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Abstract Relations and identities on special functions are tra-
ditionally emerging from investigations on mathematical anal-
ysis. However, some special functions such as Bessel appear
in various physical problems, a way in which some of their
properties can be analyzed. There are plenty of identities on
special functions which have been derived in such a way, es-
pecially some elementary problems in basic physics that play
interesting roles in this. A uniformly charged electrostatic disk
is such a problem that it appears unexpectedly in some cases.
We study it more here and find some relations on Bessel func-
tions.

1 Introduction

Special functions have an important place in all investiga-
tions of applied physics and mathematics. Topological prop-
erties, zeros, convergence, asymptotic expansions and many
other properties are still open problems of some of these func-
tions. Identities on special functions have also been studied
a lot [1, 2]. Naturally, investigations of specific functions are
performed in mathematical analysis. However, historically, many
mathematical theories have arisen in theoretical physics. To-
day, in terms of formalism, it is difficult to distinguish between
theoretical physics and some branches of new mathematics.
For this reason, specific investigations in theoretical physics
have become an approach to discovering and creating some
mathematical theories, and the scientific community has no-
ticed such closeness more than before. If we want to find sim-
ple examples to express such a relationship, we can find many
examples of a genetic relationship between theoretical physics
and today’s mathematics even in preliminary problems. There
are many elementary examples and the author presented an
example of it in the previous conferences [3]. In this article,
following our results in recent conferences [3, 4], we report

1e-mail: borzoo.nazari@ut.ac.ir

the main results presented there on the problems of the electric
potential of uniformly charged rings and discs. The idea is that
we solve the problem with two methods, one of which is in-
spired by physics (direct method) and the other is the standard
method of solving a partial differential equation. By equating
the answers in two methods, we reach interesting identities.
This operation can show us what mathematical physics is prac-
tically.

2 Uniformly charged ring

In this section, we first find the electric potential of the ring
using the direct method of integration over elements. In sub-
section B, we show that the Method of Separation of variables
(MSV) is also capable of giving the correct answer.

2.1 Direct method
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Figure 1: line element to find electric potential at the plane of a
uniformly charged ring
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Here we first calculate the electric potential of the uni-
formly charged ring at a typical point P with the aid of direct
integration over elements. The point P might be inside or out-
side of the ring. Our setting is according to Fig.1. Thus, we see
that

dV =
kdq
r′

= k
λ0Rdφ

r′
, (1)

r′ = (R2 + r2 −2Rr cosφ)
1
2 , (2)

where λ0 is charge density and k = 1
4πε0

.

2.1.1 The case t = R
r < 1

In this case, the point P is outside the ring and it founds
that

Vout =
λ0R
4πε0

∫ 2π

0

dφ

(R2 + r2 −2Rr cosφ)
1
2

=
λ0

4πε0

∫ 2π

0

tdφ

(t2 +1−2t cosφ)
1
2

=
λ0

4πε0

∫ 2π

0
t

∞

∑
n=0

tnPn(cosφ)dφ

=
λ0

4πε0

∞

∑
n=0

tn+1
∫ 2π

0
Pn(cosφ)dφ , (3)

where we have used the following generating function for Leg-
endre polynomials

1

(1+ t2 −2t cosφ)
1
2
=

∞

∑
n=0

tnPn(cosφ)dφ . (4)

Using the identity (7.221(3) in [2])

∫ 2π

0
P2m(cosφ)dφ = 2π

(
− 1

2
m

)2

, (5)

the potential is found to be

Vout(r) =
λ0

2ε0

∞

∑
m=0

(
− 1

2
m

)2

(
R
r
)2m+1. (6)

Note that

(
x
m

)
=

x(x−1)...(x− (m−1))
m!

, x ∈R. (7)

Therefore

(
− 1

2
m

)
=

− 1
2 ·−

3
2 · · · · ·

(
− 1

2 −m+1
)

m!

= (−1)m 1
2m

1 ·3 ·5 · · · · · (2m−1)
m!

=
(−1)m

2mm!
· 1 ·2 ·3 ·4 · · · · · (2m)

2 ·4 · · · · ·2m

=
(−1)m(2m)!

22m(m!)2 . (8)

2.1.2 The case r < R

The process as previous section shows that

Vin =
λ0R
4πε0

∫ 2π

0

dφ

R
(

1+ r2

R2 −2 r
R cosφ

) 1
2

=
λ0

4πε0

∫ 2π

0
dφ

∞

∑
n=0

( r
R

)n
Pn(cosφ)

=
λ0

2ε0

∞

∑
m=0

(
− 1

2
m

)2( r
R

)2m
. (9)

where we have used the relation [2]

0 =
∫ 2π

0
P2m+1(cosφ)dφ , (10)

and Eq. (5) again.

2.2 Method of Separation of variables(MSV)

We saw in section II that the MSV did not give the cor-
rect answer for the electric potential in the plan of a uniformly
charged ring. Now we show that the MSV gives the right an-
swer. The idea consists of finding a solution to the three di-
mensional Laplace equation using the MSV and reducing the
final answer to two dimensions by putting θ → π/2. Our set-
ting is according to Fig. 2.

2.2.1 The case r > R

Using the MSV, it can be shown [? ] that the 3-dimensional
Laplace equation ends up with the following solution in the
region r > R for the ring depicted in Fig. 2.

Vout(r,θ ,φ) =
∞

∑
m=0

Amr−m−1Pm(cosθ). (11)
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Figure 2: finding electric potential of a uniformly charged disk in a
three dimensional coordinate system

Note that we have azimuthal symmetry around z−axis hence
(11) is independent of φ . Therefor, at a point on the z− axis,
i.e. θ = 0 or r = z, we have

Vout(r,0) =
∞

∑
m=0

Amr−m−1Pm(0)

∞

∑
m=0

Amz−m−1 ≡Vout(z). (12)

in which we have used Pm(0) = 1. On the other hand, we see
from Figure 2 that the electric potential at a some point on the
z−axis is simply

Vout(z) = k
Q

(z2 +R2)
1
2
=

1
4πε0

2πRλ0

(z2 +R2)
1
2

=
λ0R
2ε0

1
z

(
1+
(

R
z

)2
)− 1

2

. (13)

Using extended binomial theorem we expand Eq. (13) as fol-
lows:

(a+b)x =
∞

∑
n=0

(
x
n

)
anbx−n,

→ (1+(
R
z
)2)−

1
2 =

∞

∑
n=0

(
− 1

2
n

)
((

R
z
)2)n(1)−

1
2−n

=
∞

∑
n=0

(
− 1

2
n

)
(

R
z
)2n. (14)

So we find

V (z)out =
λ0

2ε0

∞

∑
n=0

(
− 1

2
n

)
(

R
z
)2n+1. (15)

A comparison between Eq. (12) and Eq.(15) shows

A2n =

(
− 1

2
n

)
λ0

2ε0
R2n+1, A2n+1 = 0. (16)

Thus, Eq. (11) reads

Vout(r,θ) =
λ0

2ε0

∞

∑
n=0

.

(
− 1

2
n

)
R2n+1

r2n+1 P2n(cosθ). (17)

Finally, the electric potential in the plane of a uniformly charged
ring in the region r > R is found by setting θ = π

2 in Eq. (17)
and the result is

Vout(r,
π

2
) =Vout(r) =

λ0

2ε0

∞

∑
n=0

,

(
− 1

2
n

)2
R2n+1

r2n+1 , (18)

in which use is made of P2n(0) = 1. This is exactly what we
found in Eq. (6) using the direct method.

2.2.2 The case r < R

A process similar to previous section can be implemented here.
For the region R < r, the MSV will results in [? ]

Vin,ring,MSV (r,θ) =
∞

∑
n=0

BnrnPn(cosθ), (19)

To find Bn we seek again the potential at z− axix. From Eq.
(18) it should be

Vin(r,0) =
∞

∑
n=0

BnrnPn(1) =
∞

∑
m=0

B2mz2m =Vin(z). (20)

By rearranging Eq. (12) we have

Vin(z) =
λ0R
2ε0

1√
R2 + z2

=
λ0

2ε0

(
1+
( z

R

)2
)− 1

2

=
λ0

2ε0

∞

∑
n=0

(
− 1

2
n

)( z
R

)2n
, (21)

in which we have used the extended binomial expansion for-
mulae again. So, by comparing Eqs. (19) and (20) we see that

B2m =
λ0

2ε0

(
− 1

2
m

)
1

R2m , (22)
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and

Vin(r,θ) =
λ0

2ε0

∞

∑
m=0

(
− 1

2
m

)
(

r
R
)2mP2m(cosθ). (23)

Finally, the electric potential in the plane of a uniformly charged
ring in the region r < R is found by setting θ = π

2 in Eq. (22)
and the result is

Vin(r) =
λ0

2ε0

∞

∑
m=0

(
− 1

2
m

)2

(
r
R
)2m. (24)

This is the previous result found in (9) using the direct method.

3 Uniformly charged disk

Consider a uniformly charged disk with the following set
up

3.1 Direct method using Coulomb’s law

Figure 3: Line element to find electric potential at the plane of a
uniformly charged disk

In this section, we first find the electric potential of the
ring using the direct method of integration over elements, i.e.
using Coulomb’s law. In the next subsection, we show that
the method of separation of variables is used to solve the same
problem. Note that we will use the cylindrical coordinates from
now on. The resulting electric potential at the arbitrary point P
is as follows:

Vout(r) =
1

4πε0

∫ dq
|X|

=
σ0

4πε0

∫ r′dr′dφ ′

(r′2 + r2 −2rr′ cosφ ′)
1
2
, (25)

where (r
′
,φ

′
) describes a surface element on the disk. With

the Taylor expansion of the integral and through several steps
of easy integration, the potential of a point on the disk at a
distance r < R from the center of the disk is equal to [7,8]:

Vout(r) =
σ0R
2ε0

∞

∑
m=0

1
2m+2

(
− 1

2
m

)2

(
R
r
)2m+1, (26)

3.2 Solution to Laplace equation

In this section, we first find the solution to Laplace’s equa-
tion at an arbitrary point outside the disk (and outside its plane)
with the help of cylindrical coordinates (ρ,φ ,z) and then find
the solution by setting z = 0, i.e. we convert the solution to
two-dimensional polar coordinates. In this way, we find the
potential value on the disc plane at r < R. Since there is an
electric charge in the region r < R on the disk, we should solve
Poisson’s equation instead of Laplace’s. We are not worried
that because the potential is a continuous function and at the
boundary of the electric charge (here on the disk) the solution
value of Poisson’s and Laplace’s equation should be the same.
It should be noted that using this property is only possible in
two dimensions where we have surface charge. The potential
at an arbitrary point in cylindrical coordinates is assumed as
V (ρ,φ ,z). The Poisson’s equation in cylindrical coordinates
is given by

∂ 2

∂ 2ρ
V +

∂

∂ρ
V +

1
ρ2

∂ 2

∂ 2φ 2 V +
∂ 2

∂ 2z
V = 0. (27)

Since the solution should be independent of φ we assume the
separation of the variables of the form

V (r,θ) = R(ρ)Z(z). (28)

Substituting Eq. (28) back into Eq. (27) we arrive to

1
ρ

d
dρ

(
ρ

dR
dρ

)
+ k2R(ρ) = 0,

d2

dρ2 Z(z)− k2Z(z) = 0,

(29a)

(29b)

where k is some constant. After solving Eqs. (29a) and (29b)
we find

Z(z) = e−kz or ekz,

R(ρ) = J0(kρ) or R0(kρ),

(30a)

(30a)
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in which J0(kρ) and R0(kρ) are Bessel functions of the first
and second kind. We know that our problem is internal, hence,
ekz and R0(kρ) should be discarded. The 0th-order Bessel func-
tion Y0(kρ) is not present in the answer because the answer
will be divergent at ρ = 0. Thus, the final solution is given by

V (ρ,z) =
∫

∞

0
B(k)J0(kρ)e−kzdk. (31)

We do not have any constraints or boundary conditions on the
parameter k and this is why we have integrated it in Eq. (31).
Note that Eq. (7) actually states that the potential V (ρ,z) is a
Laplace transform:

V (ρ,z) = L (B(k)J0(ρk))|s=z. (32)

To find B(k), it is sufficient to try a particular case of answers
in Eq. (7) or Eq. (8). If we consider the field point to be on the
z axis, we know from basic physics that the potential is given
by

V (0,z) =
σ0

2ε0
(
√

a2 + z2 − z). (33)

On the other hand, from Eq. (31) we have

V (0,z) =
∫

∞

0
B(k)e−kzdk, (34)

in which we have used J0(0) = 1. Again, Eq. (34) shows that
V (0,z) is also the Laplace transform of B(k) with respect to
the variable k, i.e.

B(k) = L −1(
σ0

2ε0
(
√

a2 + s2 − s)). (35)

From relation 12.13(116) in [2] we have

L

(
Jk(ax)

x

)
=

1
kak

[√
a2 + s2 − s

]k
,

k >−1, Res > |Ima|. (36)

from which and Eq. (35) we see that

B(k) =
σ0a
2ε0

J1(ak)
k

. (37)

Therefore, the potential relation, Eq. (31) will be as follows:

V (ρ,z) =
σ0a
2ε0

∫
∞

0

J1(ak)
k

J0(kρ)e−kzdk. (38)

This is also a Laplace transform of the form

V (ρ,z) =
σ0a
2ε0

L (
J1(ak)

k
J0(kρ)). (39)

Now we investigate some well-known cases.

3.2.1 Electric potential at the center of the disk

The potential at the center of the disc is as follows [7]:

V (0,0) =
σ0a
2ε0

. (40)

By Eqs. (37) and (35) we find

∫
∞

0

J1(u)
u

du = 1. (41)

3.2.2 Electric potential at the edge of the disk

The potential due to a uniformly charged disk at its edge
with a simple integration is as follows [5]:

V (0,0) =
σ0a
πε0

. (42)

In addition, by putting ρ = z = 0 in Eq. (40) we find

V (a,o) =
σ0a
2ε0

∫
∞

0

J1(ak)
k

J0(kρ)dk. (43)

Using Eqs. (42) and (43) we find

∫
∞

0

J1(ak)
k

J0(ak)dk =
2
π
. (44)

3.2.3 Electric potential at z = 0 and ρ < a on the disk

In this case, using Eq. (38) we have

V (ρ,0) =
σ0a
2ε0

∫
∞

0

J1(ak)
k

J0(kρ)dk. (45)

Eqs. (45) and (26) should be equal. Thus we find

∫
∞

0

J1(ak)
k

J0(kρ)dk

=−Σ ∞
m=0

1
2m−1

(− 1
2

m

)2
(ρ

a )
2m. (46)
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4 Conclusion

In this article, the usual methods for special mathemati-
cal physics functions were used preliminarily, and the rela-
tionships that may be difficult to obtain with pure mathemat-
ical methods were obtained with less calculation. Eqs. (41),
(44) and (46) are the result of solving a problem by two meth-
ods and equating the answers. To find similar relations [7] for
Bessel functions of the second type, a problem in the region
r > a can be used. In general, the charged disc has been the
source of many interesting relationships in mathematics and
physics, some of which we have presented in the relevant lit-
erature and the references section.
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Abstract To explore how rigid rotation affects the thermo-
dynamic properties of free relativistic bosons, we employ the
standard imaginary time formalism of thermal field theory to
calculate the free propagator of complex scalar fields under ro-
tation. We introduce the corresponding partition function and
explicitly compute it by expanding the modes in cylindrical
coordinates. The resulting propagator is in full agreement with
similar findings in the existing literature.

Keywords Finite temperature field theory ⋅ Bosonic propa-
gator ⋅ Rigid rotation ⋅ Imaginary time formalism ⋅ Partition
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1 Introduction

Recently, there has been significant interest in studying the
effects of rigid rotation on the thermodynamic properties of
relativistic particles [1–9]. In [5], a system of spin zero mass-
less bosons bounded on a one-dimensional ring is studied in
the presence of an imaginary angular frequency. It is shown
that the system’s thermodynamics exhibits a fractal depen-
dency on the rotation frequency, and ninionic statistics emerge.
In [8], an interacting relativistic bosonic gas subjected to a
rigid rotation is studied at finite temperature. Various thermo-
dynamic quantities, including pressure, energy, entropy, and
angular momentum densities, as well as heat capacity, moment
of inertia, and the speed of sound are computed analytically
and numerically. It is shown that certain thermodynamic in-
stabilities appear at high temperatures and large coupling con-
stants. They are manifested as zero and negative values of the
moment of inertia and heat capacity, as well as superluminal
sound velocities. Zero moment of inertia, which was previ-
ously observed in [6] in a rotating and hot spin one gluon gas,
leads to the phenomenon of supervorticity in relativistic a Bose

ae-mail: e.siri@physics.sharif.ir
be-mail: sadooghi@physics.sharif.ir

gas under rigid rotation and is believed to be the reason for the
negative Barnett effect [7]. We notice that the study of bosonic
and fermionic systems under rotation may offer potential ap-
plications in diverse fields such as heavy ion collision experi-
ments [1–3,9], condensed matter physics [10] and astrophysics
of boson stars [11–13].

The standard method for determining thermodynamic
quantities involves calculating the partition function, which
yields the pressure of relativistic gases. Other thermodynamic
quantities can then be derived from the pressure. The primary
component of the partition function is the free propagator. This
paper aims to determine the partition function and the free
propagator of relativistic bosons under rigid rotation.

The propagator for free fermions under rigid rotation was
first determined in [14] by Ayala et al. using the generalized
Fock-Schwinger method. Subsequently, in [4], the propagator
for the Yukawa model was derived, incorporating both bosons
and fermions. The general form of the boson propagator was
also calculated in [8] using a method similar to the approaches
in [14] and [4]. It is the aim of this paper, to compute the free
propagator of a rotating Bose gas, by making use of an alter-
native method, which is referred to as ‘’mode expansion ap-
proach”.

The paper is organized as follows: In Section 2, we use
the corresponding metric to rigid rotation and determine the
Lagrangian density of free complex scalar fields in the rigidly
rotating medium. In Section 3, we define the canonical parti-
tion function of this model and the corresponding Hamiltonian
density. Section 4 includes the mode expansion of the boson
field, including a Fourier sum in cylindrical coordinates. In
Section 5, we obtain the free propagator of rigidly rotating
complex scalar fields by using the aforementioned mode ex-
pansion. Finally, Section 6 is devoted to our conclusions.
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2 Free complex field in the presence of rigid rotation

We use the Lagrangian density Eq. (1) to describe the non-
interacting relativistic bosons,

L = gµν
∂µ φ

∗
∂ν φ −m2

φ
∗

φ , (1)

where

gµν =
⎛
⎜⎜⎜
⎝

1−(x2+y2)Ω 2 yΩ −xΩ 0
yΩ −1 0 0
−xΩ 0 −1 0

0 0 0 −1

⎞
⎟⎟⎟
⎠
, (2)

is a rigid rotation metric [1]. Considering this metric means
that the bosons rotate around the z-axis with a uniform angular
velocity Ω . By defining angular momentum

Lz = i(y∂xφ −x∂yφ), (3)

and plugging Eq. (2) into Eq. (1), the Lagrangian density is
expressed as

L = (∂0− iΩLz)φ∗(∂0− iΩLz)φ −∣∇φ ∣2−m2 ∣φ ∣2 . (4)

Also the conjugate momentum of each fields can be obtained
form Lagrangian density and are given by

π = ∂L
∂(∂0φ∗) = ∂0φ − iΩLzφ ,

π
∗ = ∂L

∂(∂0φ) = ∂0φ
∗− iΩLzφ

∗.

(5a)

(5b)

3 Partition function

In the canonical ensemble, the partition function is given
by

Z = ∫ Dπ
∗Dπ∫ Dφ

∗Dφ

×exp[∫
X
J (π∗,π∗;φ

∗,φ)] , (6)

where

∫
X
≡ ∫

β

0
dτ∫ d3x, and β ≡ 1/T. (7)

Here, τ = it is imaginary time [16]. In Eq. (6), the integrand is
defined as

J (π∗,π∗;φ
∗,φ) ≡ (π∗∂0φ +π∂0φ

∗−H), (8)

where

H= ∂0φ
∗

π +∂0φπ
∗−L, (9)

denotes the Hamiltonian density. Plugging Eq. (4) into Eq. (9)
and using Eq. (5a) and Eq. (5b), yields

H= ∣π ∣2+ iΩ(πLzφ
∗+π

∗Lzφ)+ ∣∇φ ∣2+m2 ∣φ ∣2 . (10)

To integrate over π and π
∗ in Eq. (6), we introduce following

shifted momenta:

π̃ = π −∂0φ + iΩLzφ ,

π̃
∗ = π

∗−∂0φ
∗+ iΩLzφ

∗.

(11a)

(11b)

Using Eq. (10) and after some standard algebraic steps, the
integrand Eq. (8) reads

J = −π̃
∗

π̃ +L′, (12)

where L′ is given by

L′ = ∣(∂0− iΩLz)φ ∣2−∣∇φ ∣2−m2 ∣φ ∣2 . (13)

4 Mode expansion in cylindrical coordinates

We can describe a complex scalar field φ(x) with a pe-
riodic boundary condition φ(τ = 0) = φ(τ = β) by using a
Fourier sum in cylindrical coordinates (τ,r,ϕ,z),

φ(x) =
√

βV ⨋
n,ℓ,k

ei(ωnτ+ℓϕ+kzz)

×Jℓ(k⊥r)φ̃n,ℓ(k), (14a)
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φ
∗(x) =

√
βV ⨋

n′,ℓ′,k′
e−i(ωn′ τ+ℓ

′
ϕ+k′zz)

×Jℓ′(k′⊥r)φ̃∗n′,ℓ′(k′). (14b)

Here, r is the radial coordinate, ϕ the azimuthal angle, and z
the height of the cylinder. Moreover, ωn ≡ 2πnT are Matsubara
frequencies and Jℓ(k⊥r) refers to Bessel function of the first
kind. Following notation is introduced,

⨋
n,ℓ,k
≡
+∞

∑
n=−∞

+∞

∑
ℓ=−∞

∫
dk⊥k⊥dkz

(2π)2 ,

⨋
n′,ℓ′,k′

≡
+∞

∑
n′=−∞

+∞

∑
ℓ′=−∞

∫
dk′
⊥

k′
⊥

dk′z
(2π)2 .

(15a)

(15b)

The current series expansion differs from the conventional ex-
pansion introduced in references such as [15, 16] in that it in-
cludes solutions derived from the Klein-Gordon equation in
cylindrical coordinates. In this coordinate system, these solu-
tions involve plane waves in three directions and Bessel func-
tions along the radial direction [8].

5 Free propagator under rigid rotation

According to above arguments, the partition function of
free complex scalar fields is given by

Z = ∫ Dπ
∗Dπ∫ Dφ

∗Dφ exp[∫
X
(L′− π̃

∗
π̃)] . (16)

Performing the Gaussian integration over shifted momenta,
we arrive at

Z =N∫ Dφ
∗Dφ exp[∫

X
L′] . (17)

The result of the Gaussian momentum integral is included in
the constant factor N. In cylindrical coordinates, Eq. (7) turns
out to be

∫
X
= ∫

β

0
dτ∫

∞

0
drr∫

2π

0
dϕ∫

∞

−∞

dz. (18)

In what follows, we compute

∫
X
L′ = ∫

X
∣(∂0− iΩLz)φ ∣2−∣∇φ ∣2−m2 ∣φ ∣2 , (19)

by using the mode expansion of Eq. (14a) and Eq. (14b). Uti-
lizing the completeness relations presented in Appendix A, it
can be readily demonstrated that

I = ∫
X

ei(ωn−ωn′)τ ei(ℓ−ℓ′)ϕ ei(kz−k′z)zJℓ(k⊥r)Jℓ(k′⊥r)

= β(2π)2δ̂
n,n′

ℓ,ℓ′ (kz,k⊥;k′z,k
′

⊥
),

(20)

where δ̂
n,n′

ℓ,ℓ′ is defined as

δ̂
n,n′

ℓ,ℓ′ (kz,k⊥;k′z,k
′

⊥
) ≡ 1

k⊥
δ(kz−k′z)δ(k⊥−k′

⊥
)δn,n′δℓ,ℓ′ . (21)

The first contribution of Eq. (19) is first given by

I1 ≡ ∫
X
∣(∂0− iΩLz)φ ∣2

= ∫
X
(∂0− iΩLz)φ∗(∂0− iΩLz)φ , (22)

where in the imaginary time formalism ∂0 = i∂τ . Plugging the
mode expansion of φ and φ

∗ into Eq. (22), using

(i∂τ − iΩLz)φ∗ =
√

βV ⨋
n′,ℓ′,k′

(ωn′ + iℓ′Ω)e−i(ωn′ τ+ℓ
′
ϕ+k′zz)

×Jℓ′(k′⊥r)φ̃∗n′,ℓ′(k′), (23)

and

(i∂τ − iΩLz)φ =
√

βV ⨋n,ℓ,k (−ωn+ iℓΩ)ei(ωnτ+ℓϕ+kzz)

×Jℓ(k⊥r)φ̃n,ℓ(k), (24)

as well as Eq. (20), and performing the integration over k′ and
summation over n′,ℓ′, we have

I1 = −V ⨋
n,ℓ,k

φ̃
∗

n,ℓ(k) (β 2 (ωn+ iℓΩ)2) φ̃n,ℓ(k). (25)

The gradient contribution of Eq. (19) is

I2 ≡ ∫
X
∣∇φ ∣2 = ∫

X
∇φ
∗∇φ , (26)



108

where the gradient operator in the cylindrical coordinates is
given by

∇φ = ∂φ

∂ r
r̂+ 1

r
∂φ

∂ϕ
ϕ̂ + ∂φ

∂ z
ẑ. (27)

Using the orthonormality of the unit vectors in cylinder coor-
dinates, Eq. (26) is equal to

I2 = ∫
X
(∂φ

∗

∂ r
∂φ

∂ r
+ 1

r2
∂φ
∗

∂ϕ

∂φ

∂ϕ
+ ∂φ

∗

∂ z
∂φ

∂ z
). (28)

The radial derivative is

∂φ
∗

∂ r
=
√

βV ⨋
n′,ℓ′,k′

e−i(ωn′ τ+ℓ
′
ϕ+k′zz)

× ∂Jℓ′(k′⊥r)
∂ r

φ̃
∗

n′,ℓ′(k′), (29a)

∂φ

∂ r
=
√

βV ⨋
n,ℓ,k

ei(ωnτ+ℓϕ+kzz)

× ∂Jℓ(k⊥r)
∂ r

φ̃n,ℓ(k). (29b)

Using the relations of Bessel functions from Appendix B, the
product of radial derivatives is given by

∂φ
∗

∂ r
∂φ

∂ r
= βV ⨋

n′,ℓ′,k′
⨋

n,ℓ,k
e−i(ωn′ τ+ℓ

′
ϕ+k′zz)ei(ωnτ+ℓϕ+kzz)

×k⊥k′
⊥

4
[2Jℓ−1(k⊥r)Jℓ′−1(k′⊥r)+2Jℓ+1(k⊥r)Jℓ′+1(k′⊥r)

− 4ℓℓ′

k⊥k′
⊥

r2 Jℓ(k⊥r)Jℓ′(k′⊥r)]φ̃∗n′,ℓ′(k′)φ̃n,ℓ(k). (30)

The azimuthal derivative is computed as follows:

∂φ
∗

∂ϕ
=
√

βV ⨋
n′,ℓ′,k′

ℓ′ e−i(ωn′ τ+ℓ
′
ϕ+k′zz)

×Jℓ′(k′⊥r)φ̃∗n′,ℓ′(k′), (31a)

∂φ

∂ϕ
=
√

βV ⨋
n,ℓ,k

ℓei(ωnτ+ℓϕ+kzz)

×Jℓ(k⊥r)φ̃n,ℓ(k). (31b)

The product of azimuthal derivative is thus given by

∂φ
∗

∂ϕ

∂φ

∂ϕ
= βV ⨋

n′,ℓ′,k′
⨋

n,ℓ,k
ℓℓ′ e−i(ωn′ τ+ℓ

′
ϕ+k′zz)

×ei(ωnτ+ℓϕ+kzz)Jℓ(k⊥r)Jℓ′(k′⊥r)φ̃∗n′,ℓ′(k′)φ̃n,ℓ(k). (32)

Finally, the product of derivative in the z direction is given by

∂φ
∗

∂ z
∂φ

∂ z
= βV ⨋

n′,ℓ′,k′
⨋

n,ℓ,k
kzk′z e−i(ωn′ τ+ℓ

′
ϕ+k′zz)

×ei(ωnτ+ℓϕ+kzz)Jℓ(k⊥r)Jℓ′(k′⊥r)φ̃∗n′,ℓ′(k′)φ̃n,ℓ(k). (33)

Similarly, by using Eq. (20) and performing integration over
k′ and summation over n′,ℓ′, we arrive at

I2 =V ⨋
n,ℓ,k

φ̃
∗

n,ℓ(k) (β 2 (k2
⊥
+k2

z )) φ̃n,ℓ(k). (34)

The final result for the last contribution is given by

I3 =V ⨋
n,ℓ,k

φ̃
∗

n,ℓ(k)(β 2m2) φ̃n,ℓ(k). (35)

Combining Eqs (25), (34), and (35), we obtain

∫
X
L′ = −V ⨋

n,ℓ,k
φ̃
∗

n,ℓ(k) (β 2D−1
ℓ,0(k)) φ̃n,ℓ(k), (36)

where D−1
ℓ,0(k) is the inverse free propagator in the presence of

rigid rotation,

D−1
ℓ,0(k) ≡ (ωn+ iℓΩ)2+ω

2, (37)

and, ω
2 = k2

⊥
+k2

z +m2.

6 Conclusion

In this paper, we have derived Eq. (37) representing the
propagator of a free boson at finite temperature under the in-
fluence of a rigid rotation. Our approach utilized a new method
based on mode expansion in the cylindrical coordinate sys-
tem, deviating from the standard plane wave approach used
in references such as [15] and [16]. The previously calculated
propagator for a rigidly rotating Bose gas at finite temperature,
as seen in [4] and [8], was determined using the generalized
Fock-Schwinger method. The result in Eq. (37) is consistent
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with the findings in [8], except for the sign of ℓ, which is re-
lated to the symmetric nature of this propagator under such a
change (specifically, see Eq. (2.25) in [8]).

It is worth noting that the Fock-Schwinger method em-
phasizes geometric and path integral aspects and uses the
Schwinger proper time technique, while the mode expansion
approach focuses on the Fourier transform and operator for-
malism. In this work, a Bessel-Fourier expansion is employed
due to the special cylindrical geometry. Each of these meth-
ods has its own advantages. For example, the Fock-Schwinger
method is more advantageous in curved space-time scenarios,
while mode expansion is generally more straightforward for
perturbative calculations in flat space-time. Importantly, both
methods yield the same result, as demonstrated in the present
study.
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Appendix A: Useful completeness relations

To arrive at Eq. (20), we used completeness relations [8]

∫
β

0
dτei(ωn−ωn′)τ = βδn,n′ ,

∫
2π

0
dϕei(ℓ−ℓ′)ϕ = (2π)δℓ,ℓ′ ,

∫
∞

−∞

dzei(kz−k′z)z = (2π)δ(kz−k′z),

∫
∞

0
drrJℓ(k⊥r)Jℓ(k′⊥r) = 1

k⊥
δ(k⊥−k′

⊥
).

(A.1a)

(A.1b)

(A.1c)

(A.1d)

Appendix B: Bessel function relations

To derive the propagator in Fourier space, we used, in par-
ticular, the derivative of the ℓ-th order Bessel function

∂Jℓ(k⊥r)
∂ r

= k⊥
2
(Jℓ−1(k⊥r)−Jℓ+1(k⊥r)) , (B.2)

and another useful recursive relation [17]

Jℓ+1(k⊥r) = 2ℓ
k⊥r

Jℓ(k⊥r)−Jℓ−1(k⊥r). (B.3)
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Abstract In solving the Brans-Dicke (BD) equations in the
BD theory of gravity, their linear independence is important.
This is due to the fact that in solving these equations in cos-
mology if the number of unknown quantities is equal to the
number of independent equations, then the unknowns can be
uniquely determined. In the BD theory, the tensor field gµν and
the BD scalar field ϕ are not two separate fields, but they are
coupled together. The reason behind this is a corollary pro-
posed by V. B. Johri and D. Kalyani in cosmology, which
states that the cosmic scale factor of the universe, a, and the
BD scalar field ϕ are related by a power law. Therefore, when
the principle of least action is used to derive the BD equations,
the variations δgµν and δϕ should not be considered as two
independent dynamical variables. So, there is a constraint on
δgµν and δϕ that causes the number of independent BD equa-
tions to decrease by one unit, in such a way that in the equa-
tions that have been known as BD equations, one of them is
redundant. In this paper, we prove this issue, that is, we show
that one of these equations, which we choose as the modified
Klein-Gordon equation, is not an independent equation, but
a result establishing other BD equations, the law of conser-
vation of energy-momentum of matter and Bianchi’s identity.
Therefore, we should not look at the modified Klein-Gordon
equation as an independent field equation in the BD theory,
but rather it is included in the other BD equations and should
not be mentioned separately as one of the BD equations once
again.

1 Introduction

In solving the BD equations in the BD theory [1, 2], their
linear independence is important. This is due to the fact that

ae.ahmadi.azar@azaruniv.ac.ir
batazadeh@azaruniv.ac.ir
ceghbali978@gmail.com

the number of independent equations must be equal to the
number of unknowns in their solutions. Actually, in BD the-
ory, BD equations form a system of coupled nonlinear second-
order differential equations. One of these equations is the mod-
ified Klein-Gordon equation and the other equations are gen-
eralized Einstein’s field equations (EFEs). In the spatially flat
(k = 0) FLRW cosmological model [3–9] for a universe that
is a perfect fluid with the equation of state

p = wρ, (1)

where −1 ≤ w ≤ 1 , what we seek from solving the BD equa-
tions is that to find four quantities: the cosmic scale factor a,
the BD scalar field ϕ , the energy density of the universe ρ and
its pressure p. To determine these quantities as functions of
cosmic time t, we must have four differential-algebraic equa-
tions. Then we can uniquely determine the unknown quantities
a, ϕ , ρ and p as functions of the cosmic time t from solutions
of this system of differential-algebraic equations.

The Johri-Kalyani’s corollary requires that quantities a and
ϕ are not independent of each other, but they are related by a
power law as [6–10]

ϕan = C , (2)

where n is an adjustable parameter and C is a constant. This
law first introduced into cosmology by Dehnen and Obregón
[11] as a hypothesis to solve the BD equations. Later, follow-
ing Dehnen and Obregón, authors [7–9, 12, 13] used this as-
sumption to solve the BD equations. Finally, in 1994 Johri and
Kalyani [6] proved that this relation should not be seen as an
assumption but rather a result of the constancy of the deceler-
ation parameter of the universe. Accordingly, in this article we
have called this power law as Johri-Kalyani’s corollary. Thus,
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in the FLRW cosmological model, in addition to the equation
of state (1), we have also the power law (2) as an algebraic
equation between the unknowns of the problem. So, to deter-
mine the unknowns of the problem, we only need two differen-
tial equations that together with these two algebraic equations
form a system with four equations for four unknowns a, ϕ ,
ρ and p. Based on this, the BD equations must contain two
coupled independent second-order differential equations.

As a result, in order to solve the FLRW cosmological model,
the BD equations must be three differential equations. One of
them must depend on the other two equations. In other words,
from the set of BD equations, one of them is repeated. Our
goal in this paper is that to show in the BD theory, one of these
equations, which we choose here, the modified Klein-Gordon
equation [14, 15], is not an independent equation, but a result
of the establishment of other BD equations. For this purpose,
we first derive the BD equations by using the principle of least
action for the BD-action.

2 BD theory

The BD-action in Jordan’s frame is given by [14–20]

IBD =
1

16π

∫
M

d4x
√
−g

(
ϕR− ω

ϕ
gµν

∇µ ϕ ∇ν ϕ

−V (ϕ)+16π LM

)
(3)

where ϕ is the BD scalar field, ω is the adjustable BD cou-
pling parameter, V (ϕ) is the potential energy of the field ϕ

and R is the Ricci scalar of the space-time manifold M with
the local coordinates xµ = (x0,x1,x2,x3). Also, g = detgµν

and ∇µ denotes the covariant derivative operator in the space-
time and finally, LM := LM (gµν ,∂ρ gµν) is the Lagrangian
density of the matter which is minimally coupled to the BD
scalar field ϕ . Moreover, the BD scalar field ϕ inversely pro-
portional to the effective gravitational constant Ge f f by the
relation [7, 8, 15, 19, 20]

ϕ =
1

Ge f f

4+2ω

3+2ω
, (4)

where Ge f f is equal to the Newton’s gravitational constant
G = 6.67× 10−8 cm3 g−1 s−2 in the limit when ω tends to
infinity.

It should be noted that Eq. (3) is the original action of the
BD theory. In 2011, the generalization of this action was pre-
sented by S. Nojiri and S. D. Odintsov in [21, 22] as follows:

INO =
1

16π

∫
M

d4x
√
−g

(
eα(ϕ)R− ω(ϕ)

ϕ
gµν

∇µ ϕ ∇ν ϕ

−V (ϕ)+16π LM

)
, (5)

where eα(ϕ) and ω(ϕ) are some appropriate functions of the
BD scalar field ϕ . The above action, Eq. (6), was applied to
dark energy problem [23]. But in the present paper we focus
on the original BD action, Eq. (3).

Similar to the theory of general relativity (GR), the defini-
tion of energy-momentum tensor (EMT) of the matter

T µν

M =
2√
−g

∂

∂gµν

(√
−gLM

)
, (6)

and its conservation

∇µ T µν

M = 0, (7)

also hold in the BD theory [7–9, 14, 15, 19, 24].
By varying the BD action, Eq. (3) with respect to the dy-

namical variables, BD scalar field ϕ and metric tensor gµν ,
and by using the least action principle for the BD action, i.e.
δ IBD = 0, and this fact that the variations of δgµν and δϕ

are arbitrary, then we get the following equations, respectively
[9, 14, 15, 20]

2ω

ϕ
□ϕ +R− ω

ϕ2 ∇
µ

ϕ∇µ ϕ − dV
dϕ

= 0,

Rµν −
1
2

gµνR =
8π

ϕ
TM µν +

1
ϕ

(
∇µ ∇ν ϕ −gµν□ϕ

)
+

ω

ϕ2

(
∇µ ϕ∇ν ϕ − 1

2
gµν ∇

ρ
ϕ∇ρ ϕ

)
− V

2ϕ
gµν ,

(8)

(9)

where Rµν is the Ricci tensor and □ is the covariant d’Alemberian
operator of the metric tensor gµν , which is defined by

□ := ∇
ρ

∇ρ =
1√
−g

∂µ

(√
−ggµν

∂ν

)
. (10)

We note Eq. (9) is a generalization of the Einstein’s field equa-
tions Rµν − 1

2 gµνR+Λgµν = 8πGTM µν
. By performing con-

traction on Eq. (9), we obtain

R =−
8πTM

λ

λ

ϕ
+

ω

ϕ2 ∇
µ

ϕ∇µ ϕ +
3□ϕ

ϕ
+

2V
ϕ

, (11)

where TM
λ

λ
:= gµν TM µν

is the trace of the energy-momentum
tensor of the ordinary matter fields. By substituting Eq. (11)
into Eq. (8) one gets

□ϕ =
1

3+2ω

(
8πTM

λ

λ
+ϕ

dV
dϕ

−2V
)
. (12)
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This equation together with Eq. (9) form a system of cou-
pled second-order non-linear differential equations which are
called the general form of the BD equations in the BD theory
of gravity. Notice that Eq. (12) is known as the modified Klein-
Gordon equation. Furthermore, Eq. (9) is sometimes called
BD field equations.

3 Linear independence of the field equations in the BD
theory

The purpose of this section is to show that in the BD the-
ory, the Klein-Gordon equation, Eq. (12) is not an independent
equation; but it can be derived from the BD field equations,
Eq. (9). For this purpose, we take the covariant derivative from
both sides of Eq. (9) with respect to the general coordinate xν ,
giving us

∇ν

(
Rµν − 1

2
gµνR

)
= ∇ν

[8π

ϕ
T µν

M +
1
ϕ

(
∇

µ
∇

ν
ϕ −gµν□ϕ

)
+

ω

ϕ2

(
∇

µ
ϕ∇

ν
ϕ − 1

2
gµν

∇
ρ

ϕ∇ρ ϕ
)
− V

2ϕ
gµν

]
. (13)

Then, using the Bianchi’s identity ∇ν Gµν = 0, (Gµν =Rµν −
1
2Rgµν is Einstein’s tensor), the left side of Eq. (13) becomes
zero. On the right side, according to the EMT conservation
law of the matter, Eq. (7), the divergence of the EMT is zero.
Finally, we obtain

− 8π

ϕ2 T µν

M ∇ν ϕ − 2ω

ϕ3

(
∇

µ
ϕ∇

ν
ϕ − 1

2
gµν

∇
ρ

ϕ∇ρ ϕ

)
∇ν ϕ

+
ω

ϕ2

[
(∇ν ∇

µ
ϕ)∇ν

ϕ +(∇ν ∇
ν
ϕ)∇µ

ϕ

− 1
2

gµν(∇ν ∇
ρ

ϕ)∇ρ ϕ − 1
2

gµν
∇

ρ
ϕ(∇ν ∇ρ ϕ)

]
− 1

ϕ2 (∇
µ

∇
ν
ϕ −gµν□ϕ)∇ν ϕ

+
1
ϕ

[
∇ν(∇

µ
∇

ν
ϕ)−gµν

∇ν(□ϕ)
]

+
( V

2ϕ2 − 1
2ϕ

dV
dϕ

)
gµν

∇ν ϕ = 0. (14)

By doing some tensor calculations, Eq. (14) can be simplified
as follows:

−8π

ϕ2 T µν

M ∇ν ϕ − ω

ϕ3 (∇
ρ

ϕ∇ρ ϕ)∇µ
ϕ

+
ω

ϕ2 (□ϕ)∇µ
ϕ − 1

ϕ2 (∇
µ

∇
ν
ϕ)∇ν ϕ

+
1

ϕ2 (□ϕ)∇µ
ϕ +

1
ϕ

[
□(∇µ

ϕ)−∇
µ(□ϕ)

]
+(

V
2ϕ2 − 1

2ϕ

dV
dϕ

)∇µ
ϕ = 0. (15)

In order to calculate expression □(∇µ ϕ)− ∇µ(□ϕ) in the
above equation, let us consider the following tensor identity
[18, 24]

∇µ ∇νV λ −∇ν ∇µV λ =V σ Rλ
σ µν , (16)

where V λ is an arbitrary four-vector and Rλ
σ µν is the Rie-

mann curvature tensor. By putting λ = ν in the above identity,
we then get

∇µ ∇νV ν −∇ν ∇µV ν = V σ Rν
σ µν ,

= −V σ Rν
σνµ

= −V σ Rσ µ

= −Vσ Rσ
µ , (17)

where Rµν := Rλ

µλν
is the Ricci tensor. In Eq. (17), we de-

fine co-vector Vσ = ∇σ ϕ , where ϕ is the BD scalar field. Ac-
cordingly, we get the following relation

∇µ(∇ν ∇
ν
ϕ)−∇ν(∇µ ∇

ν
ϕ) =−∇σ ϕRσ

µ , (18)

which can be written as follows:

∇ν(□ϕ)−□(∇ν ϕ) =−(∇µ ϕ)Rµ

ν . (19)

For the next use, it is useful to write the above equation in the
following form

∇
ν(□ϕ)−□(∇ν

ϕ) =−(∇µ ϕ)Rµν . (20)

From the contraction of Eq. (9) one can obtain the Ricci scalar
R, giving us

Rµ

ν −
1
2

δ
µ

νR =
8π

ϕ
T µ

M ν
+

1
ϕ

(
∇

µ
∇ν ϕ −δ

µ

ν□ϕ
)

+
ω

ϕ2

(
∇

µ
ϕ∇ν ϕ − 1

2
δ

µ

ν ∇
ρ

ϕ∇ρ ϕ
)
− V

2ϕ
δ

µ

ν . (21)

By putting µ = ν in the above equation and then by using the
fact that Rµ

µ = R and δ
µ

µ = 4 we arrive at Eq. (11).
Now, in Eq. (9), instead of the Ricci scalar R, we put its

value from Eq. (11) and then calculate the tensor Rµν from
the resulting equation, giving us
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Rµν − 1
2

gµν

(
− 8π

ϕ
T λ

M λ
+

3
ϕ
□ϕ +

ω

ϕ2 ∇
λ

ϕ∇λ ϕ +
2V
ϕ

)
=

8π

ϕ
T µν

M +
ω

ϕ2

(
∇

µ
ϕ∇

ν
ϕ − 1

2
gµν

∇
ρ

ϕ∇ρ ϕ
)

+
1
ϕ

(
∇

µ
∇

ν
ϕ −gµν□ϕ

)
− V

2ϕ
gµν . (22)

After some simplification, we then obtain

Rµν =−4π

ϕ
T λ

M λ
gµν +

8π

ϕ
T µν

M +
ω

ϕ2 ∇
µ

ϕ∇
ν
ϕ

+
1

2ϕ
□ϕgµν +

V
2ϕ

gµν +
1
ϕ

∇
µ

∇
ν
ϕ. (23)

By putting the tensor Rµν from the above equation into Eq.
(20), we get the following equation

∇
µ(□ϕ)−□(∇µ

ϕ)

=−
[
− 4π

ϕ
T λ

M λ
gµν +

8π

ϕ
T µν

M

+
ω

ϕ2 ∇
µ

ϕ∇
ν
ϕ +

1
2ϕ

□ϕgµν

+
V
2ϕ

gµν +
1
ϕ

∇
µ

∇
ν
ϕ

]
∇ν ϕ. (24)

From the combination of Eqs (15) and (24), one may get the
following equation

−8π

ϕ2 T µν

M ∇ν ϕ − ω

ϕ3 (∇
ρ

ϕ∇ρ ϕ)∇µ
ϕ

+
ω

ϕ2 (□ϕ)∇µ
ϕ − 1

ϕ2 (∇
µ

∇
ν
ϕ)∇ν ϕ

+
1

ϕ2 (□ϕ)∇µ
ϕ +

1
ϕ

[
− 4π

ϕ
T λ

M λ
gµν +

8π

ϕ
T µν

M

+
ω

ϕ2 ∇
µ

ϕ∇
ν
ϕ +

1
2ϕ

□ϕgµν +
V
2ϕ

gµν +
1
ϕ

∇
µ

∇
ν
ϕ

]
∇ν ϕ

+(
V

2ϕ2 − 1
2ϕ

dV
dϕ

)∇µ
ϕ = 0. (25)

After performing some tensor calculations we find that

1
2ϕ2

[
−8πT λ

M λ
+(2ω +3)□ϕ +2V −ϕ

dV
dϕ

]
∇

µ
ϕ = 0. (26)

Clearly, from the above equation we have

−8πT λ
M λ

+(2ω +3)□ϕ +2V −ϕ
dV
dϕ

= 0. (27)

From solving Eq. (27) for □ϕ , we get the modified Klein-
Gordon equation, Eq. (12). In this way, we reached the desired
result.

4 Conclusion

In this paper, we proved that the modified Klein-Gordon
equation, Eq. (12) in the BD theory of gravity is not an in-
dependent equation of the BD field equation, Eq. (9), but it
results from the establishment of the BD field equation, Eq.
(9). Therefore, when we want to introduce the BD theory, it is
enough to consider only the BD field equation, Eq. (9) as the
basic equation of this theory. For this reason, if we consider
Eqs (1), (2) and (9) without the modified Klein-Gordon equa-
tion, Eq. (12) as a system of equations in the “problem of the
FLRW cosmological model” to determine the four unknowns
a(t), ϕ(t), ρ(t) and p(t), we have not made any mistake. Our
reason for doing this is that the modified Klein-Gordon equa-
tion, Eq. (12) in the BD theory is not a fundamental equation
and only Eq. (9) forms the fundamental equation of the the-
ory. The BD field equation, Eq. (9) provides us with two in-
dependent equations that are not enough to determine the four
unknowns. Hence, we need two other equations that together
with Eq. (9) form a system of four independent equations with
four unknowns. As seen in this paper, we have chosen the
equation of state, Eq. (1) and the power law, Eq. (2), which
are compatible with the physics of the problem, as the desired
equations. It is worth noting that although Eq. (12) is not one
of the basic equations of the BD theory, it can be added to
the system of algebraic-differential Eqs (1), (2) and (9), like
∇ν Gµν = 0 (Bianchi’s identity) and ∇ν T µν = 0 (conservation
of the energy-momentum tensor of the matter field) without
creating an obstacle in solving the FLRW cosmological model.
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Abstract In this paper, we introduce Einstein’s manifold
theory from a mathematical and physical viewpoint. We
present some obstructions for a manifold to be equipped
with the structure of an Einstein manifold. We discuss the
Hamiltonian approach to Einstein manifold theory and the
chirality of the Lie algebra of an Einstein Lie group. We
also discuss Einstein’s structure on non-compact manifolds
and present some partial results on Einstein’s structure
on the tangent bundle.

1 Introduction

The vacuum Einstein field equation is the main moti-
vation for considering Einstein manifolds. The Einstein
field equation is

Gµν + Λgµν = κTµν , (1)

where Gµν is the Einstein tensor, gµν is the metric tensor,
Tµν is the stress-energy tensor, κ is the Einstein gravita-
tional constant, and Λ is the cosmological constant. In
the vacuum case, the equation becomes:

Gµν + Λgµν = 0. (2)

In the mathematical setting, the Einstein tensor is the
Ricci tensor of a certain Riemannian metric, motivating
the definition of an Einstein manifold, a manifold whose
Ricci tensor is a constant multiple of the metric tenso,
namely Ric = κg where g is the metric tensor and Ric is
ae-mail: etaghavi@qut.ac.ir.
aThis research was in part supported by a grant from IPM
(1403550049).

the Ricci tensor. A particular case is when κ = 0, which
defines a Ricci-flat manifold.

The scalar curvature of an Einstein manifold is con-
stant. The theory is deeply involved with problems in
Riemannian geometry that concern objects with constant
Ricci curvature.

2 Preliminaries

In this section, we provide the prerequisites and nota-
tions necessary to introduce the theory of Einstein man-
ifolds. Let (M, g) be a Riemannian manifold with the
Levi-Civita connection ∇. The curvature tensor is defined
as

R(X, Y )Z = (∇X ◦ ∇Y − ∇Y ◦ ∇X − ∇[X,Y ])Z. (3)

The Ricci tensor R is a 2-linear map Ric defined as

Ric(X, Z) = trace(Y 7→ R(X, Y )Z), (4)

which is a symmetric tensor.

Proposition 1 The scalar curvature is the trace of Ric
with respect to the metric tensor g.

Proof Let (M, g) be a n dimensional Einstein manifold.
The scalar curvature is scal = gijRij where Rij are Ricci
coefficients and gij are coefficient of inverse metric g−1.
From the equation Ric = λg we get scalar(M) = nλ
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Proposition 2 Let (M, g) be a Riemannian manifold
with constant sectional curvature then M is an Einstein
manifold.

Proof Every manifold of constant sectional curvature is
locally isometric to either Euclidean space, the hyperbolic
space or the round sphere. The property of being Einstein
is a local isometric property. So every manifold of constant
curvature is an Einstein manifold since each of the above
3 mentioned spaces is an Einstein manifold.

Remark There are Einstein manifolds whose sectional
curvature is not constant. The complex projective space
CP n is an example of Einstein manifolds whose sectional
curvature is not constant. However, the holomorphic sec-
tional curvature of the complex projective space is con-
stant.

For a compact manifold M the Euler characteristic
χ(M) can be defined n several equivalent forms; First
definition is based on the self ntersection number of M as
a submanifold of TM .

An equivalent definition is in terms of the cell struc-
ture of a manifold which admit a CW complex structure.
Note that every compact manifold is homotopic equiva-
lent to a CW complex. For any such manifold the Euler
characteristic is defined as k0 − k1 + k2 − k − 3 + . . . ± kn

where ki is the number of cells of dimension i. A more
general definition is in terms of Betti numbers. Namely
the Euler characteristic χ(M) =

∑
i(−1)ibi where bi is

the rank of the ith singular homology group Hi(M). All
of these equivalent definitions are indeed equivalent to the
Euler characteristic of a triangulated manifold. From a
dynamical point of view the definition we mentioned in
terms of self-intersection number is identical to the sum
of the index of singularities of a generic vector field on M

The signature of a Riemannian manifold M of dimen-
sion 4k is defined as follows: We define a symmetric 2-form
S : H2k(M) × H2k(M) → R via (α, β) →

∫
M

α ∧ β. This
symmetric form can be represented by a symmetric matrix
M . Let n+, n− be the number of positive and negative
eigenvalues of M respectively. Then the signature is de-
fined as σ(M) = n+ − n−. The signature is a bordism
invariant namely if a compact manifold is the boundary of
a compact orientable manifold N the Sign(M) = 0 so we
get that the signature of S4k = 0. Moreover, we conclude
that the projective space CP 2k can not be the boundary
of any manifold since the signature of all CP 2k is equal
to 1.

Proposition The Euler characteristic χ(M) and the sig-
nature σ(M) have the same parity namely χ(M) ≡ σ(M)
(mod 2)

Remark A common property of Euler characteristic and
signature is that both quantities are multiplicative.

A Fredholm index interpretation of signature of
manifolds. The famous Hirzebruch signature theorem
presents an index theoretical interpretation for the signa-
ture of a smooth manifold. To formulate this interpreta-
tion we need to define the signature operator acting on a
certain space of differential form. Let (M, g) be a Rieman-
nian manifold of dimension 2l with Hodge star operator
⋆ and the Dirac operator d + d∗. For every given p we
consider the exterior differential d : ωp(M) → ωp+1(M)
and d∗ : Ωp+1(M) → ωp(M). To these data we assign an
involution τ(α) = ip(p−1)+lα. This involution anti com-
mutes with the direct operator d+d∗. the involution τ has
two eigenspaces Ω+, Ω− corresponds to eigenvalues ±1
of the involution τ . This implies that the Dirac operator
d+d∗ maps Ω+ to Ω− and vice versa. So we can represent

the Dirac operator in the matrix form d+d∗ =
(

0 D+
D− 0

)
where D : Ω+ → Ω−.

Hirzebruch Signature Theorem σ(M) = Ind(D). A
Lie algebra L is called a chiral algebra if every lie algebra
automorphism is an orientation preserving linear map.

Remark We should not confuse this terminology with
the similar name terminology chiral algebra in algebraic
geometry and D module theory mentioned in [2] and [3].

Example of a chiral Lie algebra is R3 with the cross-
product operation. In the next section we address the
existence of an Einstein structure on Lie groups and pose
the question of possible relation to chirality of the associ-
ated lie algebra. In the paper, we would focus on possible
relation of chirality of Lie algebras and Einstein structure
on Lie groups. But the classification of all finite dimen-
sional chiral algebra is another problem which can be
studied independently.

3 Einstein manifolds

In this section we provide some obstructions on a
manifold to have an Einstein structure.

Hitchin Thorpe Inequality Every compact 4 dimen-
sional Einstein manifold satisfies the Einstein Thorpe
inequality χ(M) ≥ 3

2 |σ(M)|.

Proof The idea of proof is based on computation of the
Euler characteristic and signature of manifold in terms
of entries of the matrix of the curvature operator. The
curvature operator T defined on Λ2TM satisfies < T (x ∧
y), z ∧ w >= R(x, y, z, w). Existence of Einstein metrics
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enable use to represent the curvature operator in the
6 × 6 matrix I2 ⊗ A + J2 ⊗ B where I2, J2 are the identity
and almost complex 2- matrix respectively and A, B are

diagonal matrices A =

a1 0 0
0 a2 0
0 0 a3

 and B =

b1 0 0
0 b2 0
0 0 b3

.

Then as a consequence of Chern weil theory we have

χ(M) = 1
4π2

∫
M

(∑
a2

i +
∑

b2
i

)
, (5)

and

σ(M) = 1
3π2

∫
M

(a1b1 + a2b2 + a3b3) . (6)

This obviously implies that χ(M) ≥ 3/2|σ(M)| because∑
a2

i +
∑

b2
i =

∑
(ai − bi)2 + 2

∑
aibi.

Remark Note that the Hitchin-Thorpe inequality is a
necessary condition for the existence of an Einstein struc-
ture on a manifold. But it is not a sufficient condition
condition. For a counterexample of manifolds which satisfy
this inequality but does not admit any Einstein structure
see [5] and [7].

Example Every compact manifold whose Euler charac-
teristic is negative can not be an Einstein manifold.

4 Summery and discussion

Einstein manifolds can be seen as critical points of the
Hilbert functionals. For every Riemannian manifold (M, g)
we define the Hilbert functional

∫
M

scaldv − g the inte-
gral of scalar curvature with respect to the volume form
associated to the metric g. This functional is defined on
the space of all Riemannian metrics on a given manifold.
The Hilbert functional is invariant under the action of all
diffeomorphisms. So this functional can be studied in the
equivalent class of all Riemannian metrics up to isometric.
Recall that two metrics on a manifold are equivalent if
there is a diffeomorphism on the manifold which pulls back
one metric to another one. Consideration of such a func-
tional generates some researches on study some other kind
of Hilbert like functionals. For example in [1] it is proved

that the critical points of the functional
∫

m
|Ricg|2volg

are flat metric provided they have non negative scalar
curvature.

The Ricci flow structure of an Einstein manifold has a
simple formulation. Recall that a Ricci flow is a 1 parame-
ter of Riemannian metrics gt which satisfy d

dt gt = −2Ricgt.
These flows are very important framework in Perleman’s
approach to the Poincare conjecture see [6]. Now if (M, g)
is an Einstein manifold then the Ricci flow can be pro-
duced as g(t) = (1 − 2λt)g for |t| < 1

2|λ| where λ is the
Einstein constant with Ricg = λg.

The instantons interpretation of 4 dimensional Einstein
manifolds are presented in [8]. The Einstein manifolds can
be viewed as a problem in Hamiltonian dynamics. We
explain how one can investigate existence of an Einstein
structure via Hamiltonian vector field:

Let (M, g) be a Riemannian manifold. So TM has
a natural structure of a symplectic manifold. The zero
section is denoted by Z. We define a Hamiltonian on
T 0M = TM \ Z, via

H = Ric(V, V )
|V |2

. (7)

For Einstein manifold this produce the trivial Hamiltonian
dynamics(All points are singularity). But what about
general case? What can be said about the critical points
of this Hamiltonian?
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Abstract In this paper, we study the qubit-photon quantum
logic utilizing a strong off-resonant coupling of a qubit and
cavity. We study dense coding with one of the quasi-Bell states
and propose an experimental scheme for dense coding with
quasi-Bell measurement.

1 Introduction

Although dense coding is an important quantum commu-
nication protocol to communicate two classical bits of infor-
mation by only transmitting a Bell state between the sender
(Alice) and the receiver (Bob) [1–6], in this paper, we per-
form this protocol by sharing one of the quasi-Bell states. The
quasi-Bell states are defined as:

|ϕ1⟩ =
1√
N1

(|a⟩| − a⟩+ | − a⟩|a⟩) ,

|ϕ2⟩ =
1√
N2

(|a⟩| − a⟩ − | − a⟩|a⟩) ,

|ϕ3⟩ =
1√
N1

(|a⟩|a⟩+ | − a⟩| − a⟩) ,

|ϕ4⟩ =
1√
N2

(|a⟩|a⟩ − | − a⟩| − a⟩) .

(1)

(2)

(3)

(4)

where N1 = 2(1+ e−4a2

), N2 = 2(1− e−4a2

), and | ± a⟩
are the standard coherent states [7–10]. The standard coherent

aEmail: rabeie@razi.ac.ir
bEmail: ardalan_fatahizadeh@yahoo.com

state can be represented in terms of photon number states [11]:

|a⟩ = exp (−|α|2

2
)

∞∑
n=0

αn

√
n!
|n⟩, (5)

where a is a complex amplitude. In quantum optics, the elec-
tromagnetic field can be decomposed into modes, where the
dynamics of each mode in free space is equivalent to the dy-
namics of a simple harmonic oscillator, with n representing
the number of photons in the given mode. The coherent state
is a state for the corresponding electromagnetic field mode.

In this work, we first present an interesting method to cre-
ate the quasi-Bell state |ϕ2⟩, then we study the dense coding
by sharing this state1.

2 Creation of the Quasi-Bell State |ϕ2⟩

The qubit-photon quantum logic via strong off-resonant
coupling between a qubit and cavity is modeled by the dis-
persive Hamiltonian [12]:

H

ℏ
= ωq|e⟩⟨e|+ ωsa

†a+ χqsa
†a|e⟩⟨e|, (6)

where ωq,s are the qubit and cavity, |e⟩ is the excited state of
the qubit, transition frequencies, a (a†) is the lowering (rais-
ing) ladder operator of the cavity resonator and, and χqs is the
dispersive interaction between these modes. This interaction
generates a state-dependent shift in either the qubit or cavity
transition frequency. We use this conditional frequency shift to

1Under conditions, the quasi-Bell state |ϕ2⟩ has maximum entanglement
and this is very important for sharing
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produce qubit-photon entanglement with two operations: con-
ditional cavity phase shifts and conditional qubit rotations. The
condi-tional cavity phase shift may be represented as

CΦ = eiΦ
′a†a|e⟩⟨e| = I ⊗ |0⟩⟨0|+ eiΦ

′a†a ⊗ |e⟩⟨e|, (7)

where Φ′ is the conditional phase shift induced on the cavity
state and |0⟩ is the ground state of the qubit. This conditional
phase emerges from the free evolution of the dispersive Hamil-
tonian for a time τ , where Φ = χqsτ . The conditional qubit
rotation is a rotation on the qubit state for the photon number
of the cavity state.

Because the qubit transition frequency strongly depends
on the photon number, we can choose the specific transition
in the cavity Fock state. The rotation on the qubit state for an
n-photon Fock state can be ideally described as follows [12]:

Rn
n⃗′,θ(θ, η) = |n⟩⟨n| ⊗Rn⃗′,θ + I

∑
m̸=n

|m⟩⟨m|I, (8)

where Rn(θ, η) = e−i θ
2 (σ⃗·n⃗

′
) is a qubit rotation around the

vector n⃗ with rotation angle θ, and σ⃗ = σxî + σy ĵ + σz k̂,
where σx, σy , and σz are the Pauli matrices.

Fig. 1: A plan to create the quasi-Bell state |ϕ2⟩ in several
steps: qubit state preparation using a single qubit rotation
Rn⃗′,θ; mapping the qubit to the cavity state A using condi-
tional operations Cπ and R0

n⃗′,θ along with cavity displace-
ments Dη; and mapping the cavity state A to the cavity state
B using a 50:50 beam splitter Ua′b′

AB (π/2).

We suggest an experimental setup as shown in Fig. 1 to
create the quasi-Bell state |Φ2⟩. We start with an unentangled
qubit/cavity state: ζ0 = η⊗(|0⟩ − |e⟩) , (ignore the normaliza-
tion), where |η⟩ is a coherent state. Performing a conditional
cavity π-phase shift on the initialized state creates an entan-
gled qubit-cavity state A |ζ1⟩ = Cπ|ζ0⟩ = |η, 0⟩ − | − η, e⟩.
With acting cavity displacements Dη on this state, we have
|ζ2⟩ = Dη|ζ1⟩ = |2η, 0⟩ − |0, e⟩. We here apply a qubit π-
rotation conditional on the cavity vacuum state |0⟩, which pro-
duces the unentangled state: |ζ3⟩ ≈ R0

ŷ,π|ζ2⟩ = (|2η⟩− |0⟩)⊗
|0⟩. With acting cavity displacements D−η on this state, we
have |ζ4⟩ = D−η|ζ3⟩ = (|η⟩ − | − η⟩)⊗ |0⟩. Finally, suppose

that each mode of the cavity A and cavity B is incident on
the beam splitter. After passing through the beam splitter, the
quasi-Bell state becomes:

|ζ5⟩AB = Ua′b′

AB (ϕ′ = π/2) (|η⟩a′ − | − η⟩a′)⊗ |0⟩b′

=
(
|η/

√
2⟩A| − η/

√
2⟩B − | − η/

√
2⟩A|η/

√
2⟩B

)
, (9)

where the 50:50 beam splitter for two field modes is repre-
sented as Ua′b′

AB (ϕ′) = e−
ϕ
2 (a

†
a′ab′−aa′a

†
b′) where a′ and b′ are

the two field modes entering the beam splitter, A and B are the
two field modes passing through the beam splitter, and ϕ is re-
lated to the transmissivity as θ = cos2(ϕ/2). For α = η/

√
2,

the state |ζ5⟩AB reduces to the quasi-Bell state |ϕ2⟩AB.

3 Dense Coding Process

Let us assume that the quasi-Bell state |ϕ2⟩AB has been
shared between Alice and Bob. Alice wants to send Bob a
binary number x ∈ {00, 01, 10, 11}. She chooses one of the
following quasi-Pauli gates:

I = | − α⟩⟨−α|+ |α⟩⟨α|,

X = |α⟩⟨−α|+ | − α⟩⟨α|,

Y = −i|α⟩⟨−α|+ i| − α⟩⟨α|,

Z = |α⟩⟨α| − | − α⟩⟨−α|.

(10)

(11)

(12)

(13)

According to x, Alice applies the transformation on mode
A. Applying the transformation for mode A means she applies
an identity transformation for mode B, which Bob keeps with
him. By applying these conditions, the shared mode changes
as follows:

00 → I ⊗ I → |ϕ2⟩AB,

01 → X ⊗ I → |ϕ4⟩AB,

10 → Y ⊗ I → |ϕ3⟩AB,

11 → Z ⊗ I → |ϕ1⟩AB.

(14)

(15)

(16)

(17)

When α is reasonably large, after performing one of the
operations described above, Alice can send her mode A to Bob
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using a quantum network through some conventional physi-
cal medium. Now the two modes have been sent to Bob, and
he can find the transmitted state using the quasi-Bell mea-
surement [13]. Additionally, according to the contract between
himself and Alice, Bob knows which pair of binary numbers
x ∈ {00, 01, 10, 11} has been sent by Alice.

We suggest an experimental setup, as shown in Fig. 2, to
discriminate quasi-Bell states when α is reasonably large. To
discriminate between the quasi-Bell states, we use two pho-
todetectors and a 50:50 beam splitter for modes A and B.
After passing through the beam splitter, the quasi-Bell states
become:

|Φ1⟩AB → 1√
N1

|0⟩F |even⟩G,

|Φ2⟩AB → 1√
N2

|0⟩F |odd⟩G,

|Φ3⟩AB → 1√
N1

|even⟩F |0⟩G,

|Φ4⟩AB → 1√
N2

|odd⟩F |0⟩G,

where |even⟩ = |
√
2α⟩+|−

√
2α⟩√

N1
and |odd⟩ = |

√
2α⟩−|−

√
2α⟩√

N2

have been termed respectively the even and odd coherent states.
Also the term Cat states have been applied to the even and odd
coherent states. The even-odd terminology refers to the fact
that the photon number distribution is non-zero only for even
photon numbers in the case of the even coherent state and is
non-zero only for odd photon numbers in the case of the odd
coherent state.

If an odd number of photons is detected at detector L for
mode F , then we know that the entangled state incident on the
measurement setup was |Φ4⟩ → 01.On the other hand, if an
odd number of photons is detected at detector R for mode G,
then the incident entangled state was: |Φ2⟩ → 00. If a non-zero
even number of photons is detected for mode F , the incident
state was |Φ3⟩ → 10 and if a non-zero even number is detected
for mode G, it was |Φ1⟩ → 00.

4 Conclusions

In this paper, we have studied the qubit-photon quantum
logic utilizing a strong off-resonant coupling of a qubit and
cavity. We have investigated the creation of the quasi-Bell state
|Φ2⟩. We have studied dense coding with one of the quasi-Bell
states (as channels). Additionally, we have proposed an experi-
mental scheme for dense coding with quasi-Bell measurement.

Fig. 2: Schematic diagram of the detection setup. A beam split-
ter separates the paths into detectors L and R, allowing for
discrimination between different quasi-Bell states. Detectors
L and R are positioned to observe the outputs F and G from
inputs A and B.
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Abstract In this paper, we have obtained the work of
friction force on arbitrary paths. Our results indicate that
the The work of the friction force depends highly on the
path equation. Our explicit calculations show that the
procedure and related examples are not simple.

1 Introduction

In elementary classical mechanics, the work done by fric-
tion is introduced as the change of mechanical energy of
the system. Whenever the energy of the system is not
conserved, we can write:

W ′ = ∆E = ∆U +∆K (1)

In this equation, W ′ is the work done by friction, ∆E is
the change in mechanical energy, and ∆U and ∆K are the
changes in potential and kinetic energy, respectively. Obvi-
ously, Eq. (1) shows that the work done by friction consists
of two parts: the change in potential energy, which is path-
independent if the force is conservative, and the change
in kinetic energy, which is path-dependent. If we want to
calculate the work done by friction directly without using
Eq. (1), then we can write the following:

W ′ =
∫ −→F ·

−→
d l. (2)

In this procedure, it is not important to know the speed
values at the start and end points of the path. However,
the equation of the path is what is very important. This
procedure with the mentioned purposes has been reported
ae-mail: m.matehkolaee@aut.ac.ir

in [1]. However, we indicate that this paper [1] did not
lead to the correct results.

A different article [3] has shown that the direct equa-
tion of work of friction on a particular curved path leads to
Eq. (1). This paper [3] somehow concludes the equivalency
between two equations (1) and (2).

In some textbook exercises, we can see that the ac-
tion of dissipative forces leads to entering the domain of
thermodynamics [2]. Indeed, the work done by frictional
forces has often been calculated incorrectly [4]. The key
to a correct treatment lies in distinguishing between the
energy equation and the center of mass equation [4–6].
This subject leads to an informal concept called "Pseu-
dowork" [7]. In any case, this concept is not considered in
our work. Section 2 begins with a critique of reference [1]
and continues with direct calculations of the work done
by the friction force. An example is given in Section 3 to
test the ultimate relationship for the work of friction.

2 Calculation of the Work of Friction

Now consider a particle sliding on a curved path with the
equation y = f(x), under the action of gravity. The final
equation in Ref. [1] is given as:

W ′ = 1
2µmg

∫ 1 + [f ′(x)]2

2 + [f ′(x)]2 − µf ′(x)
dx, (3)

where m is the mass of the particle and µ is the coefficient
of friction.

We believe that Eq.(3) is not correct. At the very least,
it does not give the correct result in limiting cases. For
example, consider the case of an inclined plane. In this
case, f ′(x) = tan θ, where θ is constant. Substituting this
into Eq. (3) from [1] gives:
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W ′ = 2µmg tan θ2 1 + tan2 θ

2 + tan2 θ − µ tan θ
∆x. (4)

With respect to ∆x = (∆l) cos θ, we can write:

W ′ = (µmg cos θ)(∆l) 2
1 + cos2 θ − µ sin θ cos θ∆x. (5)

But for an inclined plane, from basic classical mechanics
we know that N = mg cos θ and W ′ = (µmg cos θ)(∆l)
which is not the same as Eq. (5).

In fact, the definition of speed in the mentioned article
is problematic. Specifically, the equations:

v = dl

dt
, and v ̸= dl

dx
.

Newton’s law, projected along the path and normal to
the path give the following equations:

1
g

dv

dt
= − sin θ − µn, (6)

v2

gR
= n− cos θ, (7)

where R is the curvature radius of the path, given by
R = dl

dθ
, n = N

mg
. By using

dv

dt
= dv

dl

dl

dt
= v

dv

dl
, (8)

and defining:

ψ = v2

g
= R(n− cos θ), (9)

we obtain:

dψ

dl
= −2(sin θ + µn). (10)

So:

dψ

dθ
= −2R(sin θ+µn) = −2µψ−2R(µ cos θ+sin θ). (11)

Integrating this equation results in:

ψ(θ) = exp (−2µ(θ − θ1))
{
ψ(θ1) − 2

∫ θ

θ1

dφ

(µ cosφ+ sinφ)R(φ) exp [2µ(φ− θ1)]
}
. (12)

Assuming the particle starts from rest, we conclude:

ψ(θ) = −2
∫ θ

θ1

(µ cosφ+ sinφ)

×R(φ) exp (2µ(φ− θ)) dφ. (13)

Therfore

n(θ) = cos θ − 2
R(θ)

∫ θ

θ1

(µ cosφ+ sinφ)

×R(φ) exp [2µ(φ− θ)] dφ. (14)

Finally, W ′ or the work of friction is given by:

W ′ = µmg

∫ θ2

θ1

R(θ)n(θ)dθ. (15)

3 Example

Consider a trajectory with the following equation:

f(x) =
√
x. (16)

and:

tan θ = − 1
2
√
x
, and

∫ 1

0
dξ

√
1 + 1

4ξ . (17)

Defining the variable α as sinh(α) = 1
2

√
x

, we get

dθ

dα
= 1

coshα,
dl

dα
= cosh2 hα

2 , R = cosh3 hα

2 . (18)

We can rewrite Eqs (14) and (15) in terms of α instead
of θ:
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θ = q(α), (19)

where:

g(α) = −π

2 +
∫ α

0

dβ

cosh β = −π

2 + tan−1(sinhα), (20)

and

R [ρ(α)] =: ρ(α), n [ρ(α)] =: ν(α). (6)

These latter equations give R(α) and n(α) in terms of α
instead of θ. Additionally, defining λ(α) as:

λ(α) = ρ(α)q′(α) = cosh2 hα

2 , (22)

we arrive at:

ν(α) = cos [q(α)] − 2
ρ(α)

∫ α

α1

{
µ cos [q(β)] + sin [q(β)]

}
× exp

{
µ [q(β) − q(α)]

}
λ(β)dβ. (23)

Finally, the work of friction is:

W ′ = µmg

∫ α

α1

dβλ(β)ν(β). (24)

4 Conclusion

We have investigated, in a general form, the direct calcu-
lation of the work done by the friction force. As observed,
explicit calculations of the integrals may not be straight-
forward. However, we invite the reader to examine the
same procedure for a given path f(x) = −x2, because
the radius of curvature of these two functions is identical.
Comparing the work of friction on these two paths and
analyzing the speed of objects sliding along these paths
at the end of the trajectories is highly desirable.
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