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Abstract

We proceed to investigate the solutions of generalized super-
gravity equations (GSE) in three dimensions. Our candidate
is the metric of BTZ black hole. It is shown that only the
cases with J = M = 0 and J = 0, M ̸= 0 of the BTZ metric
satisfy the GSE. In the former, we find a family of solutions
including the field strength Hrϕt = 2r/l, the cosmological
constant Λ = −1/l2, one-form Zµ and a vector field which
is obtained to be a linear combination of the directions of
the time translation and rotational symmetries. In the lat-
ter, the solutions possess the same field strength as before,
while the cosmological constant Λ , one-form Zµ and vector
field I will be different from the previous case. Finally, we
show that the charged black string solution found by Horne
and Horowitz, which is Abelian T-dual to the the BTZ black
hole solution, can be considered as a solution for the GSE.

Keywords: Generalized supergravity equations; Standard su-
pergravity; BTZ metric

1 Introduction

Supergravity is a modern field theory combining the prin-
ciples of supersymmetry and general relativity. The 10- di-
mensional supergravity theory describes the dynamics of mass-
less string excitations and arises in string theory as a low-
energy effective theory. Recently, new string backgrounds
have been discovered that satisfy a more general set of mo-
tion equations than ordinary supergravity. These equations,
which are a generalization of the standard supergravity equa-
tions, are called the GSE. It’s worth noting that the primary
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difference between standard supergravity and GSE is the ab-
sence of a scalar dilaton. Arutyunov, et al. [1] introduced the
GSE in order to investigate integrable deformations of the
AdS5 × S5 type II superstring sigma model [2, 3]1, which
is closely related to non-Abelian T-duality transformations
[10–13]. This generalized system in string theory includes
additional vector fields I in addition to the standard compo-
nent fields of type IIB supergravity. Up to now, the corre-
sponding classical action has not been discovered, and only
the equations of motion are presented. Additionally, Ref.
[14] presents a solution of standard supergravity with a lin-
ear dilaton that has been mapped to a GSE solution through
a formal T-duality transformation along a specific direction.
These findings emphasize the importance of treating solu-
tions of standard supergravity and GSE equally in the con-
text of string theory, as T-duality is a fundamental symme-
try in string theory. As a great progress in the recent study
of string theory, Tseytlin and Wulff [15] demonstrated that
the GSE can be reproduced by solving the κ-symmetry con-
straints. In fact, their results show that the κ-symmetry of the
Green-Schwarz action requires the background supergravity
fields to satisfy the GSE.

Later, the GSE attracted the attention of many researchers,
in such a way that it was shown that [16] the whole bosonic
part of the type II GSE can be reproduced from the T-duality
covariant equations of motion of the double field theory when
one chooses a non-standard solution of the strong constraint.
Additionally, in Ref. [16], the Weyl invariance of the bosonic
sigma model on a generalized gravity background has been

1In order to construct the Yang-Baxter deformations of AdS5 ×S5, one
must employ the classical r-matrix as a solution of the homogeneous
classical Yang-Baxter equation [4]. It has been shown that the Yang-
Baxter deformed background of AdS5 × S5 satisfies the equations of
motion of type IIB supergravity if the classical r-matrix satisfies the
unimodularity condition [5] (see, also, [6–9]). Otherwise, the back-
ground is a solution of the GSE.
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shown by using the doubled formalism. We think that the
results of work of Ref. [16] have provided positive evidence
that superstring theories defined on solutions of the GSE are
Weyl invariant (see, also, [17]). In Ref. [18], without intro-
ducing a T-duality manifest formulation of string theory, it
has been constructed a local counterterm that cancels out
the Weyl anomaly of bosonic string theory defined in gen-
eralized supergravity backgrounds; the results of their work
support the Weyl invariance of string theory in generalized
supergravity backgrounds. Also, it has been shown that the
equations of motion of generalized supergravity can be fol-
lowed from the sigma model once the Killing vector I is
identified with the trace of the structure constants [12]. In
this regard, for the Bianchi spacetimes, it was shown that
[12] the non-Abelian T-duals with respect to non-semisimple
groups are solutions to generalized supergravity.

As a spin off from this progress, it would be interesting
to present new solutions for the GSE in three dimensions.
In this work, we obtain some new solutions for the GSE,
including special cases of the BTZ metric (J = M = 0 and
J = 0, M ≠ 0). Notably, when we select the vector field I
based on our perspective, it becomes evident that the cases
with J ̸= 0, M = 0 and J ̸= 0, M ≠ 0 do not satisfy the GSE.
As an interesting result, we show that the charged black
string solution found by Horne and Horowitz [19], which
is Abelian T-dual to the the BTZ black hole solution, can be
considered as a solution for the GSE.

The structure of the paper is as follows. We start with
a short overview of the GSE in section 2, and introduce our
notation. Next, in section 3, after the introduction of the BTZ
black hole metric, we consider the BTZ black hole solutions
in the context of the low energy approximation. Section 4
contains the original results of the work: we look into the
BTZ metrics in the context of the GSE and show that only
the cases J =M = 0 and J = 0, M ̸= 0 of the BTZ metric can
satisfy the GSE. In section 5, the charged black string solu-
tion is considered as a solution for the GSE. Finally, conclu-
sion is reported in section 6.

2 A brief review of the GSE

The subject of this section is a brief overview of the GSE. In
the absence of Ramond-Ramond fields, these equations in D
dimensions take the following form [1]

Rµν − 1
4 Hµρσ Hρσ

ν +(∇µ Xν +∇ν Xµ

1
2 ∇λ Hλ µν −Xλ Hλ µν −∇µ Xν +∇ν Xµ

R− 1
12 H2 +4∇µ X µ −4Xµ X µ

µν and R are the respective Ricci tensor and Gauss
curvature that are calculated from the metric Gµν , and Λ

is the cosmological constant. Here, the D-dimensional in-
dices µ, ν , ... of coordinates xµ are raised or lowered with
the metric Gµν . The covariant derivative ∇µ is the conven-
tional Levi-Civita connection associated with Gµν . The field
strength Hµνρ corresponding to anti-symmetry tensor field
B is defined as

Hµνρ = ∂µ Bνρ +∂ν Bρµ +∂ρ Bµν . (4)

In addition, Xµ is defined to be Xµ = Iµ +Zµ in which I =
Iµ ∂µ is a vector field, while Z = Zµ dxµ is a one-form. They
satisfy [1]

LI Gµν = 0, (5)

LI Bµν = 0, (6)

∇µ Zν −∇ν Zµ + Iλ Hλ µν = 0, (7)

Iλ Zλ = 0, (8)

where L stands for the Lie derivative. The conventional
dilaton is included in Zµ as follows:

Zµ = ∂µ Φ +Bνµ Iν . (9)

Here, Φ is a scalar dilaton field hidden within Zµ . Note that
if we set Iµ = 0, then one gets that Xµ = ∂µ Φ , and thus, the
GSE reduce to the standard supergravity equations.

In this work, we present new solutions for the GSE (1)-
(3) together with (5)-(8), including special cases of the BTZ
metric, field strength H, one-form Zµ , and an appropriate
vector field I. In this manner, we will derive a family of so-
lutions for the cases J = 0, M = 0 and J = 0, M ̸= 0 within
the BTZ metric. As mentioned earlier, the case Iµ = 0 of the
GSE corresponds to the standard supergravity equations. It
has already been shown that [20] a slight modification of
the BTZ black hole solution yields an exact solution to the
standard supergravity equations. In the next section, after a
brief overview of the BTZ black hole, we consider the BTZ
metric in the context of the low energy approximation.

3 The BTZ black hole metric as a solution of the
standard supergravity equations

First of all, let us introduce the metric of BTZ black hole.
The BTZ black hole, discovered by Banados, Teitelboim,
and Zanelli [21], is a 2 + 1-dimensional solution of Ein-
stein’s equations with negative cosmological constant, mass,
angular momentum, and charge. Unlike its higher-dimensional
counterparts, the BTZ black hole is asymptotically anti-de
Sitter and lacks a curvature singularity at the origin. The line
element for the black hole solutions is as follows [21]:

 where R

) = 0,  (1)

= 0,  (2)

−4 Λ = 0,  (3)
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ds2 = (M− r2

l2 ) dt2 − J dt dϕ + r2 dϕ
2

+ (
r2

l2 −M+
J2

4r2 )
−1 dr2, 0 ≤ ϕ ≤ 2π. (10)

where the radius l is related to the cosmological constant by
l = (−Λ)−1/2. The constants of motion, denoted by M and
J, represent the mass and angular momentum of the BTZ
black hole, respectively. The line element (10) describes a
black hole solution with outer and inner horizons at r = r+
and r = r− , respectively,

r± = l
(M

2
)1/2

{
1±

(
1− J2

M2l2

)1/2}1/2

. (11)

The mass M and angular momentum J are related to r = r±
by M = (r2

+ + r2
−)/l2 and J = 2 r+ r−/l2. Solutions with

−1 < M < 0 and J = 0 describe point particle sources with
naked conical singularities at r = 0. The metric with J = 0
and M = −1 can be recognized as ordinary anti-de Sitter
space, and it is separated by a mass gap from the case where
J = 0 and M = 0. The vacuum state, representing empty
space, is obtained by letting the horizon size go to zero. This
corresponds to M → 0, which requires J → 0. It’s worth not-
ing that the metric for the J = 0 and M = 0 black hole is
not the same as the AdS3 metric, which has negative mass,
M =−1.

As mentioned in the previous section, a modified BTZ
black hole solution was obtained to a 2+1-dimensional string
theory with a matter source given by anti-symmetric B-field
with the contribution of the cosmological constant Λ [20].
There, Horowitz and Welch showed that very solution to
3-dimensional general relativity with Λ < 0 can be con-
sidered as a solution to the standard supergravity equations
with a constant dilaton field, Λ = −1/l2 and field strength
H

µνρ
= 2ε

µνρ
/l, where ε

µνρ
stands for the volume form in

three dimensions2. In addition, it was shown that [20] the
solution of BTZ black hole (10) along with a constant dila-
ton field, Λ = −1/l2 and field strength Hrϕt = 2r/l satisfy
the equations of motion of the standard supergravity. It is
worth mentioning that 3-dimensional black hole solutions
to (10) do not exist assumed that H

µνρ
= 0.

4 Solutions of the GSE with the BTZ metric

In what follows we shall look into the BTZ solutions in the
context of the GSE. We show that the cases J = M = 0 and
J = 0, M ̸= 0 of the BTZ metric can be considered as so-
lutions of the GSE. As mentioned in section 3, the M and
J are the mass and angular momentum of the BTZ black

2Note that a special property of three dimensions is that the field
strength H

µνρ
must be proportional to the volume form ε

µνρ
.

hole, respectively. They are appeared due to the time trans-
lation symmetry and rotational symmetry of the metric, cor-
responding to the Killing vectors ∂/∂ t and ∂/∂ϕ , respec-
tively. On the other hand, relation (5) is called Killing equa-
tion, which in terms of a Killing vector field Ka = K µ

a ∂µ it
can be written as

∂µ K λ
a G

λν
+K λ

a ∂λ G
µν
+∂ν K λ

a G
µλ

= 0. (12)

Accordingly, the vector field I can be a Killing vector or
a linear combination of the Killing vectors corresponding
to metric (10). The Killing vectors Ka corresponding to the
BTZ metric can be derived by solving Killing equation (12),
giving us six linearly independent vectors. Here, to construct
an appropriate vector field I we use the Killing vectors of the
BTZ metric. We assume that the choice of

I = α1K1 + · · ·+α6K6, (13)

for some constants αi, can be a suitable candidate for solv-
ing the GSE (1)-(3) together with (5)-(8). It should be noted
the fact that the BTZ solutions must be single-valued in the
angular direction. Therefore, one should be careful in choos-
ing the vector field I. As the first example, we look into the
case J = 0,M =−λ 2 < 0 of (10) in full detail.

4.1 Solutions with J=0, M=-λ 2 < 0

In this subsection we shall investigate the solutions of the
GSE for the case J = 0,M = −λ 2 < 0 of the BTZ metric.
Before proceeding to do this, let us first write down the BTZ
metric for the case J = 0,M =−λ 2 < 0. Using relation (10),
it is given by

ds2 =−(λ 2 +
r2

l2 ) dt2 +(λ 2 +
r2

l2 )
−1 dr2 + r2 dϕ

2. (14)

The Killing vectors of the metric (14) can be derived by
solving Killing equations. They are then read off

K1 =
∂

∂ϕ
,

K2 =
√

λ 2l2 + r2
[ rl

λ 2l2 + r2 cos(
λ t
l
)sin(λϕ)

∂

∂ t

+λ sin(
λ t
l
)sin(λϕ)

∂

∂ r
+

1
r

sin(
λ t
l
)cos(λϕ)

∂

∂ϕ

]
,

K3 =
√

λ 2l2 + r2
[
− rl

λ 2l2 + r2 sin(
λ t
l
)sin(λϕ)

∂

∂ t

+λ cos(
λ t
l
)sin(λϕ)

∂

∂ r
+

1
r

cos(
λ t
l
)cos(λϕ)

∂

∂ϕ

]
,

K4 =
√

λ 2l2 + r2
[
− rl

λ 2l2 + r2 cos(
λ t
l
)cos(λϕ)

∂

∂ t
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−λ sin(
λ t
l
)cos(λϕ)

∂

∂ r
+

1
r

sin(
λ t
l
)sin(λϕ)

∂

∂ϕ

]
,

K5 =
√

λ 2l2 + r2
[ rl

λ 2l2 + r2 sin(
λ t
l
)cos(λϕ)

∂

∂ t

−λ cos(
λ t
l
)cos(λϕ)

∂

∂ r
+

1
r

cos(
λ t
l
)sin(λϕ)

∂

∂ϕ

]
,

= −l2 ∂

∂ t
. (15)

Fortunately, for integer values of λ , the resulting Killing
vectors are single-valued in the angular direction. Now, we
apply the Killing vectors (15) to construct an appropriate
vector field by using formula (13). As we will see, our so-
lutions are classified into two special cases. In both cases of
solutions, the anti-symmetry tensor field B is considered to
be B = −r2/l dt ∧ dϕ . Then, one can employ formula (5)
to calculate the field strength corresponding to this B-field,
giving us

H =−2r
l

dr∧dt ∧dϕ. (16)

Here, the forms of our solutions including the metric (14)
and field strength (16) are given by the following two cases
I and II:
• Case I: In this case, the GSE (1)-(3) together with (5)-(8)
are fulfilled with the metric (14) and field strength (16) if the
vector field I, one-form Z and cosmological constant Λ can
now be expressed in the following forms

I =−α6l2 ∂

∂ t
, Z = α6lr2 dϕ, Λ =− 1

l2 +λ
2
α6

2l4. (17)

Using these, the dilaton field is constant, and the compo-
nents of Xµ read off

Xt = α6l2(λ 2 +
r2

l2 ), Xϕ = α6lr2, Xr = 0. (18)

• Case II: In this case of solutions, the vector field I is a
rotational symmetry, which together with one-form Z and Λ

are given as follows:

I =α1
∂

∂ϕ
, Z =α1l(λ 2+

r2

l2 )dt, Λ =− 1
l2 +λ

2
α1

2l2. (19)

Then, one finds that

Xt = α1l(λ 2 +
r2

l2 ), Xϕ = α1r2, Xr = 0. (20)

The corresponding dilaton field to this case of the solutions
is time-dependent, Φ = c0 +λ 2α1lt.

Let us now discuss the solutions for all positive and neg-
ative values of M, when J is zero. The BTZ metric with
J = 0,M ≠ 0 is given by

ds2 = (M− r2

l2 ) dt2 +(
r2

l2 −M)−1 dr2 + r2 dϕ
2. (21)

In this case, the solutions are similar to those of the case
J = 0,M = −λ 2, so that one should use M instead of −λ 2

in the solutions (17) and (19). Then, the solutions take the
forms

I =−α6l2 ∂

∂ t
, Z = α6lr2 dϕ, Λ =− 1

l2 −Mα6
2l4, (22)

and

I =α1
∂

∂ϕ
, Z =α1l(

r2

l2 −M)dt, Λ =− 1
l2 −Mα1

2l2, (23)

and in the same way for the components of Xµ .

4.2 Solution with J=0, M=0

The BTZ metric with J = 0, M = 0 is simply found by using
the formula (10), giving us

ds2 =− r2

l2 dt2 +
l2

r2 dr2 + r2 dφ
2. (24)

In order to construct the vector field I , one may determine 
the Killing vectors corresponding to the metric (24) similar 
to what was done in (15). Analogously, only non-zero com-
ponent of the tensor field B is considered to be Bϕt = r2/l for 
which the field strength is calculated to be as in (16). Now, 
we solve the GSE with the metric (24), field s trength (16) 
and a constant dilaton field. The equations are then satisfied 
if the vector field I, one-form Z and Λ have the following 
forms3

I =−α6l2 ∂

∂ t
+α3

∂

∂ϕ
,

Z =
α3r2

l
dt +α6lr2dϕ,

Λ =− 1
l2 . (25)

Using the first two relations and also the B-field Bϕt = r2/l,
one then finds that the components of Xµ are

K6

3Note that our solution including the metric (24), Bϕt = r2/l and re-
lations given by equation (25) together with a constant dilaton field
may be related to a GSE solution found in equation (4.12) of Ref.
[22]. There, it has been obtained a 10-dimensional solution for the GSE
(with a non-zero Killing vector I) whose metric is locally AdS3×S3×
T 4. If we look at the AdS3 part of solution (4.12) of [22], it may be
locally the same as our BTZ solution.

= 0. (26)rX

,2l) r6+α3= (αϕX

l
,

2
l)

r
6+α3= (αtX
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combination of the directions of the time translation and ro-
tational symmetries, while this is not true for the case of J=0,
M̸=0. In the case M̸=0 of the solutions, if one uses a linear
combination of (22) and (23) for the vector I and one-form
Z, then, equation (8) becomes α1α6l3M = 0. This means
that one of the constants α1 or α6 should be zero. Therefore,
unlike the case of J=0, M=0, a linear combination of (22)
and (23) cannot be a solution for the GSE.

5 Abelian target space dual of the BTZ as a solution of
the GSE

One of the interesting issues in the context of GSE is that to 
investigate the solutions of the GSE under the T-duality. The 
T-duality symmetry is one of the most interesting properties 
of string theory connecting seemingly different backgrounds 
in which the strings propagate. We say that the duality is 
Abelian if it is constructed on an Abelian isometry group 
[23]. By making use of the Buscher’s duality transforma-
tions [23], it was shown that the BTZ black hole solution dis-
cussed at the end of section 3 is, under the Abelian T-duality, 
equivalent to the charged black string solution discussed in 
Ref. [19]. There, Horne and Horowitz found a family of so-
lutions to low energy string theory describing charged black 
strings in three dimensions. This family of solutions is given 
by

ds̃2 = −
(
1− M

r̂

)
dt̂2 +

(
1− Q2

Mr̂

)
dx̂2

+
(
1− M

r̂

)−1(
1− Q2

Mr̂

)−1 l2dr̂2

4r̂2 , (27)

H̃ =
Q
r̂2

dr̂∧dt̂ ∧d ˆ

Φ̃ = −1
2

ln(l ˆ

where M = r2
+/l and Q = J/2 are the respective the mass

and charge of the black string. It can be easily shown that
the above metric admits two Killing vectors ∂/∂ t̂ and ∂/∂ x̂.
Here, we shall show that the metric (27) and field strength
(28) can satisfy the GSE, if the vector field I, one-form Z,
dilaton field and cosmological constant express as follows:

I = α1
∂

∂ t̂
,

Z = − 1
2r̂

dr̂+α1(
M
Q

− Q
r̂
)dx̂,

Φ = c0 −
1
2

ln r̂+α1
M
Q

x̂,

In addition to this solution, one can see that the GSE (1)-(3)
together with (5)-(8) are fulfilled with the metric (27) and
field strength (28) if the vector field I, one-form Z, dilaton
field and cosmological constant can now be expressed in the
following forms

I = α2
∂

∂ x̂
,

Z = − 1
2r̂

dr̂+α2Q(
1
r̂
− 1

M
)dt̂,

Φ = c0 −
1
2

ln r̂−α2
Q
M

t̂,

Λ =
2
l2 +

2α2
2(M2 −Q2)

M2 . (31)

6 Conclusion

In this study, we have obtained some new solutions for the
GSE in three dimensions. Our solutions include the special
cases J = 0,M = 0 and J = 0,M ≠ 0 of the BTZ metric
together with the field strength H = −(2r/l)dr ∧ dt ∧ dϕ .
In each case we have calculated the the vector field I, one-
form Z and the cosmological constant Λ . To determine the
vector field I we have used the Killing vectors corresponding
to the BTZ metrics. By comparing the solutions with J =

0,M = 0 and J = 0,M ̸= 0, we concluded that unlike the
case of J = 0,M = 0, a linear combination of (22) and (23)
cannot be a solution for the GSE. However, we have derived
a family of solutions as presented in relations (22), (23) and
(25). Notably, our results confirm that these solutions are
single-valued in the angular direction. On the other hand, we
have checked that the cases J ̸= 0,M = 0 and J ̸= 0,M ̸= 0
for the BTZ metric do not satisfy the GSE.

While we considered the BTZ metrics, one can easily
repeat for other geometric metrics such as Thurston geome-
tries. As mentioned in section 3, the BTZ metric with J = 0
and M =−1 represents ordinary anti-de Sitter space (AdS3

x,  (28)

r),  (29)

Λ =
2
l2 +

2α1
2(M2 −Q2)

Q2 . (30)

),
which is nothing but one of Lorentzian Thurston geometries.

At the end of this section let us compare the solutions
with J=0, M=0 and J=0, M̸=0. As showed in the above, for
the case of J=0, M=0 we obtained the vector I as a linear

Therefore, we have investigated that the AdS3 space can be 
considered as a solution for the GSE. Finally, as an inter-
esting result, we have shown that the charged black string 
solution (27), which is Abelian T-dual to the the BTZ black 
hole solution, can be also a solution for the GSE. In fact, this 
result helps to answer the question whether the solutions of 
the GSE are, under the Abelian T-duality, preserved. It will 
be an interesting future direction to be addressed.
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Abstract  In this paper, we obtained momentum represen-

tation in curved space using a distinct procedure from pre-

vious reports. Then, as a straight application for these op-

erators, we have investigated them on the compact mani-

fold as a sphere. Our investigation indicates that the spec-

trum of generalized momentum operators on the compact 

manifold is discrete. 

1 Introduction 

The ''relativity revolution'' and the ''quantum revolu-

tion'' are among the greatest successes of twentieth-century 

physics, yet the theories they produced appear to be funda-

mentally incompatible. General relativity remains a purely 

classical theory and describes the geometry of space and 

time as smooth and continuous, whereas quantum mechan-

ics divides everything into discrete pieces. Many attempts 

have been made to unify two theories, and one of the ideas 

for unifying these theories is quantized gravity [1-4]. But 

in some references instead of trying to quantize the gravity, 

the effects of the metric have been proposed [5].  

For a comprehensive understanding of the quantum 

mechanics in curved space, it is essential to establish a rep-

resentation of the generalized momentum operators [6]. 

These operators must satisfy the Heisenberg commutation: 

[𝑋𝑖 , 𝑃𝑗] = 𝑖ℏ𝛿𝑗
𝑖 ,  (1)         

[𝑃𝑖 , 𝑃𝑗] = 0.  (2) 

In a renowned paper [7], considering the aforemen-

tioned equations and concept of the delta function in 

curved space, the Hermitian form of the generalized mo-

mentum operator is obtained 

𝑃𝑖 = −𝑖ℏ (
𝜕

𝜕𝑥𝑖
+

1

2
𝛤𝑗𝑖

𝑗
) = −𝑖ℏ

1

√𝑔4

𝜕

𝜕𝑥𝑖 √𝑔4 ,  (3) 

where 𝛤𝑗𝑖
𝑗
(𝑥) =

𝜕

𝜕𝑥𝑖 𝑙𝑛(√𝑔(𝑥))  and g  is the metric of the 

curved space under consideration. 

In ref. [8] and [9] the non-Hermitian form of momen-

tum operator in curved space is presented. In an approach 

near the report [7], equation (3) is derived without employ-

ing the delta function in curved space. However, in refer-

ence [10], a distinct approach is taken. By utilizing the ma-

trix representation of the momentum generalized coordi-

nates transformation, the non-Hermitian form of equation 

(3) is obtained. The covariant and contravariant compo-

nents of the familiar form of the momentum operator −𝑖ℏ𝛻⃗  
have been formulated for curvilinear coordinates in three-

dimensional space directly [11]. Recently, the representa-

tion of the inverse momentum operator in curved space has 

been reported [12].  

This paper is organized as follows: first, in section II, 

we obtain equation (3) with a different procedure, which is 

mentioned in the various references. In Section III, as an 

application of this relation, we examine a quantum particle 

on a sphere. 

2 Momentum operator in curved space 

A To any vector |𝑢⟩  in the Hilbert space, corresponds 

a function u   such that 

𝑢(𝑥) = ⟨𝑥|𝑢⟩.  (4) 

The operators 𝐾𝑗, 𝐴𝑗 and 𝐵𝑗  operate on the vectors of

the Hilbert space, while 𝐷𝑗  represents the standard partial

differentiation that operates on functions. Obviously, it is 

desired that 𝐾𝑗 's are anti-Hermitian and satisfy

[𝑋𝑗, 𝐾𝑙] = −𝛿𝑙
𝑗
.  (5) 

Defining  𝐴𝑗 's through



 

 

40 

 

 

⟨𝑥|𝐴𝑗|𝑢⟩ = (𝐷𝑗𝑢)(𝑥),                                                           (6) 

         

we have 

 

⟨𝑥|𝑋𝑗𝐴𝑙|𝑢⟩ = 𝑥𝑗⟨𝑥|𝐴𝑙|𝑢⟩ = 𝑥𝑗(𝐷𝑙𝑢)(𝑥).                        (7) 

 

Also, one can write 

 

⟨𝑥|𝐴𝑙𝑋
𝑗|𝑢⟩ = (𝐷𝑙𝑢

𝑗)(𝑥),                                                     (8)   

 

where |𝑢𝑗⟩ = 𝑋𝑗|𝑢⟩ and 𝑢𝑗(𝑥) = 𝑥𝑗𝑢(𝑥). It follows: 

 

(𝐷𝑙𝑢
𝑗)(𝑥) = 𝛿𝑙

𝑗
𝑢(𝑥) + 𝑥𝑗(𝐷𝑙𝑢)(𝑥).                                 (9) 

 

We can also write 

 

⟨𝑥|[𝑋𝑗, 𝐴𝑙]|𝑢⟩ = −𝛿𝑙
𝑗
𝑢(𝑥) = −𝛿𝑙

𝑗⟨𝑥|𝑢⟩,                        (10) 

 

which shows that 

 

[𝑋𝑗, 𝐴𝑙] = −𝛿𝑙
𝑗
.                                                                    (11) 

 

The lastest equation resembles to equation (5) where 𝐴 is 

replaced by 𝐾, although 𝐴 is not necessarily Hermitian. By 

defining 𝐵 through 𝐵𝑗 = 𝐾𝑗 − 𝐴𝑗 it becomes evident that 

 

[𝑋𝑗, 𝐵𝑙] = 0.                                                                          (12) 

 

Therefore,  𝐵𝑗 's are functions of 𝑋, namely  𝐵𝑗 = 𝐹𝑗(𝑋)  . 

The remaining task is to determine 𝐵𝑗 's so that  𝐾𝑗 's be-

comes anti-Hermitian. 

If the inner product is  

 

⟨𝑢|𝑣⟩ = ∫𝑑𝑛𝑥𝑔
1
2 (𝑥)𝑢(𝑥)𝑣(𝑥),                                      (13) 

 

where g  is the metric of the curved space under consider-

ation. Assuming 𝑔
1

2  being real and positive, we can write 

 

⟨𝑢|𝐾𝑗|𝑣⟩ = ∫𝑑𝑛𝑥𝑔
1
2 (𝑥)𝑢(𝑥)[(𝐷𝑗𝑣)(𝑥) + 𝐹𝑗(𝑥)𝑣(𝑥)] 

= ∫𝑑𝑛𝑥𝑔
1
2 (𝑥) {−𝐷𝑗𝑢(𝑥)      

−  (𝑔
−1
2 𝐷𝑗𝑔

1
2)(𝑥)𝑢(𝑥)+ 𝐹𝑗(𝑥)𝑢(𝑥)} 𝑣(𝑥).                    (14) 

 

Anti – Hermiticity of 𝐾𝑗 means  

 

⟨𝑢|𝐾𝑗|𝑣⟩ = −⟨𝑣|𝐾𝑗|𝑢⟩.                                                       (15) 

 

So, using  

 

⟨𝑣|𝐾𝑗|𝑢⟩ =

∫𝑑𝑛𝑥𝑔
1

2 (𝑥)𝑢(𝑥)[(𝐷𝑗𝑢)(𝑥) + 𝐹𝑗(𝑥)𝑢(𝑥)]𝑣(𝑥) ,            (16)   

                

one can see that 

 

𝐹𝑗 + 𝐹𝑗 = 𝑔
−1
2 𝐷𝑗𝑔

1
2.                                                            (17)  

 

That is 

 

𝑅𝑒( 𝐹𝑗) = 𝑔
−1
4 𝐷𝑗𝑔

1
4.                                                            (18) 

 

The determination of the imaginary part of 𝐹𝑗 isn't dictated 

by this method. A straightforward option is to set it to zero. 

In this case 𝐾𝑗 's do commute with each other. The final 

result is 

 

⟨𝑥|𝐾𝑗|𝑢⟩ = 𝑔
−1
4 (𝑥) [𝐷𝑗 (𝑔

1
4𝑢)] (𝑥).                                 (19) 

 

The equation (19) is completely consistent with Eq. (3). 

3 Application of Momentum operator in curved 

space 

Applying equation (3) we consider a particle con-

strained to the surface of a sphere an established example 

for quantum mechanics in curved space. The motion of 

constrained particle on two-dimensional sphere have been 

investigated in [13]. The coherent states for a particle on a 

sphere can be seen that in [14]. In general, there has also 

been a discussion about the behavior of the operator (3) on 

boundary conditions [15]. 

The adequate generalized coordinates to describe the 

dynamics on a sphere are 𝜑 ∈ [0,2𝜋], the polar angle 𝜃 ∈
[0, 𝜋] in spherical coordinates and also the radial coordi-

nate 𝑟 remains restricted to fixed radius 𝑟 = 𝑅. The classi-

cal Hamiltonian function for a particle of mass  𝑀 moving 

freely on this surface is then given by 

 

𝐻 =
1

2𝑀𝑅2
(𝑝𝜃

2 +
𝑝𝜑

2

𝑠𝑖𝑛2 𝜃
),                                               (20) 
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where 𝑝𝜑 = 𝑘̑. 𝐿⃗  and 𝑝𝜃 = −𝜑̑. 𝐿⃗  describe the components 

of the angular momentum 𝐿⃗   with respect to the unit vectors 

𝑘̑ and 𝜑̑.  

The consistent quantum mechanical Hamiltonian to the 

equation (20) is as follows [16,17] 

 

𝐻 =
1

2𝑀𝑅2
(𝑔𝑖𝑗(𝜃, 𝜑)𝑝𝑖𝑝𝑗).                                             (21) 

 

Comparing the equation (21) with the equation (20), we 

can identify the metric components 

 

𝑔𝜃𝜃(𝜃, 𝜑) = 1,                                                                    (22) 

 

𝑔𝜑𝜑(𝜃, 𝜑) =
1

𝑠𝑖𝑛2 𝜃
,                                                          (23) 

 

𝑔𝜃𝜑(𝜃, 𝜑) = 𝑔𝜑𝜃(𝜃, 𝜑) = 0.                                            (24) 

 

From above equations we can infer the covariant com-

ponents 𝑔𝜃𝜃(𝜃, 𝜑) = 1, 𝑔𝜑𝜑(𝜃, 𝜑) = 𝑠𝑖𝑛2 𝜃 and 

𝑔𝜃𝜑(𝜃, 𝜑) = 𝑔𝜑𝜃(𝜃, 𝜑) = 0  which yield the metric deter-

minant 

 

𝑔(𝜃, 𝜑) = |
1    
0

0
𝑠𝑖𝑛2 𝜃

| = 𝑠𝑖𝑛2 𝜃 .                                    (25) 

 

The identity operator expressed in terms of the coordinate 

basis reads as [7,8] 

 

1 = ∫𝑑𝑥√𝑔(𝑥) |𝑥⟩⟨𝑥|.                                                    (26) 

 

Therefore to the equation (26), the identity operator in the 

coordinate basis |𝜃, 𝜑⟩  is given by 

 

1 = ∫ 𝑑𝜃 ∫ 𝑑𝜑 𝑠𝑖𝑛 𝜃 |𝜃, 𝜑⟩
2𝜋

0

𝜋

0

⟨𝜃, 𝜑|.                            (27) 

 

In addition to this, from the equation (3), conjugate mo-

mentum operators are  

 

𝑝𝜑 =
ℏ

𝑖

𝜕

𝜕𝜑
,    𝑝𝜃 =

ℏ

𝑖
(

𝜕

𝜕𝜃
+

1

2
𝑐𝑜𝑡 𝜃).                            (28) 

 

As we can obtain the eigenfunctions of the equation (3) 

[7], the eigenfunctions of (28) are given by 

 

⟨𝜃, 𝜑|𝑚𝜃 , 𝑚𝜑⟩ =
𝑒2𝑖𝑚𝜃𝜃

√𝜋 𝑠𝑖𝑛 𝜃

𝑒𝑖𝑚𝜑𝜑

√2𝜋
,                                  (29) 

 

where  𝑚𝜃, 𝑚𝜑 are the corresponding to related eigenval-

ues and 𝑚𝜃 , 𝑚𝜑 ∈ ℤ, so we have 

 

𝑝𝜃|𝑚𝜃 , 𝑚𝜑⟩ = 2ℏ𝑚𝜃|𝑚𝜃 , 𝑚𝜑⟩,                                        (30) 

 

𝑝𝜑|𝑚𝜃 , 𝑚𝜑⟩ = ℏ𝑚𝜑|𝑚𝜃 , 𝑚𝜑⟩                                           (31) 

 

The eigenvectors form a discrete orthonormal basis of the 

Hilbert space  

 

1 = ∑ ∑ |𝑚𝜃 , 𝑚𝜑⟩

𝑚𝜑∈ℤ𝑚𝜃∈ℤ

⟨𝑚𝜃 , 𝑚𝜑|,                                 (32) 

 

⟨𝑚𝜃 ,𝑚𝜑|𝑚′
𝜃 , 𝑚

′
𝜑⟩ = 𝛿𝑚𝜃,𝑚′

𝜃
𝛿𝑚𝜑,𝑚′

𝜑
, .                (33) 

 

Unlike in the unbounded configuration space, the discrete 

momentum spectrum implies a discrete momentum sub-

space coordinate. This characteristic is a generic feature of 

compact coordinates and also arises, e.g., in the case of a 

single angle variable (motion on a circle) [18] or the orien-

tation state of a rigid body. We emphasize that this dis-

creetness does not arise due to the subspace formalism; ra-

ther, it emerges as a necessary physical consequence, as re-

flected in the discrete measurement outcomes of the corre-

sponding momentum observables. 

4 Conclusion 

We were able to obtain equation (3) using a completely 

different approach from what has been done so far. Subse-

quently, as a straight application of operator (3), we exam-

ined their eigenstates on the sphere. It is interesting that 

these eigenstates are discrete while this does not happen on 

unbounded spaces. 
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Abstract In this article, the propagation of high-frequency
monochromatic beam of circularly polarized electromagnetic
waves in a curved spacetime has been studied. At first, the
standard geometrical optics is investigated; That is, we con-
sider the waves with infinitely high frequency. In this step,
it is found that the trajectories of light are null geodesics.
Secondly, the geometrical optics is modified. For this end,
by considering the polarization of light, helicity-dependent
correction on the geometrical optics is included. As a result,
we realize that the modified wave vector is null. Further-
more, the trajectories of light are null non-geodesic paths.
Keywords: Circular Polarization, Helicity, Curved Space-
time, Geometrical Optics, Modified Geometrical Optics.

1 Introduction

The propagation of circularly polarized beam of light in a
gravitational field has been a matter of study in the past sev-
eral years [1–6]. As we know, the propagation of electro-
magnetic waves in general relativity is obtained by investi-
gating Maxwell equations in a curved spacetime. But, find-
ing an exact solution to Maxwell equations in such spaces
is a formidable problem. When the electromagnetic wave
is highly monochromatic over a region of spacetime, we
use an asymptotic short-wave approximation. In quantum
mechanics, this method is known as WKB approximation
and in wave optics is called geometrical optics approxima-
tion. This approximation is valid when the reduced wave-
length (wavelength/2π) is much smaller than any charac-
teristic scales (such as the curvature of the wave front, the
size and duration of the radiation beam and the radius of
the spacetime curvature) in the problem. we begin with the
Maxwell equations in a curved spacetime. we write the Lorenz

amehdi.baghaiefard@ph.iut.ac.ir

condition and wave equation for the potential 1-form. we se-
lect an ansatz for the potential and put it in the Lorenz con-
dition and wave equation. Investigating these equations, we
conclude that in the leading order of the geometrical optics
approximation, light ray paths are null geodesics [7]. But, if
the light frequency is very high but it is finite, we modify
the geometrical optics by including helicity-dependent cor-
rections on phase function of the potential ansatz. What we
have done here is somehow different from what has been
presented in [5] in that we directly modify the wave vector,
and we find that this modified vector, corrected up to the first
order of expansion parameter, is null; Also, we find that the
ray trajectories of circularly polarized light in this approach
are null but not geodesic.

In this article, the metric has signature (−,+,+,+), vec-
tors and differential forms are denoted by boldface letters,
the inner product of two vectors a and b is defined as (a,b)=
gµν aµ bν , with a2 = (a,a) and we shall use geometrized
units c = G = 1.

2 Null Tetrads and Maxwell Equations

2.1 Null tetrads and Polarization forms

Here, we use the Newman-Penrose formalism, a tetrad for-
malism with a special choice of the basis vectors {l,n,m,m̄},
of which l,n are real and m,m̄ are complex conjugates of
one another. They are required to satisfy the orthogonality
conditions,

(l,m) = (l,m̄) = (n,m) = (n,m̄) = 0, (1)

besides the conditions,

(l, l) = (n,n) = (m,m) = (m̄,m̄) = 0, (2)
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that the vectors be null. We impose further normalization
conditions as

(l,n) =−1, (m,m̄) = 1. (3)

It is necessary to mention that there are some freedoms in se-
lecting such null tetrads. For example, to construct the vector
m, we have the freedom m→ eiψ(x)m, where ψ is an ar-
bitrary function. But, the validity of our framework to mea-
sure the changes of quantities is guaranteed when the size
and angle between the basis vectors do not change along the
trajectory of light; Also, they are required to be rotation free,
which means if the basis vector is initially tangent to the ray,
it will remain tangent during the motion. But, the operator
that can satisfy our needs from a basis vector is the Fermi-
Walker derivative. Fermi-Walker transportation of the bases
imposes some conditions which fix gauge ambiguity in the
choice of these bases. Volume 4-form and three polarization
2-forms π(a), a = 0,1,2 , are defined as [5]:

e= i l∧m∧m̄∧n, (4)

π(0) = m̄∧n, π(1) =−(l∧n−m∧m̄), π(2) = l∧m.

(5)

For the electromagnetic field 2-form F , Maxwell equa-
tions in the absence of electric currents can be written as
dF = δF = 0, in which d is differential operator, δ := ⋆d⋆
is codifferential operator and ⋆ is the Hodge star operator.
We define [5]:

FFF σ =
1
2
[F − iσ(⋆F )] , (6)

in which σ =+1 is the helicity parameter of the field related
to right-handed and σ = −1 is related to left-handed cir-
cularly polarized waves. Since in our 4-dimensional space-
time with the defined signature we have ⋆⋆F =−F , we can
write ⋆FFF σ = iσFFF σ . Then, FFF+1 and FFF−1 are self-dual and
anti-self-dual complex electromagnetic fields, respectively.
For these fields we have dFFF σ = δFFF σ = 0. Using the coeffi-
cients Φσ

a , we can express FFF σ in terms of the basis 2-forms
π(a) as [5]:

FFF σ =
2

∑
a=0

Φσ
a π

σ(a). (7)

Since FFF σ is a closed form, assuming the region we are
working on is simply connected, by the use of Poincare lemma
we can define the complex potential 1-form AAA σ as FFF σ =
dAAA σ . The Lorenz gauge condition is δAAA σ = 0.

2.2 Field equations

We start with the following ansatz for the potential 1-form
of the electromagnetic field:

AAA σ = aσ e
iSσ

ε , (8)

in which aσ is the complex amplitude 1-form, S is the real
phase function (eikonal function) and ε ≪ 1 is a dummy
expansion parameter that helps to track order of terms: a
term with εn, for some integer n, varies as (λ̄/lmin)

n, where
λ̄/lmin ≪ 1. Hereλ̄ is the reduced wavelength (wavelength/2π)
and lmin is the minimal of the characteristic scales of the
problem. It is important to mention that we skip the helic-
ity index σ and our calculation will be for the wave with
right-handed polarization. For left-handed one, it is neces-
sary to change ε → −ε and a → ā. Putting the ansatz (8)
into Lorenz gauge condition gives:

⋆(P ∧⋆a)− iε ⋆d ⋆a= 0, (9)

in which P := dS is the wave 1-form. Also, the field strength
FFF can be written as:

FFF =
i
ε
ZZZ e

iS
ε , (10)

in which

ZZZ :=BBB− iεCCC , BBB := P ∧a, CCC := da. (11)

It is easy to show that:

δFFF =− 1
ε2 e

iS
ε j, (12)

in which

j
1
=−⋆ [P ∧⋆(a∧P )]− iε [⋆(P ∧⋆da)−⋆d ⋆ (a∧P )] ,

(13)

is the truncated current 1-form up to the first order ε . Note
that the symbols 0

= and 1
= indicate that we have kept the

equations up to zero order and first order of the parameter
ε , respectively. Maxwell equations in current free spaces are
satisfied if j = 0. This point reaches us to the following field
equation:

P 2a− iε
(
(∇ν Pν)a+2Pν (∇ν aµ

)
eµ

)
1
= 0, (14)

in which ∇ν is the covariant derivative associated with the
spacetime metric gµν and eµ are co-frame 1-forms. It is
necessary to mention that some conditions are needed to
be imposed on the fields depending on the point that either
they are self-dual or anti-self-dual. For the self-dual field we
should have:

F+1F+1F+1 ◦ π̄(a) = 0, (15)
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in which ”◦ ” indicates the inner product of two differential
2-forms [8]. It is necessary to note that the gauge condition
AAA →AAA +dΨ which Ψ := εψe

iS
ε and ψ is a scalar function,

preserves the physics of the problem. This gauge condition
will help us to find vector polarization in geometrical optics
approximation.

3 Geometrical Optics

At first, we keep the equation (14) up to zero order of the
parameter of expansion. so, we have:

P 2 0
= 0. (16)

This means that P is null. If we interpret Pα = ∇α S as the
momenta canonically conjugated to xα , we can identified
the equation (16) with the Hamilton-Jacobi equation with
an effective Hamiltonian defined as follows [9]:

H(xµ ,Pµ) :=
1
2

gµν Pµ Pν . (17)

Let xα(λ ), which λ is an affine parameter, be an integral
curve of Pα , Pµ = dxµ/dλ , then the Hamiltonian equations
give the trajectories of light in the geometrical optics limit:

D2xλ

dλ 2 := ẍλ +Γ λ
κν ẋκ ẋν = 0, (18)

in which Γ λ
κν are Christoffel symbols. So, in the geometri-

cal optics approximation, the trajectories of light are null
geodesics.

4 Modified Geometrical Optics

In the next step, we modify the geometrical optics by includ-
ing first order correction in the wave vector. Here, different
from what has been done in [5], we directly correct the wave
vector as P = P0 + εP1. If we put this in the equation (14),
we have:

(P0 +ϵP1)
2a0µ + ε(P0 +ϵP1)

2a1µ

−2iε
[
(P0 +ϵP1)

ν ∇ν a0µ +
1
2

a0µ ∇ν(P0 +ϵP1)ν

]
1
= 0.

(19)

Now, we split this equation order by order in ε . At first, we
have P 2

0 = 0. Here, we put P0 = l. If we put this result into
(19) and use the relation a0µ = f0z0µ , by some simplifica-
tions we obtain:

(l,P1)− ilν z̄0
µ ∇ν z0µ = 0, (20)

Using the condition (15) and the mentioned gauge condition,
we can imply that z0 =m. Therefore, we get:

(l,P1)− ilν m̄µ ∇ν mµ = 0. (21)

Using the property of Fermi-Walker transportation, the sec-
ond term on the left hand side is zero, then we have (l,P1) =
0. Therefore, we can write:

P 2 1
= l2 +2ε(l,P1) = 0. (22)

This indicate that in the modified geometrical optics, the
wave vector correction up to the first order of ε is null. Up to
now, we find that P = l+εP1, so we have (P −εP1)

2 = 0.
Like the geometrical optics section, we introduce the effec-
tive Hamilton-Jacobi equations, we obtain:

H(xµ ,Pµ ,ε) :=
1
2
(P − εP1)

2. (23)

Inspecting the Hamilton equations, we obtain:

D2xµ

dλ 2 = εσ
(

∇µ P1ν −∇ν Pµ
1

)
ẋν , (24)

Which means in modified geometrical optics the trajectories
of light rays are null non-geodesics.

5 Conclusion

In this paper, the propagation of circularly polarized high-
frequency electromagnetic waves in a curved spacetime was
studied. It is found that in the geometrical optics limit, the
trajectories of light rays are null geodesics. But, modifying
the wave vector up to first order correction, a process differ-
ent from what has been presented in [5], we can conclude
that the modified wave vector is null and the ray trajectories
of light are null non-geodesics.
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Abstract  This paper aims to examine the significance of 

the domain of operators in the mathematical and physical 

structure of quantum mechanics. Specifically, we explore 

the distinction between observable self-adjoint and Hermit-

ian operators, determined by their respective domains. We 

also discuss the Algebra of unbounded operators with the 

concept of the domain of operators. Our analysis reveals that 

creation and annihilation operators are not generally self-

adjoint towards each other in standard quantum mechanics, 

as demonstrated through mathematical equations. 

Quantum mechanics is based on the algebra of the 
linear operators, which are responsible for observables 
in the quantum world [1]. The distinction between Her-
mitian and self-adjoint operators is contingent upon the 
domain of operators, which has a vital contribution in 
this context. Additionally, integrable functions exhibit 
quadratic behaviour and do not vanish at infinity. Nota-
bly, despite this characteristic, the momentum operator 
does not conform to Hermiticity criteria. However, it is 
essential to recognize that these functions are separate 
from the domain of the momentum operator (as their 
differentiations are often non-square-integrable). Math-
ematicians consider every operator in Hilbert space to 
have two essential properties. The first is the action of 
an operator, and the second is its domain. The action of 
an operator refers to its effect on the functions it is ap-
plied to, such as differentiation or integration. An oper-
ator's domain is a specific set of functions that the oper-
ator acts on. While quantum mechanics literature often 
neglects to mention the domain of operators, the im-
portance of an operator domain is highlighted in distin-
guishing between self-adjoint and Hermitian operators 
[2]. We start the discussion with the definition of the ad-
joint operator, which can be seen in quantum mechanics 
literature. However, recently, it has been reported that 

this subject is adjoint to an operator beyond the text-
books [3]. 

Definition: Assume that a densely defined operator 𝐴 
with domain 𝐷(𝐴), and its adjoint 𝐴∗ with domain 𝐷(𝐴∗). 
According to the definition, the following relationship holds 

for all functions 𝑓and 𝑔: 

 (𝐴 ∗ 𝑓, 𝑔) = (𝑓, 𝐴𝑔).               (1) 

We use a symbol like that employed in math literature 

for reasons that will become clear later.  
Now, the following two definitions can be mentioned: 

1. An (densely defined) operator A is Hermitian (or sym-

metric in mathematics literature) provided that its action is 

the same as the action of A∗ and  𝐷(𝐴) ⊆ 𝐷(𝐴 ∗). The con-

dition 𝐷(𝐴) ⊆ 𝐷(𝐴 ∗)follows from the definition of 
*A .

2. An (densely defined) operator A is self-adjoint, again,

provided that its action is the same as that of A∗. But, in this 

case  

𝐷(𝐴) = 𝐷(𝐴 ∗), 

According to this definition, all bounded operators are self-

adjoint. 

 Note that the domain of A is obtained from Eq. (1). 

The position operator in quantum mechanics is an un-

bounded operator, which is never defined on the entire Hil-

bert Space and inevitably, the domain related to such must 

be considered. This operator on the real axis is defined as 

follows [4]: 

𝑋𝛹(𝑥) = 𝑥𝛹(𝑥), 𝑥 ∈ ℝ, 𝛹(𝑥) ∈ 𝐿2(ℝ, 𝑑𝑥),  (2) 

and the domain of the position operator is equal to:  

𝐷(𝑋) = {𝛹(𝑥) ∈ 𝐿2(ℝ, 𝑑𝑥)| ∫ 𝑥2 |𝛹(𝑥)|2dx < ∞}.  (3)   

1 Introduction

2  Position operator 
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The following lemma can be deduced from the action type 

and the position operator's definition. 

Lemma 1  If the measurement on the position of a particle 

leads to an upper limit, which means:  𝑙𝑖𝑚
𝑥→∞

|𝑥𝛹(𝑥)| = 0. So, 

the desired continuous state function must be square inte-

grable. 

Proof  We separate the integration domain into following 

three parts: [−1,1], (−∞, −1],  [1, +∞). 
For the first interval, since 𝛹(𝑥) is continuous, then 

|𝛹(𝑥)|2 is also continuous. Therefore, ∫ |𝛹(𝑥)|
1

−1

2
𝑑𝑥 is fi-

nite. Now we examine the interval [1, +∞). From the postu-

lation of the lemma, we conclude that there is a positive con-

stant such as 𝑘, which can be written for all 𝑥 ≥ 1, as 

|𝑥𝛹(𝑥)|⟨𝑘, so we have: 

∫ |𝛹(𝑥)
∞

1
|2⬚

𝑑𝑥 < ∫
𝑘2

𝑥2

∞

1
𝑑𝑥 = 𝑘2.

The momentum operator is an unbounded operator 

whose domain is as follows [4]. 

 𝐷(𝑃) = {𝛹(𝑥) ∈ 𝐿2(ℝ, 𝑑𝑥)|𝛹′(𝑥) ∈ 𝐿2(ℝ, 𝑑𝑥)}.           (4)

 It is noteworthy, concerning the domain of momentum op-

erator, there are square-integrable functions that its deriva-

tives do not exist in 𝐿2(ℝ, 𝑑𝑥). Hence, they do not belong in

the domain of the momentum operator. For example, con-

sider a function 𝑓(𝑥) =
𝑥

1
3

1+𝑥2,  despite this fact that it is con-

sidered to be a square-integrable function, but its derivative 

is not. Therefore, this function does not satisfy the require-

ment for inclusion in the domain of the momentum operator. 

In general, for 𝑓(𝑥) and 𝑔(𝑥) which belong to the domain 

of momentum operator one can write: 

(𝑔, 𝑃𝑓) − (𝑃𝑔, 𝑓) = (−𝑖𝑔𝑓)−∞
+∞ ,

where 𝑓 and 𝑔 functions are often considered to be equal to

zero when 𝑥 → ±∞. 

It is important to note that not all square-integrable 

functions lead to zero, as they tend to infinity [5]. 

For instance, consider the function 𝑓(𝑥) = √𝑐𝑜𝑠 𝑥2 

which is square-integrable, but does not vanish when the 

amount of x tends to infinity. However, this is not of con-

cern to us. In this case, see the following lemma: 

Lemma 2 Every square-integrable function that belongs to 

the domain of momentum operator will certainly vanish as 

they tend towards infinity (given their continuity and 

smoothness). 

Proof Consider 𝑔 to be the conjugated form of function 𝑓, 

which is also square-integrable. Since 𝑓 ∈ 𝐷(𝑃), then 𝑓′ ∈
𝐿2(ℝ), and the inner product of (𝑔, 𝑓′) is well defined, we

can also write: 

(𝑔, 𝑓′) =
1

2
∫ (𝑓2)

+∞

−∞
′𝑑𝑥 = 𝑓2(+∞) − 𝑓2(−∞).

It is clear that the limit of 𝑓2 exists as it tends to infinity. It

follows that both 𝑓2 and  |𝑓|2 tend to finite limits as infinity

is approached. If any of the mentioned limits were equal to 

a number other than zero, the integral of  |𝑓|2 would tend to

infinity over the domain of real numbers, which contradicts 

the square-integrability of the 𝑓 function. Consequently, 

both |𝑓|2 and 𝑓tend to zero when 𝑥 → ±∞.

A similar discussion but for generalized momentum 

operators can be found in [6]. 

4  Algebra of unbounded operators 

The main distinction between bounded and unbounded 

operators lies in their domains [4]. The domain of an un-

bounded operator is a suitable subspace of Hilbert Space, 

thereby rendering certain algebraic operations such as addi-

tion and multiplication distinct from those about bounded 

operators. To illustrate the latter, consider two unbounded 

operators, 𝐴 and 𝐵, and assume their sum to be 𝑎 = 𝐴 + 𝐵. 

According to Eq. (1) and for 𝑓, 𝑔 ∈ 𝐷(𝑎) one can write: 

(𝑔, 𝑎𝑓) = (𝑔, (𝐴 + 𝐵)𝑓) = ((𝐴 + 𝐵)∗𝑔, 𝑓). (5)  

By rewriting the Eq. (5) , we conclude that: 

((𝐴∗ + 𝐵∗)𝑔, 𝑓) = ((𝐴 + 𝐵)∗𝑔, 𝑓). (6) 

In this equation that A and B are unbounded, it is possible 

that (𝐴∗ + 𝐵∗)𝑔 may not exist. However, if A and B are

bounded, their domains coincide with Hilbert Space, 

thereby, obviating such concerns. 

Theorem 1 Consider two operators 𝐴 and 𝐵, therefore: 

𝐷(𝐴 + 𝐵)∗ ⊃ 𝐷(𝐴∗ + 𝐵∗).    (7) 

An interesting and impressive example for Eq. (7)  is con-

sidering 𝐴 = −𝐵, it is obvious that 𝐷(𝐴) = 𝐷(𝐵) and 

𝐷(𝐴∗) = 𝐷(𝐵∗). Now we assume that the domain of opera-

tor 𝐴 is not the whole of Hilbert Space, while the domain of 

the operator 𝐵 is whole of Hilbert space. So  

𝐷(𝐴∗ + 𝐵∗) = 𝐷(𝐴∗) ∩ 𝐷(𝐵∗) = 𝐷(𝐴∗).

Moreover, it follows that 𝐷(𝐴 + 𝐵)∗ = 0, encompasses all

of Hilbert Space. It is an exact confirmation of Theorem 1. 

A similar argument holds for the interval (−∞, −1]. 

3  Momentum operator 
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Wherein the Hermitian part of an arbitrary operator 

𝐴 may be obtained as below: 

𝐴𝐻 =
𝐴+𝐴∗

2
 .                                                            (8)

Now, concerning our discussion in this section, one can 

write: 

𝐷(𝐴 + 𝐴∗)∗ ⊃ 𝐷(𝐴∗ + 𝐴∗∗).

Thereby: 

𝐷(𝐴𝐻)∗ ⊃ 𝐷(𝐴𝐻).  (9) 

This conclusion again confirms the definition of Her-

mitian operator (according to the condition 𝐴∗∗ = 𝐴).

As previously discussed, a requisite condition for Eq. 

(7) validity is associated with the boundedness of at least 

one of the involved operators. However, this criterion does 

not hold for the position and momentum operators, which 

are both unbounded. These two operators are exceptions in 

that Eq. (7) holds for them despite their unbounded nature.  

 Theorem 2 Assume the inner product of densely defined 

𝐴 and 𝐵 operators, then (𝐵𝐴)∗ ⊃ 𝐴∗𝐵∗.

For both Theorems, equality is assured by the bound-

ness of one of the operators 𝐴 or 𝐵 [7, 8]. In contrast, for 

Theorem 2, equality would be obtained by another condition 

that one of the operators should be invertible, and the in-

verse operator must be bounded [7]. The equality of Theo-

rem 2 can be proved without considering the domain of op-

erators. (Even though paying attention to the domain of op-

erators is considered to prove the equality of this Theorem.) 

Assume that, 𝐴 is an invertible operator. 

1AA I− = .    (10) 

By multiplying 𝐵 in both sides we have: 

𝐵𝐴𝐴−1 = 𝐵,

and by supposing that 𝐴−1 is bounded one can write:

(𝐴−1)∗(𝐵𝐴)∗ = 𝐵∗. (11) 

According to the fact that (𝐴−1)∗ = (𝐴∗)−1, we conclude:

(𝐵𝐴)∗ = 𝐴∗𝐵∗.   (12) 

Despite what has been mentioned in the latter, none of 

the mentioned states apply to the equality states of position 

or momentum operators. Since the mentioned operators are 

unbounded, the momentum operator is invertible, not 

bounded. The inverse momentum operator and its domain 

are: 

1

𝑃
= 𝑖 ∫ 𝑑𝑥

𝑥

−∞

𝐷 (
1

𝑃
) 

= {𝛹(𝑥) ∈ 𝐿2(ℝ, 𝑑𝑥)| ∫ 𝛹(𝑥 ′)
+∞

−∞
𝑑𝑥 ′ = 0. 

This operator and its generalization in the curved space have 

been reported in [9].  

Now, pay attention to the sum of the two operators. If 

unbounded operators 𝐴 and 𝐵 are Hermitian so the sum of 

them is also Hermitian. Note that, if both operators were 

self-adjoint, it would not be obtained that their sum is also 

self-adjoint [4]. Therefore, considering 𝐴 ⊂ 𝐴∗, and 𝐵 ⊂
𝐵∗ one can write:

(𝐴 + 𝐵)∗ = (𝐴 + 𝐵) ⊂ 𝐴∗ + 𝐵∗. (13)

Regarding (𝐴 + 𝐵)∗ ⊃ 𝐴∗ + 𝐵∗, (Theorem 1), it is clear that

(𝐴 + 𝐵)∗ = 𝐴∗ + 𝐵∗.  (14) 

5  The relationship between creation and annihilation 

operators 

In quantum mechanics, literature, creation and annihi-

lation operators are introduced as complex linear combina-

tions of position and momentum operators, which consist of 

𝑎 = 𝑋 + 𝑖𝑃 and 𝑎† = 𝑋 − 𝑖𝑃 [1]. These operators are de-

fined with constant coefficients assumed to be one (It should 

be noted that ∗ symbol is used for an adjoint operator). 

For 𝑓 ∈ 𝐷(𝑎) and 𝑔 ∈ 𝐷(𝑎∗) we can write:

(𝑔, (𝑋 + 𝑖𝑃)𝑓) = ((𝑋 + 𝑖𝑃)∗𝑔, 𝑓).

The left-hand side of the equation will be equal to: 

(𝑔, 𝑋𝑓) + (𝑔, 𝑖𝑃𝑓) = ((𝑋 − 𝑖𝑃)𝑔, 𝑓). 

In this way, every function g that is in the domain of 𝑎†

must also be in the domain of 𝑎∗, so it can be concluded:

𝑎† ⊂ 𝑎∗.   (15)

Similarly, it can be obtained that: 

𝑎 ⊂ (𝑎†)∗.  (16) 

It can be concluded that the operators 𝑎 and 𝑎† are merely a

definition and are not generally adjoint to each other. 

6  Conclusion 

This paper emphasises the crucial role played by the 

domain of operators in distinguishing between self-adjoint 

and Hermitian operators. Furthermore, we note that the mo-

mentum operator is not self-adjoint due to the existence of 

certain square-integrable functions that do not vanish at in-

finity; however, these functions do not belong in the domain 



49 

of the momentum operator. Finally, we present our findings 

on the relationship between creation and annihilation oper-

ators in quantum mechanics, which are introduced as being 

adjoint of each other but have shown not to be generally ad-

joint of each other. 
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Abstract The distribution function of systems in 

equilibrium must have the canonical form of the Gibbs 

distribution. Attempts have been made for more than 100 

years to substantiate this behaviour of systems to involve 

their mechanical behaviour. In other words, it seems that 

a huge number of particles of the medium, resulting from 

interaction with each other according to dynamic laws, 

can explain the statistical behaviour of systems during 

their transition to equilibrium. Modelling of 

gravitationally interacting particles is carried out, and it 

is shown that, in this case, the distribution function does 

not evolve to the canonical form. Earlier, the same results 

were obtained for classical Coulomb plasma. On the 

other hand, such a statistical effect as relaxation is well 

described by the system's dynamic behaviour, and the 

simulation data agree with the known theoretical results 

obtained in various statistical approaches. This article 

demonstrates that the well-known phenomenon of 

gravitational instability is also reproduced in the 

numerical simulation of a system with gravitationally 

interacting particles. 

Keywords: dynamical behaviour in classical mechanics, 

substantiation of statistical mechanics, entropy, 

equilibrium, gravitationally interacting particles. 

1  Introduction 

The formulation of the dynamical laws of 

macroscopic bodies, given by I. Newton, led to successes 

in quantitatively describing their behaviour. The 

discovery of the planets of the solar system Neptune 

(according to the calculations of W.J. Le Verrier and D.C. 

Adams) and Pluto (according to the calculations of  P. 

Lovell and W.G. Pickering) clearly confirm this. We can 

predict the positions of the planets for centuries. Methods 

for describing the mechanical behaviour of systems are 

constantly being improved [1-12]. However, with 

increased bodies in the system, predicting their behaviour 

using Newton's laws becomes much more difficult. Such 

a prediction becomes impossible for systems with many 

particles, such as gases, liquids, and solids. In this case, 

statistical methods of description are used. But we, on the 

one hand, understand that this huge number of particles 

must still be described by the laws of dynamics. On the 

other hand, when trying to do this, we encounter 

problems that, at first glance, should not arise. The issues 

of substantiating the statistical description and their 

connection with the dynamic description have become 

essential and come to the fore in science since the 

beginning of the 20th century [13]. 

If a closed system at a certain moment of time is 

in a non-equilibrium macroscopic state, then the most 

probable consequence at subsequent moments of time 

will be a monotonic increase in the system's entropy. This 

is the so-called law of increasing entropy or the second 

law of thermodynamics. It was discovered by R. 

Clausius, and its statistical justification was given by L. 

Boltzmann [14-16]. 

Systems in equilibrium. Conclusions about the increase 

in entropy in a closed system and the form of the 

distribution function of systems in equilibrium can be 

traced in many available monographs. The conclusion 

that entropy increases (or at least does not change) during 

an irreversible transition from one equilibrium state to 

another is proved, for example, in [14] using the postulate 

that the second kind of perpetuum mobile is impossible. 

The derivation of the distribution function for closed 

systems in equilibrium, based on the microcanonical 

distribution, is contained, for example, in [15]. The 

distribution function w(E) of systems with energy E in 

equilibrium depends exponentially on the entropy of the 

system S,  

w(E)  exp (S(E)), 



51 

which is why it is stated that the entropy of a closed 

system in a state of complete statistical equilibrium has 

the largest possible value (for a given energy of the 

system). The form of the distribution function of a system 

as a function of its entropy is rarely used. Most often, 

depending on the consideration being carried out, its 

equivalent representations are used either in the form of 

a Gibbs distribution (canonical distribution)  

w(E)  exp (–E/T), 

where T is the system's temperature or in the form of a 

Boltzmann distribution. It is generally assumed that when 

an equilibrium is established in the energy ranges, where 

the interaction of particles with other particles can be 

neglected or the interaction of a particle with only the 

nearest particle can be taken into account, the Gibbs 

distribution function transforms into the Boltzmann 

distribution function of particles. 

The use of the above-mentioned equilibrium 

distribution functions has been carried out in 

consideration of a huge variety of practical problems, so 

there is no doubt that they are confirmed by all our daily 

observations. But not everything is as simple as it seems 

at first glance. The fact is that when considering the world 

around us as a whole, it is impossible not to notice that 

with the destruction of some systems, which just 

corresponds to the growth of the entropy of such systems, 

the organization or ordering of other systems takes place. 

The emergence of man is a vivid confirmation of this. 

However, the processes of structuring and complication 

of systems lead not to an increase but to a decrease in 

entropy. To a certain extent, these emerging difficulties 

have not yet been overcome. 

The distribution function of particles is formed due 

to their interaction during the transition to an equilibrium 

state. That is why it is natural to assume that the statistical 

behaviour of the particles must be ultimately described 

by their dynamic behaviour. It is precisely under the 

excitation, or when external conditions are changed due 

to the laws of dynamics, that the interacting particles 

should line up and redistribute in such a way as to 

reproduce their distribution function. Everything seems 

to be logical. However, more than a century of attempts 

to substantiate this statement did not lead to success. A 

detailed description of these attempts is given in our 

previous work [17]. It describes the main milestones on 

the way to substantiate this position, starting with the 

Boltzmann hypothesis of a giant fluctuation, involving 

the explanation of open systems, Gibbs's steps to 

introduce coarsening of the phase liquid, his introduction 

of the concept of mixing and further development of this 

concept in the works of Krylov, Sinai, Kolmogorov and 

his school, applying Poincare and his followers to 

questions of regularity and stochasticity of non-

integrable systems, attempts to justify the ergodicity of 

statistical systems, including consideration of ergodicity 

and quasi-ergodicity in the context of metric transitivity 

and mixing, consideration of questions about the 

instability of phase trajectories with the involvement of 

Lyapunov exponents and ending with the contribution of 

synergetics to the possible resolution of this issue. 

Because the question of substantiating the statistical 

behaviour of the system by its dynamic behaviour could 

not be solved, various questions of physics needed to 

proceed to the justification of various scales (or arrows) 

of time, among which the main ones were considered, i.e. 

the thermodynamic scale, cosmological, causal, 

psychological, and quantum. If we abstract from some 

details, all these time scales are determined by the 

thermodynamic scale [17], returning us to the starting 

point – the need to explain the irreversible growth of 

entropy in closed mechanical systems. 

Why, then, has the justification mentioned above 

defied the explanation for more than 100 years (it is 

believed that serious research in this area began after the 

publication of the review [13])? Aside from considering 

particle interaction dynamics in a closed system, there 

must be something else that is not apparent on the 

surface. It seems that the entropy during the transition to 

equilibrium should increase. However, as noted above, it 

can also decrease, which we observe in the example of 

highly organized systems. However, generally speaking, 

it should not change. There are rigorously proven 

theorems on the conservation of entropy in closed 

mechanical systems, both classical and quantum [18-20]. 

In addition, the particle motion equations are reversible 

in time, which should not help explain the irreversible 

processes of entropy growth. 

To clarify this issue, attempts were made to 

numerically simulate the interaction of particles based on 

their dynamic behaviour by Newton's laws. This 

approach has been developed for a long time with various 

physical issues, i.e. the so-called particle-in-cell 

simulations [21]. A classical Coulomb plasma was 

modelled in works [22-27]. Initially, the simulation 

aimed to refine the rate constant of triple recombination 

of ions with electrons by ab initio methods. The rate 

constant was necessary for modelling the kinetics of 

plasma processes, particularly in questions concerning 

the theory of plasma lasers and their achievable 

characteristics [28-36]. However, research very quickly 

reached the level of fundamental questions of plasma 

physics and statistical physics. It turned out that the 

modelled plasma "did not want" to recombine under the 

known concepts of the recombination process. More 

precisely, it did not recombine at all. Further, with a more 

detailed study of this issue, it turned out that the form of 

the distribution function of plasma particles after 

establishing equilibrium in numerical simulations is 

neither Boltzmann nor microcanonical. The 
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recombination of the simulated plasma began only when 

the dynamic memory of the system disappeared in one 

way or another. This was achieved in modelling by 

introducing various kinds of stochastics; for example, the 

particle velocities were forcibly rearranged arbitrarily 

while maintaining their total energy, etc. (for more 

details, see [17, 22-27]). 

In our previous work [17], the simulation was 

carried out in a system of gravitationally interacting 

particles. Although the system of gravitationally 

interacting particles and a system of interacting charged 

particles seem similar due to the identical behaviour of 

the interaction force on distance, they have significant 

distinctions (for more details, see [17]). It turned out that 

when equilibrium is established, the distribution function 

of particles, as well as in plasma modelling, is neither 

Boltzmann nor microcanonical. 

So, according to well-known concepts, the form of 

the distribution function particles that are in equilibrium 

in closed systems must have the canonical Gibbs form. 

On the other hand, according to known theorems of 

mechanics, it cannot have this form since the entropy of 

a system cannot change and reach its maximum value in 

equilibrium. The numerical simulations carried out in the 

above-mentioned works show that the latter case is 

actually implemented if nothing but the numerical 

solution of the equations of particle motion according to 

Newton's laws is used. 

In the work [17], numerical methods were used to 

investigate the distribution function of gravitationally 

interacting particles and their relaxation time. Even 

though during the transition to equilibrium, the particle 

distribution function for the total energy did not take the 

canonical Gibbs form, the relaxation time, nevertheless, 

turned out to be in full agreement with the known values 

obtained by various methods, ranging from simple 

estimates to its consideration it in the framework of the 

Fokker-Planck approximation and kinetic description. 

This paper aims to study gravitational instability within 

the framework of the same numerical simulation of the 

behaviour of particles interacting with each other through 

the law of gravity. This method is described in more 

detail in our previous work [17]. 

2  Gravitational instability 

In our previous work [17], numerical methods 

investigated collisional relaxation. The distribution of 

particles in the space at the initial moment of time was set 

to be uniform. As is known, the initial uniform 

distribution of particles is unstable and, under the 

influence of gravitational forces acting between the 

particles, breaks up into separate clumps. 

For the first time, Jeans formulated and solved the 

problem of the stability of a uniform distribution of 

matter [37, 38]. The appearance of celestial bodies and 

their systems occurs precisely due to the decay of the 

initial uniform distribution of particles that takes place at 

the initial stages of the cosmological evolution of the 

Universe [39-45]. The development of instability occurs 

due to the competition of two factors: gravity, which 

tends to collect matter into separate clumps, and pressure, 

which tends to equalize the resulting non-uniformities. 

Let us briefly outline the derivation of the 

development of instability (see, for example, [40]). The 

equations of hydrodynamics and gravitation in the 

Newtonian approximation for an ideal gas have the form: 

𝜕𝜌

𝜕𝑡
+ 𝑑𝑖𝑣(𝜌𝑢⃗ ) = 0, 

𝜕𝑢⃗ 

𝜕𝑡
+ (𝑢⃗ 𝑔𝑟𝑎𝑑)𝑢⃗ +

𝑔𝑟𝑎𝑑(𝑝)

𝜌
+ 𝑔𝑟𝑎𝑑(𝜙) = 0, 

𝛥𝜙 = 𝑑𝑖𝑣(𝑔𝑟𝑎𝑑(𝜙)) = 4𝜋𝐺𝜌, 

𝜕𝑠

𝜕𝑡
+ (𝑢⃗ 𝑔𝑟𝑎𝑑)𝑠 = 0, 

where  is density, 𝑢⃗  is velocity, p is pressure, s is the 

specific entropy of matter,  is the gravitational potential, 

G is the gravitational constant. When considering 

unstable modes of an undisturbed stationary gas 

uniformly distributed in space, perturbations are sought 

in the form of a plane wave superimposed on an 

undisturbed solution with a frequency  and a wave 

vector 𝑘⃗ : 

𝑧 = 𝑧0 + 𝛿(𝑧) 𝑒𝑥𝑝(𝜔𝑡 + 𝑖𝑘⃗ 𝑥 ),  (1) 

where z0 is the undisturbed value of the magnitude z. As 

an undisturbed state, we consider a gas at rest (𝑢⃗ = 0) 

uniformly distributed in space ( = 0 = const, S = S0 = 

const, P = P(0,S0) = const, grad  = 0). 

The resulting system of equations because of 

substituting the desired quantities of the form (1) has a 

nontrivial solution for 

𝜔 = ±√4𝜋𝐺𝜌 − 𝑏2𝑘2, 

where 𝑏2 =
𝜕𝑝

𝜕𝜌
. For long-wave perturbations, the time of 

increase of perturbations by e times is the value 
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𝜏 ′ =
1

𝜔
 , 

and in the limit k → 0 ( → ) and 𝜔 → √4𝜋𝐺𝜌0 is

𝜏𝐽 =
1

√4𝜋𝐺𝜌0

=
2

√3𝜋
𝜏𝑓 ,  (2) 

where 

𝜏𝑓 = √
3𝜋

16𝐺𝜌0

,  (3) 

is the free fall time of the point mass to the center of a 

homogeneous ball of density 0. 

Note that random perturbations of a uniform 

distribution lead to different consequences in the limit of 

short- and long-waves. In the long-wave limit ( > J) 

𝜆𝐽 =
2𝜋

𝑘𝐽

= 𝑏√
𝜋

𝐺𝜌0

, 

the uniformity decays in time `, approximately equal to 

J. In the short-wave limit ( < J), perturbations lead to 

the excitation of waves against the background of this 

distribution. 

3  Gravitationally coupled collisionless system  

The decay of a uniform distribution of gravitating 

particles occurs not only due to gravitational instability. 

Uniform distribution in gravitational systems is also 

destroyed due to the mechanism of collisionless 

relaxation (see details in [46-50]). This mechanism is 

associated with the phase mixing of such a system. When 

particles move in a stationary potential field (
𝜕𝛷

𝜕𝑡
= 0), the 

intrinsic energy of a particle does not depend on time and 

is equal to 

𝜀 =
𝑣2

2
+ 𝛷, 

where Ф is the potential of the field, and ν is the velocity 

of the particle, and 

𝑑𝜀

𝑑𝑡
=

1

2

𝑑𝑣2

𝑑𝑡
+

𝑑𝛷

𝑑𝑡
= 𝑣 (

𝑑𝑣 

𝑑𝑡
+ 𝛻𝛷) +

𝜕𝛷

𝜕𝑡
= 0. 

. 

If the potential changes with time, then the energy of the 

particles also changes 

𝑑𝜀

𝑑𝑡
=

1

2

𝑑𝑣2

𝑑𝑡
+

𝑑𝛷

𝑑𝑡
= 𝑣 (

𝑑𝑣 

𝑑𝑡
+ 𝛻𝛷) +

𝜕𝛷

𝜕𝑡
=

𝜕𝛷

𝜕𝑡
|
𝑥 (𝑡)

. 

The particles are redistributed in the phase space, and the 

change in their energy, unlike collisional relaxation, does 

not depend on the particle's mass. The time of such 

relaxation in the case of energy fluctuations can be 

estimated as [46-50] 

𝜏𝐿𝐵 ≈ [
1

𝜀2
(
𝑑𝜀

𝑑𝑡
)
2

]

1
2

. 

This time can be associated not with the rate of 

change in the particle energy but with the rate of change 

in the potential and the rate of change in the effective 

radius of the system. Let us consider the spherical 

collapse of a homogeneous ball of collisionless particles 

with a total mass of M. It follows from the virial theorem 

that 2𝑊̄𝑘 ≈ −𝑈̄ or 𝑈̄ ≈ 2𝐸, where E is the total energy

of the system, Wk is the total kinetic and U is the total 

potential energy of the system (the bar at the top means 

the average over time). In this case, given that𝐸 = −𝑊̄𝑘,

we get (1/2)𝑚𝑣2 ≈ −(1/2)𝑚𝛷 or 𝜀 ≈ (1/2)𝛷, which

gives 

𝜏𝐿𝐵 ≈ [
1

𝛷2
(
𝑑𝛷

𝑑𝑡
)
2

]

1
2

. 

The effective radius of the system of particles can 

be determined from the condition 𝑈 = −
𝐺𝑀2

𝑅
. The

angular momentum of system I is proportional to MR2 

with some constant 2: 

𝐼 = 𝜄2𝑀𝑅2.

Then, from the nonequilibrium virial theorem [50] 

1

2

𝑑2𝐼

𝑑𝑡2
= 2𝑊𝑘 + 𝑈,
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we have 

𝜄2 [𝑅
𝑑2𝑅

𝑑𝑡2
+ (

𝑑𝑅

𝑑𝑡
)
2

] = −
2𝐸

𝑀
−

𝐺𝑀

𝑅
=

2|𝐸|

𝑀
−

𝐺𝑀

𝑅
. 

As a result of the occurrence of the R(t) fluctuation, 

it is possible to write 𝑅(𝑡) = 𝑅̄ + 𝛿𝑅(𝑡) and, 

decomposing this differential equation for R(t) near its 

equilibrium value 

𝑅̄ = −
𝐺𝑀2

2𝐸
, 

we obtain an equation for R(t) 

𝑑2𝛿𝑅

𝑑𝑡2
=

𝐺𝑀

𝜄2𝑅̄3
𝛿𝑅, 

the perturbation growth index of which is determined by 

the expression 

𝜔𝐿𝐵
2 =

𝐺𝑀

𝜄2𝑅̄3
=

4𝜋𝐺

3𝜄2
𝜌̄, 

where 𝜌̄ =
3𝑀

4𝜋𝑅̄3 is the average density of the system. By 

relating the effective potential to the effective radius of 

the system 

𝛷 ≈ −
𝐺𝑀

𝑁𝑅
, 

𝑑𝛷

𝑑𝑡
≈ −

𝐺𝑀

𝑁𝑅2

𝑑𝑅

𝑑𝑡
, 

where N is the number of particles in the system, we 

obtain 

𝜏𝐿𝐵 ≈ [
1

𝑅2 (
𝑑𝑅

𝑑𝑡
)
2

]

1

2
≈ 𝜔𝐿𝐵

−1 = √3𝜄𝜏𝐽 =
2𝜄

𝜋
𝜏𝑓 .  (4) 

That is, the time of collisionless relaxation coincides in 

order of magnitude with the time of development of 

gravitational instability (2) and, accordingly, in order of 

magnitude coincides with the time of free fall (3), i.e. the 

time of the collapse of a homogeneous cold extended 

mass into a point. If the initial distribution of particles 

inside the sphere is uniform, then 

𝜄2 =
2

5
, 

and the time of collisionless relaxation differs from the 

time of development of gravitational instability by 10%. 

4  Modelling and discussion of the results 

Systems with long-range interaction, which include 

the gravitational and Coulomb interactions, are usually 

described by the ideality parameter  = <U>/<Wk>, (or 

sometimes by   3) representing the system's mean 

potential <U> energy ratio to its mean kinetic energy 

<Wk>. This parameter characterizes the degree of the 

ideality of the system under consideration. In the ideal 

case,  << 1, the consideration of many issues related to 

the behaviour of such systems is usually greatly 

simplified. 

To consider the instability, a series of calculations 

was carried out in non-ideal 

 >> 1, 

and almost ideal 

  1, 

cases. 

In connection with questions of substantiation of the 

statistical description, it was important to us to be 

convinced that the system we simulated has gravitational 

instability. The evolution of the spatial distribution of 

particles and questions connected to a range of system 

parameters, with which splitting the system into clumps 

of particles is possible, were not considered and analyzed. 

Case A (  1). The calculation parameters were as 

follows: number of particles was 300, particle mass was 

10–9 kg, cube edge length was 10–6 m, and initial kinetic 

energy of all particles was the same Wk = 0.05 eV. At the 

initial moment of time, the particles in the cube and the 

directions of their velocities were distributed uniformly. 

The absolute values of the particle velocities were set to 

be the same at the initial moment of time, especially to 

trace the evolution (see Figs. 1, 2 in [17]) of the particle 

distribution function in terms of total and kinetic energies 

(or velocities). Under the conditions listed above, the 

total potential energy of the system of particles at the 

initial moment of time was U = –35.7 eV (this 
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corresponds to the mean potential energy of <U> = –

0.119 eV). Thus, the absolute value of the ideality 

parameter at the initial moment of time was   2.4, and 

the time for the development of gravitational instability 

(and collisionless relaxation) according to (2) and (4) 

should be 0.063 s. This value is in good agreement with 

the results of numerical calculations. Indeed, the initial 

distribution of particles begins to deform approximately 

from 10–2 s, and by 10–1 s concentrations for different 

groups of particles change by a factor of two or more 

times (Fig. 1). Recall that the distribution of particles in 

kinetic energy is almost completely formed only by 1-2 

s; it has the form of a Maxwell distribution with a 

temperature approximately equal to 0.08 eV (see Figs. 1, 

2 in [17]). At the initial moment of time, it is impossible 

to talk about the temperature of particles, since all 

particles have the same kinetic energy. It makes sense to 

talk about temperature only at the moment of relaxation 

time (about 2 s, see [17] for more details), at which the 

ideality parameter is already   1.66. 

The relaxation time obtained in the numerical 

simulations [17] coincides well with the time obtained in 

the theoretical consideration of relaxation processes. 

However, the question arises: until when should the 

calculations be performed to ensure the relaxation 

process is over? It may turn out that the system will 

continue to evolve. For example, the relaxation time in 

numerical experiments can be significantly longer than , 

and then on time scales of the order of , the changes in 

the distribution function are simply almost imperceptible. 

In this case, the virial theorem comes to the rescue. In 

systems with gravitational interaction, the average 

absolute value of  should be 2 if particles occupy a 

limited volume. The absolute value of parameter  goes 

to the value of 2 by about 0.5 s and then does not change, 

i.e. it means that the system turns to the stationary state.  

It seemed it is possible to object that nothing 

prevents to vary <U> and <Wk> so that the statement of 

the virial theorem [51] remains true 

2 < 𝑊𝑘 >= 𝑘 < 𝑈 >= −< 𝑈 >,  (5) 

(k = –1 for gravitational interaction). However, it not so. 

In view of that 

< 𝑊𝑘 > +< 𝑈 >=< 𝐸 >= 𝐸,

we have 

< 𝑈 >=
2

𝑘+2
𝐸 = 2𝐸, 

< 𝑊𝑘 >=
𝑘

𝑘 + 2
𝐸 = −𝐸, 

whence it is visible, that if <U> and <Wk> are in 

accordance with (5), they already further cannot vary. 

Note also, that if we remove the walls in the 

calculations, then the particles continue to move in a 

compact region without escaping, despite the absence of 

any boundaries, and the absolute value of parameter  

goes to the value of 2 also by about 0.5 s and then does 

not change. Consequently, there will be no further 

redistribution of the values of the kinetic and potential 

energies in the system. 

Fig. 1. Dependencies of particle density on time. The 

particles (300 particles each of mass 10–9 kg) are initially 

uniformly distributed in a cube with the edge of a = 10–6 

m. The designation on the graph Ri corresponds to the

density of particles in a spherical layer from 0.5a(i–1)/n 

to 0.5a(i)/n, where n = 5 is the total number of spatial 

partitioning layers and i = 1, ..., n is the number of a 

specific layer.  
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Fig. 2. Dependencies of particle density on time. The 

particles (300 particles each of mass 10–7 kg) are initially 

uniformly distributed in a cube with the edge of a = 10–2 

m. The designation on the graph Ri corresponds to the

density of particles in a spherical layer from 0.5a(i–1)/n 

to 0.5a(i)/n, where n = 5, i = 1, ..., n.  

Case B ( >> 1). The calculation parameters were as 

follows: number of particles was 300; particle mass was 

10–7 kg; temperature of particles was T = 10–2 eV 

(originally Maxwell distribution); cube edge length was 

10–2 m. At the initial moment of time, the particles in the 

cube and the directions of their velocities were distributed 

uniformly. In this case, the absolute velocities of the 

particles at the initial moment of time were not set the 

same. However, there are no qualitatively significant 

differences in the evolution (see Figs. 3, 4 in [17]) of the 

particle distribution function in terms of total and kinetic 

energies (or velocities) compared to the previous case A. 

Under the above conditions, the total potential energy of 

the particle system at the initial moment of time was U = 

–36.2 eV, so the absolute value of the ideality parameter

at the initial moment of time was   8.04 (if we take into 

account that < Wk > = 1.5T). The time for the 

development of gravitational instability (and collisionless 

relaxation), according to (2) and (4), should be 6.3∙103 s. 

This value is in good agreement with the results of 

numerical calculations. Indeed, the initial distribution of 

particles begins to deform approximately starting from 

4∙103 s and by 104 s, concentrations for different groups 

of particles vary by a factor of two or more times (Fig. 2). 

Recall that the kinetic energy distribution of particles is 

almost completely formed by 1.5∙104 - 2∙104 s; it has the 

form of a Maxwellian distribution with a temperature 

approximately equal to 0.12 eV (see Figs. 3, 4 in [17]). 

The relaxation time obtained in the numerical 

simulations [17] coincides well with the time obtained in 

the theoretical consideration of relaxation processes. Just 

as in the case A, the average absolute value of  should 

be 2. Note, that if we remove (or not remove) the walls in 

the calculations, then this value goes to the value of 2 to 

about 25000 s and then does not change. Therefore, there 

will be no further redistribution of the values of the 

kinetic and potential energies in the system. Just as in the 

case A, (if walls were removed) the particles continue to 

move in a limited area without escaping. 

5  Conclusions 

Numerical simulation of the behaviour of classical 

particles interacting gravitationally with each other was 

carried out. The conducted modelling is directly related 

to the question of the possibility of substantiating the 

statistical behaviour of classical mechanical systems 

based on their mechanical behaviour. The cases with the 

ratio of the potential energy to the kinetic energy (ideality 

parameter) of   1 at the initial conditions were 

considered. The main results obtained in the work can be 

summarized as follows. 

1. The decay of a homogeneous distribution of

gravitationally interacting particles occurs due to the 

development of gravitational instability. The time of 

development of this instability is well known. It was 

obtained using the Jeans approach and in subsequent 

works by various authors. The collisionless relaxation 

mechanism of gravitational systems can also contribute 

to the collapsing of a homogeneous particle distribution. 

The duration of both mechanisms is approximately the 

same and coincides in magnitude with the time obtained 

in the numerical simulation carried out in this paper. 

2. The relaxation time of the system obtained based on

the numerical simulation [17] is also in good agreement 

with the relaxation time obtained in a large number of 

studies using various approximations. 

3. However, the purely gravitational interaction of

particles does not lead to the formation of Boltzmann 

form's particle energy distribution function in the region 
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of large magnitude negative energies [17]. Such 

behaviour must occur in accordance with the known 

theorems when the system approaches its equilibrium. 

Almost more than a century of attempts have been made 

to justify such a transition and to concordance the 

statistical and mechanical approaches in such a transition. 

4. On the other hand, such behaviour should not also

occur in accordance with other known theorems. In the 

language of entropy, the transition to the equilibrium 

corresponds to the system's transition to the state with the 

highest possible entropy. However, the well-known 

entropy conservation theorems for mechanical closed 

systems in both classical and quantum cases prevent such 

a transition since the entropy of such systems cannot 

change. 

5. Thus, the current work demonstrates another example

of a system in which, when approaching its equilibrium, 

the distribution function does not take the canonical form 

if the system does not involve any other factors besides 

its mechanical behaviour. Earlier, a similar result was 

demonstrated in the example of a classical Coulomb 

plasma. 

6. Thus, it is generally impossible to justify the transition

of the distribution function of a closed system in 

equilibrium to the canonical Gibbs distribution only 

based on its mechanical behaviour for systems with long-

range Coulomb or gravitational interactions. For such a 

justification, it is necessary to consider the presence of 

other processes in the system in addition to only the 

mechanical interaction of particles with each other. For 

example, the system must have a stochastiser in one form 

or another, which will remove the ban on changing the 

entropy of closed systems imposed by the well-known 

entropy conservation theorems. 
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Abstract In the quantum three-body problem, There
are three possible models: 1. Each particle interacts in-
dependently with the two others, forming three inter-
acting pairs. Pairwise interactions refer to this model.
2. Each particle interacts with the centre of mass of
the two others, called the pure three-body interaction.
3. Each particle interacts with the centre of mass of
the two others. This kind of interaction is called the
pure three-body interaction. 3. Each particle interacts
simultaneously with the two others and with the centre
of mass of the two others. This latest is called the full-
three-body interaction, which combines pairwise and
pure three-body interactions. Therefore, knowing which
of these models prevails in a given physical context is es-
sential. In this paper, we choose the integrable Calogero
Sutherland Hamiltonian, and we explicitly write the
wave functions of the ground states in each of these
modellings for three fermions and three bosons on a
ring. These wave functions reveal regions of the null
probability of the presence of particles. This theoreti-
cal distribution of probability is to be compared with
observations to discover which of these models prevails
in the observed physical context. As a physical context,
we suggest cold atoms’ ring-shaped optical lattices. In
addition, we clarify several points about the relation
between trigonometric and inverse square interactions
on a line and a ring.
Keywords: Three-body quantum Problem; two-body in-
teractions; Calogero-Sutherland Hamiltonian; three-body
interactions; ring-shaped optical lattices
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1 Introduction

In recent decades, significant efforts have been made
to consider convenient Hamiltonians to describe mate-
rial properties properly. In this context, one of the effi-
cient procedures is, for a given potential, to classify the
way particles interact as a many-body system. Namely,
pure two-body interactions, two and three-body inter-
actions simultaneously, and two or three-body interac-
tions separately. [1]. Among recent works using this
approach, one can mention [2, 3] based on two-body
interactions and [4, 5] taking into account three-body
interaction, for various potentials.

In parallel, solvable models often provide insights to
initiate further approximations or numerical investiga-
tions. In the case of many-body quantum systems, the
knowledge of the ground state is of great importance,
not only because it determines the complete structure
of the spectrum [6, 7], but also, as we are going to show
in the case of three-body quantum systems, it reveals
essential correlations among particles. For this reason,
in the particular case of three-body quantum systems,
many efforts have been made, in the particular case
of the solvable model of Calogero-Sutherland (CS), to
generalize the pairwise interactions, to pure three-body
and full three-body interactions [8–12]. Let us remem-
ber that the pure three-body interactions are the in-
teraction between each particle of the system with the
centre-of-mass of the two others. The full three-body
interactions are the simultaneous two and three-body
interactions.

In this paper, we consider the one-dimensional CS
model, which, beyond its solvability, plays an important
role in various domains of physics [13, 14] as different
as the physics of black holes[15] or the quantum Hall
effects [16]. In the case of three identical particles on a
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ring described by the CS model, we give each model’s
explicit wave functions for fermions and bosons: full
three-body interactions, pairwise interactions and pure
three-body interactions.

Although experimental setups to highlight inverse
square or trigonometric interactions are a real challenge
for experimentalists, various experiments have been re-
alized in the context of cold atoms ring-shaped opti-
cal lattices [17], some others are suggested to be re-
alized [18], and a global review can be found in [19].
Based on our present study, the experimental obser-
vation of particles’ probability of presence can inform
which model best describes the system correctly and
accurately: the full three-body interactions or the pure
pairwise or triplet interactions.

The paper is organized as follows: In section (2),
we make some rigorous considerations about the rela-
tion between spatial and angular coordinates of parti-
cles on a line and on a ring, as well as some essential
clarification on the relation between inverse square and
trigonometric interactions in the case of the three-body
problem. In section (3), we briefly recall the method
of obtaining the wave function of the full trigonomet-
ric C-S Hamiltonian. In section (4), we write the sys-
tem’s wave function for full three-body interactions for
fermions and bosons. We obtain all the system’s for-
bidden configurations by solving the null density prob-
ability equation. In Sections (5) and (6), the same work
is done for pure three-body and pairwise interactions,
respectively. In section (7), we conclude and discuss the
outlooks.

2 Rigorous considerations

The pioneer study [20] reports on the N-body quan-
tum system online in pairwise interaction with an in-
verse square potential V (r) = g/r2, where r represents
the distance between two particles and g is a real con-
stant. This work has been generalized to the periodic
case for N particles [21], by considering N particles on
a ring with a circumference equal to L, where the fol-
lowing identity is introduced:

V (r) = g

r2 = g
+∞∑
−∞

(r+nL)−2 = gπ2

L2

[
sin
(πr
L

)]−2
. (1)

Eq. (1) can be justified as follows: at the first stage, the
periodicity is obtained by placing after the first pair
of particles r apart, N particles at regular distances L
apart from each other. Hence, we have N pairwise in-
teractions between the first and the second particle r
apart, the first and the third particle r+L apart, the
first and the fourth particle r+ 2L apart, etc. In the

second stage, the line is wrapped into a circle. Con-
sequently, the distances in the trigonometric form of
the potential are angular. The relation between angu-
lar and linear distances is clarified in Eq. (3). However,
in the thermodynamics limit, the equalities of Eq. (1)
are valid rigorously.

The particular case of three particles on line, has
been considered in [8] and [22] where polar coordinates
are defined to study the problem with the potential
V (r) = g/r2.

Later, the interaction of three particles via three
body trigonometric potential [10] was considered, and
in a more abstract approach, interactions of type r−2

and
[
sin
(

πr
L

)]−2 were studied as two distinguished cases,
and were classified in two distinguishable mathematical
categories [9][11].

In this section, we intend to dissipate two ambigu-
ities. First, as mentioned above, the trigonometric po-
tential is only valid in the thermodynamics limit for
many particles. Therefore, a legitimate question is how
rigorously one can consider a three-body trigonometric
potential, far from the thermodynamics limit, and still
use Eq. (1). The second point, directly related to the
first, concerns the relation between trigonometric and
inverse square interactions.

The standard way to justify using the trigonometric
interaction for three particles is to consider the limit as
the ring’s radius grows and tell that the trigonometric
and inverse square interactions coincide in this limit.

We intend to go beyond this standard justification
and clarify these points without considering the ring’s
radius limit. To this end, let xixj , be the distance of the
straight line between particles labelled i and j, with
i, j = 1,2,3, and xixj , the length of the arc between
particles i and j, on the ring. It is easy to see that
xixj = 2Oxi sin(θ/2), where θ is the angle between the
two radius Oxi and Oxj of the ring, (see Figure 1).
Using fundamental trigonometric relations, we have

xixj = L

π
sin
(π
L
xixj

)
. (2)

It follows,

gπ2

L2
1[

sin
(

π
L (xixj)

)]2 = g

[xixj ]2
. (3)

Hence, taking into account that r = a−1 sin[a(xi −
xj)], where r = xixj , and a = π/L, Eq. (3) shows that
the trigonometric potential and the inverse square po-
tential represent both, the same type of interactions,
in the sense that, the strength of the potential, is pro-
portional to the inverse of the square of the distance
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Fig. 1 The relation between the distance xixj and the length
of the arc xixj leading to Eq. (3) can be seen in this panel.

Fig. 2 The case of particles on a ring is not a simple winding of
the segment of length L on a circle with the same circumference,
but a mapping which does not conserve the length.

between particles. Consequently, trigonometric and in-
verse square potentials can be mapped from one to the
other. However, we must remember that this mapping
is not isometric and does not conserve the length. In-
deed, as illustrated in Figure 2, the distance of the arc
xixj= x′

ix′
j ̸= xixj , i, j = 1,2,3. This is the fundamen-

tal care that must be taken when using the trigono-
metric interaction far from the thermodynamic limit or
without considering a ring with an infinitely large ra-
dius.

3 Transformation of CS Hamiltonian into
Laplace-Beltrami Hamiltonian

We consider the full trigonometric Hamiltonian with
full three-body interactions of CS type for three iden-
tical distinguishable fermions with mass m on a ring.
This Hamiltonian reads [12]:

Hfull = −h̄2

2m

3∑
i=1

(
∂

∂xi

)2

+ h̄2

m
ν(ν−1)a2

∑
i,j=1
i ̸=j

1
sin2[a(xi −xj)]

+ h̄2

m
µ(µ−1)a2

∑
i,j,k=1
i ̸=j ̸=k

1
sin2[a(xi +xj −2xk)]

, (4)

where a(xi −xj) is the angular distance between parti-
cles, while a(xi +xj − 2xk) is the angular distance be-

tween one of the particles and the centre-of-mass of the
two others. 0<µ< 1 and 0< ν < 1 are real coefficients,
h̄ is the Planck constant, and a is a constant homoge-
neous to the inverse of length, namely a = π/L, where
L is the circumference of the ring.

Notice that the pairwise interactions vanish for ν =
0 or ν = 1. The Hamiltonian (4) coincides with the
Sutherland Hamiltonian [21], whilst the three-body in-
teractions vanish for µ= 0 or µ= 1, in which case, the
Hamiltonian in Eq. (4) covers the three-body inverse-
square potential on a line studied in [8]. Also, notice
that the constraints 0< µ< 1 and 0< ν < 1 ensure the
system’s stability. Indeed, within these ranges of val-
ues, the interactions are attractive. Otherwise, they are
repulsive and cause the instability of the system.

The method to find the wave function of the Hamil-
tonian (4) is exposed in [12] and consist of separating
the Hamiltonian (4) as the sum of Hfull

CM and Hfull
rel ,

the Hamiltonian of the centre-of-mass and the relative
Hamiltonian, respectively. Then, the following change
of variables:

zj = exp[2ia(R−xkl)], (5)

where xkl = xk −xl, k, l= 1,2,3 and R= 1
3 (x1 +x2 +x3)

transform Hfull
CM and Hfull

rel into H̃full
CM and H̃full

rel , as
follows:

H̃full
cm = 4

3
h̄2a2

m

 3∑
j=1

zj
∂

∂zj

2

, (6)

H̃full
rel =6 h̄

2a2

m

[ 3∑
j=1

(
zj

∂

∂zj

)2

+(ν+µ)
3∑

j,k=1
j ̸=k

zj +zk

zj −zk

(
zj

∂

∂zj

)]
. (7)

Notice that H̃full
rel expressed in Eq. (7) is the so-called

Laplace-Beltrami Hamiltonian.

4 Forbidden configurations in the case of full
three-body interactions

4.1 three identical distinguishable fermions with full
three-body interactions

The eigenfunction of H̃full
rel for three fermions reads

[12]:
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ψfull,fermions
rel (zj) =J(µ+ν)−1

{2,1,0} (z1,z2,z3)

×
3∏

j,k=1
j ̸=k

(zj −zk)(ν+µ), (8)

where

J
(µ+ν)−1

{2,1,0} (z1,z2,z3)

= z2
1z2 +z2

2z1 +z2
1z3 +z2

3z1 +z2
2z3 +z2

3z2. (9)

J
(µ+ν)−1

{2,1,0} is the Jack polynomial for the partition {2,1,0}
which is the only possible partition for three fermions
in the Fock space. For more details, see [12] and related
references therein. Hence, in terms of the variable zj ,
Eq. (8) reads

ψfull,fermions
rel (z1,z2,z3)

=
(
z2

1z2 +z2
1z3 +z2

2z1 +z2
2z3 +z2

3z1 +z2
3z2
)

× [(z1 −z2)(z2 −z3)(z3 −z1)](ν+µ) . (10)

Back to the initial coordinates x1, x2 and x3 by using
Eq. (5) and, relative distances xij = xi −xj , i, j = 1,2,3,
Eq. (10) becomes:

ψfull,fermions
rel

=
[
e−4iax23−2iax31 +e−4iax23−2iax12 +e−4iax31−2iax23

+e−4iax31−2iax12 +e−4iax12−2iax23 +e−4iax12−2iax31
]

×
[
(e−2iax23 −e−2iax31)(e−2iax31 −e−2iax12)

× (e−2iax12 −e−2iax23)
](ν+µ) (11)

It is worth noticing that µ and ν does not appear
separately in Eq. (11), but appears only as the sum
µ+ν. Therefore, the probability density of particles de-
pends on µ+ν. As seen in Eq. (4), ν and µ determine
the strength of pure two and pure three-body inter-
actions, respectively. Consequently, it is impossible to
distinguish the strength of each interaction separately.

Straight forward calculations yield the density of
probability |ψfermion|2 as follows:

|ψfull,fermions
rel |2 =2(1+3ν+3µ)[3+2cos2a(x21 +x31)

+2cos2a(x13 +x23)2cos2a(x12 +x32)
+cos4a(x12 +x32)+cos4a(x23 +x13)
+cos4a(x31 +x21)+2cos6ax12

+2cos6ax23 +2cos6ax31]
× [(1− cos2ax12)(1− cos2ax23)

× (1− cos2ax31)](ν+µ) (12)

Fig. 3 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable fermions with the full
3-body interactions. x12 is the relative distance between parti-
cles labelled 1 and 2 and, x23 is the relative distance between
particles labelled 2 and 3.

The configurations with null probability correspond-
ing to |ψ|2 = 0 for a= 0.5, are shown in Figure 3. Notice
that a= 0.5 corresponds to the circumference L= 2π.

Figure 3 is a superposition of lines and ellipses. Any
point of these lines or ellipses constitutes a forbidden
configuration for fermions on the ring. For instance,
the equation of one of these lines reads x23 = πx12.
Therefore x12 = π

2 and x23 = π2

2 constitute a forbid-
den configuration. i.e. the angular distance x1x2= 45
and x2x3≈ 103 degrees is one of the infinite number of
forbidden configurations in this case.

4.2 three identical distinguishable bosons with full
three-body interactions

The suitable partition for three bosons is {3,0,0}.
The Jack polynomial for this partition reads

J
(µ+ν)−1

{3,0,0} (z1,z2,z3) = 2(z3
1 +z3

2 +z3
3). (13)

Therefore, the eigenfunctions of H̃full
rel for three bosons

reads

ψfull,boson
rel (zj) = (z3

1 +z3
2 +z3

3 +z3
1 +z3

2 +z3
3)

×[(z1 −z2)(z2 −z3)(z3 −z1)](ν+µ). (14)

Back to the initial coordinates x1, x2 and x3 by using
Eq. (5) and, relative distances xij = xi −xj , i, j = 1,2,3,
Eq. (14) yields

After straight forward calculations, we obtain the
density of probability |ψfull,boson

rel |2 as follows:
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Fig. 4 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable bosons with the full
3-body interactions. x12 is the relative distance between parti-
cles labelled 1 and 2 and, x23 is the relative distance between
particles labelled 2 and 3.

|ψfull,boson
rel |2 = 22+3ν+3µ[3+2cos(6a(x12 +x32))

+2cos(6a(x12 +x13))+2cos(6a(x23 +x13))]
× [(1− cos2ax12)(1− cos2ax23)

× (1− cos2ax31)](ν+µ). (15)

ψfull,boson
rel =2

[
e−6iax12 +e−6iax23 +e−6iax31

]
×
[
(e−2iax23 −e−2iax31)(e−2iax31 −e−2iax12)

× (e−2iax12 −e−2iax23)
](ν+µ)

. (16)

The null probability configurations are obtained by
letting |ψfull,boson

rel |2 = 0. These configurations for a =
0.5, are plotted in Figure 4. The lines of Figure 4 are
similar to those of Figure 3. These two figures differ
only due to the ellipses of Figure 3 that are not present
in Figure 4.

5 Forbidden configurations in the case of pure
three body interactions

In the case of pure three body interactions, by set-
ting ν = 0 in (4), the Hamiltonian of the system reads:

H(pure−3body) = −h̄2

2m

3∑
i=1

(
∂

∂xi

)2

+ h̄2

m
µ(µ−1)a2

∑
i,j,k=1
i ̸=j ̸=k

1
sin2[a(xi +xj −2xk)]

, (17)

the Hamiltonian (17) is the sum of system’s Center
of Mass Hamiltonian H

(pure−3body)
CM , and the Hamilto-

nian of the system in the framework of its Center of
Mass H(pure−3body)

rel . Following the method exposed in
[12] by applying the change of variable (5),H(pure−3body)

rel

is transformed into H̃(pure−3body)
rel :

H̃
(pure−3body)
rel =2h̄2a2

m

[ 3∑
j=1

(
zj

∂

∂zj

)2

+µ

3∑
j,k=1
j ̸=k

zj +zk

zj −zk

(
zj

∂

∂zj

)]
. (18)

5.1 three identical distinguishable fermions with pure
three-body interactions

The eigenfunction of H̃(pure−3body)
rel for three distin-

guishable fermions read [12]:

ψ
(pure−3body),fermions
rel (zj) =Jµ−1

{2,1,0}(z1,z2,z3)

×
3∏

j,k=1
j ̸=k

(zj −zk)µ, (19)

where

Jµ−1

{2,1,0}(z1,z2,z3)

= z2
1z2 +z2

2z1 +z2
1z3 +z2

3z1 +z2
2z3 +z2

3z2. (20)

In terms of the variable zj , Eq. (19) reads

ψ
(pure−3body),fermions
rel (z1,z2,z3)

=
(
z2

1z2 +z2
1z3 +z2

2z1 +z2
2z3 +z2

3z1 +z2
3z2
)

× [(z1 −z2)(z2 −z3)(z3 −z1)]µ . (21)

Back to the initial coordinates x1, x2 and x3 by using
Eq. (5) and, relative distances xij = xi −xj , i, j = 1,2,3,
Eq. (21) reads:

ψ
(pure−3body),fermions
rel =

(
e2ia(2x1−x2+2x3) +e6iax3

+e2ia(2x2−x3+2x1) +e6iax1 +e2ia(2x3−x1+2x2) +e6iax2)

×
[
e

2
3 ia(x1−2x2+4x3) −e

2
3 ia(x2−2x3+4x1)]µ

×
[
e

2
3 ia(x2−2x3+4x1) −e

2
3 ia(x3−2x1+4x2)]µ

×
[
e

2
3 ia(x3−2x1+4x2) −e

2
3 ia(x1−2x2+4x3)]µ. (22)
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After straight forward calculations, the density of prob-
ability reads:

|ψ(pure−3body),fermions
rel |2 = 2(1+3µ)(3+2cos6ax23

+2cos6ax12 +2cos6ax31 +2cos2a(x13 +x23)
+2cos2a(x31 +x21)+2cos2a(x12 +x32)
+cos4a(x13 +x23)+cos4a(x31 +x21)
+cos4a(x12 +x32)× ((1− cos2a(x13 +x23))
× (1− cos2a(x31 +x21))(1− cos2a(x12 +x32))µ (23)

The configurations with null probability correspond-
ing to |ψ(pure−3body),fermions

rel |2 = 0 for a= 0.5, are shown
in Figure 5.

Fig. 5 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable fermions with pure
3-body interactions. x12 is the relative distance between parti-
cles labelled 1 and 2 and, x23 is the relative distance between
particles labelled 2 and 3.

Each of the points of Figure one is a forbidden con-
figuration of the system. For instance the point x12 ≈
3π
2 , x23 ≈ π

2 is a forbidden configuration where angular
distances x1x2≈ 270 and x2x3≈ 90 degrees.

5.2 three identical distinguishable bosons with pure
three-body interactions

In the case of three identical bosons, the eigenfunc-
tion of Eq. (18) is

ψ
(pure−3body),bosons
rel (zj) =Jµ−1

{3,0,0}(z1,z2,z3)

×
3∏

j,k=1
j ̸=k

(zj −zk)µ. (24)

Back to the initial coordinates x1, x2 and x3 by using
Eq. (5) and, relative distances xij = xi −xj , i, j = 1,2,3,
Eq. (24) becomes

ψ
(pure−3body),bosons
rel (zj) =

[
2e2ia(x1−2x2+4x3)

+2e2ia(x2−2x3+4x1) +2e2ia(x3−2x1+4x2)]×[
e

2
3 ia(x1−2x2+4x3) −e

2
3 ia(x2−2x3+4x1)]µ×[

e
2
3 ia(x2−2x3+4x1) −e

2
3 ia(x3−2x1+4x2)]µ×[

e
2
3 ia(x3−2x1+4x2) −e

2
3 ia(x1−2x2+4x3)]µ. (25)

Straight forward calculations yields:

|ψ(pure−3body),bosons
rel |2 = 2(2+3µ)(3

+2cos6a(x13 +x23)+2cos6a(x31 +x21)
+2cos6a(x12 +x32))

(
(1− cos2a(x13 +x23))

× (1− cos2a(x31 +x21))(1− cos2a(x12 +x32)))µ. (26)

The configurations with null probability correspond-
ing to |ψ(pure−3body),bosons

rel |2 = 0 for a= 0.5, are shown
in Figure 6.

Fig. 6 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable bosons with pure 3-
body interactions. x12 is the relative distance between particles
labelled 1 and 2 and, x23 is the relative distance between par-
ticles labelled 2 and 3.

As in previous figures, In Figure 6, any point corre-
sponds to a forbidden configuration. For instance, the
point x12 ≈ π, x23 ≈ π

4 is a forbidden configuration
where angular distances x1x2≈ 180 and x2x3≈ 45 de-
grees.
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6 Forbidden configurations in the case of
pairwise interactions

In the case of pure pairwise interaction, the Hamil-
tonian of the system (4) is reduced to [23]:

Hpairwise =−h̄2

2m

3∑
i=1

(
∂

∂xi

)2

+ h̄2

m
ν(ν−1)a2

∑
i,j=1
i̸=j

1
sin2[a(xi −xj)]

. (27)

Eq. (27) can be written as the sum of Hpairwise
CM

and Hpairwise
rel , Hamiltonian of the centre-of-mass and

Relative Hamiltonian, respectively. The relative Hamil-
tonian can be written as follows [24]:

Hpairwise
rel =− h̄2

2m

3∑
j=1

(
∂2

∂x2
j

)

− h̄2

m
aν

3∑
j ̸=k

cot(axjk)
(

∂

∂xj
− ∂

∂xk

)
(28)

Letting zj = exp(2iaxj), Eq. (28) becomes

H̃pairwise
rel =2h̄2a2

m

[ 3∑
j=1

(
zj
∂j

∂zj

)2

+ν

3∑
j ̸=k

zj +zk

zj −zk

(
zj
∂j

∂zj
−zj

∂k

∂zk

)]
. (29)

6.1 three identical distinguishable fermions

For three identical fermions, the eigenfunction of Eq.
(28) is

ψpairwise,fermions
rel (zj) =(

z2
1z2 +z2

1z3 +z2
2z1 +z2

2z3 +z2
3z1 +z2

3z2)
× [(z1 −z2)(z2 −z3)(z3 −z1)]ν , (30)

Back to the initial coordinates x1, x2 and x3 by
using Eq. (5) and, relative distances xij = xi −xj , i, j =
1,2,3, the wave function in Eq. (30) reads:

ψpairwise,fermions
rel = e−2ia(2x1+x2) +e−2ia(2x1+x3)

+e−2ia(2x2+x1) +e−2ia(2x2+x3) +e−2ia(2x3+x1)

+e−2ia(2x3+x2) ×
[
(e−2iax1 −e−2iax2)

× (e−2iax2 −e−2iax3)(e−2iax3 −e−2iax1)]. (31)

Straight forwards calculations yields

|ψpairwise,fermions
rel |2 = 2(1+3ν)(3+2cos2ax12

+2cos2ax23 +2cos2ax31 +cos4ax12 +cos4ax23

+cos4ax31 +2cos2a(x31 +x21)
+2cos2a(x12 +x32)+2cos2a(x23 +x13))
×
(
(1− cos2ax12)(1− cos2ax23)(1− cos2ax31))ν (32)

The configurations with null probability correspond-
ing to |ψpairwise,fermions

rel |2 = 0 for a = 0.5, are shown
in Figure 7.

Fig. 7 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable fermions with pair-
wise interactions. x12 is the relative distance between particles
labelled 1 and 2 and, x23 is the relative distance between par-
ticles labelled 2 and 3.

Similar to previous figures, In Figure 7, any point
corresponds to a forbidden configuration. For instance,
the point x12 = π

2 , x23 = π
2 is a forbidden configuration

where angular distances x1x2=x2x3= 90 degrees.

6.2 three identical distinguishable bosons

For three identical bosons, the eigenfunction of Eq.
(28) is

ψpairwise,bosons
rel = 2

[
e−6iax1 +e−6iax2

+e−6iax3 ]×
[
(e−2iax1 −e−2iax2)

× (e−2iax2 −e−2iax3)(e−2iax3 −e−2iax1)] (33)

Back to the initial coordinates x1, x2 and x3 by
using Eq. (5) and, relative distances xij = xi −xj , i, j =
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1,2,3, Eq. (33) reads:

|ψpairwise,bosons
rel |2 = 2(2+3ν)[3+2cos6ax12

+2cos6ax23 +2cos6ax31]
× (1− cos2ax12)(1− cos2ax23)(1− cos2ax31) (34)

The configurations with null probability correspond-
ing to |ψpairwise,bosons

rel |2 = 0 for a = 0.5, are shown in
Figure 8.

Fig. 8 The configurations with null probability for a = 0.5, in
the case of three identical distinguishable bosons with pairwise
interactions. x12 is the relative distance between particles la-
belled 1 and 2 and, x23 is the relative distance between particles
labelled 2 and 3.

Figure 7 is a superposition of lines and multitude
of small circles on these lines. Any point of these lines
or circles constitutes a forbidden configuration of the
system. For instance, the equation of one of these lines
reads x23 = x12. Therefore x12 = π

2 constitute a forbid-
den configuration. i.e. the angular distance x1x2=x2x3=
90 degrees is one of the infinite number of forbidden
configurations in this case.

7 Conclusions and outlooks

In the three-body quantum problem, an important
question is to know which of the pairwise, pure three-
body or full three-body interactions best fits a given
physical situation. In this paper, we have a strong tool
to answer this question by comparing theoretical pre-
dictions of forbidden configurations to experimental ob-
servations.

To this end, we write explicitly the wave function for
three identical distinguishable particles on a ring with
the so-called trigonometric interactions. We show that

in all cases, there are infinite sets of forbidden configu-
rations associated with the system’s null density prob-
ability. A configuration corresponds to a given set of
relative distances between particles, x12 and x23.

These configurations are exhibited in six figures:
Figures 3, 5 and 7 represent forbidden configurations for
three fermions on a ring in the case of full three-body
interactions, pure three-body interactions and pairwise
interactions, respectively. Figures 4, 6 and 8 represent
forbidden configurations for three bosons on a ring in
the case of full three-body interactions, pure three-body
interactions and pairwise interactions, respectively.

Given a system with, let’s say, three fermions on a
ring. The question is, with which kind of interactions,
full three-body, pure three-body, or pairwise, should
one model the system? Here is the procedure to choose
the correct interactions. Experimentally, it is possible
to point out some configurations with null probabil-
ity. These configurations, to experimental uncertainties,
will be closed to one of the figures 3, 5 or 7. Hence, this
simple comparison will decide which of the three kinds
of interactions prevail in this system.

We suggest the context of cold atoms ring-shaped
optical lattices as an observational, experimental con-
text [17–19].
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