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Abstract  Throughout this paper, we apply the Optimal 

Homotopy Asymptotic Method (OHAM) to find out the 

numerical solutions of the fractional Cahn-Hilliard (C-H) 

equation. We examine fractional order time-dependent 

partial differential equations to assess the method's 

competency. In the Caputo sense, fractional-order 

derivatives have been applied with numerical values in the 

closed interval [0, 1]. The biggest advantage of this method 

is that it contains parameters that strongly control the 

solution series convergence. Additionally, this method 

greatly simplifies calculations because it does not require 

any linearization, discretization, or little perturbations. 

Approximate solutions of the C-H equation were compared 

with the exact solutions; moreover, the results of the 

suggested method have been compared with those of other 

widely used numerical techniques, such as the Adomian 

decomposition analysis method. A comparison of these 

solutions with the exact solution shows that our method is 

more effective and accurate for solving nonlinear 

differential equations. MATLAB R2021b is utilized to 

generate the numerical results. 

1 Introduction 

According to the historical standpoint, fractional 

calculus has always been a classical calculus. Even so, in 

A. Hassanaa,1, A. A. M. Arafab,2,3, S. Z. Ridac,4, M. A. Dagherd,1,5, H. M. El Sherbinye,6

the present era, fractional calculus has wide-ranging 

solicitations in many technological fields, and as a result, it 

has more attentiveness [1,2]. Since analytical frameworks

are often hard to find, very few researchers have examined 

their mathematical approximation approaches using the 

effective application of fractional systems in these 

disciplines. Fractional-order differential equations are 

useful for modelling a wide range of real-world issues. 

Numerous fields, including biological sciences, 

electromagnetic theory, electric grids, diffuse transport, 

groundwater problems and fluid mechanics, can benefit 

from the usage of these equations [3-11]. Finding the

approximation of a nonlinear problem's solution is an 

alternative to trying to discover the exact solution, which is 

extremely challenging to achieve. To solve linear and 

nonlinear problems of FDEs, several numerical methods 

are  used  [12-22],  like  the  Adomian  Decomposition

Method (ADM), Variational Iteration Method (VIM), 

homotopy perturbation method (HPM), and others. The 

previously mentioned techniques work for simple 

nonlinear while others work even for complex nonlinear 

problems. In 2008, to solve a nonlinear problem, Marinca 

and Herisanu [23] presented a numerical method called

OHAM. The OHAM is valid not only for solving small 

parameters but also for nonlinear problems in science and 

engineering [23-27]. This strategy was then used to

develop a number of solutions to large nonlinear problems 

across several researchers. It was shown in several of these 

studies that this approach is a reliable, simple, and 

effective tool for providing accurate analytical 

approximations to numerous severely nonlinear problems 

Keywords: Cahn–Hilliard equation, Fractional calculus,
Optimal Homotopy Asymptotic Method, Numerical

solutions

Received: 12 August 2023/ Accepted: 04 November 2023/ Published: 05 February 2024 

mailto:a.kamal@suezuni.edu.eg
mailto:a.arafa@qu.edu.sa
mailto:szagloul@yahoo.com
mailto:m.dagher@suezuni.edu.eg
mailto:h_elsherbiny@hotmail.com


2 

2 Description of Fractional Calculus 

 2.1 Riemann Liouville fractional integral 

The Riemann–Liouville fractional integral of order 𝛼 > 0 

of a function is 𝑓: 𝑅+

𝐽𝛼𝑓(𝑥) =
1

Γ(𝛼)
∫ (𝑥 − 𝑡)𝛼−1𝑓(𝑡)𝑑𝑡‚ 𝛼 > 0‚ 𝑥 > 0

𝑥

0

, 

𝐽0𝑓(𝑥) = 𝑓(𝑥).

Hence, we have: 

𝐽𝛼𝑡𝛾 =
Γ(𝛾+1)

Γ(𝛼+𝛾+1)
𝑡𝛼+𝛾

2.2 Riemann–Liouville fractional derivative 

Riemann–Liouville fractional derivatives of order 𝛼 of a 

continuous function 𝑓: 𝑅+ → 𝑅 is obtained consecutively

by 

𝐷𝛼𝑓(𝑥) = 𝐷𝑚(𝐽𝑚−𝛼𝑓(𝑥))‚

𝐷∗
𝛼𝑓(𝑥) = 𝐽𝑚−𝛼(𝐷𝑚𝑓(𝑥))‚

where      𝑚 − 1 < 𝛼 ≤ 𝑚 ‚ 𝑚 ∈ 𝑁. 

+ → 𝑅 is given by

𝐷𝛼𝑓(𝑥) =  𝐽𝑚−𝛼(𝐷𝑚𝑓(𝑥))

=
1

Γ(𝑚 + 𝛼)
∫ (𝑥 − 𝑡)𝑚−𝛼−1

𝑥

0

𝑓𝑚(𝑡)𝑑𝑡,

where   𝑚 − 1 < 𝛼 ≤ 𝑚‚ 𝑚 ∈ 𝑁‚ 𝑥 > 0. 
The following properties are some of the essential 

fractional derivatives and integrals for 𝛼‚ 𝛽 ∈ 𝑅+

𝐽𝛼𝐽𝛽 𝑓(𝑥) =  𝐽𝛼+𝛽 𝑓(𝑥),

𝐽𝛼𝐽𝛽 𝑓(𝑥) =  𝐽𝛽𝐽𝛼 𝑓(𝑥),

𝐽𝛼𝑡𝛾  =  
Γ(𝛾 + 1)

Γ(𝛼 + 𝛾 + 1)
𝑡𝛼+𝛾 ,   𝛼 > 0‚ 𝛾 > −1‚ 𝑡 > 0.

Lemma. If −1 < 𝛼 ≤ 𝑚 ‚ 𝑚 ∈ 𝑁‚ f(x) ∈ 𝐶𝜇
𝑚‚ 𝜇 ≥ −1 it

holds 

𝐷𝛼𝐽𝛼𝑓(𝑥) = 𝑓(𝑥),

𝐽𝛼 𝐷𝛼𝑓(𝑥) = 𝑓(𝑥) + ∑ 𝑓𝑘(0+)
𝑥𝑘

𝑘!
, 𝑥 > 0

𝑚−1

𝑘=0

. 

3 The basic idea of the optimal homotopy analysis 

method (OHAM) 

OHAM for fractional partial differential equations is 

presented in steps as follows: 

Consider the following partial differential equation: 

𝐷(𝑢(𝑥, 𝑡) + 𝑔(𝑥, 𝑡)) = 0 , 𝑥𝜖Γ   , 𝑡 ≥ 0 ,   (1) 

𝐵 (𝑢,
𝛿𝑢

𝛿𝑡
) = 0,    (2) 

Below I will discuss some important definitions and 

formulas of the theory of fractional derivatives and 

integrals that will be employed in this article [1,2]; we

adopt the two commonly used definitions: the Caputo and 

its reverse operator Riemann-Liouville. That is due to 

Caputo fractional derivative permits traditional initial 

condition assumption and boundary conditions. In the 

following, we are going to provide the necessary remarks 

and basic definitions: 

,   𝛼 > 0‚  𝛾 > −1‚  𝑡 > 0. 

[28, 29]. Additionally, it was discovered that its essential

advantage is that it's able to manage the convergence of 

approximate series solutions in a perfect manner. The 

OHAM needs only two or three terms to get an accurate 

solution thus, it guarantees a prompt convergence. In fact, 

it is the real power of this technique. The auxiliary 

constants (Convergence control parameters provide us with 

a reasonable way to ensure the convergence of OHAM 

series solution. By 1958, the classical Cahn–Hilliard 

equation (C-H equation) was introduced by the American 

scientists JW Cahn and J Hilliard [30]. In the field of

mathematical physics, this model is one of the most 

studied models. Many physical phenomena, such as 

spinodal decomposition, phase separation, and phase 

ordering dynamics, are associated with this equation. Such 

mathematical physics equation characterizes the phase 

separation process through which the two components of 

the binary fluid are automatically separated [31-32].

Hence, this paper is organized according to the following: 

In section 2, an illustration of the fractional calculus 

definitions. Section 3 is devoted to the analysis of OHAM, 

and in section 4, we tackle the numerical of two problems 

of (CH) in the sense of the Caputo order operator. The 

conclusion is presented in Section 5. 

→ 𝑅 given by [13]

The Riemann–Liouville derivative has certain 

drawbacks when attempting to model real-world 

phenomena with fractional differential equations. 

Therefore, we will propose a modified fractional 

differential operator proposed by Caputo. Fractional-order 

differential equations, at least, are as stable as their integer-

order counterpart [19].

2.3 The Caputo fractional derivative 

The Caputo fractional integral of order 𝛼 of a 

function 𝑓: 𝑅

[35]:
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where 𝐷 denotes the operator which may be an integer or 

fractional order differential operator. 𝑥, 𝑡 indicate an 

independent variable, 𝑢(𝑥, 𝑡) is an unknown function, 𝐵 is 

a boundary operator and Γ is the boundary of the 

domain Ω, and 𝑔(𝑥, 𝑡) denotes known expression in Eq. 

(1). 

  (4) 

𝐵 (𝜙(𝑥, 𝑡; 𝑞),
𝛿𝜙(𝑥, 𝑡; 𝑞)

𝛿𝑡
) = 0,  (5) 

where 𝑞 ∈ [0,1] is an embedding parameter, 𝐻(𝑞) is a 

nonzero function for 𝑞 ≠ 0 and 𝐻(0) = 0, 𝜙(𝑥, 𝑡; 𝑞) is an 

unidentified function.  

Clearly, when 𝑞 = 0 and 𝑞 = 1 it holds: 

𝜙(𝑥, 𝑡; 0) = 𝑢0(𝑥, 𝑡),    𝜙(𝑥, 𝑡; 1) = 𝑢(𝑥, 𝑡), 

0(𝑥, 𝑡) to the

solution 𝑢(𝑥, 𝑡) so it guarantees a rapid convergence to the 

exact solution. 

The auxiliary function 𝐻(𝑞) gives us a simple way to 

manage and control the convergence while increasing the 

precision of the method's results and effectiveness. 

The auxiliary function 𝐻(𝑞) is chosen in the form 

𝐻(𝑞) = 𝑞 𝑐1 + 𝑞2𝑐2 + 𝑞3𝑐3

𝑖  , 𝑖 = 1,2,3, …    are auxiliary convergence control

parameters. 

Expand 𝜙(𝑥, 𝑡; 𝑞, 𝑐) in Taylor’s series about 𝑞, to find 

out approximate solutions as: 

𝜙(𝑥, 𝑡; 𝑞, 𝑐𝑖) =  𝑢0(𝑥, 𝑡) + ∑ 𝑢𝑘(𝑥, 𝑡; 𝑐𝑖) 𝑞𝑘.

∞

𝑘=1

 (7) 

It was noted that the auxiliary convergence-control 

parameters were among the main causes of series (7) 

convergence. 

When we substitute 𝜙(𝑥, 𝑡; 𝑞, 𝑐𝑖), and 𝐻(𝑞) in Eqs.(1-

2) and equal coefficient of the same powers of 𝑞, then we

get Zeroth-order and series problems, respectively: 

𝐿(𝑢0(𝑥, 𝑡)) = 0  , 𝐵 (𝑢0(𝑥, 𝑡),
𝜕𝑢0(𝑥, 𝑡)

𝜕𝑡
) = 0,  (8) 

𝐿(𝑢1(𝑥, 𝑡)) = 𝑐1 𝑁0(𝑢0(𝑥, 𝑡)), 𝐵 (𝑢1(𝑥, 𝑡),
𝜕𝑢1(𝑥, 𝑡)

𝜕𝑡
)

= 0,  (9) 

𝐿(𝑢2(𝑥, 𝑡)) = 𝑐2 𝑁0(𝑢0(𝑥, 𝑡)) + 𝑐1 𝑁1(𝑢0(𝑥, 𝑡), 𝑢1(𝑥, 𝑡))

+   (1 +  𝑐1) 𝐿(𝑢1(𝑥, 𝑡)) ,

𝐵 (𝑢2(𝑥, 𝑡),
𝜕𝑢2(𝑥, 𝑡)

𝜕𝑡
) = 0 .  (10) 

The general governing 𝑘𝑡ℎ - order problem of the

analytical solution is 𝑢𝑘(𝑥, 𝑡) in the form:

𝐿(𝑢𝑘(𝑥, 𝑡)) − 𝐿(𝑢𝑘−1(𝑥, 𝑡))  

= 𝑐𝑘  𝑁0(𝑢0(𝑥, 𝑡))

+ ∑ 𝑐𝑖[𝐿(𝑢𝑘−𝑖(𝑥, 𝑡))

𝑘−1

𝑖

+ 𝑁𝑘−𝑖(𝑢0(𝑥, 𝑡), 𝑢1(𝑥, 𝑡), … , 𝑢𝑘−1(𝑥, 𝑡))] , 
 𝑘 = 2,3, …,  (11) 

𝐵 (𝑢𝑘(𝑥, 𝑡),
𝜕𝑢𝑘(𝑥, 𝑡)

𝜕𝑡
) = 0,  (12) 

where 𝑁𝑖  , 𝑖 > 0  is the coefficient of 𝑞𝑖 in the nonlinear

operator. 

𝑁 (𝑢(𝑥, 𝑡)) = 𝑁0(𝑢0(𝑥, 𝑡)) + 𝑞𝑁1(𝑢0(𝑥, 𝑡), 𝑢1
2𝑁2(𝑢0(𝑥, 𝑡), 𝑢1(𝑥, 𝑡), 𝑢2

𝑢̃(𝑥, 𝑡, 𝑐𝑖) = 𝑢0(𝑥, 𝑡) + ∑ 𝑢𝑘

∞

𝑘=1

(𝑥, 𝑡; 𝑐𝑖

Substituting Eq. (14) into Eq. (1), we get the residual as 

follows: 

𝑅(𝑥, 𝑡; 𝑐𝑖) = 𝐿(𝑢̃(𝑥, 𝑡, 𝑐𝑖)) + 𝑁(𝑢̃(𝑥, 𝑡, 𝑐𝑖

As 𝑅(𝑥, 𝑡; 𝑐𝑖) = 0 then 𝑢̃(𝑥, 𝑡, 𝑐𝑖) happens to be the

same solution. Identifying the auxiliary convergence-

control parameters 𝑐1, 𝑐2, 𝑐3

Now, we can split the differential operator 𝐷 into the 

terms of  𝐿 , 𝑁  differential operators so that:  

𝐿(𝑢(𝑥, 𝑡) + 𝑁(𝑢(𝑥, 𝑡) + 𝑔(𝑥, 𝑡)) = 0, 𝑥𝜖Γ  .      (3)

Here, 𝐿 denotes the simpler linear differential operator, 

which may be the linear and non-complicated portion of 

the Eq. (1) so that it would be solvable via any auxiliary 

analytical method, whereas 𝑁 the operator denotes the 

differential operator which would be a non-linear and 

complicated portion of the Eq. (1).  
We first construct the homotopy as: 

(1 − 𝑞)𝐿(𝜙(𝑥, 𝑡; 𝑞))= 

𝐻(𝑞)(𝐿(𝜙(𝑥, 𝑡; 𝑞) + 𝑁(𝜙(𝑥, 𝑡; 𝑞)),

+ ⋯,                                         (6)
where 𝑐

), 𝑖 = 1,… .       (14)

)),
𝑖 = 1, … �      (15)

(𝑥, 𝑡))+ 𝑞 (𝑥, 𝑡)) + ⋯ .   (13) 

If series (4) converges at q = 1, one has: 

,… using a method of the

following as Ritz, Least square, Collocation, and 

Galerkin’s Method [33].

respectively. Therefore, when 𝑞 increases from 0 to 1, the

 solution   𝜙(𝑥, 𝑡) varies from 𝑢
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In the presentation below, to obtain the optimal values 

of auxiliary convergence-control parameters, the least 

square method is used as follows: 

𝐽(𝑐𝑖) = ∬ 𝑅2(𝑥, 𝑡, 𝑐𝑖)

𝑡   

0  Ω

𝑑𝑥 𝑑𝑡,  (16) 

where 𝑅 is the residual. The unidentified constants 

𝑐𝑖(𝑖 = 1,2,3, … , 𝑚) is optimally identifiable from the

conditions: 

𝛿𝐽

𝛿𝑐1

=
𝛿𝐽

𝛿𝑐2

= ⋯ =
𝛿𝐽

𝛿𝑐𝑚

= 0.  (17) 

Obviously, in the case that the low order of m, the 

nonlinear algebraic system can be solved easily but the 

larger m is, the more difficult to solve. 

4 Numerical simulations 

Through this part, we are going to apply OHAM for two 

problems of the Time-Fractional Cahn-Hilliard Equation. 

𝐷𝑡
𝛼𝑢 = 𝑢𝑥 + 6 𝑢 (𝑢𝑥)2 + (3𝑢2 − 1)  ;   0 < 𝛼 ≤ 1,     (18)

with the initial condition 

𝑢(𝑥, 0) = tanh (
√2

2
 𝑥) .  (19) 

The exact solution of Eq. (18) 

𝑢(𝑥, 𝑡) = tanh (
√2

2
 (𝑥 + 𝑡)) .    (20) 

Following the OHAM formulation presented in Section 3, 

we have 

𝐿(𝜙(𝑥, 𝑡; 𝑞) =  𝐷𝑡
𝛼𝑢,

𝑁(𝜙(𝑥, 𝑡; 𝑞) =  −(𝑢𝑥 + 6 𝑢 (𝑢𝑥)2 + (3𝑢2 − 1)𝑢𝑥𝑥

− 𝑢𝑥𝑥𝑥𝑥 ),

with the initial condition: 

𝜙(𝑥, 0; 𝑞) = tanh (
√2

2
 𝑥).  (21) 

Collecting the same powers of  𝑞, and equating each 

coefficient of 𝑞 to zero, we get the zeroth order problem: 

𝛿𝛼𝑢0

𝛿𝑡𝛼
= 0.  (22) 

Table 1 Auxiliary convergence-control parameters 

(𝑐1, 𝑐2 ) of Example 1 for different values of 𝛼

𝛼 𝑐1 𝑐2

0.8 -0.0211939932470 0.0900871779811 

0.9 -2.2025E-20 0.0667761610830 

0.9 -1.3814E-20 0.0686531670168 

1 4.4134E-20 0.0706631567497 

We begin with an initial approximation 𝑢0(𝑥, 𝑡)=

𝑢(𝑥, 0) = Tanh (
√2

2
 𝑥), and using the initial approximation

(19), we get the first order problem as: 

𝛿𝛼𝑢1

𝛿𝑡𝛼 = −𝑐1  (
1

√2
(sech (

𝑥

√2
))

2

𝑥

√2
))4  tanh (

𝑥

√2

𝑥

√2
))

2

(tanh (
𝑥

√2
))3

𝑥

√2
))

2

tanh (
𝑥

√2
)   ).  (23) 

𝑢1 =  
−𝑐1 𝑡𝛼

Γ(𝛼+1)
(

1

√2
(sech (

𝑥

√2

2

))

(sech (
𝑥

√2
))4  tanh (

𝑥

√2
) −  (tanh (

𝑥

√2
))3  

tanh (
𝑥

√2
)   ) .  (24)  

Using the 𝐽𝛼 operator which is the inverse operator of 𝐷𝛼

in (23) we obtain: 

Fig.1. The numerical solutions are provided by 

expression (26) for Eq. (18) with different values 

of alpha at  𝑡 = 0.01 

 − (sech ( )

 − (sech (

 (sech (+

-
+

Example 1 Consider the following form of the time-

fractional C-H equation [34]
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By Similarity we compare the coefficient of 𝑞2 and

take 𝐽𝛼 operator for the two sides of  
𝛿𝛼𝑢2

𝛿𝑡𝛼   to get the value

of the second-order problem: 

By using the initial condition (19), Eq. (24), and Eq. (25), 

we find out second-order approximate solution of Eq. (18) 

𝑢(𝑥, 𝑡) =   𝑢0(𝑥, 𝑡) +   𝑢1(𝑥, 𝑡) +   𝑢2(𝑥, 𝑡) + ⋯ 

Through the least squares method mentioned in Section 3, 

we obtain the values of constants 𝑐1, 𝑐2 for different values

of 𝛼. See Table 1.  

𝐷𝑡
𝛼𝑢 − 6 𝑢 (𝑢𝑥)2 − (3𝑢2 − 1)𝑢𝑥𝑥    + 𝑢𝑥𝑥𝑥𝑥 − 𝛽 𝑢𝑥 

− 𝑘(𝑢 − 𝑢2) = 0,  (27) 

where 𝑘  reaction term and  𝛽 advection term. With the 

initial condition 

𝑢(𝑥, 0) = 𝑥.  (28) 

Without exact solutions we will apply the OHAM steps. 

Table 2 The results of the second order solution (26) of OHAM method at different values 𝛼 

t x Exact OHAM 

 𝛼 = 0.8 

OHAM 

 𝛼 = 0.9 

OHAM 

 𝛼= 0.95 

OHAM 

𝛼 = 1 

Error 

OHAM 

𝛼 = 1 

Error 

ADM 

𝛼 = 1 

0.002 0.1 0.072 0.07034 0.07041 0.07045 0.07049 0.00150 0.00281 

0.002 0.2 0.1418 0.14024 0.14031 0.14035 0.14039 0.00148 0.00278 
0.002 0.3 0.2103 0.20876 0.20883 0.20888 0.20891 0.00144 0.002709 

0.004 0.1 0.0734 0.07015 0.07025 0.07033 0.07039 0.00301  0.005645 

0.004 0.2 0.14326 0.14005 0.14015 0.14023 0.14029 0.002967 0.0055630 
0.004 0.3 0.21171 0.20858 0.20868 0.20876 0.20882 0.002894  0.0054236 
0.006 0.1 0.07481 0.069986 0.070104 0.070211 0.070295 0.004518  0.0084799 
0.006 0.2 0.14464 0.13989 0.14000 0.14011 0.14019 0.004450 0.0083498 

0.006 0.3 0.21306 0.20842 0.20854 0.20864 0.20872 0.004340 0.0081448 

0.01 0.1 0.07762 0.06968 0.069819 0.069972 0.070096 0.007529 0.0141747 

0.01 0.2 0.14741 0.13959 0.13972 0.13987 0.14 0.007414 0.0139581 

0.01 0.3 0.21576 0.20813 0.20826 0.20841 0.20853 0.00722 0.013609 

.  (26) 

𝑢2 = −𝑐1(1 + 𝑐1)
𝑡𝛼

Γ(𝛼+1)
(

1

√2
𝑠𝑒𝑐ℎ2 (

𝑥

√2
) − 𝑠𝑒𝑐ℎ4 (

𝑥

√2
) tanh (

𝑥

√2
) − 𝑡𝑎𝑛ℎ3 (

𝑥

√2
) 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) + 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) tanh (

𝑥

√2
)

−𝑐2  
𝑡𝛼

Γ(𝛼+1)
(

1

√2
𝑠𝑒𝑐ℎ2 (

𝑥

√2
)) − 3𝑐2

𝑡𝛼

Γ(𝛼+1)
𝑠𝑒𝑐ℎ4 (

𝑥

√2
) tanh (

𝑥

√2
) − (𝑐1)2 𝑡2𝛼

Γ(2𝛼+1)
(𝑠𝑒𝑐ℎ2 (

𝑥

√2
) tanh (

𝑥

√2
))  

−
12

√2
(𝑐1)2

𝑡2𝛼

Γ(2𝛼 + 1)
 𝑠𝑒𝑐ℎ4 (

𝑥

√2
) 𝑡𝑎𝑛ℎ2 (

𝑥

√2
) +3 (𝑐1)2

𝑡2𝛼

Γ(2𝛼 + 1)
 𝑠𝑒𝑐ℎ4 (

𝑥

√2
) (

1

√2
 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) 

−𝑠𝑒𝑐ℎ4 (
𝑥

√2
) tanh (

𝑥

√2
) − 𝑡𝑎𝑛ℎ3 (

𝑥

√2
) 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) + 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) tanh (

𝑥

√2
)) 

− (𝑐1)2 𝑡2𝛼

Γ(2𝛼+1)
(52 𝑠𝑒𝑐ℎ4 (

𝑥

√2
) 𝑡𝑎𝑛ℎ3 (

𝑥

√2
) − 34 𝑠𝑒𝑐ℎ6 (

𝑥

√2
) tanh (

𝑥

√2
)   − 4 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) 𝑡𝑎𝑛ℎ5

−𝑐2
𝑡𝛼

Γ(𝛼+1)
( 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) tanh (

𝑥

√2
)) – (𝑐1)2 𝑡2𝛼

Γ(2𝛼+1)
(−2 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) 𝑡𝑎𝑛ℎ3 (

𝑥

√2
) + 4 𝑠𝑒𝑐ℎ4 (

𝑥

√2
) tanh (

𝑥

√2
) ) 

−6 (𝑐1)2 𝑡2𝛼

Γ(2𝛼+1)
𝑠𝑒𝑐ℎ2 (

𝑥

√2
) 𝑡𝑎𝑛ℎ2 (

𝑥

√2
) (

1

√2
𝑠𝑒𝑐ℎ2 (

𝑥

√2
) − 𝑠𝑒𝑐ℎ4 (

𝑥

√2
) tanh (

𝑥

√2
) − 𝑡𝑎𝑛ℎ3 (

𝑥

√2
) 𝑠𝑒𝑐ℎ2 (

𝑥

√2
)    

+𝑠𝑒𝑐ℎ2 (
𝑥

√2
) tanh (

𝑥

√2
))  +3 (𝑐1)2 𝑡2𝛼

Γ(2𝛼+1)
𝑡𝑎𝑛ℎ2 (

𝑥

√2
) (−2 𝑡𝑎𝑛ℎ3 (

𝑥

√2
) 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) + 4 𝑠𝑒𝑐ℎ4 (

𝑥

√2
) tanh (

𝑥

√2
))  

+3 𝑐2  
𝑡𝛼

Γ(𝛼+1)
𝑡𝑎𝑛ℎ3 (

𝑥

√2
) 𝑠𝑒𝑐ℎ2 (

𝑥

√2
) (25)

) ) 𝑥

√2
(

Example 2 We will tackle the nonlocal fractional order (C-

H equation) with terms of advection and reaction [35],

which is defined as 
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Fig.2. The numerical solutions are presented  by expression (26) for Eq.18 with different values of Alpha at  𝑡 = 0.01. 

We are considering differential operators for Eq. (27) 

as: 

𝐿(𝜙(𝑥, 𝑡; 𝑞) =  𝐷𝑡
𝛼𝑢,

𝛼𝑢0

𝛿𝑡𝛼

We begin with an initial approximation 𝑢0(𝑥, 𝑡)= 𝑢(𝑥, 0)
= 𝑥, we get the first order problem is: 

𝛿𝛼𝑢1

𝛿𝑡𝛼
= −𝑐1 ( 6𝑥 + β + k 𝑥 − k𝑥2

By using the 𝐽𝛼 operator for the two sides of (31) we get:

𝑢1 =  
− 𝑐1 𝑡𝛼

Γ(𝛼 + 1)
 ( 6𝑥 + β + k 𝑥 − k𝑥2 ).  (32) 

By Similarity we compare the coefficient of 𝑞2 and take 𝐽𝛼

operator for the two sides of 
𝛿𝛼𝑢2

𝛿𝑡𝛼   to get the value of the 

second-order problem: 

𝑢2 =  
 𝑡𝛼

Γ(𝛼 + 1)
( −𝑐1(1 + 𝑐1) + 6𝑥 + β + k 𝑥 − k𝑥2

− β𝑐2 − 6𝑐2 𝑥 − 𝑘𝑐2 𝑥 + 𝑘𝑐2 𝑥2   )

+ 𝑐1
2

 𝑡2𝛼

Γ(2𝛼 + 1)
( (2𝑘) + 12β + 2k β 

+ (2𝑘)𝑥3 + 𝑥2(−48𝑘 − −3𝑘2)
+ 𝑥(108 + 24𝑘 + 𝑘2 − 4k β).     (33)

By using the initial condition (27), Eq. (32), and Eq. (33), 

we find out second-order approximate solution of Eq. (27) 

𝑢(𝑥, 𝑡) =   𝑢0(𝑥, 𝑡) +   𝑢1(𝑥, 𝑡) +   𝑢2

while through using the least squares method mentioned in 

Section 3, we obtain the values of constants 𝑐1, 𝑐2

With the initial condition: 

𝜙(𝑥, 0; 𝑞) =  𝑥.  (29)

The zeroth order problem is the first one of these and it is 

written as follows: 

𝛿

(𝑥, 𝑡) + ⋯,  (34)

𝑁(𝜙(𝑥, 𝑡; 𝑞) =  −6 𝑢 (𝑢𝑥)2 − (3𝑢2 − 1)𝑢𝑥𝑥     

+  𝑢𝑥𝑥𝑥𝑥 − 𝛽 𝑢𝑥 − 𝑘(𝑢 −  𝑢2). 

= 0.   (30) 

 ) .   (31) 
 for 

different values of k and 𝛼. Check Tables 3-5. 
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Table 3 Auxiliary convergence-control parameters (𝑐1, 𝑐2 )  

of Example 2 for different value of 𝛼 at 𝛽 = −1 , 𝑥 = 1 

 

𝛼  𝑘 𝑐1 𝑐2 

 0.8  

1 

-8.0452e-15 0.16381 

 0.9 2.9374e-15 0.17061 

 1 1.7577e-15 0.17854 

 

 

Table 4 Auxiliary convergence-control parameters (𝑐1, 𝑐2 )  

of Example 2 for different values of 𝛼 at 𝛽 = −1 , 𝑥 = 1 

 

𝛼 𝑘 𝑐1 𝑐2 

0.8  

-1 

-1.8637e-14 0.20398 

0.9 -5.2333e-15 0.21185 

1 3.4992e-16 0.22094 

 

 

Table 5 Auxiliary convergence-control parameters (𝑐1, 𝑐2 ) 

of Example 2 for different values of 𝛼 at 𝛽 = −1 , 𝑥 = 1 

 

𝛼 𝑘 𝑐1 𝑐2 

0.8  

0 

2.9374e-15 0.21274 

0.9 -5.7462e-14 0.22459 

1 6.4766e-15 0.2363 

 

 

 

 
 

Fig.3. The numerical solutions are shown in expression 

(34) for Eq. (27) in different values of alpha and various 

values of k, 𝛽 = −1 , 𝑥 = 1. 

5 Conclusion 
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Abstract: Investigating complex systems and accessing in-

formation has been of interest to researchers for years. The 

desired system in this research includes the investigation of 

the plasma resulting from the interaction of the laser with 

the desired substance of the research. Air is the material of 

choice for producing plasma in interaction with the laser. 

We used Nd:YAG laser for incident beam to interact with 

air matter. Plasma was formed by the interaction of laser 

with air. In the following, it is possible to check the plasma 

density by scanning the plasma resulting from the interac-

tion of the laser with air. Therefore, in order to determine 

the electron density by the Saha method, we first need to 

calculate the electron temperature, which was calculated us-

ing the spectral line pair intensity ratio method of the plasma 

temperature equal to Kelvin. In the continuation of the re-

search, the electron density was measured using Saha's 

equation. 

 

keywords:  Laser-plasma interactions, Plasma temperature 

and density, Laser spectroscopy, Saha equation 

1 Introduction 

In this research, we created Nd:YAG laser by setting up 

the laser and we used laser induced breakdown method 

(LIBS) to create plasma, in this method an short Q-switch 

pulse from a Nd:YAG laser with high energy density on the 

target surface is focalized. Focusing the laser on the sample 

causes a rapid increase in the surface temperature of the 

sample. In such a way, the material below the surface 

reaches critical temperature and pressure, leading to surface 

explosion. The material is absorbed by energy from the 

pulse of the laser, evaporation, atomized and ionized and 

thus plasma is formed. In this study, the Nd:YAG laser was 

focused on the air and the plasma produced by the interac-

tion of the laser with the air was formed. Using a spectro-

graph, we recorded the spectral spectra of plasma resulting 

from laser interaction with air, and using the obtained 

spectrophotometer results, electron temperature was deter-

mined by the spectral line pairing method, and the electron 

density was calculated using the Saha relation. 

2 Materials and method, calculations, governing 

equation 

 2.1 Local Thermodynamic Equilibrium 

 

The thermodynamic equilibrium of the system is a state of 

Various lasers such as Nd:YAG, Excimer, co_2 and Mi-

crochip lasers are used for the formation of plasma accord-

ing to the type of research, and the type of laser has been 

selected for the research according to the characteristics 

listed in table 1 [1-4].  

Measurement of plasma parameters is possible only if the 

plasma is in local thermodynamic equilibrium. In this con-

dition, it is assumed that the plasma has reached equilibrium 

and its parameters, such as its temperature and electron den-

sity, are constant and measurable [5]. 

the system in which none of the properties of the system 

changes with the passage of time. Complete thermodynamic 

equilibrium is achieved by establishing equilibrium in the 

four processes of kinetic equilibrium, excitation, ionization, 

and radiation. In such a plasma, electron and ion velocity 

distribution follows the Maxwell-Boltzmann distribution 

function and the distribution of excited states follows the 

Saha-Boltzmann type and photons follow the Planck energy 

distribution function [5]. When photons escape from the 

plasma in the radiation process, their energy distribution no 

longer follows the Planck distribution and inevitably affects 

the balance of electrons, ions and atoms. However, if the 

energy dissipated by plasma radiation is less than the energy 

involved in other processes and energy exchange, the con-

dition of complete thermodynamic equilibrium (TE) is not 

possible, while the three processes of equilibrium-kinetic, 

excitation and ionization have equilibrium. are local ther-

modynamics and the Maxwell and Saha-Boltzmann distri-

butions are still valid to describe the system. A new equilib-

rium is defined as local thermodynamic equilibrium (LTE). 

This equilibrium is local because it exists only in a small 

area of the plasma volume and the temperature will be dif-

ferent from one area to another in the plasma. Due to the 

large number of collisions in the plasma, the temperature 

will be the same in the whole plasma region with a good 

approximation, and the calculated temperature will be an av-

erage of the temperature in the whole plasma region [5]. 

Received: 15 July 2023/ Accepted: 13 December 2023/ Published: 05 February 2024 
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Features related to applications in LIBS Repeat 

Rate (Hz) 

pulse length 

(ns) 

Wave-

length 

(nm) 

          Laser type 

Easy access to harmonic   Harmonic: 

Nd:YAG 

Excellent beam quality  6-15 Main: 1064 

Ability to produce double tap 1-20 4-8 Second: 532 

Pump by Lamp and Diod Pump   Third: 355 

   Forth: 255 

Requires periodic gas charging   XeCl: 308 Excimer 

Producing UV wavelengths 200 20 KrF: 248  

   ArF: 194  

Requires periodic gas charging 200 200 10600 CO2 

Good quality of beam and fashion 1-10K <1 1064 Microchip 

Capable of producing tap to high pulse     

High repetition rate     

2.2 Method of the intensity ratio of two lines of one ele-

ment 

 

The most important factor in plasma radiation is plasma 

temperature and precise determination of plasma tempera-

ture is important. Plasma temperature is often used for the 

same element as the size of the intensity ratios of ion-to-

neutral lines or neutral lines. In the first case, line intensities 

are combined with equation and electron density measure-

ment to determine plasma ionization temperature. 

 

Ii+1

Ii

= 2 ×
(2πmekBT)

3
2

ne
2

(
gA

λ
)i+1(

gA

λ
)i 

            × exp[
−(IPI + Ei+1 + Ei)

kBT
]. 

 

    
(1) 

Here I is the area below the absorption line of ions and at-

oms, 𝑁𝑒  is the electron density, g is the statistical weight 

factor, and A is the Einstein coefficient for spontaneous 

emission of the higher level, λ and T are the wavelength and 

temperature of the plasma, respectively. 𝐼𝑃𝐼 , 𝐸𝑖+1 and 𝐸𝑖  are 

the ionization potentials of the atom, the ion line excitation 

energy and the ionization energy of the atomic line, respec-

tively. 𝑘𝐵

I1

I2

=
g1A1λ2

g2A2λ1

exp( −
E1 − E2

kBT
),       (2) 

and thus, T is equal to [7, 8]: 

T =
E1−E2

kB ln[
I1g2A2
I2g1A1

]
 ,       (3) 

where the indices 1 and 2 are related to separate lines. With 

an increase in energy, the difference between 𝐸1 and 𝐸2, ac-

curacy in determining plasma temperature increases. This 

accuracy is increased by measuring the number of different 

pairs of lines and averaging the number of different lines. 

However, it is important to note that measurement accuracy 

is strongly dependent on factor A. Plasma temperature is 

one of the most important parameters in determining elec-

tron density and the concentration of plasma constituent el-

ements [9]. 

 

2.3 Density measurement using the Saha relation 

 

If the plasma is considered to be localized in thermody-

namic equilibrium, the density of the electron can be calcu-

lated using the ratio of the intensity of different ionization 

states of an element, while the Saha equation is written in 

terms of the density ratio of the total number of two ionizing 

states corresponding to an element. The electron density of 

plasma can be calculated by considering two lines with dif-

ferent degrees of ionization and using the relation (4) known 

as the Saha equation:   
 

ne

I2

I1

= 2 (
2πme

h2
)

3
2⁄

(kT)
3

2⁄
UII(T)

UI(T)
e−

Eion
kT

⁄
 

 

In this regard 𝑚𝑒  the mass of the electron, h is the Planck 

constant, k is Boltzmann's constant, 𝐸𝑖𝑜𝑛  ionization energy 

in electron Volts and T is plasma temperature in Kelvin. 

.               (4)  

 Boltzmann constant and h is Planck constant 

[7]. In the second case, line intensities are combined with the

 Boltzmann equation to determine the temperature of the

 plasma excitation and the relation (2) expresses that: 

Table 1 Characteristics of lasers used in LIBS [4][6] 
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𝑈𝐼(𝑇) and 𝑈𝐼𝐼(𝑇) are the partition function with ionization 

of the first and second order at the plasma temperature and 

𝑛𝐼 and 𝑛𝐼𝐼 are the number of photons emitted from the 

plasma in these states and 𝑛𝑒 the electron density of plasma 

is obtained in terms of 𝑐𝑚−3

3 Results and Discussion 

Laser plasma was formed from Nd:YAG laser with air It 

is collected by the lens of light emitted from plasma and   

 

 

 

 

Fig.1  Spectral Spectra Plasma from Laser Interaction with Air in the range of 405.99-671.77 nm 

 

 

Table 2 Nitrogen Elements Detected from Figure 1 [10] 

Standard wave-

length 

Observed wave-

length 
element 

409.99 409.99 NI 

444.70 444.67 NII 

460.71 460.62 NII 

616.77 616.76 NII 

648.17 648.25 NI 

661.05 661.08 NII 

665.65 665.63 NI 

 

with the help of the CCD-Array Toolkit software, the 

plasma spectra of the air are observed in the laptop. Figure 

1 shows the plasma spectra resulting from the interaction of 

the laser with air. In Table 2, nitrogen elements observed 

from the spectra of air plasma in the range of 405.99-671.77 

nm are shown, and the emission lines of the spectrograph 

are shown in Table 3.  

I2

I1

=
g2A2

g1A1

exp( −
E2 − E1

KT
), 

 

741

380
=

4 × 0.348

5 × 11.2
𝑒𝑥𝑝( −

13.702 − 23.196

0.86 × 10−4 × 𝑇
), 

 

          → 𝑇 = 2.5172 × 104𝐾, 
 

and for the rest of the two lines ratios are calculated as fol-

lows, the statistical results of which are given in Table 4. 

In the following, the electron density is also calculated by 

the Saha-Boltzmann method: 

 

𝑛𝑒

𝐼2

𝐼1

= 2 (
2𝜋𝑚𝑒

ℎ2
)

3
2⁄

(𝑘𝑇)
3

2⁄
𝑈𝐼𝐼(𝑇)

𝑈𝐼(𝑇)
𝑒−

𝐸𝑖𝑜𝑛
𝑘𝑇⁄ , 

 

2 (
2πme

h2 )
3

2⁄

= 6.5 × 1021,      k = 0.86 × 10−4  eV. 

 [5]. 
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Table 3 Specification of Horizontal Emission Lines of 

Figure 1 [10] 

g 𝐸𝑘(𝑒𝑉) 
𝐴𝑘𝑖

× 107 
element I 

Standard  

wavelength 

4 13.702 0.348 N I 741 409.99 

5 23.196 11.2 N II 380 444.70 

3 21.152 3.15 N II 250 460.71 

7 25.151 2.65 N II 226 616.77 

4 13.662 0.343 N I 1863 648.17 

3 20.409 2.58 N II 520 648.20 

7 23.474 6.01 N II 458 661.05 

2 13.614 0.217 N I 485 665.65 

 

 

Table 4 Calculation of temperature results with the ratio 

of two different lines 

𝑇(𝐾) 
Line 

element  (2)  

(wavelength )  

Line 

element (1) 

(wavelength )  

No 

2.5172 × 104 NII (444.70) NI (409.99) 1 

2.8859 × 104 NII (460.71) NI (409.99) 2 

2.8342 × 104 NI (648.17) NII (616.77) 3 

2.3641 × 104 NII (661.05) NI (648.17) 4 

2.8104 × 104 NI (665.65) NII (648.20) 5 

2.4756 × 104 NI (665.65) NII (661.05) 6 

 

Considering the relationship (4), we need the partition 

functions and ionization energy proportional to two lines; 

these parameters are obtained from library data and col-

lected in Table 5. 

 

Table 5 Data needed for Saha relations [10] 

Ionization  

energy  ( eV ) 

Scattering 

function of a  

doubly  

ionized  

element 

Scattering 

function of a  

single ionized  

element 

No 

14.5341 11.63 11.38 1 

14.5341 12.19 15.74 2 

14.5341 12.11 15.02 3 

14.5341 11.41 10.07 4 

14.5341 12.07 14.69 5 

14.5341 11.57 11.01 6 

 

Number (1) in table (5): For two lines N I (409.99) and N II 

(444.70) the Scattering function is 𝑈𝐼 = 11.38 and 𝑈𝐼𝐼 =

11.63  and its ionization energy is 𝐸𝑖𝑜𝑛 = 14.5341 , and 

thus the electron density is calculated for these two lines: 

 

𝑛𝑒

380

741
= (6.05 × 1021)(2.164)

3
2

11.63

11.38
𝑒−

14.5341
2.164  , 

        

→ 𝑛𝑒 = 4.6619 × 1019cm−3. 
 

And for the rest of the lines, it is calculated as follows: the 

statistical results are given in Table 6. 

 

Table 6  Results of Density Calculation with Saha Equation 

ne(cm−3 ) 

element 

double ionized 

(Wavelength )  

element 

Once ionized 

(Wavelength )  

No 

4.6619 × 1019 N II (444.70) NI (409.99) 1 

1.5543 × 1020 N II (460.71) NI (409.99) 2 

3.9362 × 1020 N II (616.77) NI (648.17) 3 

6.3534 × 1019 N II (661.05) NI (648.17) 4 

4.2609 × 1019 N II (648.20) NI (665.65) 5 

2.2682 × 1019 N II (661.05) NI (665.65) 6 

4 Conclusion 

In this research, the values of temperature and electron 

density for plasma produced by laser interaction with air 

have been calculated. To determine the electron tempera-

ture, spectral line pairing method was used. Considering the 

results of temperature calculations from Table 4, the value 

2.6479 × 104 was determined for the electron temperature 

and Saha equation was used to calculate the electron density 

and by means of the results of the calculations of electron 

density from table (6) the value of 2.5914 × 1020 𝑐𝑚−3 for 

the electron density was obtained. 

References 

1. R. Knopp, F. J. Scherbaum, J. I. Kim, Fresenius. J. Anal. 

Chem. 355, 1 (1996). doi: 10.1007/s0021663550016, 

and P.C. Brans, U.G. Meissner, Eur. Phys. J. C 40, 97 

(2005)  

2. L. Radziemski, D. Cremers, Spectrochim. Acta Part B: 

At. Spect. 87 (2013). doi: 10.1016/j.sab.2013.05.013 

3. S. J. J. Tsai, S. Y. Chen, Y. S. Chung, P. C. Tseng, An-

alytical Chemistry, 78, 21 (2006). Doi: 

10.1021/ac060749d. 

4. S. N. T. Jagdish, P. Singh, Laser-Induced Breakdown 

Spectroscopy (Elsevier 2007 



13 

5. A. W. Miziolek, V. Palleschi, I. Schechter, Laser-In-

duced Breakdown Spectroscopy (LIBS) (Cambridge

University Press, 2006)

6. F, Khalilinejad, Analysis of dense liquids using Laser In-

duced Breakdown Spectroscopy (LIBS) by IR wave-

length of Q-switch YAG Laser (Alzahra University,

2012) 

7. D. A. Cremers, L. J. Radziemski, Handbook of Break-

down Spectroscopy (John Wiley & Sons 2006)

8. T. P. Hughes, J. E. Bayfield, Phys. Today 30, 4 (1977).

doi: 10.1063/1.3037501

9. M. M. H. Matin, Increasing plasma radiation by apply-

ing electrical spark on laser-induced breakdown (be-

heshti university, 2019)

10. physics.nist.gov, National Institute of Standards and

Technology



TTMP vol 1(1), 2024     

doi: 10.30511/TTMP.2024.709741 

Transactions in Theoretical 

and Mathematical Physics 

Numerical study of the spot size changes of a guided laser pulse through 

a plasma channel with a density profile with radial and longitudinal var-

iation

M. Ghalandari1,a, B. Babayar-Razlighi 2,b*

1 Department of Energy Engineering and Physics, Faculty of Electrical and Computer Engineering, 

University of Science and Technology of Mazandaran, Behshahr, Iran 
2 Department of Mathematics, Qom University of Technology, P. O. Box 1519-37195, Qom, Iran 

Abstract: In this paper, guiding of Gaussian laser pulse in 

plasma channel is numerically  investigated. We assumed 

that the plasma channel has radial and longitudinal changes. 

We obtained the matched condition for guiding of high-in-

tensity laser pulses through the plasma channel. Using the 

source-dependent expansion (SDE) method, we extracted 

four paired equations for pulse amplitude, phase, spot size 

and inverse of the radius of wave front curvature. Numerical 

results of equations were obtained using the Runge-Kutta nu-

merical method. Numerical results showed that the normal-

ized laser spot size during propagation in the plasma channel 

is constant in the matched mode and oscillates for the mis-

matched mode. The Runge-Kutta method of order 4 has good 

results for well posed problems. We have considered the 

functional form of the model and in this work we have shown 

that our problem is well posed, so the proposed method has 

satisfactory numerical results. The numerical results confirm 

this concept. 

Keywords: Guiding, Runge-Kutta, Matched condition, 

Plasma channel, Spot size 

1 Introduction 

Propagation of high intensity lasers in plasma is closely 

related to wide range of applications such as x-ray lasers, 

high harmonics generation and wake field acceleration [1-3]. 

These applications have motivated researchers to study the 

underlying physics of the interaction between high-intensity 

laser and matter. In a medium, the propagation coefficients 

of a high-intensity laser can be significantly different from 

that of a vacuum. The characteristic length associated with 

the laser beam diffraction is in which  corresponds to wave-

length and Rs0  is laser spot size in vacuum.  Optical guiding 

⋆ Corresponding author 
a e-mail: ghalandari@qut.ac.ir  
b e-mail: babayar@qut.ac.ir & bbabayar@gmail.com 

is a method for increasing the propagation’s distance in 

plasma. Optical guiding based on refraction change, how-

ever, is only possible when the radial index of refractive in-

dex n has a maximum on axis; that is n/r<0. When this 

condition is met, phase velocity vp=c/n on axis (r=0) be-

comes smaller than that of the off-axis. This, in turn, con-

verges the laser’s phase front in a way that the laser beam 

focuses toward the axis. The refractive index of the center of 

an inhomogeneous plasma channel will be higher than its pe-

riphery, as long as the density of electrons in center remains 

smaller than the periphery density. A plasma channel with 

such a refractive index causes optical guiding of the laser 

pulse. Several methods of guiding, such as relativistic guid-

ing [4, 5], Z-pinch waveguide [6], grazing incidence wave-

guide [7, 8], gas-filled capillary discharge [9, 10] have been 

successfully examined.  In this paper, the optical guiding of 

a laser pulse inside a plasma channel, along with the varia-

tion of radius and longitude of the laser, will be discussed.  

The organization of this paper is as follows. The 

equations for the laser wave envelope and matched 

conditions are derived in Sec. 2. In Sec. 3, numerical 

results of the guided laser pulse propagating through the 

plasma channels are presented. In Sec. 4, we show that the 

equations (12-15) define a well-posed problem, and the 

Runge-Kutta method of order 4 is applicable to them. Fi-

nally, in Section 5, the results and discussions are given. 

2 Guiding a high-intensity Gaussian laser pulse 

through the plasma channel 

Laser electric field   formula obtained from Maxwell equa-

tions is defined as follows: 
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(∇⊥
2 +

∂2

∂z2 −
1

c2

∂2

∂t2
)E⃗⃗ (r , t) =

S⃗ (r , t),                                  (1) 
 

in which 𝑠(𝑟 , 𝑡)  represents the source term. Electric field 

𝛦(𝑟 , 𝑡)  and 𝑠(𝑟 , 𝑡) can be expressed via complex amplitude 

)t,r(A


and )t,r(s


, respectively, according to the following 

equations: 

 

E⃗⃗ (r , t) =
1

2
A(r , t)ei(k0z−ω0t)êx + c. c.,                             (2) 

 

S⃗ (r , t) =
1

2
S(r , t)ei(k z0 −ω0t)êx + c. c. .                                (3) 

                            
The amplitude of electric field is 𝐴(𝑟, 𝑧, 𝜏) =

𝐵(𝑧, 𝜏)𝑒𝑖𝜓(𝑧,𝜏)𝑒−(1−𝑖𝛼)𝑟2 𝑟𝑠
2⁄ , where 𝜏 = 𝑡 − 𝑧 𝑣𝑔⁄ , 𝑣𝑔 and 

𝐵(𝑧, 𝜏)  are group velocity and field’s amplitude, respec-

tively. Moreover (z,) corresponds to phase and (z,) 
represents the radius of curvature. Finally, 𝑟𝑠(𝑧, 𝜏)  is the la-

ser spot size.  The source terms in the group velocity co-mov-

ing frame are as follows [4]: 

 

S = (
ωp

2

c2
−

4

rs0
2 )A(r, z, τ).                                                        (4) 

The first term of source, corresponding to pre-formed 

parabolic plasma channel, demonstrates inhomogeneous 

density of plasma while second term indicates the finite 

transverse effect of the pulse. In equation (4), 
m/en4 2

e

2

p
=  and ne(r) = ne0 + ne0 tan (

z

d
) +

Δner2

Rch
2  in 

which density in the center of channel ne0, ne depth of chan-

nel, Rch or channel’s radius and d as a fixed parameter can be 
seen. Plasma profile density as a function of radius coordi-

nate, and longitude coordinate of z in figure 1 is illustrated. 

We utilize source-dependent expansion (SDE) method 

[4] to solve equation (1). As can be seen in below, integrals 

of source are used in this method: 

F0,0(z, τ)

=
1

2k0

∫ d(2
r2

rs
2
) S(r, z, τ)e

−(1+iα(z,τ))
r2

rs
2

∞

0

e−iψ(z,τ) (5 − 𝑎) 

 

F1,0(z, τ) =
1

2k0

∫ d(2
r2

rs
2
) S(r, z, τ) (1

∞

0

− 2
r2

rs
2
) e

−(1+iα(z,τ))
r2

rs
2
e−iψ(z,τ).    (5 − b) 

 
To obtain 4 coupled equations for amplitude of laser 

B(z,), phase (z,), the inverse of curvature’s radius and 
spot size rs(z,). 

∂ψ

∂z
=

−2

k0rs
2
+

2

k0rs0
2 −

2πe2ne0

k0mc2
(1 + tan (

z

d
)),               (6) 

 
∂rs

∂z
=

2α

k0rs

,                                                                               (7) 

 
∂α

∂z
=

2(1 + α2)

k0rs
2

−
2πe2Δne

k0mc2
⋅

rs
2

Rch
2 ,                                      (8) 

 

∂B

∂z
= −

2α

k0rs
2
B.                                                                     (9) 

 

 
Fig. 1  Plasma density profile with radial and longitudinal 

variations in terms of radial coordinate r and longitudinal co-

ordinate z. 

To guide laser’s pulse inside plasma channel, equa-
tion (6) to (9) should be zero. Equating equations (7) and 
(9)  to zero, results in =0 and B=cte, which means that 
amplitude of laser and curvature of wave front inside 
channel remain unaffected. Finally, compatibility condi-
tion for guiding Gaussian beam with TEM00 mode, ex-
pressed below, can be obtained by equating equation (8) 
to zero.  

rs = (
Rch

2

πreΔne

)

1
4⁄

 ,                                                               (10) 

re = e2/mc2 is classical radius of electron.  

Coupled equations (6) to (9) can become dimension-
less by using change of variables as follows: 

r̃s =
rs

rs0

,
∂

∂z̃
= ZR

∂

∂z
, ñe0 =

ne0

Nn

, 
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Δñe =
Δne

Nn

, B̃ = √
n0c

8π
√

πrs0
2

2Pin

B,                                     (11) 

 

rs0, ZR, Nn, 0 and Pin are laser’s spot size, Rayleigh length, 

density of neutral gas, and input power of laser, respectively. 

Therefore equations (5-8) are transformed into the following 

equations: 

 

∂ψ

∂z̃
= 1 −

1

r̃s
2
−

2πe2NnZ0ñe0

mcω0

(1 + tan (
z0z̃

d
)),            (12) 

 

∂r̃s

∂z̃
=

α

r̃s

,                                                                                  (13) 

 

∂α

∂z̃
=

(1 + α2)

r̃s
2

−
2πe2Nn

mcω0

⋅
Z0rs0

2

Rch
2 Δñer̃s

2 ,                         (14) 

 

∂B

∂z
= −

α

r̃s
2
B̃.                                                                            (15) 

3 Numerical Results 

 In this section, we provide numerical solutions of unitless equa-

tions (12-15) which are obtained from Runge-Kutta method of or-

der 4 (which we will explain in the next section) for Gaussian laser 

beam with incident wavelength λ = 800 nm. Figure 2 illustrates nor-

malized laser pulse spot size rs/rs0  as a function of normalized prop-

agation distance z/z0  in plasma channel for matched and mis-

matched modes. These line charts show that although the normal-

ized laser spot size does not vary when the wave propagates inside 

plasma channel in the case of matched conditions, it oscillates peri-

odically when matched conditions are not met. 

 

 

Fig. 2 Normalized spot size rs/rs0  laser pulse in terms of nor-

malized propagation distance z / z0 during propagation in the 

plasma channel for matched and mismatched modes. 

4 Runge-Kutta method 

To show that the Rung-Kutta method of order 4 [11] can 

be applied to the equations (12) - (15), we write the dimen-

sionless format of this equations as follows. 

  

X
•

(z) = f(z, X (z)),                                                                  (16)  
 

  where 

 

𝑋(𝑧) =

[
 
 
 
𝑥1(𝑧)

𝑥2(𝑧)

𝑥3(𝑧)

𝑥4(𝑧)]
 
 
 

=

[
 
 
 
𝑟𝑠(𝑧)

𝛼(𝑧)

𝐵(𝑧)

𝜓(𝑧)]
 
 
 
,                                                   (17)          

 

f(z, X) =

[
 
 
 
 
 
 
 
 

x2

x1

1 + x2
2

x1
2 − c1 x1

2 −c2 x3
2

−
x2x3

x1
2

1 −
1

x1
2 + c3 (1 + tan (

z0z

d
))

]
 
 
 
 
 
 
 
 

 ,                  (18) 

 

1 2,c c  and 3c  are constants. According to Chapter 5 of [11], 

the 4th order Runge-Kutta method can be applied to well-

posed systems. This means 𝑓 must be continuous and satis-

fies a Lipschitz condition on its domain with Lipschitz con-

stant L   . Value of 𝑓satisfies the following inequality 

[12, 13]: 

 

|
∂f

∂xi

| ≤ L, i = 1,2,3,4.                                                     (19) 

 

Now suppose 

 

0 < m1 =min
0≤z

x1(z),Mi: = Max
0≤z

xi(z), i = 1,2,3. 

 

Then for the function 𝑓in (17) we have 

 

|
∂f

∂x1

| = √(
x2

x1
2)

2

+ 4 |c1x1 +
1 + x2

2

x1
2 |

2

+ 4(
x2x3

x1
2 )

2

+
4

x1
6 

≤ √(
𝑀2

𝑚1
2)

2

+ 4 |𝑐1𝑀1 +
1 + 𝑀2

2

𝑚1
2 |

2

+ 4(
𝑀2𝑀3

𝑚1
2 )

2

+
4

𝑚1
6 

 =: L1, 
 

|
∂f

∂x2

| = √(
1

x1

)
2

+ 4 |
x2

x1
2|

2

+ 4(
−x3

x1
2 )

2
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 ≤ √
1

m1
2 + 4

M2
2

m1
4 +

M3
2

m1
4 =: L2, 

|
∂f

∂x3

| = √(
−x2

x1
2 )

2

+ 4c2
2x3

2 ≤ √
M2

2

m1
4 + 4c2

2M3
2 =: L3,

|
∂f

∂x4

| = 0.

This means 𝑓 has a Lipschitz condition with Lipschitz con-

stant L = Max
i=1,2,3

Li < ∞ and since 𝑓continuous on its domain,

then the system (15) is well posed.

5 Conclusions 

In this paper, we investigated the Gaussian laser pulse 

guidance  in the plasma channel numerically. It was assumed 

that the plasma channel’s length and radius change over  time. 

Matching conditions for guiding high intensity laser was also 

acquired. Using SDE method, the equations governing laser 

pulse parameters were solved by Runge-Kutta numerical 

method. Numerical results showed that in the case of match-

ing condition, normalized laser spot size does not change. 

However, when these conditions are not met, the size of laser 

spot oscillate periodically. 
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Spectrum Generating Algebra and its role in solvability of Alkali
elements

H. Rahmatia

Abstract Hydrogen atom is always helpful in obtaining data
from the other atoms. Revision of the Lie algebraic approach
in studying the radial part of the Hydrogen atom and using
the Tilting transformation are reasonable means to discuss
Alkali elements. The characteristic difference between Al-
kali elements and Hydrogen atom is the screening effect in
Alkali elements which causes much more freedom to the
highest electron, valence electron. In this case, these atoms
have another terms besides coulomb potential energy; Sen-
tences of the order of inverse square of the distance and
above. So, we can consider we have dipole moments, quadru-
ple moments and etc. Therefore, these terms , although they
are small, make these elements attractive for applications in
quantum information. Also, we can consider them as Ry-
dberg atoms with strong long-range interactions. Here, by
considering an inverse square distance potential, Lie alge-
braic methods help us to obtain energy levels of both bound
and excited states and corresponding wave functions too.

1 Introduction

Many physical systems with hidden symmetry in their Hamil-
tonian are solvable algebraically [1].Keplerian problems with
central 2-body potentials, such as Hydrogen-like atoms with
Coulomb potential in the non-relativistic: Schrodinger type,
or relativistic: Klein-Gordon (K-G) or Dirac types, are some
examples [2-5].
On the other hand, using Lie algebraic approach in solv-
ing physics problems is custom. Applying the generators of
a Lie algebra, Γj, one could write the general form of the
exact solvable or quasi-exact solvable (QES) Hamiltonian

ae-mail: hrahmati1357@yahoo.com

operator as follows [6-7]:

H =
n

∑
j,k

C jkΓjΓk +
n

∑
j=1

C jΓj. (1)

Here Cjk,Cj are coefficients can be found by comparing 
(1) with the physical Hamiltonian. This Lie algebra is called 
spectrum generating algebra (SGA), widely used in compact 
and finite dimensional Lie algebras [8-9]. However, follow-
ing mathematical tricks, one could extend this method to the 
non-compact and infinite dimensional Lie algebras too [10-
11].
For two reasons, we mainly focus on the Lie algebra so(2,1):
firstly, the Tilting transformation is an appropriate proposi-
tion in this Lie algebra; then, this Lie algebra is suitable for
studying Hydrogen-like atoms such as Alkali elements. To
illustrate Tilting transformation in this case, first, one should
,rewrites the Hamiltonian in terms of the generators of Lie
algebra so(2,1). Then, a rotation by an angle θ , Tilting an-
gle, can be exerted to take the spectrum of bound and scat-
tering states [12].
Another aspect of Alkali elements is the existence of valence
electron makes these atoms Rydberg atoms. Rydberg atoms
are those in which the valence electron is in the state of high
principal quantum number n. They are of historical inter-
est because of their role in atomic spectroscopy [13] since
1970. The exaggerated properties of Rydberg atoms allow
doing experiments that would be difficult or impossible with
normal atoms. In this case, applying experimental methods
of laser cooling and spectroscopy can be used to study their
properties. One of the recent studies of Rydberg atoms has
been made by Ryabtsev and his collaborators in the case of
Rb element and its role in quantum information [14].
On the other hand, lots of the information from Hydrogen
atom is helpful to study Hydrogen-like atoms such as Alkali
elements. However, the point is that the valence electron is

Department of Physics, Qom University of Technology,
Qom 37195-1519, Iran
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not attracted by nuclear charge Ze, but by a smaller charge
than Ze. The electrons in the lower levels of the atom screen
the nuclear charge; So, the charge of nuclear decreases to
Z′e = (Z − µ)e, where µ is the coefficient of screening ef-
fect for any Alkali elements. It is obvious that the valence
electron in this case has much more freedom to the other
electrons of the atom. Therefore, in a simple model, one can
consider the Alkali elements as Rydberg atoms.
Here, in section 2, we review the Lie algebraic investiga-
tions of the Hydrogen atom. After that in sec.3, the exten-
sion of these results to the Alkali elements by considering
the screening effect as an inverse square distance relation is
demonstrated. Also, by using SGA in the case of new Lie
algebra so(2,1), we obtain the spectrum of Alkali elements
in two cases: bound states and scattering states. Finally, in
sec.4 the conclusion and discussion are presented.

2 Review of so(2,1) Lie algebraic method in Hydrogen
atom

Hamiltonian of Hydrogen atom is:

H =
P2

2me
− k

e2

r
, (2)

where: me (electron mass), r (distance from nuclear to va-
lence electron), P (momentum), e (charge of electron) and k
(Coulomb constant). Since, the Coulomb potential is radial,
the Hamiltonian is solvable in the spherical polar system and
the radial part of it, namely,

r(H −E)|R(r)>= Π |R(r)>= 0, (3)

is

(r
d2

dr2 +2
d
dr

− l(l +1)
r2 +(ke2 −Er)

2me

h̄2 )R(r) = 0. (4)

For simplicity, we work in the atomic units (a.u.) where we
have e= h̄= k =me = 1. The parameter l(l+1) is the eigen-
value of the angular momentum operator [15]. This solvable
equation could be written by the generators of so(2,1) Lie
algebra:

Γ1 =
1
2
(rP2 + r−a

α2

r
−biα

γ⃗ .⃗r
r2 ),

Γ2 =
1
2
(rP2 − r−a

α2

r
−biα

γ⃗ .⃗r
r2 ),

Γ3 = r⃗.P⃗, (5)

and commutation relations:

[Γ1,Γ2] = iΓ3, [Γ2,Γ3] =−iΓ1, [Γ3,Γ1] = iΓ2. (6)

Table 1 Coefficients of the equation (8) in three cases

Coefficients Schrodinger K-G Dirac

C1
1

2m 1 1
C2 −E −(E2 −E0

2) −(E2 −E0
2)

C3 −α −2αE −2αE

Here a,b are constant parameters and α = e2

h̄c = 7.29×10−3

is the fine structure constant and γi =

(
0 σi
σi 0

)
in which σi

are the Pauli matrices. Following Eq.(1) general Hamilto-
nian of so(2,1) Lie algebra is:

Π =C1Γ1 +C2Γ2 +C0. (7)

This is a second order differential equation and hermitian
operator. It is obviously possible to write

Π =C1(Γ1 +Γ2)+C2(Γ1 −Γ2)+C0. (8)

Choosing an appropriate expression for C1,C2 and C0 we
obtain the Hamiltonians both in the non relativistic and rela-
tivistic cases. If we have a= b= 0 Eq.(8) is the non relativis-
tic Schrodinger equation of Hydrogen atom. For a= 1,b= 0
Eq.(8) concludes K-G and by substitution a= b= 1 we have
the second order Dirac equation [5].

The casimir operator of this Lie algebra is:

C2 = Γ
2

3 −Γ
2

1 −Γ
2

2 =−aα
2 −bα. (9)

This operator has a negative sign, which means the non-
compactness character of so(2,1) Lie algebra. On the other
hand, the radial wave function R(r) = |Ψ⟩ depends on two
quantum numbers n, l and is independent of angular momen-
tum orientation; i.e., it is invariant under rotation. There-
fore, we could establish Tilting transformation for solving
Eq.(8), written by the generators of so(2,1) Lie algebra. In
this transformation Γ1,Γ2 generators are rotated by an angle
θ around the operator Γ3, which does not appear in the radial
Hamiltonian (8):

eiθΓ3(Γ1 ±Γ2)e−iθΓ3 = e±θ (Γ1 ±Γ2), (10)

and the transformed wave function |Ψ̃⟩= eiθΓ3 |Ψ⟩; Follow-
ing these receptions, the eigenvalue equations Π |Ψ̃⟩= 0 for
any suitable angle θ conclude the spectrum of bound states
and scattering states [16].

3 so(2,1) Lie algebra and SGA in Alkali elements

One of the most traditional methods of using Lie algebra in
physics is that the Hamiltonian and other physical operators
could be written in terms of the generators of this Lie al-
gebra. In this case, this Lie algebra is called SGA [1]. But,
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sometimes, all of the generators do not appear in the alge-
braic form of the Hamiltonian, whereas all of them are in the
Casimir operator. In this case, we can obtain the spectrum
using a unitary transformation and then rotating the Hamil-
tonian by an angle θ around the missing generator. This trick
concludes the solvability of the system.
Interaction of an electron with an electromagnetic field, i.e.,
(
−→
E ,

−→
B ), the ordinary atom, can be expressed in terms of the

Lie algebra so(4,2). The operators of this Lie algebra are
[5]:

−→
J =−→r ×−→

P ,
−→
M =

1
2m

(
−→
P ×−→

L −−→
L ×−→

P )− Ze2

r2
−→r

−→
A =

1
2m

(
−→
P ×−→

L −−→
L ×−→

P )+
Ze2

r2
−→r , A4 =

−→r .
−→
P − 3

2
ih̄,

Γi = rPi, Γ4 =
1
2
(r
−→
P .

−→
P − r), Γ5 =

1
2
(r
−→
P .

−→
P + r). (11)

However, some of these operators are needed in the radial
equation of Alkali elements with screening effect. In fact,
only A4,Γ4 and Γ5 by adding a new term are sufficient. In
this case, the effective potential energy for (valence elec-
tron)+(nuclear+rest of the electrons) is:

Ue f f =−Z
r
+

l(l +1)
2r2 +

µ

2r2 . (12)

By summarizing two terms 2,3 as follows:

l(l +1)+µ = l′(l′+1). (13)

The quantum level l goes up to l′ where l′ > l:
which means the freedom of the valence electron is now

more than the other electrons of atom. Also, we see from
table.2 that by increasing the atomic number of Alkali ele-
ments, this effect is much series. In this case, the generators
of so(2,1) Lie algebra become:

Γ1 =
1
2
(rP2 + r+

l′(l′+1)
r

),

Γ2 =
1
2
(rP2 − r+

l′(l′+1)
r

),

Γ3 = r⃗.P⃗. (14)

Therefore, in the case of relativistic Hamiltonian of so(2,1)
Lie algebra by using Eq.(8) and table 1:

Π |Ψ(r)⟩=
[(Γ1 +Γ2)− (E2 −E2

0 )(Γ1 −Γ2)−2αZE]|Ψ(r)⟩= 0. (15)

If we work in the center of mass system, we should consider
reduced mass mred :

mred =
Mme

M+me
≃ 1, (16)

and for the rest energy in a.u. we have:

E0 = mredc2 =
1

α2 . (17)

Fig. 1 Comparing the level of valence electron without and with the
screening effect

Now, by using Tilting transformation

[(e−θ − (E2 − 1
α4 )e

θ )Γ1+

(e−θ +(E2 − 1
α4 )e

θ )Γ2 −2αZE]|Ψ̃(r)⟩= 0, (18)

the generators Γ1,Γ2 obey:

Γ1|N, l⟩= N′|N, l⟩, Γ2|N, l⟩= λ |N, l⟩, (19)

where N′ = N + l′+1 is real and discrete value, whereas λ

is imaginary and continues value. The rotation angle θ must
be chosen for the bound states to eliminate the non-compact

generator Γ1, so that e−θ = k =±
√

−(E2 − 1
α4 ) and:

E =
−N′

α2
√

N′2 +Z2α2
,

Ψ(r) = e−θ

√
2r
N′3

2l′+1∧
N′−l′−1

(
2r
N′ ), (20)

where
∧l

n(r) is the generalized Laugurre function [17]. If we

choose e−θ = K =±
√

E2 − 1
α4 , so that the compact gener-

ator Γ2 can be eliminated:

E =
λ

α2
√

λ 2 +Z2α2
,

Ψ(r) =
e−θ

r

√
2
π

sin(Kr− π

2
l′+

Zα

K
(log(2Kr)+δ (l′))),

(21)

where δ (l′) = arg(Γ (l′+1− i Zα

K )) and Γ (l) shows Gamma
function[18].
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Table 2 Some of the quantum numbers of Alkali elements

Alkali elements l Z µ l′ Z′ ∆ l′

Li 1 3 1.7 0.68 1.3 0.32
Na 2 11 8.8 0.86 2.9 1.14
K 3 19 16.8 1.46 2.9 1.54
Rb 4 37 34.8 1.18 2.9 2.82
Cs 5 55 52.8 1.46 2.9 3.54

4 Conclusion and Discussion

The radial part of the Hydrogen atom is solvable algebraically
in both non-relativistic and relativistic cases. The underlying
Lie algebra is so(2,1). Typically, this part of the Hamilto-
nian for specified angular momentum l is only dependent on
the principal quantum number n and this is the reason for
using Tilting transformation. Using this method, we could
obtain the spectrum of bound states and scattering states for
a certain angle θ . Here we extend this method to Alkali el-
ements which are Hydrogen-like and we see that by consid-
ering the screening effect as an inverse square distance po-
tential, we obtain the new expression for the principal quan-
tum number in bound states and a new term in the scattering
phase shift.
Actually, the screening effect causes the Alkali element to
be considered as a dipole moment where its negative charge
is the valence electron and the positive part of it is the (nu-
clear+rest electrons of the atom). This pattern is similar to
Rydberg atoms, which we consider here for Alkali elements.
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Abstract In this work, we have solved the radial Schrö-

dinger equation for the Woods–Saxon potential together 

with coulomb (r>Rc), centrifugal terms and spin-orbit in-

teraction by using a new type of Nikiforov-Uvarov (NU) 

method. This approach is based on the Second-Order Lin-

ear Differential Equations (SOLDE) solution. The manda-

tory specific choices of the required parameters in this 

technique restrict the application of this method to the 

Schrödinger equation with complicated potential profiles, 

which means that the NU method cannot efficiently be em-

ployed to solve more realistic physical systems. Due to the 

mentioned difficulties in evaluating the equivalent second-

order algebraic equation in the NU method, the analytical 

NU method has to be extended to the more efficient version 

combined with numerical methods (that leads to a semi-

analytical method). We have solved it by combining the 

NU method with the numerical fitting schema. The numer-

ical fitting schema helps us find the mentioned second-or-

der algebraic equation. Otherwise, complicated changes of 

variables or overwhelming algebraic treatments to derive 

the energy eigenvalues and the wavefunctions are required. 

The current approach is simpler, more flexible and effi-

cient. This technique can also be developed for equations 

other than the Schrodinger one. The Woods–Saxon poten-

tial is also a short-range interaction in the potential model 

for nuclear physics and has predictions for the nuclear shell 

model and distribution of nuclear densities. We have ob-

tained semi-analytical energy eigenvalues and eigenfunc-

tions for various values of n, l, and j quantum numbers. 

Agreement of 5/2+ and 1/2+ wavefunctions with the pub-

lished works is also obtained, showing the accuracy of our 

method. 

1 Introduction 

The asymptotic giant branch [1] is an evolutionary 

phase through which many stars, including the Sun, even-

tually pass. This phase involves a hydrogen and a helium 

shell that burns alternately, surrounding an inactive stellar 

core. The 16O(p, γ)17F reaction rate sensitively influences 

the 17O/16O isotope predicted by models of massive stars, 

where proton captures occur at the base of the convective 

envelope. In the study of the breakup of 17F into proton + 
16O, some potential models for 17F have been used previ-

ously, such as Woods–Saxon Potential with Spin-Orbit and 

Coulomb potentials [2] and M3Y interaction model [3]. 

The solution of the Schrödinger equation, including the 

above potentials, has been done using the numerical meth-

ods in the above-mentioned works. This is because the an-

alytical solution of these equations is not possible. How-

ever, some theoretical groups have tried to solve these 

Schrödinger equations analytically. For example, Pahla-

vani et al. solved the Schrödinger equation, including 

Woods–Saxon Potential with Spin-Orbit and Centrifugal 

Terms by Nikiforov–Uvarov Method [4]. They did not in-

clude the coulomb term in their calculations. Adding the 

coulomb potential (here for r<Rc; Rc= spherical nucleus 

radius) and the solution of the Schrödinger equation by the 

Nikiforov–Uvarov Method is the main goal of the present 

work. Our previous works used the NU method to solve the 

Schrödinger equation with different potentials. Energy-de-

pendent potential [5] and angle-dependent potential [6] are 

two. We have also solved the Dirac equation with the NU 

method, including Hartmann Potential [7], Duffin–Kem-

mer–Petiau (DKP) equation with Woods–Saxon Potential 

[8] and Hulthen vector potential [9] and Klein–Gordon 

equation with Energy-Dependent Potential [10]. We have 

solved the Schrödinger equation in the presence of the 

spin-orbit interaction, Woods–Saxon potential together 

with coulomb (r>Rc) and centrifugal terms by a combina-

tion of the numerical fitting and NU methods and obtained 

energy eigenvalues and corresponding eigenfunctions. 

2 Parametric NU method 

This powerful mathematical tool could be used to solve 
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the second-order differential equations. Considering the fol-

lowing differential equation [10–12] 

ψn
″(s) +

τ̃(s)

σ(s)
ψn
′ (s) +

σ̃(s)

σ(s)2
ψn(s) = 0,  (1) 

Where 𝜎(𝑧) and 𝜎̃(𝑧)  are polynomials of second order at 

most, and𝜏̃(𝑧) is a first-order polynomial. To make the ap-

plication of the NU method simpler and the checking of the 

validity of the solution unnecessary, we present a shortcut 

for the method. We begin the method by writing the gen-

eral form of the Schrodinger-like equation (1) as 

ψn
″(s) + (

c1 − c2s

s(1 − c3s)
)ψn

′ (s)

+ (
−p2s

2 + p1s − p0
s2(1 − c3s)

2
) ψn(s) = 0,

 

where the wave functions satisfy 

ψn(s) = 𝜙(s)yn(s).  (3) 

By comparing Eq. (3) with its counterpart Eq. (2), one can 

obtain 

τ̃(s) = c1 − c2s, σ(s) = s(1 − c3s), 
σ̃(s) = −p2s

2 + p1s − p0,  (4) 

According to the NU method [10], one can obtain the 

bound state energy equation as [11, 12] 

c2 n− (2 n+1)c5
+ (2 n+1)(√c9

+ c3√c8)  + n( n−1) c3+ c7 + 2c3c8

+ 2√c8c9

where, 

c4 =
1

2
(1 − c1),  (6 − 1) 

c5 =
1

2
(c2 − 2c3),  (6 − 2) 

c6 = c5
2 + p2

c7 = 2c4c5 − p1,         (6 − 4) 

c8 = c4
2 + p0

c9 = c3(c7 + c3c8) + c6,  (6 − 6) 

c4 =
1

2
(1 − c1

In addition, we also find that: 

𝜌(𝑠) = sc10(1 − c3𝑠)
c11 ,  (7 − 1) 

𝜑(𝑠) = sc12(1 − c3𝑠)
c13 ,  (7 − 2) 

c12 > 0, c13 > 0,  (7 − 3) 

yn(s) = 

Pn
(c10,c11)(1 − 2c3s), c10 > −1, c11 ≻ 1,   (7 − 4)

are necessary in calculating the wave functions. 

ψ
nl
(𝑠) = Nnls

c12(1 − c3𝑠)
c13Pn

(c10,c11)(1 − 2c3𝑠),       (8)

where, Pn
(μ,ν)(x), 𝜇 ≻ 1, 𝜈 ≻ 1, 𝑥 ∈ [−1,1] are Jacobi poly-

nomials. All undefined constant parameters are as follows 

[13], 

𝑐10 = 𝑐1 + 2𝑐4 + 2√𝑐8  ,  (9 − 1) 

𝑐11 = 1 − 𝑐1 − 2𝑐4 +
2

𝑐2
√𝑐9 ,  (9 − 2) 

𝑐12 = 𝑐4 + √𝑐8 ,  (9 − 3) 

𝑐13 = −𝑐4 +
1

𝑐3
(√𝑐9 + 𝑐5),  (9 − 4) 

where 𝑐3 ≠ 0, 𝑐13 > 0, 𝑐12 > 0, 𝑠 ∈ [
1,1

𝑐13
] and 𝑐13 ≠ 0.

3 Solutions of Schrödinger Equation 

We start with the radial part of the Schrödinger equa-

tion as, 

d2R(r)

dr2
+
2μ

ℏ2
[E − V(r) −

ℏ2l(l + 1)

2μr2
] 𝑅(r) = 0.  (10) 

The potential profile contains the following terms: 

1- woods-saxon term: 

VWS =
−V0

1 + e
(r−R0)
a

,  (11) 

were we have used V0 = 42.77𝑀𝑒𝑉 for 17F atoms.

2- spin-orbit term: 

VLS(r) =
1

2
VLS
(0) (

r0
ℏ
)
2 1

r
[
d

dr

1

1 + e
(r−R0)
a

] (L⃗ . S⃗ ),  (12) 

where we have used 𝑉𝐿𝑆
(0)
= 0.44𝑉0.

3- Coulomb term: 

(2)

= 0,                                                            (5)

,  (6 − 3) 

).   (6 − 7) 
,   (6 − 5) 
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VC(r) =

{
 
 

 
 e2

πε0RC
[3 − (

r

RC
)
2

] r ≤ RC

8e2

4πε0r
r > RC

.          (13) 

 

Here we have solved the Schrödinger equation for r>Rc. By 

using the change of variable as 𝜓(𝑟) = 𝑟𝑅(𝑟) we have, 

 
dψ

dr
= 𝑅(r) + 𝑟

dR(r)

dr
.                                                       (14) 

                   

Then the Schrödinger equation becomes 

 

d2ψ(r)

dr2
+
2μE

ℏ
2 𝜓(r) −

2μV(r)

ℏ
2 𝜓(r) −

l(l + 1)

r2
𝜓(r)

= 0.                                                       (15)  
 

Now, the complete Schrödinger equation reads, 

 

d2ψ(r)

dr2
+
2μ

ℏ
2 [E −

−V0

1 + e
(r−R0)
a

 

−
1

2
VLS
(0)r0

2
1

r
(
d

dr

1

1 + e
(r−R0)
a

) (j(j + 1) − l(l + 1) −
3

4
) 

−
1

4πε0

8e2

r
] 𝜓(r) −

l(l + 1)

r2
𝜓(r) = 0.                          (16) 

 

We need another change of variable, which leads to 

 
dψ(r)

dr
=
dψ(r)

ds
×
ds

dr
= −𝛿𝑠

dψ(r)

ds
,                      (17 − 1) 

                                 

d2ψ(r)

dr2
= δ2 s2

d2 R( s )

ds2
+ δ2𝑠

dR( s )

ds
.       (17 − 2) 

                                 

We define 𝛿 =
1

𝑎
, 𝑞 = 𝑒𝛿𝑅0 , 𝑉0

′ = 𝑉0𝑞 and 𝑉 ′
𝐿𝑆
0
= 𝑉𝐿𝑆

0 𝑞. 

We have also used the following approximation: 

 

1

r2
≈ δ2 (

e−δr

1 − e−δr
)

2

.                                                        (18) 

                                 

To find the best value of the   we have changed the   

and plotted both side of the above equation several times 

and found the best   to be 0.4fm-1. Figure (1) shows two 

sides of the above equation to obtain .  By using the later 

change of variable, the Schrödinger equation reads, 

 

δ2s2
d2R(s)

ds2
+ δ2𝑠

dR(s)

ds
+ (

2μE

ℏ2
+
2μV0

′

ℏ2
) (

s

1 + qs
) 

+
μδ2r0

2V′LS
0

ℏ2
(j(j + 1) − l(l + 1) −

3

4
)

s2

(1 − 𝑠)(1 + 𝑞𝑠)2
 

−
4μ𝑒2 δ

πℏ2 ε0
.
s

1 − s
 − 𝑙(l + 1)

δ2s2

(1 − 𝑠)^2 )
 𝑅(s) = 0.    (19) 

 

After some simplifications we have 

 

d2R(s)

ds2
+
1

s

dR(s)

ds
+ 

(
2μE

(ℏ2δ2)(1 − s)2
+
2μV0

′

ℏ2δ2
s(1 − s)2

(1 + qs)

s2(1 − s)2

+

μr0
2V′LS

0

ℏ2
(j(j + 1) − l(l + 1) −

3
4
)
s2(1 − s )
(1 + qs)2

s2(1 − s)2

−

4μe2

πε0ℏ
2δ
s( 1 − s ) − l(l + 1)s2

s2(1 − s)2
)
R(s) = 0.         (20) 

 

In order to use the N-U method we have to convert the nu-

merator of the potential term to a second order polynomial 

For this purpose, we have used the following approxima-

tions, 

 

 
 

Fig. 1  Left hand side and Right hand side of the equation 

(3-1) to obtain . 

   

𝑠(1 − s〖 )2〗

1 + qs
= 0.006595579s2 −  0.0132710857𝑠

+   0.0067413175,                             (21)  
 

which has been obtained through numerical fitting schema.  

Figure (2) shows the two sides of the equation above.  

As it is clear, this approximation is extremely good. We 

have also used from: 

 

s2(1 − s )

(1 + qs)2
= −3.3579988 × 10−9s2

− 0.432019240084 × 10−4s
+ 0.4341808999 × 10−4,               (22)  

                                

which has been obtained through numerical fitting schema.  

Figure (3) shows the two sides of the equation above. 
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As it is clear, this approximation is extremely good. In 

order to convert the last Schrödinger equation to the N-U 

type Schrödinger equation, 

 

ψ
n
″ (s) +

τ̃(s)

σ(s)
ψ
n
′ (s) +

σ̃(s)

σ(s)2
ψ
n
(s) = 0,                         (23) 

                                   

ψ
n
″ (s) + (

1 − s

s(1 − s)
)ψ

n
′ (s) + (

−γs2 + βs − ε2

s2(1 − 𝑠)2
)ψ

n
(s)

= 0,                                                       (24) 
 

We define three parameters 𝜀, 𝛽, 𝛾 as follows, 

 

−𝛾 =
2μE

ℏ2δ2
+
2μV0

′

ℏ2δ2
(0.006595579) 

          − (
μV′LS

(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ2
)

× 3.3579988 × 10−9 +
4μe2

πε0ℏ
2δ

− 𝑙(l + 1),                                    (25 − 1) 
                        

𝛽 = −
4μE

ℏ2δ2
−
2μV0

′

ℏ2δ2
(0.0132710857) 

−
μV′LS

(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ2

× (0.432019240084 × 10−4)   

−
4μe2

πε0ℏ
2δ
.                                    (25 − 2) 

 

Now we write the 𝛽,𝛾  as function of 𝜀: 

 

−γ =
2μE

ℏ
2
δ
2 +

2μV0
′

ℏ
2
δ
2
(0.006595579) 

           −
μV′

LS
(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ
2

× (3.3579988. 10−9) 

          +
4μe2

πε0ℏ
2

                

β = −
4μE

ℏ
2
δ
2 −

2μV0
′

ℏ
2
δ
2
(0.0132710857) 

        

−
μV′

LS
(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ
2

× (0.432019240084. 10−4)

−
4μe2

πε0ℏ
2

−ε2 =
2μE

ℏ2δ2
+
2μV0

′

ℏ2δ2
(0.0067413175) 

          +
μV′LS

(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ2
 

           × (0.4341808999. 10−4

                        

Now we write the  ,   as function of  , 

 

𝛾 = ε2 +
μV0

′

ℏ
2
δ
2
(0.000291477) + 

         
μV′

LS
(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ
2  

       × (0.434214479888 × 10−4) 

       −
4μe2

πε0ℏ
2δ
+ 𝑙(l+ 1) → 𝛾 = ε2 + 𝐴,                 (27 − 1) 

                                  

𝛽 = 2ε2 +
μV0

′

ℏ2δ2
(0.0004230986) 

     +
μV′LS

(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ2
 

      × (0.436342559716 × 10−4) 

 −
4μe2

πε0ℏ
2δ
   → 𝛽 = 2ε2 + 𝐵,                                (27 − 2)                                 

 
           

 
Fig. 2 left hand side and right-hand side of the equation (3-

2) to show the accuracy of this approximation. 

 

 

 
Fig. 3  Left hand side and right hand side of the equation 

(3-3) to show the accuracy of this approximation 

 

− l(l + 1),                                         (26 − 1)
 δ

,                                     (26 − 2)
 δ

).                              (26 − 3) 
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Based on what we have described above in the N-U sec-

tion, we can find the following second order polynomial, 

  

n− (2 n+1) (−
1

2
) + (2 n+1)(√γ − β + ε2 +

1

4
+ ε) 

     + n( n+1) − 𝛽 + 2ε2 + 2𝜀√γ− β + ε2 +
1

4
 

     = 0,                                                                                    (28) 
 

After some simplifications we have, 

  

[4 (𝐴 − 𝐵 +
1

4
) − (2 n+1)2] 𝜀2 

    +2(2n + 1)[2A − B − n2−n]ε 

    + [(2 n+1)2 (A−B+
1

4
) − (𝑛2+𝑛 +

1

2
− 𝐵)

2

] 

    = 0,                                                                             (29 − 1) 
  

ℎ2𝜀
2 + ℎ1𝜀 + ℎ0 = 0.                                                 (29 − 2) 

 

By solving this equation and obtaining the   we will wined 

the energies E as, 

  

Enlj = (−(ℏ^2 δ^2)/2μ)(ε2 +
2𝜇𝑉0

′

(ℏ2𝛿2)(0.0067413175)
 

+
μV′

LS
(0)
r0
2 (j(j + 1) − l(l + 1) −

3
4
)

ℏ
2  

× (0.4341808999 × 10−4).                                             (30) 
 

Ground state energy of the 17F can be obtained by using of 

𝑗 =
5

2
, n = 0 , l =2  and the first excited states can be calcu-

lated by using of the 𝑗 =
1

2
, n = 1 , l = 0 . Now, the wave-

functions can be obtained through, 

 

ψ(s) = y(s)ϕ(s),                                                         (31 − 1)
  

ρ(s) = s1+2ε(1 − s)
2√γ−β+ε2+

1
4,                                (31 − 2) 

  

ϕ(s) = sε(1 − s)
(√γ−β+ε2+

1
4
−
1
2
)
,                                (31 − 3) 

  

yn(s) = Pn

(1+2ε,2√γ−β+ε2+
1

4
)

ψ
nl
(s) = Nnls

ε(1 − s)
√γ−β+ε2+

1
4
+
1
2 

                   × Pn

(1+2ε,2√γ−β+ε2+
1

4
)

(1 − 2s),                (31 − 5) 
 

where 𝑃𝑛
(𝜇,𝜈)

(𝑥), 𝜇 > −1, 𝜈 > −1, 𝑥 ∈ [−1,1] are Jacobi 

polynomials. Ground state and first excited state wave 

functions are presented in the figures (4) and (5) respec-

tively. As we can see in the figures (4-5), good agreement 

exists. 

 

Fig. 4 – Normalized 5/2+state wave function which we 

have calculated compared with ref [14] (inset panel) as a 

function of the radius r (fm) 

 

 

 
Fig. 5 – First excited state wave function by using of 

J=1/2+. compare with ref [14] (inset panel of the figure 4) 

Conclusions 

In this study, the non-relativistic radial Schrödinger 

equation solved for Wood-Saxon potential together with 

coulomb potential (here for r>Rc; Rc= spherical nucleus ra-

dius), spin-orbit interaction and centrifugal term by a com-

bination of the Nikiforov-Uvarov and numerical fitting 

methods. The energy eigen-functions and eigen-values of 

this model system obtained by NU method. For this pur-

pose, by using approximate expansion of 1/r2, as well was 

using equivalent second order algebraic equation in the NU 

method (a big difficulty in this method), the Schrödinger 

equation has been transformed to an analytically solvable 

differential equation. However, in a case study which one 

is not able to obtain an appropriate equivalent second order 

algebraic equation in the NU method, this method will not 

be applicable to that problem. By using this method, good 

agreement with previously published works values ob-

tained. 

(1 − 2s),                      (31 − 4)
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Abstract In this paper, we have obtained the adjoint of an 

arbitrary operator (linear and nonlinear) in Hilbert space by 

introducing an n-dimensional Riemannian manifold. This 

general formalism covers every linear operator (non-differ-

ential) in Hilbert space. In fact, our approach shows that in-

stead of directly using an operator's adjoint definition, it can 

be obtained directly by relying on a suitable generalized 

space according to the action of the operator in question. In 

the case of nonlinear operators, we must change the defini-

tion of the linear operator adjoint. However, here, we have 

obtained an adjoint of these operators concerning the defi-

nition of the derivative of the operator. We have shown one 

of the straight applications of ''Frechet derivative'' in the al-

gebra of the operators. 

1 Introduction 

This paper consists of two main parts. In the first part, 

we look for a general relationship for the adjoint of the lin-

ear operators. We intend to achieve a universal formula for 

the adjoint of the linear operators with a generalized space, 

such as the Riemannian manifold. Although the self-adjoint 

extensions of differential operators on the Riemannian man-

ifold have been studied [1], we focus on non - differential 

operators. Recently, it has been reported that linear opera-

tors are unitary in curved space [2]. 

In the second part, we seek a special approach for the 

nonlinear operators.  

Consider a linear operator 𝑂 such that [3] 

 

𝑂𝑓(𝑥) = 𝑓(3𝑥2 + 1).                                                             (1)                                             

 

Even though we can calculate the adjoint of the operator 

O, we show in the next section that it is possible to do it 

directly by introducing the generalized space.  Now, we de-

fine the linear operator ℑ𝜀  by 

 

ℑεf(x) = f(x + εh(x)),                                                           (2)      

                                  

where 𝜀 is an infinitesimal quantity. Obviously, consider-

ing ℎ(𝑥) = 1 , the operator ℑ𝜀 is the translation operator in 

standard quantum mechanics [4]. But, in general, the arbi-

trary function ℎ(𝑥) = 1  could be the space metric, such that 

the operator ℑ𝜀 will be the translation operator in general-

ized space. In section II, we introduce a general approach to 

define the adjoint of these operators. 

Most of the operators we deal with in quantum mechan-

ics are linear. By definition, every linear operator must have 

the following two conditions [5]: 

 

𝐴[𝑓(𝑥) + 𝑔(𝑥)] = 𝐴[𝑓(𝑥)] + 𝐴[𝑔(𝑥)],                             (3)    

            

𝐴(𝑎𝑓(𝑥)) = 𝑎𝐴(𝑓(𝑥)),                                                         (4) 

 

where 𝑎  is a complex constant.  

 There are two different fundamental classes of non-lin-

ear operators: One is homogeneous non-linear operators, 

which do not satisfy the condition of equation (4), and the 

second one is nonhomogeneous nonlinear operators, which 

do not satisfy the condition of equation (3), [6]. As an ex-

ample, for a homogeneous nonlinear operator, we can write 

 

𝐴𝑓 = |𝑓| ∫ 𝑒𝑖𝑎𝐵𝑒−𝑖𝑎
2𝜋

0

𝑓

|𝑓|
𝑑𝑎,                                             (5) 

 

where the domain of A  is the same as the domain of 𝐵. 

The operator 𝐴 is not differentiable, so as we will see 

further, the adjoint of this operator cannot be defined. In 

fact, the point is that any differential operator that has the 

property of (4) is a linear operator. The argument is very 

simple. 
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In the mathematical literature, the anti-linear or conju-

gate linear operator is a renowned example that does not 

satisfy the equation (4). This operator is reminiscent of the 

time reversal operator in quantum mechanics. It is well 

known that Dirac's bra-ket notation is not suitable for these 

operators [4]. A report examines this problem with a special 

approach [7]. 

Now consider a non-linear operator B  which can be de-

fined by  

 

𝐵[𝑓(𝑥)] = [𝑓(𝑥)]2.                                                                 (6) 

 

In section III, we discuss the general approach for the 

adjoint of the operator 𝐵. 

2 Adjoint of linear operator   

Consider the Riemannian manifold M with an atlas con-

sisting of only one chart. This manifold is such that a global 

one-to-one correspondence exists between the points of 𝑀 

and ℝ𝑛. 

So, the inner product of two arbitrary functions 𝜓 and 𝜙 

are defined through. 

 

⟨𝜑|𝜓⟩ = ∫ 𝜁(𝑥)𝜙(𝑥)𝜓(𝑥),                                                  (7) 

 

where 𝜁 is the invariant volume element 𝜁(𝑥) = 𝑔(𝑥)𝑑𝑛𝑥, 

and 𝑔  is the square root of the absolute value of the deter-

minant of the metric matrix. We define an arbitrary operator 

O by 

 

⟨𝑥|𝑂|𝜓⟩ = 𝜓[ℎ(𝑥)],                                                                (8) 

 

so that 

⟨𝜙|𝑂|𝜓⟩ = ∫ 𝜁(𝑥)𝜙̄(𝑥) 𝜓[ℎ(𝑥)],                                        (9) 

 

tion. Now we define 𝑧 through 𝑧 = ℎ(𝑥) and using 

 

𝜁[ℎ−1(𝑧)] = [
(ℎ−1)

∗
𝑔

𝑔
] (𝑧)𝜁(𝑧),                                       (10) 

 

where ℎ
∗
 is the pullback of ℎ1, one arrives at  

1 According to the definition, the pullback of the function ℎ is equal to: 

(ℎ∗𝑓)𝜇𝜈(𝑥) = {𝑓𝛼𝛽[ℎ(𝑥)]}
𝜕ℎ𝛼

𝜕𝑥𝜇

𝜕ℎ𝛽

𝜕𝑥𝜈
 

 

 

⟨𝜙|𝑂|𝜓⟩ = ∫ 𝜁(𝑧) [
(ℎ−1)

∗
𝑔

𝑔
] (𝑧)𝜙̄[ℎ−1(𝑧)] 𝜓[𝑧],       (11) 

 

The equation (11) shows that 

 

⟨𝑥|𝑂†|𝜙⟩ = [
(ℎ−1)

∗
𝑔

𝑔
] (𝑥)𝜙̄[ℎ−1(𝑥)].                             (12) 

 

This is correct if  ℎ is one-to-one, otherwise, there would be 

several inverses for ℎ . 

Denoting these by ℎ𝑖
−1

, hence we can write: 

 

⟨𝑥|𝑂†|𝜙⟩ = ∑ [
(ℎ𝑖

−1)
∗
𝑔

𝑔
] (𝑥)

𝑖

𝜙[ℎ𝑖
−1(𝑥)].                   (13) 

 

Equation (13) can calculate the adjoint of any arbitrary lin-

ear operator (non-differential) with any representation or 

definition. For two simple examples, see Appendix A. 

Now, we can compute operators (1) and (2) adjoints. For 

the first case, we have 

 

ℎ(𝑥) = 3𝑥2 + 1, ℎ−1(𝑧) = ±√
𝑧 − 1

3
, |

𝑑[ℎ−1(𝑧)]

𝑑𝑧
|          

=
1

6√𝑧 − 1
3

 

So, we can write 

 

⟨𝑧|𝑂†|𝜙⟩ =
1

6√𝑧 − 1
3

[𝜙 (√
𝑧 − 1

3
)

+ 𝜙 (−√
𝑧 − 1

3
)].                               (15) 

 

For the operator (2), at first, we consider an infinitesimal 

diffeomorphism 𝑓𝜀 , with  

 

𝑓𝜀 = 𝑥 + 𝜀ℎ(𝑥).                                                                      (16) 

 

Note that, in this equation x  and 𝑓 are members of the man-

ifold 𝑀. Their coordinates are, of course, scalars, as they are 

the components of the ℎ(𝑥), which is itself a vector. 

h x is smooth, invertible, and differentiable func-where ( )

,                                 (14) 



 

 

30 

 

 

 

   

 

The definition of pullback 𝑓 gives the following equation: 

 

(𝑓∗𝑔)𝜇𝜈 = 𝑔𝜇𝜈 + 𝜀 [(𝛻𝜇ℎ)
𝜈

+ (𝛻𝜈ℎ)𝜇],                           (17) 

 

where 𝛻 is the covariant derivative corresponding to the 

Levi-Civita connection in relation to the metric 𝑔. So, by 

using (17) we can obtain immediately  

 

𝑓∗𝑔 = [1 + 2𝜀𝛻. ℎ]𝑔.                                                           (18) 

 

According to equation (2) and after some calculations we 

get the adjoint of the operator ℑ𝜀 in the form of 

 

ℑ𝜀
†𝑓(𝑥) = 𝑓[(𝑥 − 𝜀ℎ(𝑥))(1 − 𝜀(𝛻. ℎ)(𝑥))].                 (19)                                                                                                                                                            

3 Adjoint of nonlinear operator  

For some reasons that will be revealed later we provide 

another definition in equations (3) and (4), for arbitrary lin-

ear operator 𝐴. 

 

Definition: An arbitrary operator is linear if and only if its 

''Frechet derivative'' is constant number or constant matrix. 

In another statement, operator A which acting on a function 

f is linear if its ''Frechet derivative'' does not depend on func-

tion f. 

 

To clarify this definition, we consider two examples. In 

our opinion, probably, the equivalency of our definition 

with the common definition (equations (3) and (4)) is also 

true for other examples. 

At first, consider linear operator 𝐴 such that 𝐴𝑓(𝑥) =
𝑓(𝑔(𝑥)), where 𝑓(𝑥) and 𝑔(𝑥) are two arbitrary linear 

functions. So, we can write: 

 

𝐴[𝑓(𝑥) + ℎ(𝑥)] = 𝑓(𝑔(𝑥)) + ℎ(𝑔(𝑥)) 

 

The derivative of 𝐴 or (𝐷𝐴)𝑓(𝑥) is given by 

 

(𝐷𝐴)𝑓(𝑥) = 𝛿(𝑔(𝑥) − 𝑦).                                                 (21) 

 

Obviously, the equation of (21) shows that the derivative 

does not depend on the function 𝑓. It is simple to show that 

conditions (3) and (4) both, are consistent for this operator. 

 Now, consider another example:  

 

𝐵𝑓(𝑥) = 𝑙𝑛( 𝑓(𝑥)).                                                              (22) 

 

We can write: 

 

𝐵[𝑓(𝑥) + ℎ(𝑥)] = 𝑙𝑛[ 𝑓(𝑥) + ℎ(𝑥)] 

                               = 𝐵𝑓(𝑥) +
ℎ(𝑥)

𝑓(𝑥)
,                                   (23) 

 

where, we used the first order of ℎ. Therefore, the deriva-

tive of 𝐵 is given by 

 

(𝐷𝐵)𝑓(𝑥) =
1

𝑓(𝑥)
.                                                               (24) 

 

The derivative of nonlinear operator 𝐵  depends on function 

𝑓.  Again, it is simple to show that the conditions (3) and (4) 

aren't consistent for this operator. 

As the complex conjugate operator is not differentiable 

and linear, in an orthodox manner, its adjoint is not defined. 

However, perhaps one could extend the definition of the ad-

joint operator to include this case as well. This definition is 

attributed to Wigner [8]. If we consider the usual definition 

for adjoint of an operator A   as following 

 

⟨𝑢|𝐴†𝑣⟩ = ⟨𝐴𝑢|𝑣⟩,                                                                (25)  

 

So for the anti-linear operators we should change the defi-

nition (25) to following form: 

 

⟨𝑢|𝐴†𝑣⟩ = ⟨𝑣|𝐴𝑢⟩.                                                                (26) 

 

There are some references concerning nonlinear operator al-

gebra [9, 10], with no specific suggestion to define the ad-

joint of nonlinear operators. In one reference, [11], for the 

special class of nonlinear operators in Banach space, which 

most of its operators are similar to linear operators, the ad-

joint of these operators is introduced on the basis of their 

derivatives. 

At first, we notice that for the nonlinear operator 𝐵, 

whatever 𝐵† would be, the statement ⟨𝑢, 𝐵†𝑣⟩ should be 

anti-linear in terms of 𝑢. So we need to construct some func-

tion like ℜ of 𝑢, 𝑣 and 𝐵 in such a way that by using the 

inner product, we get, namely 

 

⟨𝑢, 𝐵†𝑣⟩ = ℜ(𝑢, 𝑣, 𝐵).                                                         (27) 

 

But if the definition somehow resembles the definition of 

the adjoint operator, we expect that some operation like the 

action of 𝐵 on u occurs in ℜ . The problem is that if the 

= 𝐴𝑓(𝑥) + ∫ ℎ(𝑦)𝛿(𝑔(𝑥) − 𝑦)𝑑        (20) 
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action of 𝐵 on 𝑢 is nonlinear, then it does n’t seem to be a 

natural way to construct something anti-linear in terms of 𝑢, 

say from (𝐵𝑢) and the inner product. The reason that one 

could construct such a thing for linear or anti-linear 𝐵's, is 

that ⟨𝐵𝑢, . ⟩ is anti-linear in terms of 𝑢 if 𝐵 is linear, and if 

𝐵 is anti-linear, ⟨. , 𝐵𝑢⟩ would be anti-linear in 𝑢. So, the 

problem is to construct something quasilinear (linear or 

anti-linear) in 𝑢, from the action of something related to 𝐵 

on 𝑢.  

 One way to do so, is to use the derivative of 𝐵 instead 

of 𝐵 itself. According to our definition in section I, if 𝐵 is 

linear, then its derivative is a constant matrix, which its ac-

tion on a vector 𝑢 is the same as 𝐵(𝑢), namely, 

(𝐷𝐵)𝑢 = 𝐵(𝑢).  (28) 

For the general case where 𝐵 is not linear, of course 

above relation does not hold. Then in the general case of 

nonlinear operator 𝐵, let's define 𝐵† as (𝐷𝐵)†, that is

⟨𝑢, 𝐵†𝑣⟩ = ⟨(𝐷𝐵)𝑢, 𝑣⟩.  (29) 

But then, the problem is that (𝐷𝐵) is no longer a constant, 

if 𝐵 is nonlinear operator. So, the correct form of the above 

relation should be 

⟨𝑢, [𝐵†(𝑓)]𝑣⟩ = ⟨[(𝐷𝐵)(𝑓)]𝑢, 𝑣⟩,  (30) 

where 𝑓 is some point. 

Now we come back to the equation (5), then 

[𝐵(𝑓 + 𝛿𝑓)](𝑥) = [(𝑓 + 𝛿𝑓)(𝑥)]2 
 = [𝑓(𝑥)]2 + 2[𝑓(𝑥)][(𝛿𝑓)(𝑥)]+. . . 

 = [𝑓(𝑥)]2 + ∫ 𝑑𝑦{2[𝑓(𝑥)]𝛿(𝑥 − 𝑦)}

× [(𝛿𝑓)(𝑦)]+. . . ,  (31) 

which means that 

[(𝐷𝐵)(𝑓)](𝑥, 𝑦) = 2[𝑓(𝑥)]𝛿(𝑥 − 𝑦).  (32) 

The left-hand side is the matrix element of [(𝐷𝐵)(𝑓)]. So, 

{[(𝐷𝐵)(𝑓)]𝑢}(𝑥) 

 = ∫ 𝑑𝑦 {[(𝐷𝐵)(𝑓)](𝑥, 𝑦)}𝑢(𝑦) 

 = 2𝑓(𝑥)𝑢(𝑥).    (33) 

Then , 

⟨[(𝐷𝐵)(𝑓)]𝑢, 𝑣⟩ = ∫ 𝑑𝑥[2𝑓(𝑥)𝑢(𝑥)] 𝑣(𝑥) 

 = ∫ 𝑑𝑥[𝑢(𝑥)] [2𝑓(𝑥)]𝑣(𝑥).  (34) 

Therefore, 

{[𝐵†(𝑓)𝑣]}(𝑥) = [2𝑓(𝑥)]𝑣(𝑥),  (35) 

or 

[𝐵†(𝑓)](𝑥, 𝑦) = [2𝑓(𝑥)]𝛿(𝑥 − 𝑦).  (36) 

4 Conclusion 

In this paper we have searched two original questions in 

two parts. 1) Is there a universal formula for the adjoint of 

the linear operator? 2) Is there a definition for the adjoint of 

the nonlinear operators? Regarding the first question, one 

can generalize the metric space and perform the adjoint 

computation on a Riemannian manifold to reach a universal 

formula. The equation (13) could be a universal formula for 

the adjoint of the linear operators. Regarding the second 

question, we have argued and indicated by using the defini-

tion of the derivative of the operator, we can obtain an ad-

joint of the nonlinear operator. Our method in this paper is 

suitable for nonlinear operators that are differentiable. It 

seems to nonlinear operators that are not differentiable do 

not exist in a ''natural way'' to define adjoint2. Our meaning 

of the ''natural way'' is preserving some of the properties of 

the standard definition of the adjoint. For instance, in the 

new definition, keeping the inner product's absolute value is 

necessary. A central concept in the linear operator’s theory 

is the concept of the inner product. That is why we have 

used the operator's derivative to define the adjoint of non-

linear operators.  

Acknowledgement I thank Professor Mohammad Reza 

Sarkardei for interesting discussions and comments, and 

Professor Mohammad Khorrami to critical reading. 

2
2 For example, consider an operator such as 𝐴 which 𝐴𝜓(𝑥) = |𝜓(𝑥)|
which is not differentiable. One can write:

|𝜓(𝑥) + ℎ(𝑥)|2 = |𝜓(𝑥)|2 + 𝜓(𝑥)ℎ∗(𝑥) + 𝜓∗(𝑥)ℎ(𝑥) + 𝑂(ℎ)

but the sum of the second and third terms (the pseudo-linear part) is 

neither linear nor anti-linear. Therefore, we don't know yet a ''natural 
way'' to define the adjoint of this operator.
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Appendix A:  

Here, we consider two examples with respect to the equa-

tion (13). 

 

Example 1: 

Consider ℎ(𝑥) =
1

𝑥
 and ℎ

−1(𝑧) =
1

𝑧
 so we can write 

|
𝑑[ℎ−1(𝑧)]

𝑑𝑧
| =

1

𝑧2, therefore we get ⟨𝑧|𝑂†|𝜙⟩ =
1

𝑧2 𝜙(
1

𝑧
) . 

 

Example 2: 

Suppose ℎ(𝑥) = −𝑥2  and ℎ±
−1(𝑧) = ±√−𝑧  then we 

can write |
𝑑[ℎ∓

−1(𝑧)]

𝑑𝑧
| =

1

2√−𝑧
  therefore we obtain 

 

⟨𝑧|𝑂†|𝜙⟩ =
1

2√−𝑧
[𝜙(√−𝑧) + 𝜙(−√−𝑧)] 
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