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Abstract In this article, we present the concept of weak
derivatives with respect to the potential of a charge distri-
bution. Furthermore, weak derivatives can define the cor-
rect self-adjoint momentum operators in quantum mechan-
ics.

1 Introduction

The concept of weak derivative can be considered a
generalization of the classical derivative. In other words,
functions that are not differentiable but are capable of
integration can have weak derivatives [1].

Most studies on weak derivatives are associated with a
subspace of Hilbert space, such as Sobolev space [1-5].
This coincidence could be more pleasant for popular phys-
icists unfamiliar with functional analysis, so we try to
address this topic with a newer and more impressive ap-
proach.

In ref. [4], it has been discussed how to define weak
and strong derivatives in Orlicz space (Orlicz space is a
special subspace of Banach space; if we define Banach
space by LP, the Orlicz space is determined by p = 1). The
relationship between perturbation analysis and weak deriv-
ative is analyzed in ref [5].

We didn’t find any paper that directly indicates the ex-
act application of the weak derivative in physics. However,
paper [6] endeavours to indicate its contribution to under-
standing mathematical models. The weak derivative also
motivates another quite popular concept of solutions, the
so-called weak solutions [6, 7].

The definition of the weak derivative can be stated as
follows: Let f be a function in the measurable space ( A
real or complex-valued measurable function on the real
line with respect to Lebesgue measure is an element of Lt
if: [ |f(x)] dx < ), we call the function f in L'([a, b])
the weak derivative of f if
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f F()g()dx = f F()g()dx, ©

In equation (1), f'(x) is the weak derivative of f(x)
and the function g(x) is called test function. These test
functions are smooth and have bounded support. Note that,
the test function is infinitely differentiable and g € C°.

The most common examples of functions with a weak
derivative are the absolute value function f(x) = |x]|,
whose weak derivative is the sign function, and the Heavi-
side step function, whose derivative is the delta function.

2 Concept of weak derivative

Unlike the classical concept of derivative, which has a
geometric concept, the weak derivative has no geometric
concept. However, this can be described in relation to the
concept of distribution.

First, note that one way to identify the function fwith
a given domain is to know the value of f(x) for each x in
the domain of the function f. But there is another way.
Knowledge of the effect of function f on test functions.
For example, in

.9 = [ s, @

It is possible to find the effect of £ in the situation
where f exists or does not exist in the usual way, in other
words (f,g) = —(f,g). Now, for a physical understand-
ing, let’s assume that f(x) is the potential of a point charge
which we know is inversely proportional to the distance
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The potential function has no weak derivative, but if we
consider the potential function of the linear charge distri-
bution to be like an infinite bar, that is

fV(x)g(x)dx =fln(x)g(x)dx. 4

In this case, we will see a weak derivative and the elec-
tric field can be investigated. First, consider the following
example.

Example 1
Suppose the function f(X) is defined by

x>0, (5)
x<0

f(X)={§
0

Let’s now look at the following test function, which is
smooth and has bounded support.

Figure 1. The desired test function is a smooth function
that is differentiable, usually several times.

Then, with respect to the definition (1), we can write

f:(%)g(x)dx =@_@+f( : )g(x)dx. 6)

x2

In equation (6), if the value of g(0) is equal to zero, then
there exists a weak derivative of the function (5), but oth-
erwise it is not equal to zero, there will be no weak deriva-
tive. According to the definition and representation of the
mentioned test function, the value of g(0) can not be zero,
so the weak derivative of the function f(x) does not exist.

Example 2
Consider the function /(x) with the following definition

In(x) x>0
0 x<0’

e ={ 7)

We consider the test function again, as in the previous
example. Here we will see that there is [ 4(x)g(x)dx for
any test function g.

To evaluate the integral, we can write

[ g @ax=[ ang@ds
0

= Sl_i)rorgr In(s)g(s) + fsw (%)g(x)dx. @)

Although each of the above expressions tends to infinity
independently in the limit s — oo, but their sum tends to a
certain value (if g(0) # 0). Therefore, there exists a weak
derivative of i(x).

3 The electrical potential of an infinite line of charge

In this section, we obtain the electric field due to the
weak derivative of an infinite uniform charge line. Before
that, we will discuss an important property of the delta
function.

From mathematical physics textbooks, the delta func-
tion has many properties. However, one advanced but
notable characteristic associated with this function is relat-
ed to the equation, which states that it x&(x) is identically
zero. As a result, we may add any finite multiple of this
zero to one side of the equation.

A(x) = B(x) =B(x) +cxd§(x), 9

where c is an arbitrary finite constant. However, if we
divide both sides by x, the addition ¢ § (x) is no longer to
zeroatx = 0. Then

A(x) _ B()

— 2 +c6X), 10
= e (@) (10)
is not necessarily true for arbitrary values of c.
For example, consider
dIn(x)
x =1=1+cxd6(x), (11)

dx
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is valid for any constant C. However,

din(x) 1
=—+cé(x).
dx x

(12)

This is true for any special values of c.To determine these
values, we need to examine the behavior of these functions
in the neighborhood of x = 0 by integrating both sides of
the expression (12) from —e to €. Thus ¢ = i(2n + 1),
where n is any integer.

An equation similar to Eq. (12) can be seen in [8]. As this
reference shows, this equation is not just a mathematical
curiosity. It plays an important role in quantum mechanics.
Let us now return to the potential of an infinite line of
charge. We know that the potential of an infinite bar with
charge density A at vertical distance y is equal to

A
—In(y)
2meg

0 y<0

y>0 (13)

Thus, with respect to the Eq. (12), the electric field can be
written

— 1 7
E= 2meq (; +i(2n + 1)1'[6(31)).

(14)

Eq. (14) shows that despite the singularity, we can obtain
an identified electric field at the location of the electric
charge.

Note that although the weak derivative of Eq. (13) does
exist, the electric field of (14) is not exactly its weak deriv-
ative.

4 The Weak derivative in quantum mechanics

The momentum operator in quantum mechanics is an
unbounded operator, and its domain in L?(R, dx) is equal
to

D(P) = {p(x) € L*(R,dx)|¢p'(x) € L*(R, dx)}. (15)

Eq. (15) states that the domain of momentum operators
consisting of square-integrable functions must be differen-
tiable, and their derivatives must lie in Hilbert space. How-
ever, there are some examples, such as

W=

X
fx) = m; (16)

which despite being square-integrable but its derivative is
not in L?(R, dx). Also, there is another problem.

For functions such as f(x) and g(x) belonging to the
domain of the momentum operator, we can write:

(9,Pf) — (Pg.f) = [-igfl*z. a7

Normally the functions f and g are considered to be
zero in the limx — too, but the reality is that not all
square-integrable functions vanish or even tend to reach a
finite value at infinity. We can see plenty of examples in
[9, 10] to confirm this point.

Thus, in general, the momentum operator is not self-
adjoint with its common definition based on the concept of
classical derivative [10]. For this reason, this operator is
defined based on the weak derivative [11]. In this case, the
domain of the momentum operator coincides with the
Sobolev space H(R) [11]. This is very impressive, every
function in Sobolev space tends to zero at infinity [12].
Therefore, the correct domain of the momentum operators
in quantum mechanics can be as follows

D(P) = {p(x) € L*(R, dx)|¢'(x) € L*(R,dx)}, (18)

where ¢'(x) is the weak derivative of the function ¢(x).

All of the mentioned discussions in this section have
been examined for the generalized momentum operators in
ref. [13].

5 Conclusion

Although the weak derivative has no geometric de-
scription, as we have seen, it is possible to express con-
cepts related to distribution functions. We have chosen two
examples related to the potential of the charge point and
the linear distribution of charge. The weak derivative of
the first example does not exist in the singularity but in the
second example.

In standard quantum mechanics, momentum operators
are generally not self-adjoint. This subject led mathemati-
cal physicists to propose subspaces such as Sobolev space.
In this space, the weak derivative determines the momen-
tum operators with a new domain. As discussed in the last
section, the discussion about the self-adjointness of mo-
mentum operators moved on to the generalized momentum
operators. For these operators, see the ref. [14] and the
references therein.
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Abstract In this work, we study the motion of a free particle
in 1+3-de Sitter spacetime and introduce the associated
symmetric group. We also present ten one-parameter sub-
groups of this group and derive the corresponding algebraic
bases (or the Lie algebra of the de Sitter group). Finally,
these subgroups introduce ten associated infinitesimal gen-
erators in 1+3-de Sitter spacetime.

1 Introduction

In general relativity, gravity is considered as the curva-
ture of space-time, and the motion of a particle in this space
is expressed by Einstein's equation [1]:

Guv + Ag;w = _T;w ’ D

where T, and A are the energy-momentum tensor and cos-
mological constant, respectively. From this equation, we
can derive one of the Friedmann-Lemaitre-Robertson-
Walker solutions for a homogeneous and isotropic universe

[2]:

g2 A 86 Ko )
- T3T T3 P * T a @

where H,, G, a and K are respectively the Hubble parameter,
Gravitational constant, scale factor and curvature of the uni-
verse. This equation can be rewritten by density parameters
as:

-QA + Qother = 11 (3)

where Q ; is the density of Gravitational constant or density
of dark energy* and Q... includes the densities of radiation

(22,), (cold) dark matter (£2..), baryonic matter (£2,) and cur-
vature of space (€, ) [2]. Eq. (3) can be used for different

epochs of cosmology [2,3]. For the current epoch, the ex-
perimental data show that approximately 69% of the uni-
verse is made up of dark energy, and the contribution of
other factors? is 31% [4]. This means that for an approxi-
mate solution to Einstein's equation, we can consider only
the cosmological constant and ignore the energy-momen-
tum tensor on the right-hand side of Eq. (1). In other words,
in the first approximation, the universe can be considered as
a 1+3-de-Sitter space (i.e., the case A > 0 and T,, =0 in
Eq. (1))

The 1+3-de Sitter metric is visualised as a hyperboloid
embedded in five-dimensional Minkowski space. It is very
important to study the symmetrical group associated with
the motion of a free particle on this hyperboloid and its Lie
algebra, which we discuss in this work. We also introduce
all infinitesimal generators on this manifold.

2 1+3-de Sitter space-time

The de Sitter metric g,,,, is the solution of Einstein's
equation for A > 0 and 7,,, = 0, i.e.

Gy + 29y = 0. 4)

@ e-mail: rabeie@razi.ac.ir

! The cosmological constant can be considered as the dark energy (see chapter 6 of [2]).

2 The Qogher IS given by:

'Qother = 'Qr + -Qc + 'Qb + -QK:

where constitutes 31% of the universe (for thecurrent epoch).
The contribution of each factor is as follows [2]:

0, - 0.008%02, - 26.07%

0, - 04.90%02, - 0.07%
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The 1+3-de Sitter space-time as a hyperboloid embedded

in five-dimensional Minkowski space (ambient space) is
defined by:

X ={x e R®|x? = n,px¥xf = —H?}, (5)
where 0,5 = diag(1,—1,—1,—1,—1) is Minkowski met-
ric of five-dimensional space and y, 8 = 0,1,2,3,4. The as-
sociated isometry group is group SO,(1,4), or equivalently
its universal covering, i.e. the symplectic group Sp(2, 2).
The group S0, (1,4) is defined as:

S0,(1,4) = {A € Ms(R)|A% > 1, A'nA = n)}. (6)
This group acts on the vector x in ambient space as follows:

x = Ax, ™

where x =

R R R R R
B W N R O

But the Sp(2,2) group is described by 2 x 2 matrices with
quaternionic® coefficients as [5]:

sp(22) = {g = (?2) |detg=1,g"Y°g =7°}, (8

where a, b, ¢, d belong to quaternion field Q =~ R, x SU(2)
andy® = (é _(}) that I and 0 are respectively 2 x 2 unit and

zero matrices. This group acts on matrix 4 as:

h'=ghg™, )

where

op—p\ _ a—-c¢ x* + ix3ixt — x?
=) =(05) P = '
P —x%] g —bd (ix1 + x%x* — ix3)

and the bar sign means conjugate. Between two mentioned
groups, there is a homomorphism as follows:

A =<tr(vgveg ™), (10)

a_ (0 I k_(o ek) _
Where y _(_I 0),]/ = (¢, 0) k=123

and e, = (—1)**tig,. The g, is one of the three Pauli ma-
trices. In the following, we only use the group Sp(2,2).

3 Liealgebra of de Sitter group

The study of Lie algebra and, consequently, the infini-
tesimal generators of a group is done by decomposing every
element of that group. There are three decompositions for
presentation of Sp(2,2) group. The Lorentz space-time,
Kartan and lvasava decompositions [6]. Here, we use the
first decomposition. Based on the Lorentz space-time de-
composition, each element of Sp(2,2) group is given as [5]:

g =jl € Sp(2,2), (12)
n 0 cosh( %) sinh( %)

j= ( ) ) (12)
0 7 sinh(%) cosh(%)
£ 0 cosh(%) @ sinh(%)

l= : (13)
0 &/ \—asink( g) cosh( %)

where ¢,y € R, n,& € SU(2) and 4 is a pure quaternion
i.e., & = —10 € SU(2). The factors j and [ belong to the set
of space-time translation and the homogeneous Lorentz sub-
group (including the Lorentz boost and spatial rotation), re-
spectively. This shows that the group Sp(2,2) has ten pa-
rameters (three for space translation, one for time transla-
tion, three for spatial rotation and three for Lorentz boost).
Therefore, we have ten one-parameter subgroup as:

et 0

Si = B (14)
0 e—eit

t Lt

cosh(z) smh(g)

0= , (15)
sinh(é) cosh(g)
et 0

Ri = ) (16)
0 eel—t

3 Every guaternion is given by:
¢=(%0,0) =40+ {11+ {2e5 + {33,
where

eej = gjrel,j, k=123,

eje = —1.
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cosh( %) e; sinh( %)

Bi = ) (17)
—e; sinh( %) cosh( %)

and ten corresponding algebraic bases:
1/(e; 0

Xig =3 (Ol _ el)' (18)

0 I

X0 =3(; o) (19)
1 € 0

Xij = 5 €ijk (0 ek) ) (20)
10 ¢

XOl §<_ez 0) ’ (21)

Where t is a parameter, and i,j,k = 1,2,3.

4 Infinitesimal generators of de Sitter group

For determination of the infinitesimal generators of de
Sitter group (or equivalently on hyperboloid manifold), we
have to first introduce the generator (operator) ¢*(g) . This
operator acts on complex function F({) € C on Hilbert sub-
space H = L2(SU(2)) as [7]:

C@OFQ =0@o) ™ Fghd
= (09N FF((@T+ b)Y T+d)™), (22)

where x(¢,g) = det(c'{+d), { € SU(2), and

-1 _ a' bl>
g (c' d/’

Indeed, the mapping { - g~ '.{ = (@¢{+b)(c{+d)™!
is a homomorphism mapping from SU(2) group to itself.
The representation of (22) is a linear representation. This
representation is the unitary representation of the principal
series if and only if

3 .
T==+1v,

€ R.
> v

(23)

Now we construct the representation of each one param-
eter subgroup of Sp(2,2). For this, we use the general co-
ordinate for introducing ¢ € SU(2) ~ S3:

¢, =sinasinf cos ¢
{, =sinasinfsin¢
{3 =sinacos @
{y=cosa

(24)

where 0 < @, <m and 0 < ¢ < 2m. For every one-pa-
rameter subgroup and (’,8',¢) = g(t). (a, 8, $), we can
introduce the infinitesimal generator Y" as:

A (DF(@0,8)| Al
— =T F@ed
oF ’,9,, '
G, ) Hlemg P
=0
=[a[0c(c,g))-“] L o
oc | _, T or|,_,oa
LR a]F( 0.0)
00| 0 9| o]
at|_ 00 " ac|_ 39
= —iYF(a,0,)
_ (l@on | oa| 06| o
z)ﬂ_l( ot t=0 Et:oa-l_ﬁt:o%
ap’ 9
+5¢,L058) (25)

From this later equation and Eqs (14) - (17), we can obtain
ten infinitesimal generators on 1+3-de Sitter space.

Calculations of one of the generators (calculations of
other similar generators) are brought in Appendix A.

1) Infinitesimal generators of space translation (P)

We derive the infinitesimal generators of space transla-
tion from Eqg. (14) and (25). This generator is the momentum
generator that has vector properties

. d d
P, = —l(smecosq’)£+cotacos@cosqbﬁ
cotasing 0 )

sin@ %

(0 0
Pz=—l(smﬁsm(p£+cotacos@smd)ﬁ
cotacosd)a)

sin 6 %

py = —i(cos0 -2~ corcsino )
3 = —l|CcoS EP cotasin 20)

I1) Infinitesimal generator of time translation (T)
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This generator has the scalar properties (see appendix)

0
T=i (TCOS(Z + sina—).
da
I11) Infinitesimal generators of space rotation (J)
We can obtain this generator from Egs (16) and (25). It

is the angular momentum generator that has the vector
properties

. d a
Ji= L<sm¢%+cot9cos¢£),

. d 0
I = l(—cos¢%+cotesm¢a—),

hei-3)

1V) Infinitesimal generators of Lorentz boosts (K)

This generator has the vector properties obtained from
Egs (17) and (25)

Kl=i(rsinasin@cosd)—cosasin@cosqb%
cosB@cos¢ 0 N sin¢ 6)
90  sinasinf agp/’

sina

K, = i(rsinasinesin(j) —cosasianind)a—
a

cos¢p 0 )

cosB@sing 0
06 sinasinfdg

sina

K—'( ) P 96+sin96>
3 =Ii|Tsinacos cosacosfo—+——-p).

5 Commutation relations of infinitesimal generators

In the previous section, we introduced all of the ten in-
finitesimal generators on 1+3-de Sitter space. We can di-
rectly obtain the associated commutation relations as:

UuT] =0, (26)
Uiti] = teipdi 27)
Ui Bi] = ieijiPe, (28)
Ui K] = ieyjicKi, (29)
[P Bi] = ieijidic (30)

[P, K;| = —i6,T, (31)
(K K| = —igijie (32)
[T, 5] = —iK;, (33)
[T, K;] = —iP;. (34)

To verify the above relations, we profit the Bacry-Levey-
leblond (BL) method. Based on BL method, the effect of
parity and time reversal operators (/7 and ) on infinitesimal
generators is given by [8]:

M:AT > T,P > —P,] - |K

- —K}, (35)
60:{T->-T,P->PJ]—-]K
- —K}. (36)

If we apply parity and time reversal operators on the left side
of Eqs (26) to (34), we can guess the right side of these equa-
tions.

For example, we consider the left side of Eq. (32), i.e.
[K;, K;]. From relations (35) and (36) we have

N[k, K] = [1K, 1K] = [-Ki, —K;] = [Ki, K],
o[k, K] = [0K;, 0K;] = [-K;, —K;| = [Ki, Kj].

In other words, the relation [K;, K;| does not change under
parity and time reversal operators. According to relations
(35) and (36), the only generator not changing under parity
and time reversal operators is the generator /. This means
that the right side of the relation [k, K;] must be a compo-
nent of the generator J up to a constant factor (see Eq. (32)).

6 Conclusion

In this work, we studied the ten-parameter de Sitter
group. Using the Lorentz space-time decomposition, we in-
troduced ten one-parameter subgroups (or equivalently ten
algebraic bases) and ten infinitesimal generators on 1+3-de
Sitter space-time. Then, we obtained the commutation rela-
tions between these infinitesimal generators. Finally, using
the Bacry-Levey-Leblond method, we verified the correct-
ness of one of the commutation relations.

Appendix A: Calculation of infinitesimal generator of
time translation

From Eq. (15) we obtain:
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t t
cosh(z) —sinh(z)
= 2 2.
- sinh(z) COSh(E)

By choosing ¢ as a quaternion, i.e.

¢ = ((0'5) ={o + (1eq + e + (3e3, (A.2)
where {,, {1, {5, (5 are given in Eq. (24), we can write:
x($,9) = x(§,0) =det(c'{+d) .
= (cosht — sinht cos a)?, (A.3)
g (=017 =(@q+b)(c¢ + d)™
_(coshtcosa—sinht,()_ . A4
"~ cosht —sinhtcosa = (o €)- (A-4)
From the latter equation, we obtain:
. ,_coshtcosa—sinht A
So = cosa " cosht —sinhtcosa’ (A-5)
' sina'sin @’ . sinasinfcos ¢ A6
G = sinasing cos ¢ " cosht —sinhtcosa’ (A6)
' _ sina'sing' sind' = sinasin@sin¢ A7
(2 = sina sing sing " cosht — sinhtcosa’ (A7)
, , , sinacos 6
{3 =sina cosf = (A.8)

cosht —sinhtcosa’

Also, from these four equations and Eq. (A.3) we can de-
rive:

da’| A9
T =sina, (A.9)
t=0
21 _,, (A.10)
ot
t=0
P
L Y (A11)
ot
t=0

_ 0[(cosht —sinhtcosa)™"]

UG aN~|  _

at t=0 at t=0

=Tcosa. (A.12)

Finally, from Eq. (25), we derive the infinitesimal genera-
tor of time translation as follows:

a
T = i(‘ccosa +sina—>.
oa
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Abstract Obtaining Green’s function for problems in curved
spacetime is quite important. An important reason is based

on the fact that the energy-momentum tensor can be directly

calculated from Green’s function. The author has found the

energy-momentum tensor of the Casimir effect of two plates

for a general static spacetime. The process of finding Green’s

function is discussed here through an introductory manner.

1 Introduction

In curved spacetime, due to the lack of global symme-
tries, the energy-momentum tensor is very important as a lo-
cal quantity. Although in some space-times with maximum
symmetry such as de Sitter, certain interpretations can be
placed on physical quantities, finally, except for some def-
initions related to the measurement of the number of par-
ticles, temperature and the energy-momentum tensor itself,
we don’t have any other tools to investigate them [1]. Mean-
while, approximate methods in weak spacetimes, as exam-
ples close to flat space, are very important. In general, Green’s
functions are directly, and more easily, related to the energy-
momentum tensor through the method of separation of points
and reduce the calculations significantly [2]. For weak space-
times, it is easier to explicitly calculate the Green’s function
[3] and, in this article, we intend to find an example of it
for Casimir plates in a weak spacetime by using elemen-
tary methods and without using iterative methods frequently
used in the literature. In a way, it can be developed for the
strong field as well, which we will mention in the future.

2e-mail: borzoo.nazari @ut.ac.ir

2 History of Green’s function calculation in the subject

The Green’s function for a field theory in the presence of
a material boundary is less explicitly calculated. Ref. [4]
lists some of these efforts. In general, the attempts made
to explicitly calculate the energy-momentum tensor in the
Casimir effect are very few. On the other hand, many of im-
plicit results have been investigated [5] and until the author’s
researches, only in weak spacetime.

ds* = (1+28 2)d* —dx® —dy* —d2? (1)
C

sufficient investigations had been done. If g% < 1, this
spacetime will be nothing but accelerated Rindler coordi-
nates in flat spacetime [6]. The metric in accelerated Rindler
coordinates can be expressed as

as = (1+ £ 02dr —as® —dy — a2 @

whose first-order approximation gives (1). It can be said
that the momentum-energy tensor for the two parallel plates
Casimir effect has not been calculated so far in curved space-
time. The author has completely solved such a problem for
an arbitrary static space-time up to the second-order approx-
imation, which is currently under review [7]. In this article,
we will discuss in more detail the part related to how to find
the Green’s function for it.

3 Some basic theorems

Although the following theorems are available in the ba-
sic textbooks, their application can create ambiguities. In
this section, we emphasize their main aspects. The proof of
the following theorems are in ref. [§]
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Theorem 1:
The equation

ao(x)y’ (x) a1 (¥)y (¥) + a2 (x)y(x) = 0, 3
on the closed interval [a, b] under boundary conditions
ory(a) = oay (a), Biy(b) = Py (b). “)

where oy, @, B and f3, are fixed numbers. We consider

the function g(x,s) to be a Green’s function for the above

differential equation with the following conditions [5]:

a) The function g(x, s) solves Eq. (1) for s # x in the intervals
a<x<sands<x<bh.

b) The function g(x,s) in the interval a < s < b satisfies the
boundary conditions (4).

¢) g(x,s) is a continuous function with respect to x and s.

d) The function % is continuous in the interval a < x < b,
but in x = s has a jump as follows:

dg dg B 1
a |)c:sJr - a ‘x:S* = _(lo(X) ) (5)
Theorem 2:

Green’s function of Eq.(3) under boundary conditions (4)
can be found as follows:

UCECR o
W) |
G(z,2) = Yi(9)Ya(z) i<z ©0)
W (Z)po(?) |
Theorem 3:

The unique answer of the inhomogeneous differential equa-
tion

ao(x)y” (x) + a1 (x)y () + a2 (x)y(x) = f(), ()
in the closed interval [a,b] and under conditions (7) is
given by

v = [ ge) 00, ®)

a
where g(x,x) is the Green’s function of the homoge-
neous Eq. (8) and w(s) is the Wronskian of two independent
solutions y;(x) and y,(x) that satisfy the following condi-
tions:

ary2(a) = aayy(a), Bivi(b) = Bay, (b), )

Theorem 4:
If the operator L, is self-adjoint, then in the differential equa-
tion

Lxg(x,x/) = 5(x—xl), (10)
The function g(x,x ) is the same Green’s function of

Theorem 1 and will be symmetric.

Now we use the above theorems to find the Green’s func-
tion of the Klein-Gordon equation.

4 Green’s function for Casimir effect of parallel plates

Let’s assume that two parallel neutral conducting plates are
placed near each other and the assembly is placed in a grav-
itational field. The distance between the plates is a and the
metric describes the gravitational field as

ds? =(1+ 29 +2z)dr>
— (1429 +2412) (dx® + dy? + d7?), (11)

where Aoz, A1z < 1 and y, 7 < 1. The quantum field in
the space between the plates is a scalar field satisfying the
Klein-Gordon equation

QGr (x,x) = —\/%6()@){), (12)
where

1 ) ,
U= \/7_79“(\/—7%” Iv)Gr(x,x ), (13)

is the Green’s function, which is the Feynman propagator.
Looking at (11) and (13), we can write the Klein-Gordon
equation as follows:

V—88"192Gr +9.(v/—g¢"")9.Gr

— V88" (k2 + %wz)cp =0, x£x, (14
The condition for the above equation to be self-adjoint
is that the coefficient behind 9,Gr i.e. d;(/—gg'') is the
derivative of the coefficient behind 83 Grie./—gg'! which
is true for the Klein-Gordon equation. Therefore, the ob-
tained Green’s function must be symmetrical, and when check-
ing the correctness of the calculations, the symmetry of the
obtained Green’s function can always be kept in mind. The
relation (14) above can be expanded for the metric (11) and
by keeping the second order terms in terms of the parameters
Mz, Mz<< 1and yp,71 < 1 as

V(@) + (o +M)y (2) + (a+b2)y(z) =0, (15)
where in it we have

a=—2Bw* b= (1-24)0* -k,
A=p-n,B=h—Al, A=A +k.

We note that we have considered the function G as the
Fourier transform of the function gr(z, zl). The independent
answers of Eq. (15) are the same functions y; (x) and y,(x)
in Theorem 2. These answers have already been found for
another purpose in reference [6] and are as follows:

Y(z) = Do(1 — (% + f—b)z) sin(v/bz(1 + %z) +@), (17)

(16)

By setting &, through applying the boundary condition (Dirich-

let), two independent linear responses can be extracted from
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it. After doing that, we reach the following results for the
Dirichlet boundary condition:

yl(Z)Z(l—(% 4b) )sm\f(z—k@z) z<7,
120 = (1=t Ly2)sin V(1)
fb(z 1), (18)

As can be seen, according to theorem 3 (see Eq. (9)), the
response y; at z = 0 and the response y, at z = [ become
zero. The Wronskian of these two answers is approximated
to the second order as follows [4]:

W(z) = (1— A2 )Vbsin(Vb(l + f—bzz)). (19)

Putting the above items aside and using Theorem 2, we get
after some calculation for z < 7/,

/ l—w—n— A(ZJFZI) _
gr(z,z) = b sin(b(l + llz))(cos(\/l;a) cos(Vb)B)
+m( —7 2+ 12)sin(vVbB)
—F(z +22 —1*)sin(vVba),
and forz>z/ we find
/ _l—yo—%—)L(H—z/)
gF(Z’Z)_2\/Bsin(\/5(l+%l2))<cos(\/[;a)

—cos(Vb)(Az—1))

+%<z2-Z/Z—ﬂ)smwz?mz—l»

4f

where init @ =z+7 -1,B —z—7 +l=Az+1.

Acoording to theorem 4 the Green function should be sym-
metric which can be seen from Egs. (4) and (20). In fact, if
one impose the interchange z <> 7 to Eq. (4), then Eq. (20)
is obtained and vice versa. The point that should be noted is
that Eq. (15) is not self-adjoint. This issue is not important
because this equation, which is a first-order approximation
of the Klein-Gordon equation, has the same answers as Eq.
(14).

(2 +7%—1?)sin(vVbar)), (20)

5 Conclusion

Using preliminary methods, we found the Green’s function
for the Casimir effect of two parallel conducting plates in a

static field described by (11) and showed that it satisfies the
Dirichlet boundary conditions on the scalar field in which
the Casimir plates are immersed. The metric (11) is actu-
ally the extension of an arbitrary static metric in the space
between the plates provided that the distance between the
plates (denoted by a) is a small value. This distance due to
the Casimir effect is usually small and the mentioned condi-
tion is fulfilled. On the other hand, if the gravity field is weak
by itself, there is no need for a to be small, and the metric
(11) can still be considered as a representative of an arbitrary
static field. The obtained Green’s function in (4) and (20) is
very important for calculating the energy-momentum tensor
of the problem.
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Abstract The pair correlation function (or p.c.f) is a statis-
tical mechanical tool that quantifies the density variation as
a function of distance from a reference particle in a system
of randomly dispersed particles and is usually used to de-
scribe quantitatively, for example, the internal structure of
fluids. In this paper, after recalling the p.c.f function to study
the interaction behaviour between particles, i.e., attraction,
repulsion, or independence, different particle systems are
simulated in 2D, and the estimated p.c.fs are interpreted.

Keywords: pair correlation function, inhibition, spatial
point process, completely spatial randomness, statistical
mechanics, system of particles, intensity.

1 Introduction

In the terminology of spatial point process theory, we
say that the centre of a system of randomly distributed par-
ticles in 3D is distributed as a spatial point process. Charac-
terizing point processes by their second summary statistic
allows us to find out, on average, how the particles interact
with each other. Three main classes of interaction behaviour
are completely random, inhibition, and attraction. Some au-
thors consider the p.c.f. to be the most important second-
order summary of point processes, and it is worth bringing
to the attention of scientists willing to use satirical tools to
interpret their data. The p.c.f. is not just important, but it is
a cornerstone in many subfields of physics. It has been used,
for example, in the study of molecular order, fluid dynam-
ics, correlated light scattering, and liquid structures [1].

In the following sections, spatial point processes are first
introduced very briefly. Then, the p.c.f. is defined as a sec-
ond summary statistic for spatial point processes. Its role in
characterizing the system of randomly dispersed particles, a
crucial aspect of our research, is addressed. Finally, a simu-
lation study improves the paper's readability for researchers
working with experimental data.

4e-mail: hamidghorbani@kashanu.ac.ir
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1.1 A brief review of the spatial point processes theory

Diggle's text comprehensively presents the theory be-
hind point pattern analysis [2]. Data in the form of a set of
points irregularly distributed in a region of space arise in
many different contexts; examples include the locations of
trees in a forest, the locations of cell phone antennas in an
urban environment, the centers of pores in a ceramic coat-
ing, or the nuclei in a microscopic section of tissue. We call
such a data set a spatial point pattern and refer to the loca-
tions as events to distinguish them from arbitrary points in
the region of interest.

A spatial point process is a stochastic mechanism that
generates a countable set of events x; in the R (in applica-
tionsd =2 or 3). A realization of a spatial point process is
called to as spatial point pattern and consists of a countable
set of points {xy, x,, ..., Xy(ay} in d-dimensional space. We
write N(A) for the number of events in a region A c
R% N(A) = #(x; € A) . We usually deal with processes that
are homogeneous (or stationary) and isotropic. A homoge-
neous process is the one whose distribution is invariant un-
der translation; that is, for an integer k and regions

ALA,, ... A, the joint distribution of N(4,), ..., N(4y) is

equal to the joint distribution of N(4; +y), ..., N(4x +y)
for an arbitrary vector y. An isotropic point process is the
one whose distribution is invariant under rotation. Fluids
(liquids and gases) are spatially homogeneous and isotropic.
Thus, the average properties of a fluid are invariant with
respect to spatially uniform translations through any vector
and with respect to arbitrary rotations about any axis [3].
An example of a homogeneous and isotropic point process
is the spatial Poisson process, as a model for an ideal gas,
referred to as complete spatial randomness (CSR), which is
characterized by the following properties



81

e The number of events in each region A,N(A) , follows a
Poisson distribution with mean A. |A|, where, |.| denotes
the area or volume in 2D or 3D, respectively.

e Given N(A) = n, the locations of the n events in A are
uniformly distributed, i.e. there is no interaction be-
tween the points.

The parameter 4, is the intensity of the process, which is
the average number of points per unit area or volume, de-
pending on the underlying mathematical space.

In the terminology of statistical mechanics, a CSR system is
called a "total disorder" or "unrelated™ system.

It is worth mentioning here that we have three main classes
of spatial point processes.

The homogeneous Poisson process is completely ran-
dom (uncorrelated), where a random point at any location
does not affect the presence or absence of points at other
locations. The inhibited (negatively correlated), where the
distances between points are typically larger than expected
for a CSR pattern of the same intensity, and the clustered
(positively correlated), where the distances between points
are typically smaller than expected for a CSR pattern of the
same intensity.

s e [N
& s <

Figure 1 Simulated pattern showing three classes of point
processes. From left to right: Poisson, inhibited and attrac-
tive patterns. All three patterns are in the unit square.

In other words, when examining the interaction energy of a
point pattern at different scales.

The interaction can be attractive or repulsive, depend-
ing on geometrical features. The null interaction is associ-
ated with the Poisson point process as a reference or
benchmark (see Fig. 1).

1.2 Basic Characteristics
Given a spatial point process, let dx and dy denote small

regions containing the points x and vy, respectively. The
(first-order) intensity function is defined as

_ E[N(dx)]
AG) = Idl;lcln—lm |dx| 1)
The second-order intensity function is
. E[N(dx)N(dy)]
= _— L - 2
L) = T Y] @

Note that for a homogeneous Poisson process with inten-
sity 4, A(x) = 4, 2,(x,y) = 1%

First-order characteristics, such as the intensity function,
consider points as individuals, without interaction, while
the second-order characteristics consider the interactions
between points.

For a homogeneous and isotropic spatial point process,
the intensity function is a constant equal to the expected
number of events per unit area

_EIN(A)]

M) =2 === 3)

and the second-order intensity is reduced to a function of
distance:

A2(x,y) = A (|lx = yI) = A2(7). 4
The pair correlation function is the normalized second-order
intensity function and is defined by:

Az (x4, %2)

CAYIEN) )

9(x1,%2) =

Again, for a homogeneous and isotropic spatial point pro-
cess g(x1,%z) = g([1x1 — x1) = g().

The pair correlation function contains information about
the short-range correlations. The pair correlation function is
a measure that tells us how the density of particles varies as
a function of distance from a reference particle. It gives us
the probability of finding a particle at a distance from an-
other particle relative to what we would expect if the parti-
cles were distributed according to the CSR process. For a
CSR process, g(r) = 1. If g(r) > 1, it means that the par-
ticles with distance r are more frequent than in CSR pro-
cess, which implies that the points tend to cluster relative to
a Poisson process with the same intensity function. Simi-
larly, if g(r) < 1, the particles with distance r are less fre-
guent than in the CSR process, which implies that the points
tend to epel relative to a Poisson process with the same in-
tensity function. The former parenthese from unity is a
measure of the order that becomes less and less present as it

increases

2 Importance of the pair correlation function

In a system of randomly dispersed particles, the p.c.f.
quantifies how other particles surround the particle of inter-
est. For example, as shown in Fig. 2, the p.c.f. has a constant
value at all radial distances for a rarefied gas with no internal
structure. In contrast, for a solid system in which molecules
are almost uniformly distributed, the pair correlation
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function has sharply peaked values at the positions of parti-
cles. It is close to zero at the positions where particles are
rarely found.

The p.c.f has almost the characteristics of the Dirac delta
function for a solid system [5].

The p.c.f. describes the interaction between pairs of par-
ticles contained within a given volume. For a homogeneous
and isotropically distributed system of particles, the proba-
bility of the interaction does not depend on the location or
orientation of the particles. In summary, for a system of
particles (atoms, molecules, colloids, etc.), the p.c.f. de-
scribes how the density varies as a function of distance from

g

0 r 0 r 0 ) r
Figure 2 Schematic representation of the p.c.f for different
materials. From left to right: liquid, gas and metal [4].

a reference particle. In simple terms, it measures the prob-
ability of finding a particle at a given distance of r away
from a given reference pparticle relative to that for an ideal
gas. Consider that the centers of a system of particles are
modelled using a homogeneous isotropic point process with
the intensity A, which is the average number of points per
unit volume. The p.c.f g(r) is given by [6]:

A g(r)dv,dv,
= P(two points of the process are located in
in the infinitesimal volume elements dV; and
dV, centered in two points at the distance r) (6)

Figs 3, 4 and 5 show the p.c.f. of the point patterns of
Fig. 1. The empirical functions (solid lines) deviate from the
theoretically expected value in these plots, assuming the
points are completely random (dashed lines).

To test whether the deviations in Figs 3,4 and 5 are sta-
tistically significant from what we expect under the CSR hy-
pothesis, the standard approach is to use a Monte Carlo test
based on envelopes of the p.c.f function obtained from sim-
ulated point patterns using the ‘spatstat’ package in the R
statistical software [7]. Fig. 6 shows pointwise 95% confi-
dence bands for the p.c.f. of the Poisson point

a(r)
1.0 12 1:3 14 35

0.9
1

0.8

0.05 0.10 0.15 0.20 0.25
Figure 3: The empirical p.c.f. (solid line) of the Poisson
point pattern of Fig. 1.
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Figure 4: The empirical p.c.f. (solid line) of the repulsive
point pattern of Fig. 1.

g(n
1.0 12 13 14 15

0.9
|

0.8

0.10 0.15 0.20 0.25

r

Figure 5: The empirical p.c.f. (solid line) of the attractive
point pattern of Fig. 1.
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the pattern in Fig.1. Solid lines represent the p.c.f. from Fig.
3. The shading indicates the envelope of values obtained
from 199 simulations of complete spatial randomness
(CSR). Dashed lines show the theoretical value of CSR. As
we see from the figure, the empirical p.c.f. deviations from
what we expect under CSR are not statistically significant at
the 0.05 level. In Fig. 4, p.c.f. is below the Poisson value,
g(r) <1, for distances r up to 0.07 units, then it rises
steeply to a value greater than the Poisson value, g(r) > 1 at
about r = 0.09 units, before falling back to about 1 for long
distances around 0.18. g (r) is zero for r < 0.05, because the
regular pattern in Fig. 1, has no interpoint distances shorter
than 0.05 units.

Fig. 7 shows the pointwise 95% confidence bands for the
p.c.f. of the regular point pattern in Fig. 1. It is clear that for
short distances up to r=0.07 we have a negative

20
1

1.5

g(r)
1.0

0.5

T T T T T
0.05 0.10 0.15 0.20 0.25

r

Figure 6: Pointwise 95% confidence bands for the p.c.f. in
Fig. 3.

correlation and for r>0.07, the deviation of the empirical
p.c.fs from the Poisson theoretical value, is not statistically
significant at the 0.05 level.

o
o

1.5

9(r
1.0

T T T T T
0.05 0.10 0.15 0.20 0.25
(3
Figure 7: Pointwise 95% confidence bands for the p.c.f. in
Fig.4.

Fig. 8 shows pointwise 95% confidence bands for the
p.c.f. of the regular point pattern in Fig. 5. Contrary to our
expectations, the envelopes here show that the deviations
are not significant. By inference, we would say that by look-
ing at the pattern in Fig. 1, the degree of clustering is not
observable at any scale compared to what we observe under
CSR.

3 Other characteristics defined based on p.c.f.

Two important characteristics, defined based on the
p.c.f., are given in what follows.

12 1.4

g(r)
1.0

0.10 0.15 0.20 0.256

r

Figure 8: Pointwise 95% confidence bands for the p.c.f. in
Fig. 5.

3.1 Radial distribution function

The position r; of the first maximum of g(r) gives the
average distance of the first nearest neighbors, and its width
characterizes the dispersion of the nearest neighbor dis-
tances. By definition, the number dN (r) of atoms contained
between two concentric shells of radius rand r + dr cen-
tered on an atom at the origin is

dN(r) = 4ndg(r)ridr (7
The radial distribution function (or r.d.f.) is defined as:

fr) =4ar2g(r). ®)

3.2 Coordination Number

The r.d.f. is a useful function for counting the number of
neighbors by integration. The average number of neighbors
around an atom, its coordination number N , is obtained by
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integrating Eq.(7) from 0 to R = 7y, the firstminimum of 9. J. D. Poll, S. Miller, J. Chem. Phys. 54 (2013)
g(r), 10. K. Koga, B. Widom, J. Chem. Phys. 11 (2013)
11. H. Wang, S. Torquato, J. Chem. Phys. 160 (2024)

Tmin

1\7=47r/1f re. )
0

Finally, it is worth mentioning that the potential energy
[8], [9], the Van Hove pair correlation function, and the
Kirkwood-Buff integral [10] are among the other properties
defined based on the p.c.f. The Fourier transform of the pair
correlation function is called the static structure function S;.
The structure function contains information about the aver-
age relative positions of the atoms. Recently, [11] offered
an approach based on the pair statistics of disordered parti-
cles, simplifying the inverse design of materials with desir-
able physical and chemical properties.

5. Conclusions

In this paper, we have reviewed the p.c.f., the well-
known second summary tool in the theory of spatial point
processes, to characterize the density variation as a function
of distance from a reference particle in a system of randomly
dispersed particles. Although it is defined for 2D and 3D
systems of particles, we need a lot of programming skills to
compute it in 3D. In the literature, some routines can be im-
plemented for its handling in 3D. For the sake of simplicity,
the 2D case has been considered in this paper.
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Abstract This paper investigates the spectrum theory of a
self-aligned InP/AlGalnP bilayer quantum dot laser fabri-
cated by organic-metallic vapour phase epitaxy. The dipole
size distribution of quantum dots (groups of small and large
quantum dots) has been identified in the fabrication process.
Therefore, a model based on song equations that considers
the superposition of two heterogeneous groups of quantum
dots has been proposed. The total output power and power
spectral density (PSD) of the fabricated quantum dot laser
at room temperature are determined theoretically. Also, the
output spectrum is divided into the sum of two Gaussian (su-
per-Gaussian) curves corresponding to the groups of small
and large quantum dots. Each group's peak power spectral
density (PSD) and spectral width are extracted, and their de-
pendence on the injection current density is investigated.
The results show that the peak corresponding to large quan-
tum dots dominates at low currents, while at high currents,
the peak corresponding to small quantum dots dominates,
and its spectral width decreases. This behaviour is attributed
to the saturation of energy levels of large quantum dots due
to their relatively long radiative lifetimes.

1 Introduction

The emergence of quantum dot (QD) lasers in the late
80s marked a revolution in optics and photonics and at-
tracted the attention of scientists in universities and indus-
tries. The inherent advantages of these lasers over traditional
quantum well lasers have made them ideal options for a
wide range of applications. The key feature of many of these
lasers that distinguishes them from other lasers is the low
threshold current that causes them to require less energy to
start operation, resulting in better consumption and higher
efficiency [1]. Discrete energy levels cause the electrons to
be trapped in these discrete levels and increase the perfor-
mance and stability of the laser significantly [2]. They work
more effectively at higher temperatures than quantum well
lasers, making them more suitable for challenging applica-
tions and high-pressure environments [3]. Another feature
of these lasers is the narrow emission lines that cause them
to emit light with a very precise wavelength and produce a
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purer colour with a broader bandwidth [4]. Significant pro-
gress in the growth of self-organizing nanostructures with
small sizes is the turning point of these lasers, which enables
the production of lasers with arbitrary wavelengths [5]. This
spectral performance enables high-bandwidth data trans-
mission with visible light, revolutionizing next-generation
communications. Another feature of QD lasers is their
higher precision and sensitivity in making optical sensors
that can be used in medical, military, and measurement im-
aging applications. Temperatures are used [6] and are also a
key component for the development of quantum computers
and other quantum technologies in the future [7]. Red-wave-
length quantum dot (QD) lasers made of InP implanted on a
GalnP base have a dual dot size distribution (small and large
quantum dots) [8]. This effect is related to the roughness an-
gle of the substrate and different growth conditions such as
surface diffusion, growth temperature, and growth rate. Due
to the limitations of the jump between the barrier band and
the energy levels, the expected stability threshold of the la-
ser decreases with increasing temperature. As a result, alu-
minium (Al) is added to the barrier material to reduce the
possibility of thermal escape of charge carriers and, as a re-
sult, confinement of point charge carriers. Quantum in-
creases [9]. The amount of aluminium is adjusted according
to what was suggested in [10] to reach the optimum compo-
sition of InP implanted in the (Al0.1Ga)0.51InP barrier [11].
Although the difference between the ground state and the
first excited state is small, 13 nm, the gain is nevertheless
limited by the low dot density and poor optical confinement
factor. To overcome this challenge, a solution based on the
vertical arrangement of QD layers has been proposed, which
offers several advantages, including higher gain [12], the
possibility of ground state emission, and a higher gain satu-
ration limit [13]. By increasing the number of stacked lay-
ers, a shift towards red wavelengths is observed in the laser
[14]. In addition, overlapping layers lead to increased exter-
nal efficiency [15]. In [16], two InP layers in
(Al0.1Ga)0.51InP barriers with a spacer thickness of 6 nm
have been achieved with a pure mode efficiency of 68.5%
compared to 43.7% for a single layer [17], and the change
in wavelength between the peaks The two groups of QDs
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(small and large) are about 45 nm. Therefore, modelling
these important effects using song equations is necessary to
fully understand the optical properties of lasers. This paper
presents a theoretical model based on experimental data for
InP/(Al0.1Ga)0.51InP double-layer quantum dot lasers with
a 4 nm spacer fabricated by metal-organic vapor phase epi-
taxy [18]. The proposed model is based on the song equa-
tions and considering the combination of two heterogeneous
groups of quantum dots (small and large) that are formed
during the construction, the output spectrum is divided into
the sum of two Gaussian curves belonging to the small and
large QD groups. The peak power spectral density (PSD)
and spectral width of each group in the output spectrum are
extracted, and their dependence on the injection current den-
sity is analyzed. This model is the first model for the binary
size distribution of QD InP laser systems. The organization
of the structure of this article includes an introduction of the
QD multi-mode rate equation model, an experimental
model, a discussion about theoretical results, and compari-
son with the experimental model, and a conclusion.

2 Modeling of the rate equation

This model is based on considering two types of hetero-
geneity in the system. The first type is the inhomogeneity
between small and large groups of quantum dots, which was
observed in the atomic force microscope (AFM) images in
sources [19] and [20]. The second type is heterogeneity
within each group due to size variations around the standard
QD size. It is assumed that all quantum dots are spatially
separated and the two QD layers do not interfere with each
other so that the output of the laser system is the sum of their
outputs. The presence of two layers results in a larger num-
ber of QDs and, consequently, a higher gain. The neutrality
of the QD is maintained by trapping only electron-hole pairs
with equal lifetimes. The principle of Pauli exclusion and
spin degeneracy is respected in the calculations. The sys-
tem's operation starts with injecting pulsed current source
carriers into the coating layer. The carriers then move to the
active region, releasing them from the barrier through the
wet layer. Finally, the carriers are trapped at the highest en-
ergy level inside each QD and can then escape to lower en-
ergy levels. The number of energy levels and their energy
separation depends on the QD size. For example, a large QD
has multiple energy levels with little energy difference. On
the contrary, the small size of the QD leads to a smaller
number of energy levels with a greater distance between
them. The presented model assumes that all the carriers in-
jected by the pulsed current source reach the wet layer, the
lowest energy level, and the ground state inside each QD is
considered. The energy level of the wet layer (E2) and the
ground state energy levels of the two QD groups are (E15,
and E1Y), referring to the small and large groups; the wet
layer collects carriers with an average injection rate that is
similar to the effective current of the pulsed current source.
When the carrier reaches the ground state, carrier-photon in-
teractions occur through the gain-excited process (gmS,

gmb). The numerical model is based on the solution of the
photon-carrier rate equations in the framework of the model
of the main equations of carrier dynamics. Fig. 1 shows the
proposed model.
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Figure 1 Carrier dynamics model with energy levels and
wet layer of quantum dot laser.

The propagation equations of the input signal take an ex-
ponential form in each section to amplify the signal through
the cavity length, which is as follows. For more details on
equations and the introduction of parameters, see [15].
Therefore, the numerical solution of the rate equations with
the fourth-order Runge—Kutta method is used in each sec-
tion for all cavity modes to evaluate the spectrum in the QD
laser. rate equations are solved numerically in this section
with MATLAB software, and ode45 code was used for this
analysis. Some parameters used in the calculations are listed
in Tab. 1.

Table 1 Parameters which are used in the calculation and
simulation

Parameter Symbol Value
Active region length [L] 1200 um
Active region width (W] 1.50 um
Band gap [Eg] 0.08eV
Central transition en- [Ejf] 0.9493eV
ergy of GS
Central transition en- [Em] 1.0221eV
ergy of ES1
Number of QDs lay- [N1] 10
ers
Optical confinement [T] 0.1
factor
Carrier recombina- [zr] Ins
tion lifetimes in dots
Carrier recombina- [towr] 0.4ns
tion lifetimes in WL
Temperature [T] 295K
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Tpn IS the photon lifetime in the cavity. The overall optical
gain is given by the following equation:

, 2me?h < R, >
ImL =

N
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X (Em — Ej) ®)

S0, GaAs:Zn 200 nm
GalnP:Zn 50nm

AllnP:Zn 1000 nm

Al,,GalnP 150 nm

Al,,GalnP  150nm

AlinP:Si 1000 nm

GalnP:Si 50nm

GaAs:Si  Substrate
6° towards [111]A

Figure 3 Schematic drawing of the test structures (not to scale):
(a) Epitaxial layers designed for a 660 nm emitting InP/AI-
GalnP QD broad area laser. (b) Measured structure of the opti-
cal gain and absorption spectra with segmented contact sec-
tions. S1: segment 1, S2: segment 2, Passive segments: the long
enough segment sections to avoid the reflected light.

The homogeneous broadening of the induced emission pro-
cess with the Lorentzian function is given as follows.

hl“c,,'j/n
(Em - Ej)z + (hrcv,j)z

Bcv,j(Em - E]) = (6)

hl,, ; is the FWHM (full width at half maximum) of the ho-
mogeneous broadening in each energy state. The inhomoge-
neous spread with Gaussian distribution function is given
below:

Gf(Ej — Ej") =

exp|— (E; — Ef)? /24| @

1
J2me,

3 Experimental model

The investigated QD laser structure was grown by metal-
organic vapour-phase epitaxy (MOVPE) on a Si-doped
(100)-GaAs substrate with a misorientation of 6° toward the
[111]a direction. An AlIX-200 horizontal reactor was used
for the epitaxial growth with standard precursors (trimethy|-
gallium, trimethylindium, trimethylaluminium, arsine, and
phosphine), at a high temperature of 710° C and a reactor
pressure of 100 mbar to achieve a high density of QDs. As
shown in Fig. 2(a), from bottom to top, the laser structure
consists of a 100-nm-thick GaAs: Si buffer layer, followed
by a 50-nm-thick Ga 0.52 In 0.48 P: Si intermediate layer
and a 1000-nm thick Al0.52 In 0.48 P: Si optical confine-
ment layer (OCL). Afterwards, a single sheet of 2.1 mono-
layers (ML) self-assembled InP QDs were grown in the
Stranski-Krastanow (S-K) mode and placed in the centre of
the 2 x 10 nm undoped Al0.10 GalnP barriers. The barrier
layers were carefully adapted to be lattice-matched to GaAs.
The entire active region was surrounded by 2 x 150 nm un-
doped Al0.55 GalnP waveguide layers to form the separated
confinement structure (SCH) and get the highest optical
confinement factor in the vertical direction. The p-side has
a structure similar to the n-side, while the dopant was
changed to zinc. The layers were finally capped by a 200-
nm-thick heavily doped GaAs: Zn layer to form an ohmic
contact with low resistance. For the processing of broad-
area lasers, a 100-um-wide stripe contact layer of GaAs: Zn
was first formed by photolithography and wet chemical
etching to reduce the current spreading in the lateral direc-
tion. After depositing a SiO; insulation layer, Pd/Au layers
were metalized on top to form the p contact. To reduce the
thermal effect, the substrate was polished down to about 130
um, followed by depositing the Cr/Au-based n-contact on
the substrate backside. Afterwards, the sample was pro-
cessed into the Fabry-Perot (FP) lasers by cleaving the fac-
ets with different cavity lengths between 0.55 and 2.24 mm.
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The segmented contact method described in [21] was uti-

6 60
z £
sS4 540
g 8
s | s
Q2 [a]
Q2 J 220
Q. ¢/,

%,
0 0
650 700 750 800 650 700 750 800
Wavelength (nm) Wavelength (nm)
(@) (b)

30
=
3520
£
&
o
2 10 )
a

AP | LR A,

862 664 666 668 670 650 700 750 800
Wavelength (nm) Wavelength (nm)
()
Figure 4 PSD versus wavelength for different current densi-
ties.

lized to measure the optical gain and absorption spectra by
analyzing the amplified spontaneous emission (ASE) as a
function of the contact stripe length. To implement this
method, the p-contact of the gain-tested sample, as repre-
sented in Fig. 2(b), was separated into 300-pm-long seg-
ments with a gap of 5 um in between, while the segment
width remained 100 um. All the cleaved facets of the test
samples were uncoated. The samples were measured on the
brass heatsink controlled by a temperature controller, and
the current application was done using an Au-coated tung-
sten probe. The measurements were operated under the
pulsed current driven with a duration of 300 ns and a duty
cycle of 0.15% to avoid the self-heating effect.

This section presents the results of the experimental
study on the InP/AlIGalnP bilayer quantum dot laser chip at
room temperature. These results are taken from [15] and
[21]. Fig. 3 shows the relationship between the average out-
put power of the InP/AlGalnP bilayer quantum dot laser and
the average injected current density for three different duty
cycles (0.075%, 0.1% and 0.15%) at room temperature. Fig.
4 shows the laser output spectrum for different average in-
jection current densities and duty cycle of 0.1%. The reso-
lution of the spectrometer analyzer is set to 50 picometers in
figs (c4) and 2 nm for the other figures. Also, the infor-
mation extracted from Gaussian fitting for groups of small
and large quantum dots against the average current density
is shown in Figs (5a) and (5b). These observations can be
explained as follows. In the first region, where large quan-
tum dots dominate the spectrum, the small energy separation
of the excited states for the group of quantum dots facilitates
carriers' transition from the wet layer to the ground state in
a shorter time than for small quantum dots. However, in the
second and third regions, as shown in Fig. 3a, small quan-
tum dots dominate and emit lasers, while large quantum dots
are saturated. This is due to the higher mode gain of small
guantum dots compared to larger dots [22]. Even at low in-
jected current density, the luminescence of large quantum

dots saturates, and the overall spectrum shifts to shorter
wavelengths (Fig. 4a). This behavior is due to the filling
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Figure 5 Data extraction for small and large QD groups
from Gaussian fitting versus average current density. a. The
peak amplitude of the Gaussian PSD. b. Gaussian spectral
width.
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Figure 6 PSD in terms of wavelength for experimental data
(dotted black) and simulation results (blue) at three differ-
ent current densities.

of the ground state due to the weak overlap of wave func-
tions between electrons and holes, which leads to long life-
times of charge carriers. Charge carriers in small quantum
dots show a stronger overlap of wave functions and there-
fore recombine much faster, leading to Higher emission in-
tensities in higher energy spectral range.

4 Comparison of modeling results with experimental
results

Research has shown that smaller quantum dots have only
one bound energy level for electrons, while larger quantum
dots have at least two levels. This leads to faster trapping
times for larger quantum dots with significant ground state
filling. As mentioned above, recombination occurs faster in
small quantum dots due to stronger overlapping of wave
functions, so the radiative lifetime for small quantum dots is
set to smaller values than larger dots. Fig. (5) is used for the
extracted spectral width and central wavelength values.
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Figs (a6) to (c6) show the power spectral density in
terms of wavelength obtained from model simulation and
experimental data for three different average injection cur-
rent densities. These figures show the transition between the
three regions discussed earlier. The error percentage of the
experimental and theoretical results is around 1.5 to 10%.
Therefore, a good overall agreement was obtained between
the theoretical and experimental results for different mean
current densities.

5 Conclusion

This research presented the experimental and theoretical
investigation of a double-layer quantum dot laser with the
superposition of small and large quantum dots. Also, the di-
pole size distribution of quantum dots in InP lasers was pre-
sented for the first time. We showed that small quantum dots
have the greatest effect on laser performance. they had. A
two-peak Gaussian fitting model was applied to the data to
extract the central emission wavelengths and the percentage
contribution of small and large quantum dots in the emis-
sion. It is shown that small quantum dots dominate and emit
lasers, while large quantum dots saturate. This is due to the
higher mode gain of small quantum dots compared to larger
dots. The theoretical model described this phenomenon as
the superposition of two groups of heterogeneous quantum
dots. The simulation results were compared with the exper-
imental data, and the error percentage was obtained in the
range of 1.5% to 10%, indicating a good agreement.
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Abstract We present optical instabilities in a micro-ring res-
onator filled with media that includes quantum inference
effects. The quantum interference effects we consider is a
three-level atomic media whose levels are coupled by two
laser beams under the A-type configuration. Under fast re-
sponse conditions, we obtain optical instabilities in an all-
optical bistable system and study the dynamics of the in-
stability in the regime gain without inversion, which is due
to the existence of the Hopf instability in the lower branch
of homogeneous stationary state solutions. We also investi-
gated the dynamics of the system under the scan of the con-
trol parameter adiabatically, where the temporal oscillations
of the intensity are period one, and the phase space of the
field is a limit cycle.

1 Introduction

Dynamic behaviour of Optical instability in atom res-
onator coupled systems has been studied extensively over
four decades, particularly in the context of lasers and opti-
cal bistability [1-6]. The all-optical bistability (AOB) phe-
nomenon fundamentally affects the cooperative dynamics
between atoms and the field. The motivation for the AOB
of two-level atoms primarily stems from its prospective ap-
plications in all-optical switching, essential for progresses
in all-optical communication and computing technologies.
Furthermore, AOB elucidates various quantum optical phe-
nomena such as optical instabilities, self oscillations, and
chaotic behaviour [7]. Effects of single-mode dynamical in-
stability in a two-level AOB system were first explored in
the framework of a plane-wave model. This analysis was
subsequently extended to the Gaussian field model address-
ing its experimental feasibility [8]. Numerous studies have
explored the interactions of three-level atomic configura-
tion patterns and multi-mode fields that lead to chaotic be-
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haviour. Savage et al. [9] investigated the possibilities of
tri- and quadra-stability alongside the phenomena of self-
pulsing and optical turbulence. Similarly, Grangier et al. [10]
focused on optical bistability within the dispersive regime
and illustrated how chaos can emerge at elevated intensi-
ties of the field. Additionally, chaotic behavior has been ob-
served in the A configuration pattern of a three-level atomic
system where feedback is exclusively applied to the probe
field; detuning of the coupling field is employed to induce
chaos at higher input intensities [11]. Extensive research has
been conducted on cooperative effects and investigating non-
linear dynamical characteristics, including self oscillating
and pulsing, instabilities, and chaotic behaviour [12].

The coherent manipulation of quantum states in at-oms
and molecules through the coherent light of a laser can give
rise to quantum interference in the probability amplitudes of
the wave function in transition pathways induced by opti-
cal excitation [13]. Quantum interfer-ence and quantum co-
herence in an atomic system can give rise to numerous sig-
nificant optical phenomena, such as electromagnetically in-
duced transparency (EIT) [13-16], optical bistability (OB)
[17], stimulated Raman adiabatic passage (STIRAP) [18],
enhanced index of refraction [19], lasing without inversion
[20, 21], etc., were also studied in recent years.

Dynamic of Optical instability, in media that includes
quantum inference effects confined in a ring resonator holds
substantial theoretical and experimental significance. Inves-
tigations on the spatio-temporal dynamics of cavities under
such quantum interference effects in 3-level systems began
by the Gian-Luca Oppo and were later extended to many
important investigations in 2D and 1D [22-26]. These stud-
ies considered A atomic configuration to realize coherent
population trapping and EIT, where many novel phenomena
were discovered, yet many other related topics remain to be
investigated. However, the nonlinear dynamics of temporal
to researchers [27, 28].
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Figure 1: (a) The A coupling pattern of three-level atomic media
that interact with the two coherent fields having amplitudes E; and E»
at frequencies ®; and m,, respectively, and A; and A, the respective
detuning parameters. (b) A schematic of the micro-ring resonator con-
figuration within pump P and E; as input fields, and E as circulating
field, filled with media that includes the A atomic coupling model with
the ground, metastable, and excited states |1), |2}, and |3) respectively.

The current study aims to present the instabilities of bi-
stable optical systems in a micro-ring resonator filled with
media that includes quantum interference effects. The quan-
tum interference effect we consider is a three-level atomic
media whose levels are coupled by two laser beams un-
der the A-type coupling pattern. We have identified and ex-
plored three regimes of operation depending on the popula-
tion decay rate of level |2) to level |1) and the ratio of the
driving field amplitudes: 1) gain without inversion (this is
similar to lasing without inversion), 2) gain with inversion,
and 3) inversion without gain. The dynamics of temporal
oscillations of the field, which circulates in a resonator, is
the focus of our interest. These oscillations arise from the
nonlinear reaction of three-level atomic media to the driving
fields in the micro-ring resonator in the mean-field limit.

2 Theoretical Model

An alternative promising configuration whose temporal
dynamics under the fast response condition in a cavity is
not studied is the A system, where a single excited upper
level (3) is coupled to two lower levels (ground state (1) and
meta-stable state (2)). The atomic configuration of interest
is shown in Fig. (1.a) and that of the micro-ring resonator
containing such medium in Fig. (1.b).

2.1 Interaction Hamiltonian and density matrix

We focus on the A coupling pattern of a three level ato-mic
system excited by two coherent laser lights with driving fre-
quencies w; and @, as demonstrated in Fig. (1.a). In this
study, we employ the semiclassical approach in which the
creation and annihilation operators, known as fermion op-
erators, act on an electron at the discrete atomic states. The
levels coupled by the driving fields exhibit dipole-allowed

transitions; however, the transition from |1) to |2) is dipole-
forbidden due to the parity selection rule.

The Hamiltonian that describes the interaction of a three-
level atomic configuration, selected from an infinite number
of possible levels of an atomic mixed state, with two coher-
ent laser fields treated as classical sources in the rotating-
wave approximation, is formulated by appropriately adapt-
ing the Hamiltonian of a typical two-level atom-field inter-
action [29] to the present problem, as follows:

3
H = Z Siaja,- + hgi (a;ral e ' 4 alra3e""1’)
i=1
+hgy (agazefi“’z’ +a;a3ei“’2’> (1)

Here, & (i = 1,2,3) are the eigenenergies of the discrete
atomic states, g; and g, are the Rabi frequencies of the cou-
pling fields E; and E, and @, = |i) and a; = (i| (i = 1,2,3) are
electron creation and annihilation operators, respectively.

We note that excitation (de-excitation) of an electron
to (from) level |3), corresponding to its creation (removal)
in (from) that state, can happen through two routes: |1) +»
|3) and |2) <+ |3). The full master equation, containing re-
versible and irreversible parts following the Liouville-von
Neumann equation in the interaction picture, can be written
as follows:

ap i
FIen —ﬁ[%ﬁp]+/\07 2

where

G = hg (agaleﬂAll —l—a11ka3e’A1’)

+hgo (agaze_mz’ + a;a3em2’) , 3)

and the material detunings are defined as A} = @; — @3 and
Ay = my — w3, with @31 and @s; representing the atomic
transition frequencies. Effects of spontaneous emission and
complex rate constants are described by A,, where the pop-
ulation transition rates between levels i and j are represented
by W;; and polarization decay rates by ¥;;.

Following the phenomenological approach, and noting
that for the three-level case there is more than a single route
for a population of a level to change due to spontaneous
emission, the density matrix elements, i.e., p;; as defined in
Eqg. (2), contain complex unambiguous time-dependent ex-
ponential terms. These can be eliminated using the follow-
ing transformation:
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Rii = pii (4a)
Ri3 = pize " (4b)
Ry3 = pyze ™! (4¢c)
Rip = pae” 41742 (4d)

where R;; denotes the transformed elements of the equation
of motion. This simplification significantly improves our ca-
pacity to analyze and interpret the behavior of the system. It
should be observed that damping rates for coherence terms
follow the relation

1
72 (u/lk+W]k) )

22 ®)

Yij =

where the downward population decay rates W;; (with i >
J) describe the spontaneous decay rate of the excited state.
In contrast, excitations from a stable and metastable state
to an excited state due to collisional processes have been
effectively disregarded, as the energy separations between
the levels are significantly greater than k7 [30]. Based on
this, we arrive at the following expressions:

1 W-
N2=3 (Wi + Wiz + Wy +Waz) & %7 (6)
1 W31 + W
N3 =3 (Wia+ Wiz +Wa +Wsp) & ¥7 (N
ro O 0 O
0 0 0 2
A Y2 —g 0
Yz A2 0 g
M =
0 g mn3 O
-8 0 0 73
0 g1 0 0
Lgr 0 0 O
and
I=0 0 0 0 0 g 0 0, (12)

1
3 =3 (Wai + Waz + W31 + Way)
Wo1 + W3 +W-
W 231 2 )
Y= (o2 Bro- 13- Pi3- 03 Boz - Roo - R3)T, )

Eq. (2) leads to 8 linear time-independent equations for
the transformed elements of the equation of motion R;; in
the form of ;% = MW + I. At steady state, we have:

(—282)B23 — WaiRa2 + W3aR33 =0, (10.2)
(281)B13 + (282) B2z — (Wa1 +Wa2)R33 = 0, (10.b)
(A1 —A2)oua + 11212 — g203 + 810023 =0, (10.c)
V12002 + (A2 — A1) B2+ 2213 + 81823 =0, (10.d)
g2B12+n3ou3 — A1 fi13 =0, (10.)
— g0 +A10u3+ 1313+ g1Rn +2g1R3z = g1, (10.9)
81812 — 123003 + A2 a3 = 0, (10.g)
81012 — A2 03 — Y2323 + g2R22 — §2R33 =0, (10.h)

where @;; and f3;; are the real and imaginary parts of R;;.
Steady-state solutions can be obtained by considering Rj; =
1—Ry —Rs3, Rij = R;i’ W31 =1, and A; = 0, in the form
of MY = —I, through the coefficient matrix method, where:

0 —2g —Wy Wz ]

0 2¢ 0 —(Wn+l)

81 0 0 0

0 & 0 0

0 0 0 0 an
0 0 g 281
-3 4 0 0

A —13 & -8

where the dispersion (@;;) and absorption (B ) coefficients
are given in the Appendix. Note that all the parameters in
our calculations have been normalized to 7.
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2.2 Main Model

The schematic of the micro-ring resonator, in which me-
dia that includes quantum interference effects is confined, is
displayed in Fig. (1.b). The resonator has two inputs: one at
the top from a straight waveguide and the other at the bottom
of the ring. The quantum interference effects we consider in-
volve a three-level atomic medium whose levels are coupled
by two laser beams under the A-type coupling pattern, as il-
lustrated schematically in Fig. (1.a) with decay mechanisms.
States |1) and |2) are the ground and metastable states, re-
spectively, while state |3) is an excited state. The transitions
|1) —|3) and |2) — |3) have opposite parity, while |1) — |2)
has the same parity.

The maser field E circulates within the ring resonator,
externally pumped by a continuous wave (CW) source pro-
portional to P, and couples the metastable state |2) and the
excited state |3). The pump field is coupled to the resonator
from the top of the ring in Fig. (1.b), and after light-matter
interaction, it propagates as field E. The micro-ring resonator,
schematically shown in Fig. (1.b), is designed to keep the
field E inside the resonator, repeating the light-matter in-
teraction after each round trip of a photon along the ring.
Meanwhile, the field Ej, after coupling the ground and ex-
cited states under a technique, is directed out of the resonator
and does not circulate along the ring. This technique is effec-
tive when the field E is prepared with polarization opposite
to that of field E.

Identifying the field that should circulate within the ring
and the field that must exit without circulating relies on the
beam splitter embedded within the micro-ring resonator, in-
dicated by the black lines at the ring’s bottom in Fig. (1.b).
Due to the significant frequency difference between E and
E; [refer to Fig. (1.a)], they do not significantly influence
each other, allowing any minor effects to be disregarded.

In the case where the response of the atomic medium is
faster than the micro-resonator lifetime (fast-response con-
dition) and in the anomalous dispersion regime, the dynam-
ics of the beam propagating in such a resonator are described
in the mean-field limit with the Lugiato-Lefever equation
(LLE) [31]:

OGE =P —(14+i0)E + (2C)iRy3 + iV’E, (13)
where 0, represents the slow time over multiple round trips
within the resonator. P denotes the amplitude of the input
pump and is a fraction of field E, and 0 indicates the de-
tuning between the cavity resonant frequency and input fre-
quency, which we use as the control parameter in our simu-
lations. The transverse diffraction of the master field in two
dimensions is described using the Laplacian. Finally, 2C de-
scribes the cooperativity parameter of the light-matter inter-
action, given by

~ Nu*kL

2C =
2hyeeT’

(14)

where U represents the transition dipole moment, k denotes
the field wave number, L is the resonator length, y describes
the atomic linewidth, & indicates the permittivity of free
space, and T is the resonator transmissivity. Every physi-
cal parameter in Eq. (13) has been scaled through appropri-
ate normalizations, per standard methods for operating the
mean-field or LLE model [31].

Details of the spatio-temporal dynamics of such a model
are provided in Refs. [23, 25]. In this work, we ignore any
spatial dependence of the field within the resonator; in fact,
we consider the classical field circulating inside the ring res-
onator to be homogeneous and ignore the transverse diffrac-
tion of the field, setting the diffraction operator in Eq. (13)
to V2 = 0. This reduction simplifies the system’s dynamics
from spatio-temporal to temporal, allowing us to investigate
the evolution of temporal oscillations and optical instabili-
ties as the detuning 6 is varied as a control parameter.

We focus on the evolution of the driving field coupling
states |3) — |2) [see Fig. (1.a)]. We also consider a fast
medium where the atomic variables (level populations and
coherences) quickly relax to their stationary values. This al-
lows light propagating through the medium to experience
absorption (gain) and refraction characterized by the den-
sity matrix element R,3. We utilize the expression for Ry3
(see Appendix) for the nonlinear response in the ring res-
onator, where the dynamics of the field E are described by
the mean-field equation.

As mentioned above, our goal is to study optical insta-
bilities in an all-optical bistable system. To do this, we first
need to find homogeneous stationary solutions (HSS) de-
rived from Eq. (13) by setting d; = 0 and V> = 0:

PP = [(1+2Chn(;¢))2+(6—2CRe(%))2 E>,  A5)

where Re(y) and Im() are the real and imaginary parts of
the electric susceptibility in R, (see Appendix). We also set
2C = 30 and use the resonator detuning 6 as the control pa-
rameter of the atom-field-resonator system, as is commonly
done in experiments. The values of Ay, W3y, Wh1, P, and E|
will be chosen based on the regime of interest later.

In our simulations, we employed the second order Runge
Kutta algorithm to integrate Eq. (13) self consistently with-
out the diffraction operator. We must highlight that we in-
corporated the coherence term (off-diagonal density matrix
element) into the mean field using steady-state solutions (see
Appendix).
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3 Results and Discussion

As shown schematically in Fig. (1.a), we are interested
in the evolution of the driving field coupling states |2) — |3)
(denoted as E) with the Rabi frequency g,. One of the fasci-
nating predictions from [30] regarding A and = atomic con-
figurations is the amplification of a weak probe field across
a broad frequency ranges of the absorption feature. In this
study, the three-level atoms play the role of active medium.
This occurs when the dressed atomic states are driven to-
wards an inverted state, which necessitates fulfilling the con-
dition [30].

. —R, —Ry-Ry —Ru-R,
a0s]
e ]
1)
T
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Population inversion
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Figure 2: The electric susceptibility and Population inver-
sion in the two allowed transitions and population of the
exited state versus the material detuning. (a, b) gain in the
presence of inversion W = 0.5, W3, =0.1, E; =4, E =1,
(c, d) gain in absence of inversion with W1 = 0.5, W3, =0.1,
E, =FE =1 and (e, f) inversion without gain W>; = 0,
Wi, =0.1,E,=E=1.

The findings from [30] regarding A and = atomic con-
figurations highlight the amplification of a weak probe field
across a broad frequency range of the absorption feature.
In this study, the three-level atoms function as the active

medium. This amplification occurs when the dressed atomic
states are driven towards an inverted state, which necessi-
tates fulfilling the condition [30]:

E\2
(&)

This phenomenon significantly differs from what is typi-
cally observed in two-level systems. Firstly, two-level atoms
generate gain rather than absorption in response to a probe,
but only within specific frequency ranges. Secondly, it in-
volves a parametric energy transfer from the pump to the
probe, mediated by atomic susceptibility. On the other hand,
for the three-level system, the gain arises from an inversion
state between the levels of the excited atoms.

Based on condition (12), as shown in Fig. 2, we have
identified and explored three regimes of operation depend-
ing on the population decay rate of level |2) to level |1) and
the ratio of the driving field amplitudes:

Wa1 — W3

12
1+ Wy (12)

i) Gain with population inversion in the |2) — |3) transi-
tion,
ii) Gain without population inversion (this is similar to las-
ing without inversion),
iii) Population inversion without gain.

Fig. 2 shows the steady-state solutions for absorption,
dispersion profile, and population inversion along A;. If we
follow condition (12), then gain (B3 < 0) is achievable in
the presence of population inversion (R33 — Ry > 0 & R33 —
R11 > 0) [refer to Figs (2.a) and (2.b)]. However, if we relax
the strict condition of Eq. (12) when choosing the strength
of the driving fields, we arrive at a situation where popula-
tion inversion (R33 — Ry < 0 & R33 — Ry < 0) is reversed
around the resonance while gain (B3 < 0) is still estab-
lished. In Figs (2.c) and (2.d), we have chosen equal val-
ues for the driving fields E; = E; = | while keeping the
other parameters the same as in Figs (2.a) and (2.b). It is
observed that around the resonance of the |2) — |3) tran-
sition, population inversion is absent but is obtained every-
where when A, moves far from resonance. The next regime,
shown in Figs (2.e) and (2.1), is realized when no population
decay is allowed from level |2) to level |1) (i.e., Wo; = 0).
In this case, gain is removed everywhere while population
inversion can still be obtained far from the resonance of
the |3) — |2) transition, a phenomenon that has been ex-
tensively studied. This also represents the “Raman transi-
tion,” the result of which is coherent population trapping,
and is realized when the population decay rate of level |2) to
level |1) is considered zero (W, = 0). In Fig. 3, the homoge-
neous stationary states (HSS) evolve with cavity detuning 0
at the maximum gain, i.e., A = 0.467, according to Eq. (15),
where a clear bistability is seen for negative cavity detuning
values. In this study, our results are based on the values of
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Figure 3: Bistability of the HSS in terms of cavity detun-
ing. Parameter values are similar to Figs (2.c) and (2.d) with
Ay =0.467.

the parameters in the regime of gain without inversion, sim-
ilar to lasing without inversion. As mentioned, we keep A,
in the region where no inversion is expected while the gain
is close to its maximum value. A wide bistability is obtained
for the HSS solutions. The stable and unstable branches of
The solutions are clearly defined. At 8 = —2.462, the sys-
tem switches from the lower branch to the upper branch, and
at 6 = —0.425 from the upper branch to the lower branch of
the bistable diagram, or vice versa, so the bistable threshold
is in the form of —2.462 < 6 < —0.425.

182
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1.56

1.54

f“_1 .
S §=-2.462
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1.48
1.48
1.44 o
1.42 T T
10 -5 1] 5 10

Figure 4: Field intensity, under the adiabatic scan of the res-
onator detuning. The parameter values in this figure are sim-
ilar to those in Fig. 3.

In Fig. 4, we simulated the time-dependent field £ based
on Eq. (14) and kept the parameter values similar to Figs (3.c)
and (3.d); we started the simulation from noise under the
adiabatic scan —10 < 8 < 10. The simulation result and the
homogeneous stationary solutions coincide and show a clear
range for the bistable threshold and self-pulsing solutions.

During the scan of the control parameter, only a period-one
path for the field intensity appears, which is representative
of the limit cycle. This oscillation disappears at the bistable
threshold, which is due to the absence of Hopf instability in
the upper branch of the HSS solutions.

()

L] 4 2 (] 2 - - ] A0 o)
(b)

Figure 5: (a) Time trace, and (b) The limit cycle continua-
tion from the Hopf (H) point at the very onset of instability
on the lower branch of the OB curve shown in Fig. 3. Pa-
rameter values are similar to Fig. 3.

Figs (5.a) and (5.b) show the intensity-time and phase
space of the field, respectively. From Fig. (5.a), it is con-
cluded that from negative and positive values of 0, the os-
cillation frequency decreases and increases, respectively, at
the bistable threshold due to moving away from the Hopf
instability point in the lower branch. Fig. (5.b) shows the
phase space of the complex field, which illustrates the limit
cycles in the range of —10 < 0 < 10, where the radius of
the cycles increases as the bistable threshold is approached,
indicating an increase in the amplitude of oscillations in this
range.

Bistability for input (P) and output (Ejs) field intensities
is shown in Fig. 6. Under a certain value of the input field, by
increasing or decreasing 6 as a control parameter, the output
field increases and decreases respectively. The boundary of
these changes is the bistable threshold of Fig. 3, which is
the same interpretation for the other side. Thus, by reducing
or increasing 6, the output intensity value can be controlled
under the input intensity.
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Figure 6: Bistability in the input and output intensities with
6 = —2.462 as a boundary condition. Other parameter val-
ues in this figure are similar to those in Fig. 3.

4 Conclusions

Our results indicate that the intensity of the output field
from the micro-ring resonator, influenced by quantum in-
terference effects, exhibits oscillations if the fields used to
couple the atomic levels are considered continuous waves
(CW). This behavior arises from the Hopf instability in the
lower branch of the bistable dia-gram, attributed to the gain
present in this regime. We identified a single type of peri-
odic solution (one-periodic with a limit cycle) in the system
dynamics, as we considered a fast medium where the atomic
varia-bles (level populations and coherences) quickly relax
to their stationary values, facilitating the propagation of light
through the medium. Notably, we demonstrated a system
with self-oscillating dynamics by exploring the gain regime
without population inversion, which allows for utilization

in all-optical communication and cir-cuits. Furthermore, we
provide evidence that the output intensity of the resonator
can be controlled by adjusting the resonator detuning.
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Appendix

It should be mentioned that off-diagonal variables being
complex are written in the following form:

Ry3 = 03+ ifo3, (A1)
Ri3 = a3 +ipis3, (A2)
Riy = app+ipi2, (A3)

which are proportional to the field amplitude E| and E via
[29]:

Rz = xn3E, (A4)

Ri> = x13E1, (A5)

In this section, we solve the coefficients matrix (Eq. (10))
using MATLAB software and obtain the absorption and dis-
persion coefficients for the transition between the levels, as
well as the population equations for all three levels, and in a
simplified form, we have:

D =2g:88713(2Wa1 + Ws2) + g2 (Wa1 115 + 2833 + War Waa i3 — 8Wa1 43113 — 4Wn A3 1i3) gt
+ 82(—6Wa183713 +4Wa183 123 + 2Wa2g5 13 + 2Wag3 o3 + 1283712 113) 81 + 82 (8Wa1 V2 Vi3 13 + AW Vi N3 1o
+283713 + 28373 — 2Wa1 A3 713) 81 + 82(—2458513 + 285 V12 s + 4Wa1 43 13 + 2WaAJ i
+2Wa183713)81 + 82(—6Wa1g3 13 + 2Wanga 13 -+ 1283123 + 2Wa1 83713 o3 + 2Wa1 Vo Vs 123 )81
+ 2228371271313 — 2Wa W AT Vs + 4Wa1 A3 g3 Vi + 6Wa1 AT 3113 + 2W A3 g3 i) g1
+2(—2WnA3 83713 +4Wn AT 10 113 + AW A3 Y13 155 + 2Wa A3 1 113 + 2Wan A3 i3 15 )81

+ 82 (2Wa183712 713 + 4W21 83112135 + 2W83 2 13 + AWa1 Yo Vi3 Y33 + 2Waa Vi Vi3 133 )81

(A6)

+82(1243 831373 + 128370 V13723 + 2Wai Wang3 13123 + 2Wai Wan Y2 iy Yoz — OWa185 1213 123) 81
+ 82(2Wg3 112713 %23 + 285153 + Wa1 A7 g5 + War A3 73 + Wa183733) + 82 (2Wa185 103 + Wat A Vi i3
+Wa1 A3 V3135 + War Vo Vs Vas + 2438573 123) + 82(283 Vi Vi3 o3 + 483 1213 Y23 + Wai Wan A3 g3

4 4 22 2 2 2
+ W War A3 Y5 + Wai Wanga v ) + g2 (2Wa1 A2 €3 112713 4 2Wa1 831127135 + Wai Waa AS Y Vi + Wai Wi ATy 73
+ WarWa Vs 13 ¥33) + 82 (2Wa1 A3 8513 123 + 2Wa1 Yo V13 o3 + AWa183 M2 Vi3 ¥o3) -+ 2War Wz A3 3 V12 i3

+ 2W21W32g§)’12}’13 7223
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03 = Argo {g113(War — Waz) +2(Wsp — Way)
x (83712 + A313) +2(Wao — Wa1) M2 X 113
= [(14+War) X Y13 — (W + 1) x Wyy]
W21 X 12("13 + 723)
—~Wa1Wa2 X 113(1i2 + 13)g1 } (A7)

Bos = g182713 2712 (W2 — Way) — Way (Waz + 1)
+ [g2Wa1 (A3 713 — g5753) (Wi + 1)
+222753(Wa2 — Wa1 ) (€512 + A3 13 + Y1 ni3)
—(Waz+ Wa1)g2Y12 113723 &1 (A8)

013 = 8185 2WiAa (2 + 1o3) — War Az x
(W2 + 2712+ 293 + 1)) + 218542 X
[War (83 (1+Ws2) + 135 (1 4+ Wa2))
+2¢373(1+Way)], (A9)

Bis = g1 (Warni3) (1 + Waa) + 7 [War (1+ Wss)
x (82123 + 2713 (Y1223 — A3))
+283712%13(1+ Way)]
+a1 [(14+War) (28372723 +483%3%3)
X (45 + %)
+ Warns(1+Wa2) (43 + (273)?)
+EWa1i2(A3 +1353)]
+Wa1 A3 13 (1 +133), (A10)

a1z = g182 {(Wa1 — Wa2) x (271381 + 28785 13)
+ 71381 X (2N2723 —243)
—(War +1) x (2g183713 + 283 723)
+85 X (Na2¥i3¥e3) — (1+ Wap)
< (11381 Wa1 Y23 — g3W21453)
—WarYia¥is X (33 +43) } +Wai + 3, (A11)

Bi2 = g18242113 [War x (1+ W2 +2(i2+ 123))
—2W32 x (V12 +13)]
— 8182 % (1 +Wa)Wa1 A2 113 X (A2 + 133)
+2g182 X (1+War1)(A2113723), (A12)

R =2¢Wsoms + g261 (28%}’13 X (14212)

+2Ws2 X (85723 + 212 N3 123 — 24513))

+ 2287 [2Wa2 X (11343 (A3 +133))

+@72(A3 +133) + V31 (45 + V223)]

+4M3A583 3+ (1+202) X 28373

+28373 % (2d3 + 2913 — AF)] (A13)

Raz = 2Wh18522713 + 8182 (2Wa1 83 (123 — 113)

+4%3 x (War (112723 — A7) +83712))

4, 422 2
+ g2 [2Wa1 x (M347 + Asem2 +85M215
N3 oz + V3AT Va3 — ?’138%712723)
71345 (85 + V)| + 4833723

(A7 +7h) +28313 X 2n2 —Wa)] gl (Al4)
Rii = %, (A15)
oj = %7 (A16)
Bij = [j;/’ (A17)
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