore sufficient to focus
our analysis on E⃗.

Maxwell’s equations are linear, so their solutions,
when expressed in Fourier space, decouple and can be
analysed individually. In this representation, the dynam-
ics of the system are described by the Fourier compo-
nents E⃗(k⃗), where k⃗ is the wave vector [19]. The electric
field can be written in terms of its Fourier modes as

E⃗(x⃗, t) =
∫

d3k

(2π)3

(
E⃗(k⃗)eik⃗·x⃗e−iω(k⃗)t + c.c.

)
. (16)

Here we have used the same symbol E⃗ for both the field
and its Fourier components, a common but harmless
abuse of notation. Note that the electric field E⃗(x⃗, t) is
real, while its Fourier components E⃗(k⃗) are complex.
Coulomb’s law implies that

k⃗ · E⃗(k⃗) = 0. (17)

From Maxwell’s equations, it follows that the disper-
sion relation is ω(k⃗) = c∥k⃗∥, where ∥k⃗∥ :=

√
k⃗ · k⃗. By

Faraday’s law of induction, the magnetic field can also
be expressed in terms of the Fourier components of the
electric field:

B⃗(x⃗, t) =
∫

d3k

(2π)3

[
k⃗ × E⃗(k⃗)

ω(k⃗)

× eik⃗·x⃗e−iω(k⃗)t + c.c.

]
.

(18)
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3.2 Energy density and spatio-temporal averaging

The specific question we wish to address is the relation-
ship between the energy density and the radiant flux in
a chamber filled with electromagnetic fields. We begin
by calculating the energy density, which is obtained
directly from the fields:

u(x⃗, t) = 1
2ϵ0∥E⃗(x⃗, t)∥2 + 1

2µ0
∥B⃗(x⃗, t)∥2, (19)

where ϵ0 and µ0 denote the vacuum permittivity and
permeability, respectively.

As noted above, in thermodynamics, energy density
is not the instantaneous microscopic quantity introduced
earlier, but rather an average over an appropriate time
interval and spatial region. To illustrate this idea, let us
recall the analogy with fluid mechanics: when we denote
the fluid velocity field by v⃗(x⃗, t), we do not mean the
instantaneous microscopic velocity of a single molecule
located at position x⃗ at time t. Instead, we obtain the
velocity field by averaging microscopic velocities over a
spatial region much larger than molecular dimensions
but much smaller than the system’s macroscopic scale.
In practice, one also averages over a short time inter-
val, long compared to microscopic timescales but short
relative to the macroscopic dynamics.

Returning to electromagnetism, we define the ther-
modynamic energy density as a local spatial average:

u(x⃗, t) = 1
V1(x⃗)

∫
V1(x⃗)

d3x′ u(x⃗′, t), (20)

where V1(x⃗) is a volume centered at x⃗, large compared
to microscopic fluctuations but small compared to the
system’s size. For electromagnetic radiation, the relevant
microscopic length scale is set by the wavelength. Since a
cavity supports modes over a broad range of wavelengths,
a natural choice is the wavelength at which the Planck
spectrum reaches its maximum, as most of the radiative
energy is concentrated near this wavelength. For solar
radiation, the peak occurs at approximately λpeak ≃
500 nm, which corresponds to a characteristic averaging
volume of order (λpeak)3 ∼ µm3. In addition to spatial
averaging, one may also perform averaging over a short
time interval, chosen to be long compared to microscopic
oscillations but short relative to macroscopic dynamics.

For concreteness, let us consider the contribution of
the electric field to the energy density (19). We have

uE(x⃗, t) := 1
V1(x⃗)

∫
V1(x⃗)

d3x′
(ϵ0

2 ∥E⃗(x⃗′, t)∥2
)

= ϵ0

2V1(x⃗)

∫
V1(x⃗)

d3x′
∫

d3k1

(2π)3

∫
d3k2

(2π)3

×
[(

E⃗(k⃗1)eik⃗1·x⃗′
e−iω(k⃗1)t + c.c.

)
·
(
E⃗(k⃗2)eik⃗2·x⃗′

e−iω(k⃗2)t + c.c.
)]

.

(21)

The spatial average over V1(x⃗) acts on the exponential
factors e±i(k⃗1±k⃗2)·x⃗′ . For a volume large compared to
the typical wavelength, these integrals become sharply
peaked. More precisely,

1
V1(x⃗)

∫
V1(x⃗)

d3x′ ei(k⃗1±k⃗2)·x⃗′
≈ δk⃗1,∓k⃗2

(discrete notation).
(22)

or in the continuum limit it tends to a Dirac delta func-
tion (2π)3δ3(k⃗1 ± k⃗2) times a factor that depends on
the shape of the volume, but crucially it vanishes when
k⃗1 ̸= ∓k⃗2. Therefore, only terms with k⃗2 = ±k⃗1 survive
the average. However, cross terms such as E⃗(k⃗) · E⃗(−k⃗)
or its complex conjugate come with oscillatory factors
e±2iω(k⃗)t which, when averaged over a time interval long
compared to the oscillation period, vanish. Hence, after
performing both spatial and temporal averaging, only
the terms with k⃗2 = k⃗1 and without e±2iωt survive.
A detailed justification of why time averaging elimi-
nates cross terms between different frequencies and why
only the diagonal terms k⃗2 = k⃗1 survive is given in Ap-
pendix Appendix A. These terms come from the product
E⃗(k⃗1)eik⃗1·x⃗′ · E⃗(k⃗2)∗e−ik⃗2·x⃗′ with k⃗2 = k⃗1. The spatial
average then gives a factor of unity, and the time average
removes the oscillation. A similar analysis holds for the
magnetic part (see Appendix Appendix B). Collecting
the surviving contributions, one finds uB(x⃗) = uE(x⃗)2

u(x⃗) := uE(x⃗) + uB(x⃗)

= 2ϵ0

∫
d3k

(2π)3 E⃗(k⃗)∗ · E⃗(k⃗). (23)

3.3 Poynting vector and energy flux

Now we turn to the Poynting vector [20],

S⃗ = 1
µ0

E⃗ × B⃗, (24)

2Underline and overline denote average over volume and average
over time, respectively.
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which in turn, specifies the flux of energy. Using (16)
and (22),

S⃗(x⃗, t) = 1
µ0V1(x⃗)

∫
V1(x⃗)

d3x′
∫

d3k1

(2π)3

∫
d3k2

(2π)3

×

[(
E⃗(k⃗1)eik⃗1·x⃗′

e−iω(k⃗1)t + c.c.
)

×

(
k⃗2

ω(k⃗2)
× E⃗(k⃗2) × eik⃗2·x⃗′

e−iω(k⃗2)t + c.c.

)]
.

(25)

As before, we need the average over a small spatial
volume and a short time interval. Applying the same
averaging procedure (the spatial average enforces k⃗1 =
±k⃗2 and the time average kills the oscillatory terms)
together with the Coulomb law (17), and the identity
µ0ϵ0 = c−2 we obtain

S⃗(x⃗) = c

∫
d3k

(2π)3 u(k⃗) k̂, (26)

where u(k⃗) := 2ϵ0E⃗(k⃗)∗ · E⃗(k⃗), is the contribution of
mode k⃗ to the average energy density (23).

We assume that the radiation spectrum is isotropic
[21, 22], so that u(k⃗) depends only on k = ∥k⃗∥. To find
the energy escaping through a small hole, consider an
infinitesimal surface element oriented perpendicular to
the z-axis. Only modes with positive kz contribute to
the net outward flux. For each wave vector k⃗, the com-
ponent of the Poynting vector normal to the surface is
c u(k) cos θ. Integrating over the hemisphere θ ∈ [0, π/2]
gives

I = c

∫
d3k

(2π)3 u(k) cos θ

= c

∫
dk

(2π)3 k2u(k)
∫ 2π

0
dϕ

×
∫ π/2

0
cos θ sin θ dθ.

(27)

The angular integral equals π. The full energy density
(integrated over all directions) is

u =
∫

d3k

(2π)3 u(k) = 4π

∫
dk

(2π)3 k2u(k). (28)

Comparing (27) and (28) we recover (14).
Thus, by carefully separating modes according to

their direction of propagation, we obtain the same re-
lation I = c

4 u that, in the photon picture, follows from
kinetic theory. The advantage of the present derivation
is that it uses only classical wave physics and explicit
averaging, without any appeal to light quanta.

3.4 Radiation pressure from the Maxwell stress tensor

The momentum flux is described by the Maxwell stress
tensor

Tij = ϵ0

(
EiEj − 1

2δij∥E⃗∥2
)

+ 1
µ0

(
BiBj − 1

2δij∥B⃗∥2
)

.

(29)

For a surface perpendicular to the i-direction, the pres-
sure is Pi = −Tii. For example,

Px = −ϵ0

(
E2

x − 1
2 ∥E⃗∥2

)
− 1

µ0

(
B2

x − 1
2 ∥B⃗∥2

)
. (30)

In thermodynamic equilibrium, the radiation field is
isotropic, so the pressure is the same in all directions.
The diagonal components of the stress tensor therefore
satisfy Px = Py = Pz. Averaging over these components
and using the fact that the trace of the Maxwell stress
tensor equals −u, we verify (15).

In the next section, we re-derive (14) and (15) by
using a more formal ensemble method that does not rely
on solving the equations of motion explicitly.

4 A Systematic Field Theoretic Treatment

In contrast to the intuitive, wave-based derivation of
Section 3, we now develop a systematic statistical me-
chanical treatment of the classical electromagnetic field.
Instead of solving Maxwell’s equations and averaging
over time and space, we work directly with the partition
function and ensemble averages. This approach is more
abstract, but it does not rely on the exact solvability
of the equations of motion and naturally handles the
constraints and the gauge invariance which characterise
electrodynamics as a classical gauge field theory. The
presentation is self-contained and follows the canonical
Hamiltonian formulation, culminating in the derivation
of P = u/3 from the Maxwell stress tensor.

In the previous section, we tried to advance the dis-
cussion by appealing to intuition and to what is actually
being measured. Statistical mechanics, however, has de-
veloped a framework that strengthens these intuitive
methods with rigorous mathematics. In this section,
therefore, we encounter more mathematical manipula-
tions. The appeal of the problem lies in the fact that
we are dealing with a system that, in essence, is a field
theory. We aim to construct a partition function for this
field theory and thereby derive its thermodynamic rela-
tions. As we shall see, this field theory contains twists
and subtleties that resemble the challenges encountered
in quantum electrodynamics. It is worth confronting
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these complexities here, where the physics of the story
remains closer to intuition.

Before turning to electrodynamics, let us briefly re-
view the general procedure of statistical mechanics. In-
stead of time averages, we employ ensemble averages;
that is, we sum over different configurations of the sys-
tem. Statistical mechanics relies on the ergodic hypothe-
sis, which assumes that temporal and ensemble averages
coincide. Thus, rather than following the detailed time
evolution, we obtain the desired results by considering
all possible configurations.

The first step is to identify the system’s configura-
tions. In classical mechanics, these are specified by the
generalized coordinates and their conjugate momenta,
i.e., by the system’s location in phase space. For ex-
ample, a particle moving in one dimension is described
by the pair (q, p). The system’s Hamiltonian H is then
defined in terms of these variables.

The next step is to construct the appropriate en-
semble, such as the canonical ensemble. In this case,
the probability of a microstate (q, p) is proportional to
the Boltzmann factor e−βH(q,p), where β := 1

kBT , with
kB being Boltzmann’s constant (which relates energy
to temperature), and T denoting the absolute tempera-
ture [23]. In this framework, the thermal average of any
observable F (q, p) is defined as

⟨F ⟩ := 1
Z

∫
dq dp F (q, p) e−βH(q,p), (31)

where Z is the partition function,

Z :=
∫

dq dp e−βH(q,p). (32)

Quantities of interest include averages such as ⟨q2⟩, ⟨p2⟩,
or ⟨qp⟩.

Returning now to electrodynamics, the steps we
follow in a statistical approach are:

1. Define the canonical variables.
2. Write down the Hamiltonian of the system.
3. Construct the Boltzmann distribution.
4. Compute the desired quantities by averaging with

respect to the Boltzmann weight.

Electromagnetism, however, introduces an additional
layer of complexity that makes the problem both more
challenging and more intriguing. The fundamental dy-
namical variables of electrodynamics are the electro-
magnetic potentials (ϕ, A⃗), from which the fields are
derived. Accordingly, the Lagrangian and Hamiltonian
are formulated in terms of these potentials, and the
equations of motion follow from their variation. The
potentials also introduce the subtle issue of gauge free-
dom: distinct potential configurations may correspond

to the same physical state. To avoid overcounting such
gauge-equivalent configurations in the ensemble, the
integration measure in (31) must be defined with care.

Presenting all of these arguments simultaneously
would obscure their logic, so we have arranged them
into a sequence of subsections. Each subsection isolates
a distinct component of the calculation, making its role
and conclusion transparent.

4.1 Maxwell’s Canonical Equations

In this subsection, we identify the canonical field vari-
ables and their conjugate momenta, i.e., the phase space
variables of Maxwell theory, and show how the Hamil-
tonian density is expressed in terms of them.

Maxwell’s equations can be derived from the princi-
ple of least action, S =

∫
dt L, where the Lagrangian is

L = 1
2

∫
d3x

(
ϵ0E⃗2 − 1

µ0
B⃗2
)

. (33)

The electric and magnetic fields can be expressed in
terms of the potential components Aµ = (ϕ, A⃗), which
serve as the canonical variables of the theory [24]:

B⃗ = ∇ × A⃗, E⃗ = −∇ϕ − ∂tA⃗. (34)

Defining the Hamiltonian and the partition function
requires the conjugate momenta. By definition,

πµ := δS

δ(∂tAµ) . (35)

This implies that the momentum conjugate to the vector
potential is proportional to the electric field,

πi = −ϵ0Ei, (36)

while that of the scalar potential vanishes,

π0 = 0. (37)

Although this may seem unusual, its significance be-
comes clear as we proceed.

We now construct the Hamiltonian:

H :=
∫

d3x πµ∂tA
µ − L

=
∫

d3x

[
π⃗ 2

2ϵ0
+ B⃗ 2

2µ0
− π⃗ · ∇ϕ

]

=
∫

d3x

[
π⃗ 2

2ϵ0
+ B⃗ 2

2µ0
+ ϕ ∇ · π⃗

]
.

(38)

In the last step, the boundary term from integration
by parts has been discarded, since it does not affect the
field dynamics.



120

After constructing the Hamiltonian, we verify that
Hamilton’s equations reproduce Maxwell’s equations.
For the scalar potential, Hamilton’s equation gives

0 = ∂tπ0 = −δH

δϕ
= −∇ · π⃗ = ϵ0∇ · E⃗. (39)

So Gauss’s law in vacuum ∇ · E⃗ = 0 emerges as a
secondary constraint enforced by the primary constraint
π0 = 0 [25]. For the vector potential,

∂tA⃗ = δH

δπ⃗
= π⃗

ϵ0
+ ∇ϕ. (40)

which reproduces E⃗ = −∇ϕ−∂tA⃗ via π⃗ = −ϵ0E⃗. Finally,
for the conjugate momentum,

∂tπ⃗ = −δH

δA⃗
= − 1

µ0
∇ × B⃗. (41)

yielding Ampère’s law in vacuum ∇ × B⃗ = c−2∂tE⃗.
The Hamiltonian H is independent of π0, so Hamil-

ton’s equation for the scalar potential formally yields

∂tϕ = δH

δπ0
= 0. (42)

At first sight this seems to constrain ϕ, but recall that
the electromagnetic potentials admit gauge freedom:

A′µ := Aµ + ∂µχ. (43)

This gives rise to the same electric and magnetic fields
as Aµ, regardless of the choice of χ. Thus, the condition
∂tϕ = 0 is not a physical requirement but a reflection
of the gauge redundancy. To make this explicit, we
introduce the extended Hamiltonian

H ′ := H +
∫

d3x π0 ξ. (44)

where ξ is an arbitrary Lagrange multiplier. Its equation
of motion enforces the primary constraint π0 = 0, while
simultaneously setting

∂tϕ = ξ. (45)

In this formulation, the time evolution of ϕ is governed
by the undetermined function ξ, which reflects the gauge
freedom of the theory. The physical dynamics remain
unchanged: H ′ still reproduces Ampère’s law and the
other Maxwell equations.

To simplify the analysis, we fix the gauge by choos-
ing ϕ = 0. With this choice, the Hamiltonian can be
expressed entirely in terms of A⃗ and E⃗:

H = 1
2

∫
d3x

(
ϵ0 ∥E⃗(x⃗)∥2 + 1

µ0
∥∇ × A⃗(x⃗)∥2

)
. (46)

This form is particularly useful for computing statistical
averages. Because the Hamiltonian is quadratic in the
canonical variables, the Boltzmann weight takes the
form of a Gaussian.

While encouraging, this also highlights a complica-
tion: the number of degrees of freedom is infinite. This
was anticipated from the outset, since we are dealing
with a field theory. At each spatial point x⃗, there are
three dynamical variables (A1, A2, A3) together with
their three conjugate momenta. Accordingly, the par-
tition function takes the form of a functional integral:

Z =
∫

DA⃗(x⃗) DE⃗(x⃗)

× exp
[

− β

2

∫
d3x

(
ϵ0∥E⃗(x⃗)∥2

+ 1
µ0

∥∇ × A⃗(x⃗)∥2

)]
.

(47)

Here, e.g., DA⃗(x⃗) denotes integration over all possible
configurations of the field A⃗(x⃗), a notation standard in
the context of functional (path) integrals.

Although the partition function involves infinitely
many degrees of freedom, its quadratic form makes
it Gaussian. This observation allows us to evaluate it
systematically by treating each Fourier mode as an
independent harmonic oscillator.

To keep the progression clear, we proceed in stages:
1. Fourier expansion: Decompose A⃗ and E⃗ into spa-

tial Fourier modes to isolate independent degrees of
freedom mode by mode.

2. Constraint handling: Recognize that not all modes
are physical since the gauge freedom and the con-
straints reduce the physical phase space, and rewrite
the Hamiltonian and the partition function accord-
ingly.

3. Gaussian evaluation: Once the Hamiltonian is cast
into the appropriate quadratic form over the physical
modes, perform the Gaussian integrals and extract
the final expressions for the desired quantities.
We implement these steps in the following subsec-

tions.

4.2 Fourier Space and Constraints on Electric Fields

In this subsection, we express the fields in terms of their
Fourier components and verify that this transformation
is canonical, i.e., it preserves Hamilton’s equations. In
addition, to implement the constraint ∇ · E⃗ = 0, we
see that some modifications to the Hamiltonian are
appropriate.
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We begin by writing the vector potential and electric
field in Fourier space:

A⃗(x⃗) =
∫

d3k

(2π)3 A⃗(k⃗) eik⃗·x⃗, (48)

E⃗(x⃗) =
∫

d3k

(2π)3 E⃗(k⃗) eik⃗·x⃗. (49)

Because these fields are real, their Fourier components
satisfy

E⃗(k⃗)∗ = E⃗(−k⃗), A⃗(k⃗)∗ = A⃗(−k⃗). (50)

Although the Fourier expansion may look straight-
forward, it is crucial to verify that the transformation
preserves the canonical structure of the theory. In other
words, the Fourier transformation from the position-
space variables to their momentum-space counterparts
must be a canonical transformation, preserving the form
of the equal-time Poisson brackets.

From (36), the fundamental brackets in position-
space are

{Ai(x⃗), Ej(y⃗)} = − ϵ−1
0 δij δ(3)(x⃗ − y⃗). (51)

For the Fourier components

A⃗(k⃗) =
∫

d3x A⃗(x⃗) e−ik⃗·x⃗, (52)

E⃗(k⃗) =
∫

d3x E⃗(x⃗) e−ik⃗·x⃗, (53)

one obtains

{Ai(k⃗), Ej(k⃗′)∗} = − (2π)3 ϵ−1
0 δij δ(3)(k⃗ − k⃗′). (54)

Hence the canonical commutation relations are preserved
under Fourier transformation, demonstrating that the
map (Ai(x⃗), Ej(x⃗)) 7→ (Ai(k⃗), Ej(k⃗)) is indeed canoni-
cal.3

In this way, we can now express the Hamiltonian in
terms of the Fourier components, which is straightfor-
ward:

H = 1
2

∫
d3x

(
ϵ0∥E⃗(x⃗)∥2 + 1

µ0
∥B⃗(x⃗)∥2

)
= 1

2

∫
d3k

(2π)3

[
ϵ0 E⃗(k⃗)∗ · E⃗(k⃗)

+ 1
µ0

(
k⃗ × A⃗(k⃗)∗) ·

(
k⃗ × A⃗(k⃗)

)]
.

(55)

Accordingly, the functional integral can be written
in terms of the Fourier variables. That is, we sum over
A⃗(k⃗) and E⃗(k⃗) in the partition function instead of A⃗(x⃗)
and E⃗(x⃗):

Z =
∫

DA⃗(k⃗) DE⃗(k⃗) exp
{

−β H[A⃗(k⃗), E⃗(k⃗)]
}

. (56)

3This conclusion can be further substantiated by rewriting the
action in Fourier space; see Appendix Appendix C.

Fig. 3 Decomposition of the field E⃗ into its longitudinal and
transverse components with respect to the wave vector k⃗, namely
E⃗∥ and E⃗⊥, respectively.

The only subtlety in evaluating the partition func-
tion is that the electric field is not an unconstrained
dynamical variable. A naive integration over all field
configurations would overcount unphysical states. In
vacuum, Gauss’s law requires that ∇ · E⃗(x⃗) = 0, so the
functional integral must be restricted to divergence-free
configurations. While implementing this constraint di-
rectly in the functional measure is possible, it is often
more convenient to proceed indirectly. Specifically, we
modify the Hamiltonian so that configurations violat-
ing Gauss’s law are assigned zero statistical weight and
therefore do not contribute to the partition function.
In Fourier space, the constraint becomes k⃗ · E⃗(k⃗) = 0,

which means that E⃗(k⃗) is perpendicular to k⃗. As shown
in Figure 3, the field E⃗(k⃗) may be uniquely decomposed
into components parallel and perpendicular to the wave
vector k⃗:

E⃗(k⃗) = E⃗⊥(k⃗) + E⃗∥(k⃗). (57)

If we can construct an operator that projects any E⃗(k⃗)
onto its transverse component E⃗⊥(k⃗), then only the
allowed (divergence-free) part will contribute in the
Hamiltonian, and the longitudinal part will be automat-
ically discarded. We therefore look for an operator P(k⃗)
satisfying

P(k⃗) · E⃗(k⃗) = E⃗⊥(k⃗). (58)

Since E⃗ is a three-component vector field, P is a 3 ×
3 matrix that removes the component parallel to k⃗

and leaves the transverse components untouched. The
projector is4

Pij(k⃗) = δij − kikj

k2 . (59)

Consider the electric-field contribution to the Hamil-
tonian (55). To enforce the transversality condition, we

4It is straightforward to verify that P is idempotent, P(k⃗)2 =
P(k⃗). Moreover, since Pij(k⃗)kj = 0, the projector eliminates
the longitudinal (unphysical) component of the field, leaving
only the two transverse polarizations associated with physical
electromagnetic waves.
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replace that term by

HE = ϵ0

2

∫
d3k

(2π)3 E⃗(k⃗)∗ · P(k⃗) · E⃗(k⃗), (60)

where

E⃗∗ · P · E⃗ :=
∑
i,j

E∗
i Pij Ej . (61)

We may therefore integrate over all electric-field configu-
rations in the partition function. In this formulation, the
longitudinal components parallel to k⃗ carry no energy
and hence enter the functional integral with unit weight.
In contrast, the transverse components contribute ex-
actly as in the original constrained theory. It is important
to note that the longitudinal modes, although energeti-
cally inert, generate an overall divergent multiplicative
factor in the partition function Z, reflecting the infinite
volume associated with the gauge redundancy. This di-
vergence is, however, physically irrelevant. Observable
quantities are computed as ensemble averages–ratios of
functional integrals, as in (31)–and the same divergent
normalization factor appears in both the numerator and
denominator. As a result, it cancels identically, and the
unphysical degrees of freedom decouple from all physical
observables. The remaining contributions come solely
from the transverse modes, yielding finite, well-defined
results.

It is also straightforward to verify that(
k⃗ × A⃗(k⃗)∗

)
·
(

k⃗ × A⃗(k⃗)
)

= k2 A⃗(k⃗)∗ · P(k⃗) · A⃗(k⃗), (62)

so the projector P(k⃗) arises naturally in the magnetic
term as well, ensuring that A⃗(k⃗) has no longitudinal
component. Thus the full Hamiltonian can be written
compactly as

H = 1
2

∫
d3k

(2π)3

[
ϵ0 E⃗(k⃗)∗ · P(k⃗) · E⃗(k⃗)

+ k2

µ0
A⃗(k⃗)∗ · P(k⃗) · A⃗(k⃗)

]
.

(63)

4.3 Calculation of field correlations using Gaussian
integrals

The derivation that follows is a standard exercise in
the evaluation of quadratic (Gaussian) functional inte-
grals. Readers interested only in the resulting correlation
functions may safely skip ahead to Eqs. (74), (75), and
(81).

The partition function used to compute field corre-
lations is based on the Hamiltonian (63), augmented by
source terms linear in the fields. We write

Htot = H + HJ , (64)

with

H = ϵ0

2

∫
d3k

(2π)3

[
E⃗⊥(k⃗)∗ · E⃗⊥(k⃗)

+ c2k2 A⃗⊥(k⃗)∗ · A⃗⊥(k⃗)
]
.

(65)

and

HJ =
∫

d3k

(2π)3

(
E⊥(k⃗)∗ · JE(k⃗) + A⊥(k⃗)∗ · JA(k⃗)

)
. (66)

The source terms are introduced so that field correlations
can be obtained by functional differentiation of the
partition function. Without loss of generality, they are
supposed to be transverse, i.e.,

P(k⃗) · JE(k⃗) = JE(k⃗), P(k⃗) · JA(k⃗) = JA(k⃗), (67)

and satisfy the reality conditions

JE(k⃗)∗ = JE(−k⃗), JA(k⃗) = JA(−k⃗)∗. (68)

Henceforth, we omit the subscript ⊥ for convenience,
with the understanding that E(k⃗) and A(k⃗) always
denote transverse components. Following (31) we define
the correlator5

〈
Ei(k⃗)E∗

j (k⃗′)
〉

:=

∫
DE DA e−βHtotEi(k⃗)E∗

j (k⃗′)∫
DE DA e−βHtot

= (2π)6

β2Z

δ2Z

δ[JE(k⃗)∗]i δ[JE(k⃗′)]j

∣∣∣∣∣JE=JA=0
J∗

E=J∗
A=0

.

(69)

where we have adopted the convention

δ[JE(k⃗)]i
δ[JE(k⃗′)]j

= δij δ3(k⃗ − k⃗′), (70)

used (50) and (68), and noted that

HJ =
∫

d3k

(2π)3

(
E(k⃗) · JE(−k⃗) + A(k⃗) · JA(−k⃗)

)
. (71)

Similarly,

〈
Ai(k⃗)A∗

j (k⃗′)
〉

=

∫
DE DA e−βHtotAi(k⃗)A∗

j (k⃗′)∫
DE DA e−βHtot

= (2π)6

β2Z

δ2Z

δ[JA(k⃗)∗]i δ[JA(k⃗′)]j

∣∣∣∣∣JE=JA=0
J∗

E=J∗
A=0

.

(72)

5Here and below, the functional measures DE and DA denote
integrations over the transverse field configurations only, satis-
fying k⃗ · E⃗(k⃗) = k⃗ · A⃗(k⃗) = 0. The longitudinal components are
not part of the functional integration.
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To evaluate the Gaussian integrals, it suffices to
complete the square in the exponential.6 Working in
Fourier space is advantageous because different wave
numbers decouple and can be treated independently.
The result is

Z ∝ exp
{

β

2ϵ0

∫
d3k

(2π)3

[
J∗

E(k⃗) · P(k⃗) · JE(k⃗)

+ 1
c2k2 J∗

A(k⃗) · P(k⃗) · JA(k⃗)
]}

.

(73)

where, following (67), the projection operator P(k⃗) is
explicitly displayed for clarity. Since the proportional-
ity constant contains no current-dependent terms, it is
omitted. Using (73) in (69) and (72), we obtain

⟨Ei(k⃗)E∗
j (k⃗′)⟩ = (2π)3kBT

ϵ0
δ3(k⃗ − k⃗′) Pij(k⃗), (74)

⟨Ai(k⃗)A∗
j (k⃗′)⟩ = (2π)3µ0kBT

k2 δ3(k⃗ − k⃗′) Pij(k⃗), (75)

where the relation β−1 = kBT has been applied. Mixed
correlations such as ⟨EiAj⟩ vanish identically, since the
block-diagonal structure of the Hamiltonian forces the
corresponding source terms to decouple.

Using the correlation functions (74) and (75), we can
evaluate the thermal average of the Hamiltonian (65).
The result is

⟨H⟩ = V N (2kBT ), (76)

where V denotes the cavity volume,

V :=
∫

d3x = (2π)3 δ3(k⃗ − k⃗ ′)
∣∣∣
k⃗′=k⃗

, (77)

and N is the total number of allowed wave–vectors

N :=
∫

d3k

(2π)3 . (78)

Equation (76) shows that the thermal average of
the Hamiltonian coincides with the familiar equipar-
tition result: each wave–vector contributes the energy
of two simple harmonic oscillators per unit volume. In
the continuum description, however, both V and N
are apparently infinite. The volume V arises from the
normalization of the Dirac delta function,

(2π)3δ3(⃗0). (79)

corresponding to the infinite-volume limit, whereas N di-
verges because the continuum theory contains infinitely
many electromagnetic modes with arbitrarily large wave
vectors. Accordingly, we should understand both quanti-
ties as regulated by finite infrared and ultraviolet cutoffs,
6See Appendix Appendix D for details.

respectively. We retain the compact notation above for
simplicity and return to the role of these regulators
when discussing the energy density and radiation pres-
sure later in this section.

The correlation of the magnetic fields follows directly
from the correlator (75). Since

B⃗ = ∇ × A⃗, B⃗(k⃗) = i k⃗ × A⃗(k⃗). (80)

we have〈
Bi(k⃗)B∗

j (k⃗′)
〉

= (2π)3µ0kBT

k2 ϵimrϵjns kmkn

× Prs(k⃗) δ3(k⃗ − k⃗′)

= (2π)3µ0kBT Pij(k⃗) δ3(k⃗ − k⃗′).

(81)

where ϵimr is the Levi-Civita symbol. In reaching the
final form, we have used

ϵimr kmkr = 0,

ϵimrϵjnsδrs = δijδmn − δinδmj .
(82)

This result is manifestly consistent with ∇ · B⃗(x⃗) = 0,
or equivalently k⃗ · B⃗(k⃗) = 0.
Remark. The transverse projector Pij(k⃗) appearing
in all correlators reflects the fact that only physical,
divergence-free modes contribute. This is the statistical
mechanics analogue of gauge invariance in the canonical
formalism.

The correlations obtained in this section are very
similar to the relations (A.4) and (A.5), although they
have been derived differently. To obtain (A.4) and (A.5),
we used the equations of motion and averaged over time
or within a finite volume. Here, by contrast, we car-
ried out ensemble averaging, and the two approaches
coincide. According to the ergodic theorem, time (or
spatial) averages and ensemble averages are equivalent.
Furthermore, the transverse projector Pij appears ex-
plicitly in (74) and (81), whereas in (A.4) and (A.5) it
does not. The distinction stems from the fact that the
constraints are already built into the solutions of the
equations of motion. Consequently, the resulting fields
are automatically transverse, and the projector need not
be written explicitly. In the statistical approach, how-
ever, one integrates over arbitrary field configurations,
so the constraints must be imposed explicitly.

Another distinction concerns the constants multiply-
ing the Dirac delta functions. In the statistical derivation
presented here, these coefficients appear naturally. In
the former approach, one would obtain them by invok-
ing the equipartition theorem, which assigns an average
energy kBT to each oscillating mode. This yields co-
efficients consistent with those derived in the present
framework.
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4.4 Energy density and radiant power

We now return to our central question: the relationship
between energy density and radiant power. Within the
present statistical framework, we cannot establish this
connection directly. While the electromagnetic energy
density can be computed in this way (albeit with a
divergent result), the radiated power requires analysis of
the Poynting vector (24), and, in particular, its average
value. Because the correlations between electric and
magnetic fields vanish,

⟨Ei(k⃗)Bj(k⃗)⟩ = 0, (83)

the average Poynting vector in thermal equilibrium is
identically zero. This vanishing of the average Poynting
vector is the correct equilibrium result (no net energy
flow). It does not contradict the relation I = c

4 u de-
rived in Section 3, because there we specifically isolated
modes moving toward a hole, i.e., integrated only over a
hemisphere in k-space. This outcome is consistent with
physical intuition: a nonzero average flux would imply
a net energy transfer, contradicting the very notion of
equilibrium.

In section 3, by solving the equations of motion,
we were able to identify the propagation direction of
individual waves. At a given point, left-moving and
right-moving modes could be distinguished, and the
flux associated with each category computed. Such a
decomposition, however, is not available in the ensemble
approach, which yields only the equilibrium result.

Nevertheless, these calculations remain highly in-
structive. First, they sharpen our intuition about elec-
tromagnetic systems in thermal equilibrium and, more
broadly, about the principles of statistical mechanics.
Second, they provide a natural entry point into field-
theoretic methods and path integrals, which play a cen-
tral role in quantum electrodynamics. Finally, they en-
able estimation of radiation pressure – a quantity of
fundamental importance that, as discussed earlier, leads
directly to the Stefan-Boltzmann law.

To compute the thermal average of the radiant pres-
sure, we note that, as already explained in subsection
3.4, the pressure can be obtained from the stress ten-
sor. While this calculation can be carried out in Fourier
space, here we present the derivation directly in position
space. Using (49) together with (74), we find

⟨Ei(x⃗)Ej(x⃗ ′)⟩ = kBT

ϵ0

∫
d3k

(2π)3 Pij(k⃗) eik⃗·(x⃗−x⃗′). (84)

For the correlation at coincident points, x⃗ = x⃗ ′, this
reduces to7

⟨Ei(x⃗)Ej(x⃗)⟩ = kBT

ϵ0

∫
d3k

(2π)3 Pij(k⃗)

= 2
3

kBT

ϵ0
N δij .

(85)

where N is defined in (78). This result, in particular,
shows that

⟨Ei(x⃗)2⟩ = 1
3 ⟨∥E⃗(x⃗)∥2⟩. (86)

An analogous relation holds for the magnetic field. Sub-
stituting into the pressure expression (30) and perform-
ing the ensemble average, we arrive at

⟨P ⟩ = ϵ0
⟨∥E⃗(x⃗)∥2⟩

6 + ⟨∥B⃗(x⃗)∥2⟩
6µ0

= ⟨u⟩
3 , (87)

in agreement with (15).
Before closing this section, let us emphasize that

(85) is fully consistent with the equipartition theorem.
In particular, it yields
ϵ0

2 ⟨∥E⃗(x⃗)∥2⟩ = N kBT, (88)

which expresses the expected thermal contribution of
each mode to the electric field energy.

At this point, it is appropriate to comment on the
formal divergences encountered above. In the continuum
limit, the mode count N diverges because of the unlim-
ited number of electromagnetic modes with arbitrarily
large wave vectors. Introducing a finite ultraviolet cut-
off makes the energy density and the coincident-point
correlation functions finite, while the usual infrared reg-
ularisation handles the infinite-volume normalisation.
Since both the pressure and the energy density are
proportional to the same regulated quantity N , the reg-
ulator dependence cancels in their ratio. Consequently,
the equation of state P = u

3 is independent of the cutoff,
even though the individual quantities diverge as the
cutoff is removed.

To summarise, classical statistical mechanics cor-
rectly reproduces the universal proportionalities

P = u

3 , I = c

4u. (89)

the latter having been derived in Section 3. Together
with thermodynamics, these relations imply the Stefan–
Boltzmann law u ∝ T 4. Classical theory fails to deter-
mine the finite value of the proportionality constant:
because of the ultraviolet catastrophe, the energy density
diverges as the ultraviolet cutoff is removed. Neverthe-
less, the present analysis remains valuable both as a
classical derivation of these universal relations and as
a natural bridge to finite-temperature quantum field
theory.
7Details are given in Appendix Appendix E.
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5 Conclusion

In this paper, we have revisited the classical foundations
of the statistical mechanics of electromagnetic radia-
tion. Starting from Maxwell’s equations and classical
thermodynamics, we have shown that two fundamen-
tal proportionalities – the energy flux I = c

4 u and the
radiation pressure P = u

3 – follow without any appeal
to photons or quantum statistics. The former follows
from an intuitive wave-based derivation that uses spatial
and temporal averaging and isolates modes propagating
toward a hole; the latter is rederived in a systematic,
constraint-based field-theoretic approach that explicitly
handles gauge invariance via a transverse projector and
evaluates thermal averages from the classical partition
function.

These derivations make it clear that while the classi-
cal theory is unable to produce the correct blackbody
spectrum (it suffers from the ultraviolet catastrophe and
gives a divergent energy density) and therefore cannot
fix the absolute constant in the Stefan-Boltzmann law
u = AT 4, the functional relations among energy den-
sity, flux, and pressure are already contained in classical
electromagnetism and classical statistical mechanics. In
this sense, the classical theory does not fail: it correctly
predicts the structure of the macroscopic laws, even
though it fails at the level of the spectral distribution.

The formulation presented here addresses a gap often
overlooked in the standard literature. It demonstrates
how to systematically construct the partition function
for a classical gauge field theory, enforce gauge con-
straints, and evaluate Gaussian functional integrals and
thermal averages within a concrete physical system.
This framework establishes a clear classical foundation
for more advanced topics, such as finite-temperature
quantum field theory and path-integral methods. The
two complementary approaches—the heuristic averaging
method and the systematic ensemble method—clarify
the interplay between classical fields, gauge invariance,
and thermodynamics.

Appendices

Appendix A: Time Averaging of Rapid
Oscillations

Physical measurements are always performed over a
finite time interval, which naturally introduces a time
average. This averaging plays a role analogous to spatial
averaging and further justifies the approximations used
in Section 3. To illustrate the effect, consider a sim-
ple one-dimensional example: the time-averaged energy
density of a superposition of two monochromatic waves.

The (complex) electric field is

E(x, t) = E1ei(k1x−ω1t) + E2ei(k2x−ω2t). (A.1)

Computing the energy density requires squaring the field,
which produces two types of contributions: (i) terms
from the square of each individual wave, and (ii) cross
terms arising from the product of the two waves. We
focus on the cross term, denoted u12. Its time average
over an interval of duration T is

ū12 := 1
T

∫ T/2

−T/2
dt u12(t)

= 1
T

E1E∗
2ei(k1−k2)x

∫ T/2

−T/2
dt ei(ω1−ω2)t + c.c.

(A.2)

Evaluating the integral gives

ū12 ∝ 2
(ω1 − ω2)T sin

[
(ω1 − ω2)T

]
. (A.3)

The sine factor is bounded between −1 and 1, but the
prefactor can be extremely small. For example, even the
frequency difference between yellow and green light is of
order 1015 rad/s. With a measurement time of the order
of seconds, the resulting contribution is suppressed to
about 10−15 – effectively zero. Only if the frequency
difference were as small as 2π radians per second would
the integral yield a contribution of order unity. For
optical frequencies, this would require a measurement
apparatus capable of resolving frequencies to fifteen
significant digits.

Thus, time averaging eliminates cross terms between
waves of different frequencies, leaving only the incoherent
sum of their individual energy densities. The net effect
is that only the energies of the individual modes survive,
and the total energy density is obtained by summing
over them. The magnetic-field contribution follows by
the same reasoning.

More formally, the averaging procedure can be ex-
pressed through correlation functions,〈

E⃗(k⃗, t) · E⃗(k⃗′, t)
〉

t,V
= 0,〈

E⃗(k⃗, t) · E⃗(k⃗′, t)∗
〉

t,V
= CE δ(k⃗ − k⃗′).

(A.4)

〈
B⃗(k⃗, t) · B⃗(k⃗′, t)

〉
t,V

= 0,〈
B⃗(k⃗, t) · B⃗(k⃗′, t)∗

〉
t,V

= CB δ(k⃗ − k⃗′).
(A.5)

where CE and CB are constants.These relations emerge
after solving Maxwell’s equations and subsequently per-
forming the time and spatial averages. This justifies
the step in Section 3 where we dropped cross terms
between different Fourier modes. In Section 4, however,
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we demonstrate how such expressions can be derived
directly from statistical mechanics, without recourse to
the explicit solution of the field equations.

Appendix B: Magnetic Contribution to the
Energy Density

Substituting the Fourier representation of the magnetic
field (18) into the definition of the energy density (19),
we obtain

uB(x⃗, t)

= 1
2µ0V1(x⃗)

∫
V1(x⃗)

d3x′
∫

d3k1

(2π)3

∫
d3k2

(2π)3

×

[(
k⃗1

ω(k⃗1)
× E⃗(k⃗1) × eik⃗1·x⃗′

e−iω(k⃗1)t + c.c.

)

·

(
k⃗2

ω(k⃗2)
× E⃗(k⃗2) × eik⃗2·x⃗′

e−iω(k⃗2)t

)]
+ c.c.

(B.6)

Applying the approximation (22), this expression sim-
plifies to

uB(x⃗, t)

= 1
2µ0

∫
d3k

(2π)3

[
−
(
k⃗ × E⃗(k⃗)

)
·
(
k⃗ × E⃗(−k⃗)

)
ω(k⃗)2

× e−2iω(k⃗)t

+
(
k⃗ × E⃗(k⃗)∗) ·

(
k⃗ × E⃗(k⃗)

)
ω(k⃗)2

]
+ c.c.

(B.7)

and averaging over a suitable time period gives

uB(x⃗) = 1
µ0

∫
d3k

(2π)3
k⃗ × E⃗(k⃗)∗ · k⃗ × E⃗(k⃗)

ω(k⃗)2
. (B.8)

Using (17), the dispersion relation ω(k⃗)2 = c2k2, and
the identity c−2 = ϵ0µ0 we obtain

uB(x⃗) = ϵ0

∫
d3k

(2π)3 E⃗(k⃗) · E⃗(k⃗)∗. (B.9)

Appendix C: Canonical Structure of the Fourier
Transformation

In this appendix we verify that the Fourier transforma-
tion relating the position-space and momentum-space
canonical variables is a canonical transformation.

Using (48) and (49), the quadratic terms of the
Lagrangian (33) can be written in Fourier space as∫

d3x ∥E⃗(x⃗)∥2 =
∫

d3k

(2π)3 E⃗(k⃗) · E⃗∗(k⃗),

∫
d3x ∥∇ × A⃗(x⃗)∥2 =

∫
d3k

(2π)3

(
k⃗ × A⃗(k⃗)

)
·
(
k⃗ × A⃗∗(k⃗)

)
.

(C.10)

Since the relation between the electric field and the
potentials is linear, their Fourier transforms are likewise
linearly related:

E⃗(k⃗) = −∂tA⃗(k⃗) − ik⃗ ϕ(k⃗). (C.11)

Substituting this into the Lagrangian (33) yields

L = 1
2

∫
d3k

(2π)3

[
ϵ0
(
∂tA⃗(k⃗) + ik⃗ ϕ(k⃗)

)
·
(
∂tA⃗

∗(k⃗) − ik⃗ ϕ∗(k⃗)
)

−
(
k⃗ × A⃗(k⃗)

)
·
(
k⃗ × A⃗∗(k⃗)

)]
.

(C.12)

From this expression the canonical momentum conjugate
to A⃗(k⃗) follows directly:

π⃗A⃗(k⃗) := δL

δ∂tA⃗(k⃗)

= ϵ0

(2π)3

(
∂tA⃗

∗(k⃗) − ik⃗ ϕ∗(k⃗)
)

= − ϵ0

(2π)3 E⃗∗(k⃗).

(C.13)

Thus the conjugate momentum to A⃗(k⃗) is precisely
− ϵ0

(2π)3 E⃗∗(k⃗), in agreement with the Poisson bracket
(54). This establishes that the Fourier transformation
is not merely a convenient change of variables, but a
genuine canonical transformation.

Appendix D: Completing the square in the
exponential

The contribution of the electric field to the total Hamil-
tonian Htot (64) can be written as

HE :=
∫

d3k

(2π)3

[ϵ0

2 E⃗(k⃗) · E⃗(−k⃗)

+ E⃗(k⃗) · J⃗E(−k⃗)
]

= ϵ0

2

∫
d3k

(2π)3

[(
E⃗(−k⃗) + 1

ϵ0
J⃗E(−k⃗)

)

·
(

E⃗(k⃗) + 1
ϵ0

J⃗E(k⃗)
)]

− 1
2ϵ0

∫
d3k

(2π)3 J⃗E(−k⃗) · J⃗E(k⃗).

(D.14)
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Appendix E: Evaluating the integral (85)

We expand in spherical coordinates:∫
d3k

(2π)3 Pij(k⃗) =
(∫

dk

(2π)3 k2
)

×
∫

dΩ
(

δij − k̂ik̂j

)
.

(E.15)

The angular and radial parts separate, yielding∫
dΩ
(

δij − k̂ik̂j

)
= 8π

3 δij , (E.16)

and∫
dk

(2π)3 k2 = 1
4π

∫
d3k

(2π)3 = 1
4π

N . (E.17)
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