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Abstract In this paper, we have discussed that the mem-
bers of the Hilbert space are indeed not square-integrable
functions themselves, but rather, the members are equiva-
lent classes of these functions. Contemplating these func-
tions compels us to distinguish between two operators.
First, the ordinary derivative d

dx is just the usual par-
tial differentiation which acts on the scalar function and
should not be considered as an operator which can act on
the vectors in the Hilbert space. Second, the unbounded
operator Dx, which is usually mixed up with the former.

1 Introduction

Quantum mechanics is one of the contexts in which the
Hilbert space is used. A rigorous definition for a Hilbert
space should be sought in mathematical analysis. However,
this rigorous definition of the Hilbert space is not included
in almost all practical applications of quantum mechan-
ics. That is why, in most texts on quantum mechanics,
especially those addressed by physicists, no attention is
given to this. However, in the third chapter of the book
[1], the author has discussed this subject in summary and
footnotes. Ref. [2] is perhaps the only quantum mechanics
book that has dealt with this issue more than others. If
one were to trace the origins of the concept of a Hilbert
space in mathematics and physics, it would be noticed
that Hilbert space theory is part of functional analysis
[3, 4].

In standard quantum mechanics, some complex Hilbert
space describes a quantum mechanical system. For in-
stance, the pure states of a single one-dimensional particle
can be described by elements in the Hilbert space L2(R),
as introduced in introductory courses in quantum mechan-
ics. Generally, it is important to note that the L2 space is
am.matehkolaee@aut.ac.ir

the only space among the Lp spaces for which the norm
comes from an inner product. The first natural attempt
to define this space mathematically is the following:

L2(R) =
{
f :R → C : f[−n,n] Riemann integrable,

forn ∈ N,
∫ ∞

−∞
|f(x)|2 dx < ∞

}
. (1)

In the definition (1), functions f are so-called square-
integrable functions and Riemann integrable. In general,
a Hilbert space is a set of vectors equipped with two
operations: vector addition and scalar multiplication. It
satisfies the axioms of a vector space over the field of
complex numbers (or real numbers).

However, there are several problems with this approach.
For example, there are plenty of square-integrable func-
tions (according to definition (1)) which do not vanish at
infinity [5]. Indeed, it is false that f ∈ L2(R) implies that
f → 0 as x → ∞, as commonly believed. Additionally,
the Hilbert space defined in (1) is not complete1. There
exist some Cauchy sequences in L2(R) which do not con-
verge in L2(R). For example, consider the sequence {ψj},
where ψj is a function such that ψj(qi) = 1 for i ≤ j, and
ψj(x) = 0 otherwise. Here {qi} denotes an enumeration
of the rational numbers2.
1There are plenty of examples which demonstrate that both the
set of irrational and rational numbers are not complete. There
are well-behaved sequences in each space that don’t converge to
an element of the space. These sequences are well-behaved in the
sense that they do converge in R.
2In fact, ψj is a sequence of functions such that ψ1, ψ2, ψ3, . . .. For
instance, ψ3(q1) = 1, ψ3(q2) = 1, and ψ3(q3) = 1. So ψ3(x) = 1 if
x is one of the first three rationals; otherwise, ψ3(x) = 0. Hence,
each ψj(x) = 0 except for a finite number of points (to be more
specific, except for three points)
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Clearly, for each ψj , we have
∫ ∞

−∞ |ψj(x)|2 dx = 0, and
this is true for (ψi −ψj) hence for any i and j the amount
(ψi − ψj) is nonzero only in a finite number of points. So
ψ is a Cauchy sequence. While the limit of this sequence

is the function φ(x) so that φ(x) =
{

1, x ∈ Q,
0, x /∈ Q,

where

Q is a set of rational numbers. Now, we can conclude that
|φ|2 is not Riemann integrable.

As a result, if the inner product is defined using Rie-
mann integration, the Cauchy sequence {ψj} does not con-
verge in the space of square-integrable functions. However,
if Lebesgue integration is used, the Cauchy sequence con-
verges. Also, if the inner product is defined with Lebesgue
integration, the Cauchy sequence ψ does converge.

In a later section, we will discuss the distinction be-
tween the operators d

dx and Dx.
In some quantum mechanics literature, for example,

in [1, 6], misleading notations are seen, which can confuse
different operators. We must distinguish between the po-
sition operator X and the real number x. Also, f(x) is a
number3. The symbol d

dx is not well-suited to denote an
operator acting on elements of the Hilbert space. Instead,
we denote by Dx an operator acting in Hilbert space such
that

(Dxf)(x) = f ′(x), where f ′(x) is the usual derivative
of f(x), assuming f is differentiable.

2 Equivalent Classes of Square–Integrable
Functions

According to definition (1), we can define the norm

∥f∥ =
(∫ ∞

−∞ |f(x)|2 dx
)1/2

as a norm on L2(R). How-
ever, there exist functions f ∈ L2(R), with f ̸= 0, for
which ∥f∥ = 0. As an example, consider the function

f(x) =
{

1, x = 0,
0, x ̸= 0.

This function is clearly not identically

zero, but
∫ ∞

−∞ |f(x)|2 dx = 0. To resolve this, we intro-
duce an equivalence relation: two functions f, g ∈ L2(R),
where ∥f−g∥2 = 0. These functions are called equivalent if

∫ ∞

−∞
|f(x) − g(x)|2 dx = 0. (2)

According to Eq. (3), the functions f and g can be different
on some poinbts. Therefore, when the operator Dx is
applied to a function, we must account for this equivalence.
3Note that f is a smooth and differentiable function and f(x) is
a pointwise evaluation at x, just like x itself. That is, f(x) is the
value of the function f at the point x.

For example, suppose f is differentiable and g equals f
except at a single point x1. Then g is not differentiable at
x1, but Dxg is still defined as Dxf , because f and g are
equivalent.

As an example for this points, consider the square-
integrable function f(x) = 1

1+x2 , and define

g(x) =
{
f(x), x ̸= 0,
0, x = 0.

(3)

It is noted that the former function is differentiable every-
where and the latter is not differentiable and therefore not
continuous at x = 0 . In fact, the reason that we should
consider the equivalence classes rather than functions
themselves, is to make the inner product non singular.
Here, the inner product of (f − g) by itself is zero, by
definition of Eq. (3). While the inner product of a vector
by itself should be non-zero (positive) unless that vector
is zero. Therefore, if Eq. (3)) is satisfied (f−g) is taken to
be equivalent to 0. It means that the action of any linear
operator (acting on the Hilbert space) on (f − g) should
be zero. So, if Dxf is defined, Dxg or its generalization
should be defined equal to Dxf . Another point that should
be noted is that Dxf is not necessarily square-integrable
despite of f being a square-integrable function. So, the
domain of Dx is not the whole Hilbert space, but it is an
unbounded operator.

Also, it is worthwhile to point out, that if (f − g) is
non-zero only at a finite number of points, Eq. (3) will be
true. More generally, if the set at which (f−g) is non-zero,
has zero measure, then the Eq. (3) is valid and f and g

are called equivalent. In other words, if two functions f
and g differ from each other on a set with zero measure,
then they belong to the same equivalence class4.

We are now ready to define the desired Hilbert space
[7]. A Hilbert space in the context of the Lebesgue measure
typically refers to a complete vector space with an inner
product defined via the Lebesgue integral.

A classic example of a quantum system in an infinite-
dimensional Hilbert space is a quantum particle con-
strained to move along the real line. In this case, the
Hilbert space is defined as H := L2(R, dx),

where dx denotes the standard Lebesgue measure on
R. The members of this Hilbert space are equivalence
classes of measurable functions f : R → C with unit norm,
∥f∥2 =

∫
R |f(x)|2 dx = 1.

In this formal setting, momentum operators can be pre-
cisely defined using weak derivatives [8]. These definitions
are elaborated in [7], where the discussion is extended to
generalized momentum operators and domains [9].
4As an example, consider two functions f and g that differ only
on the set of integers or a subset thereof. Since the measure of the
integers is zero, f ∼ g in L2(R).
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3 Difference between Dx and d
dx

This section discusses the differential operator, which acts
on square-integrable functions in a Hilbert space. It is
different from the usual differential operator defined in
classical calculus.

One can define the operator Dx through its action on
the Fourier transform of the function. For a function ψ,
the Fourier transform satisfies the following identity:

F (Dψ)(k) = ik(Fψ)(k), (4)

This gives a correspondence between Dxψ and multiplica-
tion by ik in the Fourier domain.

So, using above equation, we can deduce

(Dxψ)(x) = 1
2π

∫ ∫
eikx−ikyψ(y) · (ik) dk dy. (5)

If ψ is differentiable in the usual sense, then the right-hand
side is equal to the derivative of this function. But the
point is that, it can happen that the right-hand side exists,
while ψ is not differentiable in the usual sense. Hence, Eq.
(5) is some generalization of the definition of the derivative
of ψ.

It should be npted that the operator Dx defined above
is a dense in the Hilbert space. An operator is said to be
densely defined in the Hilbert space if for any u and for
any ε > 0, there exists a v such that ∥u− v∥ < ε in the
domain of the regarding operator.

Let F (v) be the Fourier transform of v. It is shown that
the Fourier transform of Dxv, denoted F (Dxv), satisfies:

|F (Dxv)(k)|2 = k2|F (v)(k)|2. (6)

Now suppose F (v)(k) = 0 for |k| > M , where M is some
constant. Then:

∫
|F (Dxv)(k)|2 dk ≤ M2

∫
|F (v)(k)|2 dk. (7)

For v in the Hilbert space, the right-hand side and hence
the left-hand side will be finite. We immediately infer if v
is in the Hilbert space and its Fourier transform vanishes
for |k| bigger than some constant, then v is in the domain
of Dx.

This result implies that if a function v ∈ L2(R) has a
compactly supported Fourier transform, i.e., vanishes for

|k| > M , then Dxv ∈ L2(R), and v belongs to the domain
of the operator Dx.

For any vector u in Hilbert space, the square-integrability
is defined via its Fourier transform by:

∫
|Fu(k)|2 dk < ∞. (8)

This means that for any α > 0, there exists an N such
that:

∣∣∣∣∣
∫

|(Fu)(k)|2 −
∫ N

−N

|(Fu)(k)|2dk

∣∣∣∣∣ < 2πα. (9)

One can take ν to be a function with the following prop-
erties:

Fv(k) =
{

Fu(k), |k| ≤ N,

0, |k| > N.

Clearly, v in in the domain of Dx and |u − v|2 ≤ α. So,
for any ε > 0 ine take α = 1

2ε
2 and |u− v| < ε, while v is

in the domain of Dx.

4 Conclusion

One of the key properties of the real numbers R is that all
Cauchy sequences converge. This is proven in many real
analysis texts, such as Chapter 1 of [10] or in [11].

However, we have shown that if the inner product is
defined using Riemann integration, then L2(R) is not com-
plete. This highlights the need for the Lebesgue integral.
As discussed in this paper, if the inner product is defined
using the Lebesgue integral, then L2(R) is a complete
Hilbert space, meaning every Cauchy sequence converges
within the space.

As a result, the members of the Hilbert space, con-
trary to common belief, are not square-integrable func-
tions themselves but equivalence classes of such functions.
To emphasise this difference, we may denote equivalence
classes by a notation such as [f ].

As it is shown, this point is not only a curiosity or
mathematical accuracy, but it leads to the distinction of
two operators, which can remove some misconceptions.
We should stress the difference between the two operators.
The operator d

dx acts on any object depending on x, be it
scalar or vector. However the operator Dxis an unbounded
operator which acts from right on vectors and convectors
in the Hilbert space.
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Abstract In this note, we aim to elucidate the fundamental
mathematical concepts and mathematical ingredients under-
lying the Selberg trace formula. We explicitly present the
formula for compact quotients and provide a brief overview
of its interpretation in both mathematics and physics. The
Selberg trace formula transcends the boundary of mathe-
matics, establishing intriguing connections between classi-
cal mechanical entities such as volume, shape, and geodesics
on a surface and quantum mechanical entities such as eigen-
values (frequencies), eigenfunctions, and resonances of the
underlying geometry. A rudimentary understanding of com-
plex analysis and hyperbolic geometry is assumed.

1 Introduction

I prepared this note for a conference on mathematical
physics held in July 2024 at Qom university of technology
in Qom city. Delivering a lecture on the Selberg trace for-
mula sparked my curiosity to delve deeper into its intricate
beauty and profound significance. I was fascinated by the
beauty of the Selberg trace formula while preparing this re-
port. This note serves as a (very) brief survey of the Sel-
berg trace formula and some of its relatives which have far-
reaching applications in various mathematical and physical
domains, and I hope that this note will help to introduce it to
others.

We begin by introducing a pivotal group known as the
modular group, denoted by Γ = SL(2,Z). This group acts
naturally on the upper half plane H by linear-fractional
transformations and the resulting quotient of this action is
the modular surface denoted by M = H /SL(2,Z). For the

ashaffaf@gmail.com
bThis research was partially supported by a grant from IPM (No.
1404110116)

interested reader, a brief introduction to hyperbolic geome-
try and complex analysis is essential. The modular surface
M = H /SL(2,Z) is a rich mathematical entity, not only
from a hyperbolic geometric perspective but also from a har-
monic analysis standpoint. The following figure illustrates
the renowned fundamental domain of the action of the group
SL(2,Z) on the upper half plane. This fundamental domain
is also known as the Gauss fundamental domain, as Gauss
had discovered it using quadratic forms (of negative discrim-
inant) before the advent of hyperbolic geometry!

The resulting quotient surface, known as the modular sur-
face, is a non-compact surface with finite volume (its vol-
ume is π

3 ). It is noteworthy that the geodesics on the modular
surface are the projections of the geodesics in the upper half
plane. Here is a picture of the modular surface and a closed
geodesic on it.
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Furthermore, Studying quadratic forms of positive dis-
criminant is closely intertwined with the study of the closed
geodesics and their corresponding multiplicities on the afore-
mentioned modular surface. A powerful tool for analyzing
the behavior of closed geodesics on the surfaces (both com-
pact or non-compact) is the Selberg trace formula. In this
report, I aimed to understand this crucial formula and its
significance in understanding closed geodesics on a surface.
In fact, the Selberg trace formula establishes a connection
between the geodesic geometry of a surface and its spectral
geometry (eigenvalues of Laplacian). In this report I primar-
ily focused on the compact case of the Selberg trace formula
which is essential before delving into the more challenging
case of the non-compact quotient.

The Selberg trace formula was originally discovered by
Selberg in the 1950s (see [1]) influenced by the work of
Maass, who employed techniques from harmonic analysis to
study the spectral theory of hyperbolic surfaces. In essence,
the Selberg trace formula is an identity that has a geomet-
ric side and deals with geometric entities such as closed
geodesics of our underlying geometry (our surface) and a
spectral side that involves eigenvalues of Laplacian of the
underlying Riemann surface. These eigenvalues are crucial
in quantum physics and play the role of modes (frequen-
cies) of a domain or surface (for instance, the sound we hear
from a drum). Before formulating the trace formula for hy-
perbolic surfaces, it is enlightening to consider the trace for-
mula for the unit circle, which is essentially a reformulation
of the Poisson summation formula. This formula for a suit-
able function h is as follows:

∑
n∈Z

h(n) = ∑
n∈Z

ĥ(n), (1)

where ĥ(n) =
∫
R h(t)e2πintdt is the Fourier transform of the

test function h. Now, if we examine the above poisson sum-
mation formula more closely, we can reinterpret both sides
of this formula as follows. In fact, the Poisson summation
formula serves as the initial prototype of the trace formula.
Consider M = S1, a one-dimensional circle of radius 1. It is

readily apparent that he eigenvalues of the Laplacian ∆ =

− d2

dx2 on the circle S1 are n2 for n = 0,±1,±2, · · · with cor-
responding eigenvalues : φn(x) = 1√

2π
einx. Define the linear

operator T on the space of periodic functions as the follow-
ing

[T f ](x) :=
∫
[0,2π]

ρ(x,y)dy, (2)

where the kernel ρ(x,y) := ∑n∈Z h(n)φn(x)φ̄n(y). It is evi-
dent that T φn = h(n)φn. Consequently, the Poisson summa-
tion formula essentially entails computing the trace of the
aforementioned linear operators in two different methods.

Tr(T ) = ∑
n∈Z

h(n) =
∫
R

h(t)e2πintdt. (3)

Note that the left-hand side is a spectral quantity, while the
right hand side is a geometric quantity, calculated as a sum
over the closed geodesics on the manifold S1 that have length
2π|n| for n ∈ Z. In this way, we can see that trace formula
for S1 is actually a reformulation of the Poisson summa-
tion formula. We will also see that the strategy for higher-
dimensional case of surfaces is quite similar to the above
argument.

Furthermore, it is illuminating to examine the trace for-
mula for the 2-dimensional sphere, as we possess explicit
knowledge of the spectrum of the Laplacian and the struc-
ture of closed geodesics in this special case (similar to the
case of circle). However, we omit this enlightening examples
(the sphere) in this report and refer to [2, 3] for further de-
tails. In the context of hyperbolic surfaces, it is well-known
that we have the following correspondence:
Geometric entities←→ spectral entities
(volume, shape, geodesics)←→ (eigenvalues, eigenfunctions,
resonances)

Additionally, we can provide motivation from a physics
perspective. The classical-quantum correspondence princi-
ple in physics relates classical mechanical entities such as
closed geodesics, to quantum mechanical entities like reso-
nances and frequencies (modes).

2 Some background in hyperbolic geometry and
hyperbolic surfaces

The upper half plane

H = {z ∈ C|Im(z)> 0}, (4)
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serves as a standard model for hyperbolic geometry. In this
geometry, the straight lines are segments of semi-circles cen-
tered at a point on the real line (boundary at infinity) and
lines perpendicular to the real line.

The group of isometries is the Mobius transformations (or
linear-fractional transformations) defined as

φ : z 7→ az+b
cz+d

, (5)

where a,b,c,d ∈ R and ad− bc > 0. It is well-known that
this group is equivalent to the Lie group PSL(2,R) (the group
of 2 by 2 matrices with real entries and positive determi-
nants). Furthermore, it is straightforward to demonstrate that
the hyperbolic metric:

ds2 =
dx2 +dy2

y2 , (6)

is invariant under every element φ in the isometry group
PSL(2,R), more precisely we have

φ
∗(ds2) = ds2. (7)

The above metric is also known as the Poincare metric. It can
be easily observed that the Gaussian curvature of this metric
is constant and equal to -1. The area element of this metric
is dA(z) = dxdy

y2 . One can see that the distance between two
points z,w ∈H can be obtained by the following formula:

d(z,w) = log
|z− w̄|+ |z−w|
|z− w̄|− |z−w|

. (8)

We classify the transformations in the isometry group
PSL(2,R) based on the behavior of their fixed points. Sup-
pose that T (z) = az+b

cz+d is an element of PSL(2,R), and z is
a fixed point of this transformation. Then z must satisfy the
following quadratic equation:

cz2 +(d−a)z−b = 0. (9)

Generally this equation has 2 complex solutions.
(1) The transformation T is called elliptic if it has only one
fixed point in the upper half plane (the other is in the lower
half plane). In this case, geometrically, T is a rotation cen-
tered at the fixed point. One can see that the T is elliptic if
and only if |Tr(T )|= |a+d|< 2.
(2) The transformation T is referred to as parabolic if T has
only one fixed point on the real line R = ∂H . In this case,
T is conjugate to the translation z 7→ z+1. One can see that
the T is parabolic if and only if |Tr(T )|= |a+d|= 2.
(3) The transformation T is called hyperbolic if it has two
distinct fixed points on the boundary real line. In this case,
T is conjugate to the transformation z 7→ eaz for some real
number a. One can see that the T is hyperbolic if and only
if |Tr(T )|= |a+d|> 2.

Table 1 Complete classification of hyperbolic isometries

Type Fixed Points Canonical Form Trace

Elliptic 1 in H

(
cosθ sinθ

−sinθ cosθ

)
2cosθ

Parabolic 1 on ∂H

(
1 1
0 1

)
2

Hyperbolic 2 on ∂H

(
el/2 0
0 e−l/2

)
2cosh(l/2)

Now, we consider a Fuchsian group , which is a discrete
subgroup of the isometry group PSL(2,R). Our primary ex-
ample in this context for a Fuchsian group is the discrete
subgroup SL(2,Z), which comprises 2 by 2 matrices with in-
teger entries and determinant 1. This subgroup holds signifi-
cant importance and is known as the modular group. It finds
applications across various mathematical disciplines, rang-
ing from number theory to physics. When a discrete group
acts on the upper half plane H we can define a fundamental
domain for this action. This domain is a polygonal region in
the plane, ensuring that every orbit intersects the domains in-
terior at most once (except for the boundary of this region).
For instance, a fundamental domain for the modular group
action is depicted in the following figure.
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It’s worth noting that if the fauchsian subgroup lacks parabolic
and elliptic element, the quotient Riemann surface S=H /Γ

is a compact Riemann surface with constant negative cur-
vature −1. However, in the case Γ = PSL(2,Z), the quo-
tient surface, known as modular surface, is not compact.
It possesses a cusp at infinity and also has finite volume.
Geodesics on the modular surface S (or generally on any
Riemann surface) correspond to the geodesics of the upper
half plane under the action of the modular group. A function
on the quotient S = H /Γ is a function on the upper half
plane H which is invariant under the action of the Fuchsian
group , meaning f (gz) = f (z) for all g ∈Γ . These functions
are referred to as automorphic functions. Closed geodesics
and their characterization on a Riemann surface (specially
on the modular surface) holds immense importance in study-
ing the surfaces geometry. They also serve as the foundation
for comprehending the Selberg trace formula. When dealing
with geodesics on the Riemann surface S, several key ques-
tions arise :

1) which geodesics are closed on the surface S.
2) Which closed geodesics are simple?
3) Are there dense geodesics on the surface, and how can
they be characterized?

The answer to the first question is the following. Every
hyperbolic matrix in SL(2,Z) generates a closed geodesic
and it is easy to see that any matrix in the modular group
with trace greater than 2 is hyperbolic. Therefore, the closed
geodesics correspond to conjugacy classes of hyperbolic el-
ements in the Fuchsian group Γ .

The Laplacian operator on the upper half plane H with
Poincare metric is defined as

∆ :=−y2(
∂ 2

∂x2 +
∂ 2

∂y2 ). (10)

Since the hyperbolic Laplacian is invariant under the action
of the group Γ = SL(2,Z) , i.e. go∆ = ∆og for g ∈ SL(2,R),
it descends on the quotients Riemann surface S = H /Γ .
The area measure dA(z) = dxdy

y2 is also invariant under the
action of the group and so it gives an area measure (vol-
ume form) over the quotient Riemann surface S. The natural
Hilbert space that we consider is L2(H /Γ ,dA) with the in-
ner product

< f ,g >:=
∫

F
f (z) ¯g(z)dA(z), (11)

for a fundamental domain F. An eigenvalue of ∆ on S =

H /Γ is a number λ which satisfies the equation ∆φ = λφ

where φ ∈ L2(H /Γ ,dA) is a square integrable function and
in the literature the corresponding eigenfunction is called
a Maass form. It is a well-known fact that if the quotient
Riemann surface is compact, its corresponding spectrum is
discrete and tends to infinity. Additionally there exists an
orthogonal basis of eigenfunctions {φ j} for L2(H /Γ ,dA).
If the quotient Riemann surface is not compact but of finite
volume then the corresponding spectrum has two parts, one
is the discrete part contained in the interval [0,∞) and the
other is the continuous part and is in fact it is the interval
[ 1

4 ,∞). In the case of non-compact quotient we attempt to
study the spectrum by introducing a new operator called the
resolvent, denoted as R(λ ) := (∆ −λ )−1. It is important to
note that in the upper half plane, H , we have ∆ys = s(1−
s)ys. Therefore we assume that our spectral parameter is λ =

s(1− s) and the resolvent is

R(s) := (∆ − s(1− s))−1. (12)

It is well known that the resolvent admits a meromorphic
continuation to the entire complex plane. The set λ ∈ [0,∞)

corresponds to

s ∈ [
1
2
,1]∪{s|Re(s) =

1
2
}, (13)

(see [4]). Recall that in the literature, the poles of the mero-
morphically extended resolvent are referred to as resonances.
Another well-known result is that the continuous spectrum
is parametrized by the Eisenstein series. Furthermore, the
Eisenstein series can also be meromophically continued to
the complex plane with respect to the variable s. Now, we
endeavor to describe the Selberg trace formula in the case of
compact quotients. Assume that the function f ∈C∞([0,∞))

decays sufficiently rapidly at infinity. In this case, we can
define the integral operator by introducing the kernel.

k f (z,w) := ∑
g∈Γ

f (d(z,gw)), (14)

and following the above kernel one can define the operator
K f : L2(S,dA)→ L2(S,dA) as follows:

(K f (g))(z) :=
∫

F
k f (z,w)g(w)dA(w). (15)

The Selberg trace formula provides two distinct methods for
computing the trace of the operator K f . In the case of the
compact quotient S = H /Γ as we mentioned, we have a
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discrete spectrum {λ j} and corresponding orthogonal eigen-
functions {φ j}. On the one hand, we have

Tr(K f ) =
∫

H /Γ

k f (z,z)dA(z), (16)

and on the other hand if we are given the eigenvalues {κ j}
of the operator K f , we can express the trace as

Tr(K f ) = ∑
j

κ j. (17)

3 The Selberg trace formula

Assume that the quotient Riemann surface S = H /Γ

is compact and smooth, i. e., the discrete group Γ contains
only hyperbolic elements. Recall that closed geodesics of
S = H /Γ correspond to conjugacy classes of hyperbolic
elements in the subgroup. Now, we can compute the trace of
the operator K f in terms of the length of the closed geodesics
of the surface S. Assume that L(Γ ) := {l(g)|g ∈ Π} where
Π is the set of hyperbolic conjugacy classes. Using the de-
composition of the group in terms of the different types of
conjugacy classes (hyperbolic, elliptic or parabolic) and af-
ter computation, the following formula for the trace of the
operator K f is obtained

Tr(K f ) = f (0)Vol(H /Γ )+

∑
l∈Γ

∑
n∈N

1
sinh( kl

2 )

∫
∞

kl

f (cosh t)√
2cosh t−2coshkl

sinh tdt. (18)

Also from the spectral side we have

Tr(K f ) =
∞

∑
j=0

h(

√
λ j−

1
4
), (19)

where h is an appropriate function and after simplification
the Selberg trace formula for the compact quotient case takes
the following form: group in terms of the different types
of conjugacy classes (hyperbolic, elliptic or parabolic) and
after computation, we obtain the following formula for the
trace of the operator K f :

∞

∑
j=0

h(

√
λ j−

1
4
) =

Vol(H /Γ )

4π

∫
∞

−∞

rh(r) tanh(πr)dr

+ ∑
l∈L(Γ )

∑
k∈N

1
sinh( kl

2 )
ĥ(kl), (20)

where ĥ is the Fourier transform of the function h. It is note-
worthy that the first term on the right hand side constitutes a
topological term. This trace formula can be considered as a
natural generalization of the Poisson summation formula.

4 The formula for the non-compact case

In the non compact case, the Selberg trace formula be-
comes more intricate due to the fact that the operator K f
is no longer a trace class operator. Consequently, new terms
and integrals corresponding to elliptic and parabolic elements
emerge. Notably, on the spectral side, scattering terms re-
lated to cusp points appear, transforming this side of the
trace formula as follows:

∞

∑
j=0

h(

√
λ j−

1
4
)− 1

2π

∫
∞

−∞

φ ′

φ
(

1
2
+ ir)h(r)dr

+
1
2

h(0)Tr[φi j(
1
2
)], (21)

where φi j(s) denotes the scattering matrix and
φ(s) = det[φi j(s)]. Similarly, on the length side, additional
terms corresponding to elliptic and parabolic points are in-
troduced, in addition to the previously mentioned term cor-
responding to hyperbolic elements as observed in the com-
pact quotient case. For each elliptic element in the group,
the following terms should be added

n−1

∑
j=1

1

nsin(π j
n )

∫
∞

−∞

e−
2π jr

n

1− e−2πr h(r)dr, (22)

where n is the order of the elliptic fixed point.
In the end, for a non-compact Riemann surface H /Γ

like the group Γ = SL(2,Z), with finite volume, the Selberg
trace formula acquires additional terms and is as follows:

∞

∑
j=0

h(r j)−
1

4π

∫
∞

−∞

φ ′

φ

(
1
2
+ ir

)
h(r)dr

+
1
4

h(0)trφ

(
1
2

)
=

Vol(F )

4π

∫
∞

−∞

rh(r) tanh(πr)dr

+∑
{γ}

∞

∑
k=1

lγ
2sinh(klγ/2)

ĥ(klγ)

+
1
4

h(0)− ln2
2π

ĥ(0)

+ ∑
{R}

1
2mR sin(π/mR)

∫
∞

−∞

e−2πr/mR

1+ e−2πr h(r)dr.

(23)
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Here, λ j =
1
4 + r2

j are Laplacian eigenvalues, φ(s) is the
scattering matrix determinant, {γ} are primitive hyperbolic
conjugacy classes (lengths lγ ), {R} are elliptic conjugacy
classes (orders mR), and ĥ is the Fourier transform of h.

5 Selberg Zeta function

One of the primary applications of the Selberg trace for-
mula is the proof of the meromorphic continuation of a cru-
cial zeta function known as the Selberg zeta function. The
Selberg zeta function for Γ is defined as

ZΓ (s) = ∏
{γ}

∞

∏
k=0

(
1− e−(s+k)lγ

)
, (24)

It satisfies the functional equation

ZΓ (s) =ZΓ (1− s)

× exp
(

Vol(H /Γ )

2π

∫ s−1/2

0
r tan(πr)dr

)
. (25)

The zeros occur at

– s = 1
2 ± ir j (spectral zeros).

– s =−k, k ∈ N (trivial zeros).

One can also observe that the above product converges for
Re(s) = 1. It can be demonstrated using the trace formula
that the Selberg zeta function can be analytically continued
to the entire complex plane. The zeros of the Selberg zeta
functions correspond to the eigenvalues of the hyperbolic
Laplacian.

It would be intriguing to dissect the simple closed
geodesics among all closed geodesics. For instance, if we
modify the definition of the Selberg zeta function for a Rie-
mann surface by multiplying over all simple closed geodesics,
the resulting zeta function raises pertinent questions about
which properties of the ordinary Selberg zeta function can
induce this modified zeta function? For instance, can we ex-
tend the analytic continuation of this modified Selberg zeta
function over the complex plane? Similarly, investigating
the functional equation and the corresponding Riemann hy-
pothesis holds potential. It may be worthwhile to devise a
method and adapt the renowned Selberg trace formula for
simple closed geodesics. This modified trace formula could
then be employed to obtain the analytic continuation of the
modified Selberg zeta function. Another interesting prop-
erty of hyperbolic surfaces is the ergodicity of their geodesic

flow. This implies that every function on the hyperbolic sur-
face that is invariant under the geodesic flow must be a con-
stant function. This type of ergodicity is called classical er-
godicity. However, there exists a broader notion of ergodic-
ity. Quantum ergodicity is another notion of ergodicity that
holds significant importance in quantum chaos. Notably, early
numerical simulations in chaotic billiards revealed intrigu-
ing phenomena involving highly excited quantum particles
concentrating on periodic trajectories corresponding to clas-
sical particles. Quantum ergodicity is formally defined in
terms of the Laplace eigenfunctions on a domain or, more
generally, a surface or manifold. For each eigenfunction Φ j
we can associate a probability measure

ν j = |Φ j|2dA. (26)

A central and intriguing conjecture in this research area,
which now has been established as a theorem for a specific
set of surfaces, points that the probability measures j con-
verge to the Liouville measure on the unit tangent bundle of
the corresponding Riemann surface. This phenomenon is re-
ferred to as quantum unique ergodicity (QUE), as discussed
in [5]. For general compact manifolds with ergodic geodesic
flow, it is known that for numerous choices of subsequences
of eigenfunctions, the corresponding limits of the probabil-
ity measures exist and are equal to the Liouville measure
on the manifold (as detailed in [6]). However, this property
does not hold for all sequences.

Another conjecture about the modular surface is that the
simple closed geodesics on this special surface is simple,
meaning that their multiplicity is 1 in the length spectrum.
Through a well-known argument, it can be deduced that the
corresponding quadratic forms possess class number one (ac-
cording to the correspondence between closed geodesics and
indefinite quadratic forms). We believe that the Selberg trace
formula and Selberg zeta function are tools that will assist
us in addressing the following problem. Let K =Q(

√
d) be

a real quadratic field and OK be its ring of integers. The dis-
crete group ΓK = PSL(2,OK) acts on the upper half plane,
and we can consider the quotient surface S = H /ΓK . How
is the geometry of this surface related to the arithmetic of
the real quadratic number field K, such as class numbers and
fundamental units, etc to the closed geodesics and spectrum
of the surface S? We can also pose the same question for the
complex surface (called Hilbert modular surface of dimen-
sion 2) M =H ×H /ΓK . It is noteworthy that, according to
a theorem by Siegel, the volume of the Hilbert modular sur-
face is, in fact, the value of the Dedekind zeta function of the
quadratic field K at -1. Another property is that the number
of the cusps of the surface is equal to the class number of the
number field K. Consequently, Gauss conjecture is equiva-
lent to the following statement: There exist infinitely many
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modular surfaces MK that possess only a single cusp under
the action of the discrete group ΓK = PSL(2,OK). These in-
quiries are of interest and can be subject to investigation.

6 Conclusion

The Selberg trace formula presented above reveals that
the left-hand side of the formula is solely dependent on the
spectral parameters (eigenvalues of the Laplace operator),
which corresponds to the modes or frequencies of the sur-
face. These parameters are quantum mechanical entities. Con-
versely, the right hand side of the trace formula is depen-
dent solely on the length spectrum, which are the classical
mechanical parameters of the underlying universe (our sur-
face). In essence, the left hand side of the trace formula re-
sides within the realm of quantum physics, while the right
hand side belongs to classical mechanics. In conclusion, this
note also posed several intriguing questions relating the struc-
ture of the real quadratic fields to the geometry of the cor-
responding modular surfaces. Understanding these relation-
ships may provide insights into the Gauss conjecture for
class numbers of the real quadratic fields.
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Abstract Phonons, as quantum quasiparticles represent-
ing collective vibrations in crystal lattices, play a funda-
mental role in understanding the physical properties of
solid materials. This article explores the physical founda-
tions of phonons, including their types (acoustic and optical
phonons), dispersion relations, and the influence of effective
mass on their propagation. It further examines the interac-
tion of phonons with quantum systems, such as their cou-
pling to superconducting qubits, their role in quantum infor-
mation transfer, and their application in quantum memories.
Additionally, cutting-edge quantum acoustics technologies
are discussed, including bulk acoustic wave (BAW) and sur-
face acoustic wave (SAW) propagation, the piezoelectric ef-
fect in phonon generation and control, and phononic waveg-
uides. The final section addresses technical challenges and
future research directions in quantum acoustics, analyzing
the potential of this field for advancing quantum informa-
tion processing and emerging technologies.

1 Introduction

Quantum acoustics, as an emerging branch of modern
quantum physics, focuses on studying the quantum behav-
ior of mechanical waves and their interactions with quantum
systems, opening new frontiers in quantum engineering and
information technologies. This field leverages fundamental
concepts of phonons (quanta of lattice vibrations in solids)
to explore quantum phenomena such as entanglement, su-
perposition, and quantum information transfer in acoustic
systems [1]. Surface acoustic waves (SAWs) and bulk acous-
tic waves (BAWs) serve as key tools in this domain, en-
abling low-loss, controlled-speed transmission of quantum
information (Fig. 1). Recent studies have demonstrated that

ae-mail: sadighi@sharif.edu
be-mail: bahareh.khishkhah@physics.sharif.edu

these waves can bridge superconducting Josephson-junction
qubits and semiconductor quantum dots, paving the way for
hybrid quantum processing architectures [2].

Fig. 1 Schematic of a piezoelectric coupling to modes of a high-
overtone bulk acoustic resonator (HBAR) (not to scale). The longitu-
dinal wavefunction component is depicted as a sinusoidal profile with
wavelength λ = 2h/l across the cylindrical mode volume defined by
an AlN disk and a sapphire substrate. The transverse energy density
profile sl,0(x/v) is rendered in 3D, illustrating effective energy confine-
ment within the mode volume while accounting for diffraction-induced
leakage. This also shows that the sl,0(x/v) mode is equivalent to the
s′l,3(x/v) mode in a larger volume with diameter a [3].

A milestone in quantum acoustics was the achieve-
ment of coherent quantum state transfer between physi-
cally separated nodes, realized in 2022 using an advanced
unidirectional piezoelectric transducer. These experiments
employed single-phonon transmission over 2-mm channels
with a propagation time of 500 ns, highlighting the scala-
bility potential for quantum architectures. These advances
relied on low-loss (<0.1 dB/cm) phononic waveguides with
coherence times of ∼2.2 µs [4]. Meanwhile, recent theoret-
ical studies on non-Markovian phonon-qubit dynamics have
provided new insights into decoherence mechanisms and
mitigation strategies. For instance, in lithium niobate sys-
tems, engineered phonon anisotropy reduced thermal noise
by 40% at 10 mK [3].
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Technical challenges in this field primarily stem from
surface phonon scattering and environmental factors like
thermal fluctuations. Researchers have optimized hybrid
piezo-optomechanical structures, achieving strong coupling
(>1 MHz) between microwave phonons and optical pho-
tons, a key step toward quantum frequency converters. In
2024, a breakthrough experiment using phononic metama-
terials demonstrated squeezed quantum states in acoustic
waves, enabling ultra-sensitive quantum sensors [5].

Future directions include integrated quantum acoustic
networks interfacing with optical and microwave proces-
sors. Early studies on time-periodic phononic crystals have
shown dynamic control over phonon propagation via geo-
metric modulation, potentially enabling all-acoustic quan-
tum logic gates. Additionally, discoveries of collective quan-
tum effects (e.g., Majorana-like quasiparticles in acoustic
chains) are expanding topological quantum research.

Practically, quantum acoustic systems are increasingly
used in quantum memories with storage times exceed-
ing 10 ms. A recent innovation employed high-Q (106)
acousto-optic cavities to store and retrieve single-photon
states with 85% efficiency [6]. These advances, combined
with phononic cooling techniques reaching sub-millikelvin
temperatures, are accelerating the development of scalable
quantum systems.

2 Foundations of Quantum Acoustics: Mathematical
Analysis and Quantum Interactions

Quantum acoustics systematically studies the quantum
behavior of mechanical waves in material media, where en-
ergy scales become sufficiently small that quantum effects
such as superposition, entanglement, and projective mea-
surements dominate the system’s dynamics. The theoretical
core of this field is based on the quantization of acoustic
fields and non-classical interactions between phonons and
other qubits. The classical wave equation in homogeneous
elastic media is expressed as [7]:

∂ 2ψ(r, t)
∂ t2 = v2

∇
2
ψ(r, t), (1)

where ψ represents particle displacement, v is the speed of
sound, and ∇2 is the Laplacian operator. For quantum de-
scription, this equation must be rewritten using secondary
quantization methods. By introducing phonon creation (b†

k)
and annihilation (bk) operators, the displacement field is
quantized as:

ψ̂(r, t) = ∑
k

√
h̄

2ρV ωk

(
bkei(k·r−ωkt)+b†

ke−i(k·r−ωkt)
)
. (2)

Here, ρ is the medium density, V is the system volume,
ωk = v|k| is the acoustic phonon dispersion relation, and k
is the wave vector. This formulation shows that phonons be-
have as massless quantum particles with energy Ek = h̄ωk
and momentum p = h̄k [8].

At low temperatures (below 100 mK), phonons fol-
low Bose-Einstein statistics, with density of states given
by g(ω) = V ω2

2π2v3 . Under such conditions, quantum ef-
fects like phononic squeezed states, which reduce quantum
fluctuations in one phase component, become observable.
These states are generated using squeeze operators S(ζ ) =
exp

( 1
2 ζ ∗b2 − 1

2 ζ (b†)2
)
, where ζ = reiθ is the squeezing pa-

rameter.
Photon-phonon interactions in piezoelectric materials

are modeled using quantum elasticity theory and Maxwell’s
equations. In these materials, mechanical stress (σi j) and
electric field (Ek) are coupled through piezoelectric coeffi-
cients (ei jk) [9]:

σi j = ci jklεkl − eki jEk, (3)

Di = eiklεkl + εi jE j, (4)

where ci jkl is the elasticity tensor, εkl the strain tensor, and
εi j the permittivity tensor. At the quantum level, these in-
teractions are described by an extended Jaynes-Cummings
Hamiltonian:

H = h̄ωca†a+ h̄Ωmb†b

+ h̄g0a†a(b+b†)+ h̄J(a†b+ab†). (5)

The first two terms represent cavity photons (frequency ωc)
and mechanical phonons (frequency Ωm), respectively. The
third term (linear electromechanical coupling, strength g0)
and fourth term (nonlinear coupling, strength J) describe en-
ergy transfer between the systems. Recent experiments on
lithium niobate platforms measured g0/2π ∼ 10−100 kHz
and J/2π ∼ 1−10 kHz, demonstrating their strong potential
for quantum processing.

A key challenge in quantum acoustics is managing de-
coherence from phonon-environment interactions. Surface
acoustic wave (SAW) phonon decoherence rates are esti-
mated by:

Γφ =
kBT ω2

m

Qmh̄Ωm
, (6)

where Qm is mechanical quality factor, T temperature, and
Ωm mechanical frequency. Below 20 mK with Qm > 106, de-
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coherence rates fall below 100 Hz, enabling coherence times
of ∼10 ms.

Quantum information transfer via phonons requires a
low-loss waveguide design. Phonon propagation in acoustic
waveguides follows:

∂ b̂(x, t)
∂ t

=−vg
∂ b̂(x, t)

∂x
− κ

2
b̂(x, t)+

√
κ b̂in(t), (7)

where vg is phonon group velocity, κ loss rate, and b̂in the
input operator. For > 90% transfer efficiency, the condition
κL/vg ≪ 1 must hold, recently achieved in gallium arsenide
(GaAs) waveguides with L = 2 mm and κ/2π = 50 Hz.

Nonlinear effects in quantum acoustics, like phonon-
phonon interactions, are described by [10]:

Hnonlinear = h̄χ(b†)2b2, (8)

where χ is the nonlinear coefficient. These effects are ob-
servable in highly anisotropic materials (e.g., diamond), en-
abling phononic squeezed states and multiphonon entan-
glement. In 2023, silicon nanoparticle experiments reported
nonlinear interactions with χ/2π ∼ 1 kHz, paving the way
for all-acoustic quantum gates.

3 Phonons and Their Properties

Phonons are fundamental quantum mechanical concepts
in solid-state physics that describe collective atomic vibra-
tions in crystalline lattices. When atoms in a solid are at
their equilibrium positions, the crystal lattice is stable. How-
ever, mechanical disturbances propagate as waves through
the material. While macroscopically these are sound waves,
at microscopic quantum scales, they are quantized waves
called phonons. Essentially, phonons are the mechanical
analogs of photons in electromagnetism and play vital roles
in materials’ thermodynamic and electrical properties [7].

A key aspect of phonons is their influence on ther-
mal conductivity. In insulators where heat transfer occurs
primarily through phonons, understanding their dynamics
enables precise descriptions of thermal behavior. Phonon-
electron interactions also critically determine electrical and
thermoelectric properties. For instance, in superconductors,
phonon-electron coupling creates the superconducting phase
where electrical resistance vanishes.

In crystalline structures, atoms are connected by elec-
trostatic forces. When displaced, this motion propagates
through interatomic forces as vibrational waves throughout
the lattice. These waves, influenced by the material’s me-
chanical and crystalline properties, form different phonon
types.

Phonons are categorized as either acoustic or optical.
Acoustic phonons exist in all solids and involve in-phase
atomic oscillations, propagating near the material’s sound
speed. They facilitate mechanical and thermal energy trans-
fer and are subdivided into longitudinal (atomic motion par-
allel to wave propagation) and transverse (perpendicular
motion) modes [11].

Fig. 2 Schematic of crystal lattice showing acoustic and optical
phonon propagation

Optical phonons primarily occur in crystals with mul-
tiple atom types per unit cell, where atoms oscillate out of
phase. This enables strong interactions with electromagnetic
waves, particularly in infrared and ultraviolet regions, sig-
nificantly impacting optical properties through phenomena
like Raman scattering and infrared absorption. Like acoustic
phonons, optical phonons have longitudinal and transverse
variants (Fig. 2).

The phonon dispersion relation – describing how fre-
quency (ω) depends on wavenumber (k) – is crucial for un-
derstanding phonon behavior. This relation is nearly linear
for acoustic phonons at long wavelengths ( omega ∝ k), re-
sembling sound waves in continuous media. At higher fre-
quencies, crystal symmetries and interatomic interactions
introduce nonlinearities.

Unlike acoustic phonons, optical phonons typically ex-
hibit nonlinear dispersion, maintaining nearly constant fre-
quencies at small wavenumbers because their vibrational
energy depends on unit cell structural changes rather than
wavenumber. Consequently, optical phonons have higher
frequencies (often several THz) than acoustic phonons (Fig.
3).

Atomic mass significantly influences phonon properties.
In heavier elements, higher effective phonon masses reduce
wave propagation speeds, directly lowering thermal conduc-
tivity since slower phonons transfer less heat (Fig. 4).

Phonon interactions with other quantum particles are re-
search hotspots. Phonon-photon interactions occur in Ra-
man scattering and photoelastic effects, while phonon-
electron coupling enables phenomena like electron-phonon
scattering and superconductivity. In quantum systems,
phonons can mediate qubit coupling for quantum informa-
tion transfer.
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Fig. 3 Dispersion curves for acoustic and optical phonons in a linear
diatomic chain

Fig. 4 Vibrational properties of silicene and graphene: (A-B) Calcu-
lated phonon dispersion with labeled modes (i: in-plane, o: out-of-
plane, A: acoustic, O: optical, L: longitudinal, T: transverse) [4]

Overall, phonons are essential for understanding solid-
state physics across thermodynamics, optics, electronics,
and quantum computing. Recent research on phononic en-
gineering and controlled phonon guidance structures high-
lights their potential for developing quantum information
technologies and ultra-sensitive mechanical sensors [8, 12].

4 Interaction of Phonons with Quantum Systems

Phonons play a crucial role as quantum information car-
riers in the development of quantum processing and quan-
tum communications. Unlike photons that propagate in vac-

uum, phonons are dependent on material media, yet this
characteristic makes them particularly suitable for certain
specialized applications. In some systems, phonons can
serve as efficient mediators for quantum information transfer
due to their long coherence times and low loss. In systems
based on superconducting qubits and quantum dots, surface
acoustic waves (SAWs) and bulk acoustic waves (BAWs)
have been proposed for establishing connections between
different components of a quantum circuit. The propaga-
tion of single-mode phonons in a controlled environment
enables coherent quantum information transfer, a feature of
paramount importance for establishing quantum networks
[9, 11].

In quantum information processing, phonons can be en-
gineered through various approaches. One of their most sig-
nificant capabilities in this domain is their use in creat-
ing single-mode phononic states. In this method, individ-
ual phonons are generated and controlled in specific me-
dia, enabling quantum information storage and processing.
In certain materials, phonons can preserve information for
extended periods, making them excellent candidates for con-
structing quantum memories. Phononic quantum memories
can serve as intermediaries for information exchange be-
tween different sections of a quantum processor, ensuring
the prolonged stability of quantum information.

One of the most important interactions of phonons in
quantum physics is their coupling with superconducting
qubits (Fig. 5). Superconducting qubits are typically con-
trolled through electromagnetic fields, but their interaction
with phonons can also be achieved via the piezoelectric ef-
fect. In this interaction, phonon energy can induce qubit
state transitions, and conversely, qubits can generate or ab-
sorb phonons. This coupling is described by various theoret-
ical models, including the Jaynes-Cummings Hamiltonian:

H = h̄ωqσ
+

σ
−+ h̄ωpa†a+ h̄g(σ+a+σ

−a†), (9)

where ωq is the qubit frequency, ωp the phonon frequency,
a† (a) are phonon creation (annihilation) operators, σ±

are qubit raising/lowering operators, and g is the coupling
strength [8, 13].

This model demonstrates that a superconducting qubit
can change states by absorbing or emitting a phonon. Such
phenomena provide a foundation for developing phonon-
based quantum circuits where quantum information is stored
and processed in qubits and phonons. The interaction be-
tween phonons and superconducting qubits also plays a role
in developing quantum sensors. Due to phonons’ sensitiv-
ity to environmental changes, they can be used to detect ex-
tremely weak mechanical fields, potentially leading to the
development of ultra-precise sensors for measuring faint
forces and structural changes in materials.
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Fig. 5 Schematic diagram illustrating the coupling of a qubit to a SAW
phonon bath: The qubit (orange-pink) non-uniquely emits excitations
to the SAW phonon bath (blue), with the emission rate regulated by the
SAW structure’s electrical conductivity [14].

In summary, phonons offer unique capabilities for quan-
tum information processing and transfer. While photons re-
main the primary mediators for quantum communications,
phonons – with their stronger interaction with solid-state en-
vironments and ability to couple with mechanical and elec-
tronic systems – represent an exceptionally suitable plat-
form for advancing quantum technologies. The integration
of these characteristics with emerging phonon control and
engineering techniques may open new pathways in quantum
computing and sensing [15].

5 Quantum Acoustics-Based Technologies

Quantum acoustics, as an interdisciplinary field combin-
ing quantum mechanics and acoustic physics, encompasses
technologies that utilize quantized sound waves (phonons)
for information transfer and processing. These technologies
are primarily categorized into three main areas: acoustic
wave propagation, phonon control and generation via the
piezoelectric effect, and phononic waveguides.

Acoustic waves propagating in solid materials are
broadly classified into bulk acoustic waves (BAW) and sur-
face acoustic waves (SAW). In BAW, acoustic vibrations
propagate throughout the material volume and can be guided
along specific paths depending on boundary conditions and
material structure. Due to their deep penetration, BAWs
are commonly used in high-precision sensors and quantum
communication systems. In contrast, SAWs propagate only
along surface layers and remain concentrated near the sur-
face. This property gives SAWs high sensitivity to surface
changes, making them suitable for frequency filters, preci-
sion sensors, and as quantum system interconnects in quan-
tum communications [7, 8, 13].

One of the most important methods for phonon control
and generation in quantum acoustics is the piezoelectric ef-
fect (Fig. 6). Observed in materials like aluminum nitride,
quartz, and certain ceramics, this effect generates an electric
field under mechanical stress and vice versa - applying an
electric field induces mechanical deformation. This property
enables precise phonon control and acoustic wave genera-
tion in solids. For example, applying alternating voltage to
a piezoelectric material produces acoustic waves at specific
frequencies that can guide, store, or transfer quantum infor-
mation. This technology plays a key role in manufacturing
quantum chips, requiring precise phononic wave control.

Fig. 6 Acoustic wave generation via piezoelectric materials. a) Apply-
ing voltage to electrodes causes thickness-mode vibrations (perpendic-
ular expansion/contraction). b) For certain material orientations, ap-
plied voltage induces shear-mode vibrations (horizontal deformation).
c) Interdigital transducers (IDTs) on piezoelectric crystals generate sur-
face acoustic waves (SAWs) with wavelength (λ ) determined by IDT
finger spacing [16].

Phononic waveguides represent another crucial quan-
tum acoustics technology enabling controlled phonon prop-
agation (Fig. 7). Similar to optical waveguides in photon-
ics, specially designed structures can guide phononic waves
along predetermined paths. These waveguides are typically
created by locally modifying mechanical properties like
density or stiffness. Their key advantage is enabling phonon
path control without external fields - essential for designing
phonon-based quantum circuits [7, 17].

6 Practical Applications of Quantum Acoustics

With advancements in quantum acoustics technologies,
the use of phonons for quantum information transfer has be-
come one of the most important applications in this field
(Fig. 7). While many quantum systems use photons for in-
formation transfer, phonons have emerged as a superior al-
ternative for certain systems due to their lower environmen-
tal sensitivity and more precise controllability. In some sys-
tems, quantum qubits based on electronic states can interact
with phonons, enabling information transfer between differ-
ent components of a quantum processor. This capability is



82

Fig. 7 Waveguide principles. a) Homogeneous waveguides contain a
core and cladding. When the wave velocity is lower in the core, waves
propagate in the core while being evanescent in the cladding. b) Dis-
persion of guided waves between two sound lines (core and cladding).
c) In phononic crystal waveguides, the cladding is replaced by a com-
plete bandgap phononic crystal. d) Being periodic along its axis, the
phononic crystal waveguide exhibits folded dispersion bands within
bandgaps, defined for Bloch wavenumbers in the first Brillouin zone
[18].

particularly valuable for technologies requiring communi-
cation between superconducting qubits.

Fig. 8 (a) A superconducting quantum processing unit (QPU) connects
to a phononic bus via piezoelectric "Quantum Interface 1" (QI1). The
phonon couples with electron spin-orbit states of an active center (AA),
forming "Quantum Interface 2" (QI2). The active center’s microstruc-
ture states can further couple with nuclear spins via "Quantum Inter-
face 3" (QI3) to form a quantum memory (QM), or connect to pho-
tons through "Quantum Interface 4" (QI4), ultimately linking to the
quantum internet (blue dots: optical connections). (b) Implementation
shows a superconducting qubit connected via phononic/microwave
multiplexers to waveguide arrays, each interacting with mechanical
cavities hosting active centers (AA). These centers’ electron spin-orbit
states serve as qubits, hyperfine-coupled to adjacent carbon-13 nuclear
spins for high-coherence auxiliary qubits. Optical transitions provide
quantum network interfaces through electron-photon spin entangle-
ment protocols. This architecture utilizes: tunable electromechanical
qubit-cavity coupling, tunable spin-strain coupling, optical spin ad-
dressing, and hyperfine coupling for nuclear quantum memory [19].

Another emerging application is phonon-based quantum
memory. A major challenge in quantum computing is main-
taining quantum coherence over extended periods. Phonons,

with their weaker environmental interactions compared to
photons and other quantum information carriers, can serve
as quantum memory in certain systems. These memories uti-
lize controlled mechanical oscillations created by phonons
in materials, enabling longer-duration quantum information
storage [1, 13, 15].

Quantum acoustics also enables the detection of acous-
tic waves at quantum levels. Phonon-sensitive systems, often
based on superconducting qubits or other quantum sensors,
can detect extremely weak mechanical vibrations. This has
important applications in seismology, material defect detec-
tion, and even gravitational wave research [14, 17].

7 Future Prospects and Challenges

Quantum acoustics, while possessing transformative po-
tential, faces several hurdles that must be addressed to real-
ize its full capabilities. A primary challenge lies in the in-
herent difficulty of achieving precise control over phonons.
Unlike photons, which propagate freely through a vacuum,
phonons are intrinsically tied to the material media through
which they travel. This dependence on the medium com-
plicates their manipulation and control, adding a layer of
complexity not present in photonic systems. Furthermore,
the delicate nature of phonons makes them susceptible to
environmental noise. Unexpected interactions with the sur-
rounding environment can induce phonon decoherence, a
process that leads to the degradation and eventual loss of
the quantum information encoded within the phonons. This
decoherence poses a significant obstacle to the development
of robust quantum acoustic devices.

Another significant challenge stems from the experi-
mental limitations that currently constrain our ability to gen-
erate and detect single phonons with high fidelity. While
substantial progress has been made in recent years, achiev-
ing complete and reliable control over individual phonons
remains an ongoing pursuit. Overcoming this limitation re-
quires the development and refinement of advanced tech-
nologies, including improved piezoelectric devices capa-
ble of efficiently converting electrical signals into acoustic
waves, sophisticated nanostructures designed to guide and
manipulate phonons at the nanoscale, and highly sensitive
quantum sensors capable of detecting individual phonons
with minimal disturbance. Continued advancements in these
areas are crucial for unlocking the full potential of quantum
acoustics.

Despite these existing challenges, quantum acoustics of-
fers immense promise for revolutionizing the field of quan-
tum information processing. By leveraging the unique prop-
erties of phonons, researchers hope to develop more sta-
ble and efficient quantum information systems that surpass
the limitations of current technologies. The true potential of
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quantum acoustics is likely to be realized through its syner-
gistic integration with other quantum technologies, creating
hybrid quantum systems that combine the strengths of dif-
ferent physical platforms. Future progress in the field will
likely be driven by focused research efforts aimed at eluci-
dating the intricate interactions between phonons and other
quantum components, designing and fabricating integrated
acoustic circuits capable of performing complex quantum
operations, and developing improved phononic sensors with
enhanced sensitivity and precision [4, 9, 10, 12, 14].

The ongoing research efforts in quantum acoustics, par-
ticularly when considered within the broader context of
other domains of quantum physics, hold the potential to
yield groundbreaking discoveries that could transform var-
ious aspects of our lives. These advancements may lead
to breakthroughs in quantum communications, enabling se-
cure and ultra-fast data transmission; quantum computing,
paving the way for solving currently intractable computa-
tional problems; and ultra-sensitive sensing, allowing for the
detection of minute changes in the environment with un-
precedented accuracy. Ultimately, the continued exploration
and development of quantum acoustics may unlock entirely
new pathways for scientific and technological advancement,
leading to innovations that were previously unimaginable
[11, 20–22].

As part of our future research endeavors, we plan to ded-
icate our efforts to investigating the seamless integration
of quantum acoustic systems with photoacoustic imaging
[3, 14, 16, 17, 22, 23] platforms. Our primary focus will be
on enhancing the overall image quality achievable through
this integration, with a particular emphasis on leveraging
phonon-based quantum sensing techniques to improve sen-
sitivity and resolution. Furthermore, we will explore the ap-
plication of sophisticated phononic circuit engineering prin-
ciples to optimize the performance of the integrated imaging
system, aiming to develop a powerful and versatile tool for
a wide range of applications.
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Abstract The atomic interferometer has two quantum uni-
tary gates that must be realized for quantum sensing pur-
poses: the atomic gravimeter and the atomic interferome-
ter gyroscope. An optimal cost function that defines the dis-
tance between two unitary operators is defined. Based on it,
general adaptive (GADA) algorithms for optimization-based
quantum control are innovated to realize the atomic mirror
and beam-splitter gates. We used optimal quantum control to
realize those atom interferometer gates. We obtained gate fi-
delities of 0.99980 and 0.99998 for the mirror and the beam-
splitter gates, respectively. In this research, a two-level atom
system with clock transitions 1S0 ↔ 3P0 of strontium(87Sr)
atom was employed.

1 Introduction

Atoms are surprisingly accurate measurement devices. They
can detect external signals with high sensitivity; further-
more, they are employed for very accurate time measure-
ment in atomic clocks. An important class of atom sen-
sors are atom interferometers that in a controlled manner
have been versatilized for investigation fundamental physics
such as particle physics, general relativity [1], gravity [2, 3],
gravitational wave detection [4, 5], dark matter [6] and cos-
mology. Atom interferometers also have several applica-
tions in quantum sensing and quantum metrology, naviga-
tion, and geophysics. Zhaoshan long-baseline atom inter-
ferometer gravitation antenna (ZAIGA) in China [7] and
MAGIS-100 atom interferometer in Fermilab in USA [5]
are among the most famous. For the detailed formulation
of atom interferometry, see the lecture [8]. Atomic inter-
ferometer gyroscopes are more accurate than optical gyro-
scopes, and shortly, they are hoped to become more accu-
rate than mechanical gyroscopes. Atom interferometers are

ajv.sharifi@gmail.com

more angle-sensitive than light interferometers because the
de Broglie wavelength is much smaller than optical wave-
lengths. Hence, when covering the same area, the two types
of interferometers display differences in phase shifts. Atom
interferometers cause much longer phase shifts based on the
Sagnac phase shift formula [9, 10].

Moreover, the precise working of any technology de-
pends on its embedded control system, and especially, quan-
tum technology requires the implementation of arbitrary
control operations on the quantum system [11]. Among
different technologies, quantum technology will become a
dominant future technology that will change the whole lives
of human beings. For quantum technology, it is essential
to develop quantum materials, devices, and circuits; then,
we must precisely engineer and control quantum states or
unitary gates of such devices based on appropriate high-
fidelity circuit readout. For example, for quantum comput-
ing applications, the exact unitary matrix of quantum gates
must be implemented despite decoherence, relaxation, and,
in some quantum materials, leakage errors, which lead to
quantum computational subspace exit from qubit computa-
tional subspace. All of these issues, in addition to the devel-
opment and engineering of the quantum devices, need pre-
cise and high-fidelity quantum control protocols [12–16] to
be implemented on appropriate classical hardware such as
SOC-FPGA and the quantum hardware. Quantum control
as an essential part of the development of quantum science
and technology dates back to 1980-2000 by pioneering re-
search works in [17–20]. Optimized control, especially nu-
merical pulse-based optimal control, performs better than
the other quantum control methods since it guarantees opti-
mal realization and increased convergence speed to achieve
the desired quantum gates or states. Numerical optimiza-
tions were at the centre of researchers’ attention. They in-
cluded stochastic gradient descent [21], adaptive gradient
[22, 23], momentum method [24], adaptive momentum [25],
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Levenberg-Marquardt [26], adaptive delta [27], etc. These
methods have been successful in different scientific and en-
gineering applications.

In this research, we initially innovated a numerical opti-
mal control method. Then, we introduced the quantum dy-
namics of a two-level atomic transition clock and the atom
interferometer. We introduced the cost function for gate re-
alization, which was adopted from the related quantum in-
formation literature and derived the numerical pulse opti-
mal control for this atomic system. Finally, we numerically
simulated the optimal control for implementing two unitary
gates of the atom interferometer, i.e., the atomic reflection
or mirror and the atomic beam-splitter gate.

2 Optimal Control Methodology

Lets start with a cost function J
(
u(t)

)
of the control vector

up×1(t). We denote the gradient vector of this cost as g(t) =
∂J

∂u(t) and the Hessian matrix as Sp×p(t) =
∂g(t)
∂u(t) . Now, let

us expand the Taylor series of this cost function around the
control vector as:

J
(
u(t)+∆u(t)

)
= J
(
u(t)

)
+∆u(t)T g(t)

+
1
2

∆u(t)T S(t)∆u(t)+h.o.t. (1)

We consider the first three terms of this optimization. To
minimize the cost function, the future values of the cost
must be less than those of its previous ones; hence, J

(
u(t)+

∆u(t)
)
< J
(
u(t)

)
leads to:

∆u(t)T .
(

g(t)+
1
2

S(t)∆u(t)
)
< 0. (2)

Employing the above inner product, a solution of this in-
equality is g(t) + 1

2 S(t)∆u(t) = −λ∆u(t) in which λ > 0
is a free positive parameter. Then by simplifying this re-
lation, we will obtain ∆u = −

(
λ I + 1

2 S
)−1g and then, we

would have the following numerical control vector at itera-
tion k ≡ kδ t:

uk+1 = uk −
(
λ I +

1
2

Sk
)−1gk. (3)

Let us convert the control vector in Eq. 3 to adaptive. Then
the following general adaptive (GADA) optimization would
be obtained:

ξ
k
= β1ξ

k−1
+ γ1gk , ξ

0
= 0p×1,

Mk = β2Mk−1 + γ2Sk , M0 = [0]p×p,

uk+1 = uk −η
(
Mk +λ I

)−1
ξ

k
. (4)

In the above equation, gk → ξ
k

and Sk → Mk are one-order
discrete-time dynamic systems without any transfer function
zero; however, they have transfer function poles at β1,β2,
Note that the pole of Sk → Mk is the zero of ξ

k
→ uk

and then it can be outside of unit-circle and the pole of
gk → ξ

k
is the pole of ξ

k
→ uk. Then to stabilize the con-

trol signal iteration β1 ∈ [0,1) and β2 ∈ R and the param-
eters γ1,γ2 must be real numbers. Actually, with this adap-
tation, we include a forgetting factor coefficient of gradi-
ent vectors and Hessian matrices in optimization-based con-
trol, i.e. Mk = γ2 ∑

k
i=1(β

k−i
2 Hi),ξ k

= γ1 ∑
k
i=1(β

k−i
1 gi), then

by adding the momentum terms and the Hessian matrix and
gradient vector became dynamic which causes the optimal
control system to converge faster compared to the conven-
tional gradient optimization methods. We mention that this
adaptive optimization for β1 = β2 = γ2 = 0,γ1 = 1,λ = 1
diminishes to the stochastic gradient descent (SGD). For pa-
rameters β1 = β2 = 0,γ1 = 1 and a quadratic cost function,
GADA diminishes to the Levenberg–Marquardt (LM) opti-
mization, and for β2 = γ2 = 0 it diminishes to adaptive gra-
dient method (AdaGrad). Note that SGD and LM are not
adaptive optimization methods. If the inversion of matrix
in equation4 for the large Hessian matrix is problematic,
heuristically we can consider only the diagonal elements of
the Hessian matrix Sk and the off-diagonal elements equal
to zero,i.e. Sk = diag

(
∂ 2J

∂u2
1,k
, .., ∂ 2J

∂u2
p,k

)
. In this condition, the

Mk matrix and also the Mk +λ I are always diagonal and the
inverse (Mk+λ I)−1 is trivial, let us call this simplified adap-
tive optimization, the diagonal adaptive (DADA) algorithm
in the subsequent sections.

3 Atom Interferometer Application

3.1 Two-Level Atom Rabi Oscillation as Rotation over
Bloch Sphere

These quantum mechanical matter waves can be manipu-
lated with the atomic equivalents of lenses, beam-splitters,
and mirrors. Atom interferometry is analogous to optical in-
terferometry. In both interferometers, a beam-splitter splits
an incident wave into two paths. The two paths are later
redirected back toward each other with mirrors and over-
lapped on a final beam-splitter to produce an interference
pattern (see figure 1). Making beam-splitters and mirrors in
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Fig. 1 Mach-Zehnder based Atom Interferometer in space-time coor-
dinate: At times t0 and 2T + t0, the atomic beam splitter (BS) and also
at time T + t0, the atomic mirror (M) must be implemented.

optical beams is known. To implement similar interferome-
ter devices, such as those in atomic experiments, an ensem-
ble of cold two-level atoms such as Strontium atom (87Sr)
in clock transition states (|0⟩ = 1S0 ↔ |1⟩ = 3P0) with a
λ|0⟩↔|1⟩ = 698nm wavelength transition and a very long co-
herence time is considered. Freely falling atoms have en-
abled the development of atomic gravimeters and atomic
gyrometers. In these devices, an atom cloud measures ac-
celeration by sensing the spatial phase shift of a laser beam
along its freely falling trajectory.

The quantum system described by Schrödinger equation
as (ℏ≡ 1): i d

dt |ψt⟩=H(t)|ψt⟩. The Hamiltonian of two-level
atom in Rabi modeling is:

H(t) =
1
2

(
∆(t) Ω(t)e−iφ

Ω(t)eiφ −∆(t)

)
, (5)

in which Ω ,∆ are Rabi frequency and detuning respectively
and φ is the initial phase of laser electric field. Sometimes,
scientists employ the three-level Raman transition atoms for
atom interferometer [8]; in this case, there are two stable
atomic levels |0⟩, |1⟩ and an unstable excited state |e⟩. For
Raman’s levels atoms, there are two laser beams; one is the
upward beam with Rabi frequency Ω1 and phase φ1, which
transfers the atomic state transition |0⟩ → |e⟩ and the other
is a downward beam with Rabi frequency Ω2 and phase φ2
which lead to transition |e⟩→ |1⟩, the detuning in both tran-
sitions assumes to be approximately equal to ∆ . In [28] it
is shown that with two Rabi-frequencies Ω1,Ω2, the three-
level Raman transition atom can be approximated with two-
level atom with Ω = Ω1Ω2

2∆
,φ = φ2 − φ1, then for every in-

terferometer, we can use two-level Hamiltonian model of
equation5. We can write this Hamiltonian based on Pauli
matrices σx,σy,σz as follows:

H(t) =
1
2

(
Ω(t)cos(φ)σx +Ω(t)sin(φ)σy +∆(t)σz

)
. (6)

Let us define the infinitesimal evolution as Mn = e−iHnδ t ,
then the unitary propagator at time step kδ t is:

Uk = MkMk−1...M1 , |ψk⟩=Uk|ψ0⟩. (7)

The evolution of the two-level atom at time sample t =
kδ t is:

M (nδ t) = exp
(
− i

2 δ t
(

cos(φ)σx + sin(φ)σy
)
Ω(nδ t)

− i
2 δ t σz∆(nδ t)

)
. (8)

We know that, the rotation operator is [29]:

Rr⃗(t),α(t) = e−i α(t)
2 r̂(t)·⃗σ

= sin
( 1

2 α(t)
)

I − icos
( 1

2 α(t)
)

r̂(t) · σ⃗ , (9)

where σ⃗ = σxx̂+σyŷ+σzẑ, and r̂ = rxx̂+ ryŷ+ rzẑ is the
rotation axis and α = ωqt is the rotation angle, ωq is the
angular speed of quantum state vector on Bloch sphere. By
comparing Eq. (8) and Eq.(9), we will obtain:

α r̂ = δ t
(

cos(φ)Ω(nδ t) x̂+ sin(φ)Ω(nδ t) ŷ

+∆(nδ t) ẑ
)
. (10)

Then since |α r̂|= α we obtain:

α(nδ t) = δ t
√

Ω 2
n +∆ 2

n , (11)

r̂(nδ t) =cos(φ)
Ωn√

Ω 2
n +∆ 2

n
x̂+ sin(φ)

Ωn√
Ω 2

n +∆ 2
n

ŷ

+
∆n√

Ω 2
n +∆ 2

n
ẑ. (12)

In these relations, we use these abbreviations Ωn = Ω(nδ t),
∆n = ∆(nδ t).



87

3.2 Atom Interferometer Gates Realization

The unitary operator of a mirror (M) and beam-splitter (BS)
is:

UM =

(
0 1
1 0

)
= σx,UBS =

1√
2

(
1 i
i 1

)
. (13)

The aim of gate optimization is the implementation of
atomic unitary operator of Eq. (7) to move to the desired
gate of Eq. (13). For this aim, we can select an objective
function as:

Jgate(T ) := 1− 1
d2

∣∣∣⟨Ugate,Uatom(T )⟩
∣∣∣2

= 1− 1
d2

∣∣∣Tr
(
U†

gate Uatom(T )
)∣∣∣2, (14)

in which Uatom =U(kδ t),gate = M,BS,d = dim(Ugate) = 2
and † is transpose complex conjugate. For this cost function
as Uatom →Ugate then Jgate → 0. The control vector includes
Rabi-frequency and detuning, then the gradient vector and
the Hessian matrix are:

uk =

[
Ωk
∆k

]
, gk =

[
∂Jgate
∂Ωk

∂Jgate
∂∆k

]
, Sk =

 ∂ 2Jgate

∂Ω 2
k

∂ 2Jgate
∂Ωk∂∆k

∂ 2Jgate
∂∆k∂Ωk

∂ 2Jgate

∂∆ 2
k

 . (15)

3.3 Code Structure and Parameter Selection

For simulation, we develop the codes in Python 3 by us-
ing Numpy, QuTip, and Matplotlib packages. The general
learning parameter η is set to 108, and the other parameters
for each gate realization are explained in subsequent subsec-
tions. After setting the parameters, we optimize them in each
iteration in a for loop based on the above adaptive optimiza-
tion. In the for loop, we save each quantum state and fidelity
value, which allows us to plot the quantum state transition
on the Bloch sphere and also the fidelity curve.

3.4 Mirror Gate

At first we choose to implement the mirror gates, then we
will obtain the following cost function:

JM = 1− cos2 ( 1
2 α
)

r2
x

= 1− cos2(φ) cos2
(

1
2 δ t
√

Ω 2
n +∆ 2

n

)
Ω 2

n

Ω 2
n +∆ 2

n
. (16)

Then, the following updates for the gradient vector will be
obtained:

∂JM

∂Ωk
= 1

2 δ t cos2(φ)sin(α)
Ω 3

k(
Ω 2

k +∆ 2
k

)3/2

−2cos2(φ) cos2 ( 1
2 α
) Ωk∆ 2

k(
Ω 2

k +∆ 2
k

)2 , (17)

∂JM

∂∆k
= 1

2 δ t cos2(φ) sin(α)
∆kΩ 2

k(
Ω 2

k +∆ 2
k

)3/2

+2cos2(φ) cos2 ( 1
2 α
) ∆kΩ 2

k(
Ω 2

k +∆ 2
k

)2 . (18)

The elements of Hessian matrix by neglecting (δ t)2 term is:

∂ 2JM

∂Ω 2
k
= 5

2 δ t cos2(φ)sin(α)
Ω 2

k ∆ 2
k

(Ω 2
k +∆ 2

k )
5/2

−2cos2(φ)cos2 ( 1
2 α
)

∆
2
k

∆ 2
k −3Ω 2

k

(Ω 2
k +∆ 2

k )
3 , (19)

∂ 2JM

∂∆ 2
k

= 1
2 δ t cos2(φ)sin(α)Ω

2
k

Ω 2
k −4∆ 2

k

(Ω 2
k +∆ 2

k )
5/2

+2cos2(φ)cos2 ( 1
2 α
)

Ω
2
k

Ω 2
k −3∆ 2

k

(Ω 2
k +∆ 2

k )
3 , (20)

∂ 2JM

∂Ωk∂∆k
=

∂ 2JM

∂∆k∂Ωk

= 1
2 δ t cos2(φ)sin(α)

2Ωk∆ 3
k −3∆kΩ 3

k

(Ω 2
k +∆ 2

k )
5/2

−4cos2(φ)cos2 ( 1
2 α
) Ω 3

k ∆k −Ωk∆ 3
k

(Ω 2
k +∆ 2

k )
3 . (21)

To make Optimization possible, we must have the initial
phase of the Rabi signal as φ ̸= (2n+1)π

2 . Based on SGD with
parameter setting of (β1 = β2 = γ2 = 0,γ1 = 0.85,λ = 1) in
GADA method, the optimal control signals are depicted in
figure (2 a1,b1) and the fidelity of gate optimization is de-
picted in figure (2 c1). Also, with the GADA method, the
optimal control signals are depicted in figure (2 a2,b2) and
the fidelity of gate optimization is depicted in figure (2 c2).
By using the GADA optimal control, after 44 samples of
1-microsecond control pulses (see table 1), we obtain gate
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fidelity of 0.999 for the atomic mirror realization, which has
a unitary of atomic gate approximately up to a phase factor
ei π

2 which is different from the actual mirror gate of Eq. 13:

UatomM(Nδ t) =
(

0.02−0.06i 0.999i
0.999i 0.02+0.06i

)
,

N = 44, δ t = 1 µs. (22)

By gate optimization, simultaneously we can control two
populations of atoms, one population from state |0⟩ to |1⟩
and the other population from |1⟩ to |0⟩ as we can see in
figure (2 d1) for SGD and figure (2 d2) for GADA method.
Since the result of SGD,LM and AdaGrad are similar to each
other and also GADA is similar to DADA, then one method
from each set is depicted in figure 2.

Table 1 Number of control pulses (δ t = 1 µs each pulse width) and
fidelity based on optimization method to realize NOT gate

Optimization
Method

Control Pulse
Number

NOT Gate
Fidelity

SGD 42 0.99850
AdaGrad 45 0.99846
LM 43 0.99936
GADA 44 0.99980
DADA 44 0.99990

3.5 Beam-Splitter Gate

Now, to optimally implement the atomic beam-splitter on
atomic clouds, we will optimize the following cost function:

JBS = 1− 1
2

(
sin( 1

2 α)− cos( 1
2 α)rx

)2
, (23)

and after simple calculations, we will have the following up-
date rules for Rabi frequency and detunings:

∂JBS

∂Ωk
=−

(
sin
( 1

2 α
)
− cos

( 1
2 α
)

rx
)

×

(
1
2 δ t
(
cos
( 1

2 α
)
+ sin

( 1
2 α
)

rx
) Ωk√

Ω 2
k +∆ 2

k

− cos
( 1

2 α
)

cos(φ)
∆ 2

k(
Ω 2

k +∆ 2
k

)3/2

)
, (24)
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Fig. 2 Atom interferometer mirror gate realization: Top is for SGD
and Bottom is for GADA based on optimal quantum control methods.
SGD parameters: (β1 = β2 = γ2 = 0,γ1 = 1,λ = 1) and GADA param-
eters (β1 = 0.85,β2 = 85,γ1 = γ2 = 1,λ = 10−2). (a1,b1) are the con-
trol pulses and (c1) fidelity function for implementation of the atomic
mirror gate realization and (d1) shows the simultaneous quantum state
transfer (|0⟩= |z+⟩→ |1⟩= |ψ0→z−⟩ and |1⟩= |z+⟩→ |0⟩= |ψ1→z+⟩)
on Bloch-sphere using optimal mirror gate realization with SGD. Fig-
ures (a2,b2,c2) are the control pulses and the fidelity over time for mir-
ror implementation with GADA. (d2) displays simultaneous quantum
state transfer using optimal mirror gate realization on Bloch-sphere via
GADA.

∂JBS
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(
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( 1
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( 1
2 α
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rx
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1
2 δ t
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)
, (25)

and the Hessian matrix elements are:
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Based on SGD with parameter setting of (β1 = β2 = γ2 =

0,γ1 = 1,λ = 1) in GADA method, the optimal control
signals are depicted in figure (3 a1,b1) and the fidelity of

gate optimization is depicted in figure (3 c1). Also, with the
GADA method, the optimal control signals are depicted in
figure (3 a2,b2) and the fidelity of gate optimization is de-
picted in figure (3 c2). The control signals are depicted in fig-
ure (3 a2,b2) and the fidelity of gate optimization is depicted
in figure (3 c2). After 23 samples of 1-microsecond control
pulse we reach the fidelity of 0.9998 for beam-splitter gate
optimization (see table 2) and the atomic beam-splitter gate
at this optimal control reach:

UatomBS(Nδ t) =
(

0.703−0.025i 0.710i
0.710i 0.703+0.025i

)
,

N = 23, δ t = 1 µs. (29)

By gate optimization, simultaneously we can control two
populations of atoms, one population from state |0⟩ to |y+⟩
and other population from |1⟩ to |y−⟩ as we can see in fig-
ure (3 d1) for SGD method and in figure (3 d2) for GADA
method.

Optimization
Method

Control Pulse
Number

Beam-Splitter
Gate Fidelity

SGD 26 0.99985
AdaGrad 26 0.99991
LM 26 0.9999
GADA 23 0.99998
DADA 24 0.99996

Table 2 Fidelities and control parameters for different optimization
methods.

4 Conclusion

Several researchers have developed and employed numeri-
cal optimal controls, such as SGD and AdaGrad, for quan-
tum state preparation and some for gate synthesis. Here, we
derived a general adaptive optimal methodology to speed up
quantum gate realization and to increase the quantum gate
fidelity. Several numerical optimizations can be deduced as
a special case of our method; hence, we have more degrees
of freedom to optimize the cost function of physical sys-
tems by this adaptive method. However, our optimal quan-
tum control methodology was employed to realize atom
interferometers; it will open up a new window for high-
fidelity quantum gates realization for quantum computing
purposes. For instance, we can realize the most important
fundamental one-qubit gates such as NOT(σx), Hadamard
( 1√

2
(σx +σz)), phase shift gate, etc. and also fundamental

two-qubit gates such as CNOT (|0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ σx),
CPHASE (|0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ σz), etc which are essen-
tial for quantum algorithms. In this research, we achieved
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Fig. 3 Atom interferometer beam-splitter gate realization: Top is for
SGD and Bottom is for GADA based on optimal quantum control
methods. SGD parameters: (β1 = β2 = γ2 = 0,γ1 = 1,λ = 1) and
GADA parameters (β1 = 0.85,β2 = 85,γ1 = γ2 = 1,λ = 10−1). (a1,b1)
are the control pulses and (c1) fidelity function for implementation of
the atomic beam-splitter gate realization and (d1) shows the simultane-
ous quantum state transfer (|0⟩→ 1√

2
(|0⟩+ i|1⟩) and 1√

2
(i|0⟩+ |1⟩)→

|1⟩ on Bloch-sphere using optimal mirror gate realization with SGD.
Figures (a2,b2,c2) are the control pulses and the fidelity over time
for mirror implementation with GADA. (d2) displays simultaneous
quantum state transfer using optimal beam-splitter gate realization on
Bloch-sphere.

high fidelity of gate realization and faster convergence com-
pared to conventional optimization methods. The method
employed in this research is a promising methodology for
quantum control applications from quantum sensing, quan-
tum computing, and quantum simulations for different quan-
tum system platforms such as superconductor circuits, atom
spin systems and the spin quantum dot.
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Abstract In this paper, we consider the initial-boundary
value problem to a singular non-local fourth-order parabolic
equation with gradient-type logarithmic nonlinearity. We
prove the global existence of weak solutions by utilizing
the cut-off function technique and Galerkin’s approximation
method. We establish novel threshold criteria for the finite-
time blow-up of solutions with initial value at arbitrary en-
ergy levels, and derive explicit upper bounds for the blow-
up time under appropriate conditions. Furthermore, by em-
ploying energy estimates and specific ordinary differential
inequalities, we characterize both non-extinction and extinc-
tion phenomena of solutions in finite time, and rigorously
quantify their corresponding extinction rates.

1 Introduction

In this paper, we consider the initial-boundary value
problem to a singular non-local fourth-order parabolic equa-
tion with gradient-type logarithmic nonlinearity:



ut
|x|s +∆ 2u+div

(
|∇u|p−2

∇u log |∇u|
)

= |u|q − 1
|Ω |
∫

Ω
|u|qdx, x ∈ Ω , t > 0,

∂u
∂η

= ∂∆u
∂η

= 0, x ∈ ∂Ω , t > 0,

u(x,0) = u0 (x) , x ∈ Ω ,

(1)

where Ω ⊂ RN (N > 2) is a bounded domain with smooth
boundary ∂Ω , η denotes the outward unit normal vector on

∂Ω , x = (x1,x2, · · · ,xN) with |x|=
√

x2
1 + x2

2 + · · ·+ x2
N , the

aCorresponding author: fengtingfu@kmu.edu.cn
bruixili0321@163.com
cmengruiyang2023@163.com

initial data u0 ∈ H2 (Ω) satisfies
∫

Ω
u0dx = 0, and the pa-

rameters satisfy 0 ≤ s ≤ 2, p > 0, q > 0. Note that when
s= 0, Eq. (1) reduces to the following fourth-order parabolic
equation:

ut +∆
2u−div( f (∇u)) = g(x, t) . (2)

This class of equations models epitaxial growth in nanoscale
thin films [1–4], particularly focusing on surface roughen-
ing phenomena during thin film deposition. Here, u repre-
sents the height from the surface of the thin film, ∆ 2u de-
notes capillarity-driven surface diffusion, and div( f (∇u))
describes upward atomic hopping. Recent studies on thin
film equations have yielded significant advances in several
key areas:
• For the case

div( f (∇u)) = div
(
|∇u|p−2

∇u
)
+∆u, p > 2, (3)

King, Stein and Winkler [5] established not only the exis-
tence, uniqueness, and regularity of solutions in an appro-
priate function space but also characterized the structure of
the ω-limit set by employing a semi-discrete approxima-
tion technique to study the asymptotic behavior of solutions.
When

div( f (∇u)) =−µ∆u−λ∆ |∇u|2, g(x, t) = f (x) , (4)

Winkler [6] proved the existence of global solutions in
higher-dimensional settings. For the case where g(x, t) = 0,
f (∇u) satisfies the growth condition
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∣∣ f ′ (ξ1)− f ′ (ξ2)
∣∣≤C

(
|ξ1|α−1 + |ξ2|α−1

)
|ξ1 −ξ2| ,

∀ξ1,ξ2 ∈ RN , α > 1, (5)

Sandjo, Moutari and Gningue [7] demonstrated the exis-
tence, uniqueness, and regularity of solutions in the func-
tion space C0 ([0,T ] ;Lp (Ω)), with p = Nα

2−α
and 1 < α <

2, by employing Lp − Lq estimates derived from Kato’s
method [8–10]. For further studies on thin film equa-
tions featuring the p-Laplacian nonlinearity div( f (∇u)) =

div
(
|∇u|p−2

∇u
)

, we refer to [11–24, 26–29] and references
therein.
• Under the influence of molecular and ionic effects, the
conventional p-Laplacian nonlinearity div

(
|∇u|p−2

∇u
)

is
replaced by a gradient-type logarithmic nonlinearity of the
form

div
(
|∇u|p−2

∇u log |∇u|
)
. (6)

In [30], Liu, Ma and Tang established rigorous lower bounds
for both the blow-up time and the blow-up rate of solutions
under g(x, t) = 0. For the case g(x, t) = uq logu, Liu, Li
and Li [31] established a complete characterization of solu-
tion behavior (finite-time blow-up versus global existence)
through a classification scheme based on both the initial en-
ergy and the Nehari energy. Additionally, the authors de-
rived precise asymptotic estimates for the blow-up time in
finite-time blow-up cases, as well as quantitative decay rates
for global solutions. For the case g(x, t) = uq logu, Liu, Li
and Li [31] established conditions for blow-up or global
existence by classifying the initial energy and the Nehari
energy. Furthermore, they showed asymptotic estimates for
blow-up time and a large-time estimate of solutions, respec-
tively. For the case g(x, t) = −α∆u− uq−1u, Lv and Fang
[32] studied the asymptotic behavior of global weak solu-
tions under the conditions 0 < q ≤ 1 and α < λ1, where
λ1 denotes the first eigenvalue of −∆u with null Dirich-
let boundary conditions. For further studies on fourth-order
pseudo-parabolic equations with gradient-dependent loga-
rithmic nonlinearities of the form div

(
|∇u|p−2

∇u log |∇u|
)

,
we refer to [33] and [34].

In a homogeneous, isotropic, rigid porous medium satu-
rated with a compressible fluid, the balance of mass for the
fluid phase is expressed as [35]:

θ(x)ut −div(uV) = f (u), (7)

where θ(x) is the volumetric moisture content, V is the
Darcy velocity, u is the fluid density, and f (u) is the net

volumetric source term. Several modifications were imple-
mented in the parabolic model by incorporating terms of the
form

θ(x) =
1
|x|s

, div(u⃗V ) = div
(
|∇u|p−2

∇u
)
, (8)

have been discussed in [36–39]. Recently, Liu and Fang [40]
studied a singular epitaxial thin-film growth equation with
logarithmic nonlinearity

ut

|x|s
+∆

2u+ c∆u = |u|p−2u log |u|, x ∈ Ω , t > 0, (9)

where 2< p< 2+ 4
N ,c< λ1, λ1 is the first eigenvalue of −∆

with null Dirichlet boundary condition. Under the Navier
boundary and initial conditions, the results of the local and
global well-posedness, blow-up with arbitrary initial energy
and the lifespan were derived. Furthermore, Liu and Fang
[41] also investigated a singular parabolic p-biharmonic
equation with logarithmic nonlinearity

ut

|x|s
+∆

(
|∆u|p−2

∆u
)
=|u|q−2u log |u|,

x ∈ Ω , t > 0, (10)

where max
{

1, 2N
N+4

}
< p≤ q< p

(
1+ 4

N

)
. Subject to Navier

boundary and initial conditions, the results of blow-up with
arbitrary initial energy and extinction phenomena were pre-
sented. Lv and Fang [25] considered a singular parabolic
p-biharmonic equation with gradient-type logarithmic non-
linearity

ut

|x|s
+∆

(
|∆u|p−2

∆u
)
+ div

(
|∇u|q−2

∇u log |∇u|
)
= 0,

x ∈ Ω , t > 0, (11)

where 2 < p ≤ q < p
(
1+ 2

N+2

)
. Subject to Navier bound-

ary and initial conditions, the authors adopted the Hardy-
Sobolev inequality to show the finite time blow-up result
with arbitrary initial energy.

Inspired by the above-mentioned research work, in this
paper, we will concentrate on the initial boundary value
problem (1.1) for a singular non-local fourth-order parabolic
equation with gradient-dependent logarithmic nonlinearity.
And we will prove the global existence of weak solution,
the finite time blow-up properties of weak solution under
different initial energies and the finite time extinction and
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non-extinction phenomena of weak solution. The main dif-
ficulties stem from three key features: (i) the singular diffu-
sion coefficient 1

|x|s ; (ii) the logarithmic nonlinearity

div
(
|∇u|p−2

∇u log |∇u|
)
, (12)

and (iii) the non-local source term

|u|q−2u− 1
|Ω |

∫
Ω

|u|q−2udx, (13)

which collectively make the methods from [12, 16, 22, 23,
42–44] inapplicable for analyzing finite-time blow-up of so-
lutions with arbitrary initial energy levels, extinction and
non-extinction behavior of solutions in finite time. In this pa-
per, to overcome these difficulties, we develop an approach
that combines truncation function techniques with Levine’s
concavity method [45], along with logarithmic inequalities
and Hardy-Sobolev inequalities. We prove the global ex-
istence of weak solutions by utilizing the cut-off function
technique and Galerkin’s approximation method. We estab-
lish novel threshold criteria for the finite-time blow-up of
solutions with initial value at arbitrary energy levels, and
derive explicit upper bounds for the blow-up time under
appropriate conditions. Furthermore, by employing energy
estimates and specific ordinary differential inequalities, we
characterize both non-extinction and extinction phenomena
of solutions in finite time, and rigorously quantify their cor-
responding extinction rates.

This paper is organized as follows. In Section 2, we
introduce essential notations, definitions, and preliminary
lemmas that are fundamental to our main results. Section 3
is devoted to proving the global existence of weak solutions
by utilizing the cut-off function technique and Galerkin’s
approximation method. In Section 4, under suitable assump-
tions, we establish threshold criteria for finite-time blow-up
of solutions with arbitrary initial energy levels and derive ex-
plicit upper bounds for the blow-up time. Finally, in Section
5, we analyze both non-extinction and extinction phenom-
ena of solutions in finite time through careful energy esti-
mates and analysis of key ordinary differential inequalities.

2 Perliminaries

In this section, we denote the norm of Lp (Ω) for 1 ≤
p ≤+∞ by

∥φ∥p =


(∫

Ω

|φ(x)|p dx
) 1

p

, si 1 ≤ p <+∞,

esssupx∈Ω |φ(x)|, si p =+∞.

(14)

and the norm of H2 (Ω) by

∥φ∥H2(Ω) =

√
∥φ∥2

2 +∥∇φ∥2
2 +∥∆φ∥2

2. (15)

Considering the initial data u0 ∈ H2 (Ω) with
∫

Ω
u0dx = 0

and the Neumann boundary condition to Eq. (1). As in [5]
and [12], the Hilbert space H2

N (Ω) is defined by

H2
N(Ω) :=

{
φ ∈ H2(Ω)

∣∣∣∣ ∂φ

∂η

∣∣∣∣
∂Ω

= 0,
∫

Ω

φ dx = 0
}
, (16)

where H2
N (Ω) is equipped with the inner product

(φ ,ψ) :=
∫

Ω

∆φ ∆ψ dx, ∀φ ,ψ ∈ H2
N(Ω), (17)

and the norm

∥φ∥H2
N(Ω) := ∥∆φ∥2 , (18)

which is equivalent to the norm ∥φ∥H2(Ω).
We define the energy functional and Nehari functional

associated to problem (1) as follows:

J (u) :=
1
2
∥∆u∥2

2 −
1
p

∫
Ω

|∇u|p log |∇u|dx+
1
p2 ∥∇u∥p

p

− 1
q+1

∥u∥q+1
q+1 , (19)

I (u) := ∥∆u∥2
2 −

∫
Ω

|∇u|p log |∇u|dx−∥u∥q+1
q+1 . (20)

A direct calculation of (19) and (20) yields

J (u) =
1
p

I (u)+
p−2
2p

∥∆u∥2
2 +

1
p2 ∥∇u∥p

p

+
q+1− p
p(q+1)

∥u∥q+1
q+1 . (21)

Next, we provide a definition of a weak solution and discuss
the existence of weak solutions.
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Definition 1 (Weak solution) Let T > 0. A function u(x, t)
is said to be a weak solution to problem (1) if u(x, t) ∈
L∞
(
0,T ;H2

N (Ω)
)

with ut ∈ L2
(
0,T ;L2 (Ω)

)
satisfying the

following conditions:
(i) for any ϕ ∈ L2

(
0,T ;H2 (Ω)

)
with ∂ϕ

∂η

∣∣∣
∂Ω

= 0, t ∈ [0,T ),

∫ t

0

∫
Ω

[ uτ

|x|s
ϕ +∆u∆ϕ −|∇u|p−2

∇u log |∇u|∇ϕ

−
(

uq − 1
|Ω |

∫
Ω

|u|qdx
)

ϕ

]
dxdτ = 0; (22)

(ii)
∫ t

0

∥∥∥∥ uτ (τ)

|x|
s
2

∥∥∥∥2

2
dτ <+∞ and u(x,0) = u0 ∈ H2

N (Ω).

Moreover, the weak solutions to problem (1) satisfy the fol-
lowing energy equality:

J (u0) = J (u)+
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ, ∀t ∈ [0,T ) . (23)

Remark 1 Let T be the maximal existence time of a weak
solution u(x, t) to Eq. (1), defined as follows:
(i) If u(x, t) exists for all 0 ≤ t <+∞, then T =+∞, and the
weak solution exists globally.
(ii) There exists a t0 ∈ (0,+∞) such that u(x, t) exists for
0 ≤ t < t0, but does not exist at t = t0, then T = t0, and the
weak solution exists locally and blows up in finite time.

Next, we define a function

S(t) :=
1
2

∥∥∥∥ u(t)
|x|s/2

∥∥∥∥2

2
. (24)

And we provide two definitions for the finite-time blow-up
and extinction of weak solutions.

Definition 2 (Finite time blow-up) A weak solution u(x, t)
to Eq. (1) is called finite time blow-up if the maximal exis-
tence time T <+∞ and

lim
t→T−

√
2S(t) = lim

t→T−

∥∥∥∥ u(t)
|x|s/2

∥∥∥∥
2
=+∞. (25)

Definition 3 (Finite time extinction) A weak solution
u(x, t) to problem (1) is called finite time extinction if the
maximal existence time T <+∞ and

lim
t→T−

√
2S(t) = lim

t→T−

∥∥∥∥ u(t)
|x|s/2

∥∥∥∥
2
= 0. (26)

Finally, we present four key inequalities that play crucial
roles in the analysis presented in this paper.

Lemma 1 ([28]) Let ρ > 0. Then, the following elementary
inequalities hold:

{
ξ p lnξ ≤ (eρ)−1

ξ p+ρ , ∀ξ ≥ 1,
|ξ p lnξ | ≤ (ep)−1, ∀0 < ξ < 1.

(27)

Lemma 2 (Bihari’s inequality [46]) Suppose that T0 > 0
and c0 > 0. Let K :R+→R+ be a continuous nondecreasing
function such that K (t)> 0 for all t > 0. Let u1 (·) be a Borel
measurable bounded non-negative function on [0,T ], and let
v1 (·) be a non-negative integrable function on [0,T ]. If

u1(t)≤ c0 +
∫ t

0
v1(τ)K

(
u1(τ)

)
dτ, ∀t ∈ [0,T ]. (28)

then,

u1(t)≤ G−1
[

G(c0)+
∫ t

0
v1(τ)dτ

]
. (29)

holds for all t ∈ [0,T ], and such that G(c0)+
∫ t

0 v1 (τ)dτ ∈
Dom

(
G−1

)
, where

G(r0) =
∫ r0

0

dτ

K(τ)
, r0 > 0. (30)

and G−1 is the inverse function of G.

Lemma 3 (Hardy-Sobolev inequality [47]) Let RN =

Rk ×RN−k, where 2 ≤ k ≤ N, and x = (y,z) ∈ Rk ×RN−k.
For given λ and s satisfying 1< λ <N, 0≤ s≤ λ , s< k, and
δ (s,N,λ ) = λ (N−s)

N−λ
, there exists a constant H (s,N,λ ,k) >

0 such that

∫
RN

|u(x)|δ

|y|s
dx ≤ H

(∫
RN

|∇u(x)|λ dx
) N−s

N−λ

,

∀u ∈W 1,λ (RN) . (31)

Remark 2 In particular, we set k = N in Eq. (23), which im-
plies x = y ∈ RN . We define u(x) = 0 for x ∈ RN\Ω , thus,

∫
Ω

|u(x)|δ

|x|s
dx ≤ H

(∫
Ω

|∇u(x)|λ dx
) N−s

N−λ

,

∀u ∈W 1,λ (Ω) . (32)
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If δ = λ (N−s)
N−λ

= 2 in Eq. (32), then, by the 0 ≤ s ≤ 2, N > 2,
and the Rellich-Kondrachov theorem, we have

∫
Ω

|u(x)|2

|x|s
dx ≤ H

(∫
Ω

|∇u(x)|
2N

N−s+2 dx
)N−s+2

N

≤CH ∥∆u∥2
2 , (33)

where CH = HB0, B0 is the optimal embedding constant of

the embedding H2
0 (Ω) ↪→W

1, 2N
N−s+2

0 (Ω). Due to the bound-
edness of Ω , there exists a sufficiently large L > 0 such that
Ω ⊂ BL (0), and |x| ≤ L for all x ∈ Ω . Hence, we introduce
the cut-off function

ρn := min
{
|x|−s, n

}
, n ∈ N+. (34)

to handle the singular diffusion coefficients 1
|x|s in Eq. (1).

Then, it follows from Eq. (33) that

min
{

L−s, n
}
∥u∥2

2 ≤
∫

Ω

ρn|u|2 dx ≤CH ∥∆u∥2
2 ,

∀n ∈ N+. (35)

Lemma 4 ([20]) Suppose that θ > 0, α > 0 and β > 0. Let
µ (t) be a nonnegative and absolutely continuous function
satisfying

µ
′(t)+α µ

θ (t)≥ β . (36)

Then, for 0 < t <+∞, it holds that

µ(t)≥ min

{
µ(0),

(
β

α

) 1
θ

}
. (37)

3 Global existence

In this section, we establish the global existence of
weak solutions utilizing the cut-off function technique and
Galerkin’s approximation method

Theorem 1 Let u ∈ H2
N (Ω). If

max
{

2,
2N

N +2

}
< p < min

{
2N

N −2
,

2N +8
N +2

}
. (38)

and

1 < q < min
{

N +4
N −4

,1+
8
N

}
. (39)

where N ≥ 4. Then Eq. (1) admits a global weak solution
u = u(x, t) ∈ L∞

(
0,+∞;H2

N (Ω)
)

with ut
|x|s ∈ L2

(
0,+∞;

L2 (Ω)
)
.

Proof . We intend to utilize the cut-off function technique
and Galerkin’s approximation method to demonstrate this
theorem in four steps.

Step 1: Approximate problem We denote the solutions cor-
responding to ρn of Eq. (1) as un for any n∈N+. Let {ϑi}+∞

i=1
be a completed orthogonal basis of H2

N (Ω). Suppose that the
finite dimensional space Ul := span{ϑ1,ϑ2, · · · ,ϑl} , l ∈N+.
Then the approximate solution of problem (1) can be con-
structed as

ul
n (x, t) :=

l

∑
i=1

cl
ni (t)ϑi (x), (40)

which satisfies



(
ρnul

nt , ϑ̂
)
+
(
∆ul

n,∆ϑ̂
)
−
(∣∣∇ul

n
∣∣p−2

∇ul
n log

∣∣∇ul
n
∣∣ ,∇ϑ̂

)
=
(∣∣ul

n
∣∣q − 1

|Ω |
∫

Ω

∣∣ul
n
∣∣qdx, ϑ̂

)
,

ul
n (x,0) = ul

n0,

(41)

for any ϑ̂ ∈ H2
N (Ω). For a differential equation involving

cl
ni (t), the following Cauchy problem can be obtained by

taking ϑ̂ = ϑi for i = 1,2, · · · , l:



(
ρnul

nt ,ϑi
)
+
(
∆ul

n,∆ϑi
)

−
(∣∣∇ul

n
∣∣p−2

∇ul
n log

∣∣∇ul
n
∣∣ ,∇ϑi

)
=
(∣∣ul

n
∣∣q − 1

|Ω |
∫

Ω

∣∣ul
n
∣∣qdx,ϑi

)
,

(
ul

n0,ϑi
)
= bl

ni,

(42)

where bl
ni are constants satisfying
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ul
n(x,0) =

l

∑
i=1

bl
ni ϑi(x)−→ u0(x) (43)

in H2
N (Ω) as n → +∞ and l → +∞. By the Picard iteration

theorem of ODEs, there exists a T > 0 such that cl
ni (t) ∈

C1 [0,T ]. And thus, it follows from Eq. (40) that

ul
n ∈C1 ([0,T ],H2

N(Ω)
)
. (44)

From this, we obtain the local existence of solution to Eq.
(1).

Next, we prove the global existence of solution by esti-
mating on the boundness of ul

n in any finite time.

Step 2: Priori estimates Multiplying the first of the equa-
tions of Eq. (42) by cl

ni (t) and summing over i = 1,2, · · · , l,
we obtain(

ρnul
nt ,u

l
n

)
+
(

∆ul
n,∆ul

n

)
−
(∣∣∣∇ul

n

∣∣∣p−2
∇ul

n log
∣∣∣∇ul

n

∣∣∣ ,∇ul
n

)
=

(∣∣∣ul
n

∣∣∣q − 1
|Ω |

∫
Ω

∣∣∣ul
n

∣∣∣qdx,ul
n

)
. (45)

Integrating Eq. (45) over (0, t), we obtain

1
2

∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx−1
2

∫
Ω

ρn

∣∣∣ul
n0

∣∣∣2dx+
∫ t

0

∥∥∥∆ul
n

∥∥∥2

2
dτ

=
∫ t

0

∫
Ω

∣∣∣∇ul
n

∣∣∣p log
∣∣∣∇ul

n

∣∣∣dxdτ

+
∫ t

0

∫
Ω

(∣∣∣ul
n

∣∣∣q − 1
|Ω |

∫
Ω

∣∣∣ul
n

∣∣∣qdx
)

ul
ndxdτ. (46)

Setting F (t) = 1
2
∫

Ω
ρn
∣∣ul

n
∣∣2dx+

∫ t
0

∥∥∆ul
n
∥∥2

2 dτ , then F (0) =
1
2
∫

Ω
ρn
∣∣ul

n0

∣∣2dx. Therefore, we rewrite Eq. (46) as

F (t)−F (0) =
∫ t

0

∫
Ω

∣∣∣∇ul
n

∣∣∣p log
∣∣∣∇ul

n

∣∣∣dxdτ

+
∫ t

0

∫
Ω

(∣∣∣ul
n

∣∣∣q − 1
|Ω |

∫
Ω

∣∣∣ul
n

∣∣∣qdx
)

ul
ndxdτ. (47)

By Lemma 1, Nirenberg’s inequality and Young’s inequality
with ε , there exists a constant C1 and a sufficiently small
ρ1 > 0 such that

∫
Ω

∣∣∣∇ul
n

∣∣∣p log
∣∣∣∇ul

n

∣∣∣dx

≤ (eρ1)
−1
∥∥∥∇ul

n

∥∥∥p+ρ1

p+ρ1

≤ (eρ1)
−1Cp+ρ1

1

∥∥∥∆ul
n

∥∥∥r1(p+ρ1)

2

∥∥∥ul
n

∥∥∥(1−r1)(p+ρ1)

2

≤ (eρ1)
−1Cp+ρ1

1 ε

∥∥∥∆ul
n

∥∥∥2

2

+(eρ1)
−1Cp+ρ1

1
2− r1 (p+ρ1)

2

×
(

2ε

r (p+ρ1)

)− r1(p+ρ1)
2−r1(p+ρ1)

∥∥∥ul
n

∥∥∥2m1

2

=C1 (ε)
∥∥∥∆ul

n

∥∥∥2

2
+C̄1 (ε)

∥∥∥ul
n

∥∥∥2m1

2
, (48)

where

r1 =
(N +2)(p+ρ1)−2N

4(p+ρ1)
∈ (0,1) , (49)

m1 =
(1− r1)(p+ρ1)

2− r1 (p+ρ1)
> 1. (50)

Additionally, following a similar approach to Eq. (48), we
know that there exists a constant C2 such that

∫
Ω

(∣∣∣ul
n

∣∣∣q − 1
|Ω |

∫
Ω

∣∣∣ul
n

∣∣∣qdx
)

ul
ndx

≤
∫

Ω

∣∣∣ul
n

∣∣∣q+1
dx− 1

|Ω |

∫
Ω

∣∣∣ul
n

∣∣∣qdx
∫

Ω

ul
ndx

=
∫

Ω

∣∣∣ul
n

∣∣∣q+1
dx

≤Cq+1
2

∥∥∥∆ul
n

∥∥∥r2(q+1)

2

∥∥∥ul
n

∥∥∥(1−r2)(q+1)

2

≤Cq+1
2 ε

∥∥∥∆ul
n

∥∥∥2

2

+Cq+1
2

2− r2 (q+1)
2

(
2ε

r2 (q+1)

)− r2(q+1)
2−r2(q+1) ∥∥∥ul

n

∥∥∥2m2

2

=C2 (ε)
∥∥∥∆ul

n

∥∥∥2

2
+C̄2 (ε)

∥∥∥ul
n

∥∥∥2m2

2
, (51)

where

r2 =
N(q−1)
4(q+1)

∈ (0,1), m2 =
(1− r2)(q+1)
2− r2(q+1)

> 1. (52)

Thus, it can be obtained from Eq. (35) and Eqs (47)-(51) that
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F (t)−F (0)≤
∫ t

0

(
C1 (ε)

∥∥∥∆ul
n

∥∥∥2

2
+C̄1 (ε)

∥∥∥ul
n

∥∥∥2m1

2

)
dτ +

∫ t

0

(
C2 (ε)

∥∥∥∆ul
n

∥∥∥2

2
+C̄2 (ε)

∥∥∥ul
n

∥∥∥2m2

2

)
dτ

≤C1 (ε)

(
1
2

∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx+
∫ t

0

∥∥∥∆ul
n

∥∥∥2

2
dτ

)
+C2 (ε)

(
1
2

∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx+
∫ t

0

∥∥∥∆ul
n

∥∥∥2

2
dτ

)
+C̄1 (ε)

∫ t

0

1
min{L−s,n}m1

·min
{

L−s,n
}m1

∥∥∥ul
n

∥∥∥2m1

2
dτ +C̄2 (ε)

∫ t

0

1
min{L−s,n}m2

·min
{

L−s,n
}m2

∥∥∥ul
n

∥∥∥2m2

2
dτ

≤C3 (ε)F (t)+
C̄1 (ε)

min{L−s,n}m1

∫ t

0

(∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx
)m1

dτ +
C̄2 (ε)

min{L−s,n}m2

∫ t

0

(∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx
)m2

dτ

≤C3 (ε)F (t)+
C̄1 (ε)

min{L−s,n}m1

∫ t

0

(∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx+2
∫ t

0

∥∥∥∆ul
n

∥∥∥2

2
dτ

)m1

dτ

+
C̄2 (ε)

min{L−s,n}m2

∫ t

0

(∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx+2
∫ t

0

∥∥∥∆ul
n

∥∥∥2

2
dτ

)m2

dτ

=C3 (ε)F (t)+C̄3 (ε)
∫ t

0
[(F (τ))m1 +(F (τ))m2 ]dτ, (53)

which implies

F(t)≤ F(0)
1−C3(ε)

+
C̄3(ε)

1−C3(ε)

∫ t

0
[F(τ)m1 +F(τ)m2 ]dτ.

(54)

where

C3 (ε) =C1 (ε)+C2 (ε) , (55)

C̄3 (ε) = max
{

2m1C̄1 (ε)

min{L−s,n}m1
,

2m2C̄2 (ε)

min{L−s,n}m2

}
. (56)

By Lemma 2, there exists a T > 0 such that

F(t)≤ Φ
−1
[

Φ

(
F(0)

1−C3(ε)

)
+

C̄3(ε)

1−C3(ε)
t
]
. (57)

where Φ (r1) =
∫ r1

0
dτ

(F(τ))m1+(F(τ))m2 , r1 > 0. Therefore, we
have F (t)≤CT , which means

1
2

∫
Ω

ρn

∣∣∣ul
n

∣∣∣2dx+
∫ t

0

∥∥∥∆ul
n

∥∥∥2

2
dτ ≤CT , ∀n, l ∈ N+. (58)

Multiplying the first equation of (42) by d
dt cl

ni (t), summing
over i= 1,2, · · · , l, and integrating (45) over (0, t), we obtain

J
(

ul
n0

)
= J

(
ul

n

)
+
∫ t

0

∫
Ω

ρn

∣∣∣ul
nτ

∣∣∣2dxdτ. (59)

By the continuity of J (u(t)) and Eq. (42), we can know that
there exists a Ĉ > 0 such that

J
(

ul
n0

)
≤ Ĉ, ∀n, l ∈ N+. (60)

From Eqs (19), (59) and Eqs (60), we derive

Ĉ ≥ J
(

ul
n0

)
≥ J

(
ul

n

)
=

1
2

∥∥∥∆ul
n

∥∥∥2

2
− 1

p

∫
Ω

∣∣∣∇ul
n

∣∣∣p log
∣∣∣∇ul

n

∣∣∣dx

+
1
p2

∥∥∥∇ul
n

∥∥∥p

p
− 1

q+1

∥∥∥ul
n

∥∥∥q+1

q+1

≥
[

1
2
− C1 (ε)

p
− C2 (ε)

q+1

]∥∥∥∆ul
n

∥∥∥2

2
− C̄1 (ε)

p

∥∥∥ul
n

∥∥∥2m1

2

+
1
p2

∥∥∥∇ul
n

∥∥∥p

p
− C̄2 (ε)

q+1

∥∥∥ul
n

∥∥∥2m2

2

≥
[

1
2
− C1 (ε)

p
− C2 (ε)

q+1

]∥∥∥∆ul
n

∥∥∥2

2

+
1
p2

∥∥∥∇ul
n

∥∥∥p

p
− 2m1C̄1 (ε)

pmin{L−s,n}m1
(F (t))m1

− 2m2C̄2 (ε)

(q+1)min{L−s,n}m2
(F (t))m2 . (61)
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Combining Eqs (58) and (61), we obtain

∥∥∥∥ρ
1
2

n ul
nt

∥∥∥∥
L2(0,T ;L2(Ω))

≤C, ∀n, l ∈ N+, (62)

∥∥∥ul
n

∥∥∥
L∞(0,T ;H2

0 (Ω))
≤C, ∀n, l ∈ N+, (63)

∥∥∥ul
n

∥∥∥
L∞

(
0,T ;W 1,p

0 (Ω)
) ≤C, ∀n, l ∈ N+, (64)

∥∥∥ul
n

∥∥∥
L∞(0,T ;Lq+1(Ω))

≤C, ∀n, l ∈ N+. (65)

Step 3: Pass to the limit Since ul
n ∈C1

(
[0,T ] ;H2

N (Ω)
)

and
Eq. (63), then

{
ul

n
}

is a uniformly bounded and equicon-
tinuous sequence. Thus, by the Arzela-Ascoli theorem and
Eqs (62)-(65), there exist a function u and a subsequence of{

ul
n
}+∞

n,l=1, which we still denote by
{

ul
n
}+∞

n,l=1 , for conve-
nience, such that

ul
nt → ut strongly in L2 (0,T ;L2 (Ω)

)
, (66)

ul
n → u weakly star in L∞

(
0,T ;H2

0 (Ω)
)
, (67)

ul
n → u weakly star in L∞

(
0,T ;W 1,p

0 (Ω)
)
, (68)

ul
n → u weakly star in L∞

(
0,T ;Lq+1 (Ω)

)
. (69)

Combining Eqs (66)-(69) and the Aubin-Lions-Simon theo-
rem, we have

ul
n → u,∇ul

n → ∇u strongly in C
(
[0,T ] ;L2 (Ω)

)
, (70)

which implies ul
n → u,∇ul

n → ∇u, a.e. Ω × (0,T ). There-
fore,

∣∣∣∇ul
n

∣∣∣p−2
∇ul

n log
∣∣∣∇ul

n

∣∣∣→ |∇u|p−2
∇u log |∇u| ,

a.e. Ω × (0,T ) . (71)

Additionally, we define

Ω1 := {x ∈ Ω | |ul
n(x)| ≤ 1}, Ω2 := {x ∈ Ω | |ul

n(x)|> 1}.
(72)

Then, from Lemma 1, it follows that there exists a constant
ρ2 = 1 such that

∫
Ω

(∣∣∣∇ul
n

∣∣∣p−2
∇ul

n log
∣∣∣∇ul

n

∣∣∣)p′

dx

=
∫

Ω1

(∣∣∣∇ul
n

∣∣∣p−2
∇ul

n log
∣∣∣∇ul

n

∣∣∣)p′

dx

+
∫

Ω2

(∣∣∣∇ul
n

∣∣∣p−2
∇ul

n log
∣∣∣∇ul

n

∣∣∣)p′

dx

≤[e(p−1)]−p′ |Ω |+ 1
eρ2

∫
Ω2

(∣∣∣∇ul
n

∣∣∣p−1+ρ2
)p′

dx

=[e(p−1)]−p′ |Ω |+ e−p′
∫

Ω2

(∣∣∣∇ul
n

∣∣∣p)p′

dx ≤C. (73)

Hence, by Eqs (71) and (73), we have

∣∣∣∇ul
n

∣∣∣p−2
∇ul

n log
∣∣∣∇ul

n

∣∣∣→ |∇u|p−2
∇u log |∇u| weakly

star in L∞

(
0,T ;Lp′ (Ω)

)
. (74)

In order to show the limit u in Eqs (66)-(69) and (74) is
a weak solution to problem (1), we proceed as follows.
Fix a positive integer k ∈ N+ satisfying k ≤ l. For the
given smooth function

{
dl

ni (t)
}k

i=1, we choose a function

ϑ (x, t) =
k
∑

i=1
dl

ni (t) where ϑi ∈ C1
(
[0,T ] ,H2

N (Ω)
)
. Multi-

plying the first equation of Eq. (42) by dl
ni (t), summing for i

from 1 to k and then integrate it with respect to t, we obtain

∫ T

0

(
ρnul

nt ,ϑ
)
+
(

∆ul
n,∆ϑ

)
−
(∣∣∣∇ul

n

∣∣∣p−2
∇ul

n log
∣∣∣∇ul

n

∣∣∣ ,∇ϑ

)
dt

=
∫ T

0

(∣∣∣ul
n

∣∣∣q − 1
|Ω |

∫
Ω

∣∣∣ul
n

∣∣∣qdx,ϑ
)

dt. (75)

Taking n → +∞, l → +∞ in Eq. (75), and using lim
n→+∞

ρn =

|x|−s and the convergence results established above, we con-
clude that
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∫ T

0

(
|x|−sut ,ϑ

)
+(∆u,∆ϑ)

−
(
|∇u|p−2

∇u log |∇u| ,∇ϑ

)
dt

=
∫ T

0

(
|u|q − 1

|Ω |

∫
Ω

|u|qdx,ϑ
)

dt. (76)

Since ϑ is dense in L2
(
[0,T ] ,H2

N (Ω)
)
, Eq. (76) holds for

all ϑ ∈ L2
(
[0,T ] ,H2

N (Ω)
)
. Therefore, u is a global weak

solution to Eq. (1).

Step 4: Uniqueness Assume that there are different func-
tions ū(x, t) , v̄(x, t) as bounded weak solutions to prob-
lem (1) with the initial condition ū(x,0) = v̄(x,0) = u0 ∈
H2

N (Ω). Then, we have

(
|x|−sūt ,ϑ

)
+(∆ ū,∆ϑ)−

(
|∇ū|p−2

∇ū log |∇ū| ,∇ϑ

)
=

(
|ū|q − 1

|Ω |

∫
Ω

|ū|qdx,ϑ
)
, (77)

(
|x|−sv̄t ,ϑ

)
+(∆ v̄,∆ϑ)−

(
|∇v̄|p−2

∇v̄ log |∇v̄| ,∇ϑ

)
=

(
|v̄|q − 1

|Ω |

∫
Ω

|v̄|qdx,ϑ
)
, (78)

for any ϑ ∈ H2
N (Ω). Then, we have

(
|x|−s(ū− v̄)t ,ϑ

)
+(∆ (ū− v̄) ,∆ϑ)

−
(
|∇ū|p−2

∇ū log |∇ū|− |∇v̄|p−2
∇v̄ log |∇v̄| ,∇ϑ

)
=

(
|ū|q − 1

|Ω |

∫
Ω

|ū|qdx−
(
|v̄|q − 1

|Ω |

∫
Ω

|v̄|qdx
)
,ϑ

)
.

(79)

We choose the test function in (79) as

ϑ(τ) =

{
ū(τ)− v̄(τ), if τ ∈ [0, t],
0, if τ ∈ (t,T ).

(80)

which implies that Eq. (79) can be rewritten as

(
|x|−s(ū− v̄)t , ū− v̄

)
+(∆ (ū− v̄) ,∆ (ū− v̄))

−
(
|∇ū|p−2

∇ū log |∇ū|− |∇v̄|p−2
∇v̄ log |∇v̄| ,∇(ū− v̄)

)
=

(
|ū|q − 1

|Ω |

∫
Ω

|ū|qdx−
(
|v̄|q − 1

|Ω |

∫
Ω

|v̄|qdx
)
, ū− v̄

)
.

(81)

Integrating over (0, t), we obtain

1
2

∥∥∥∥∥ ū− v̄

|x|
s
2

∥∥∥∥∥
2

2

+
∫ t

0

∫
Ω

|∆ (ū− v̄)|2dxdτ

=
∫ t

0

∫
Ω

(
|∇ū|p−2

∇ū log |∇ū|− |∇v̄|p−2
∇v̄ log |∇v̄|

)
× (∇ū−∇v̄)dxdτ

+
∫ t

0

∫
Ω

[
|ū|q − 1

|Ω |

∫
Ω

|ū|qdx−
(
|v̄|q − 1

|Ω |

∫
Ω

|v̄|qdx
)]

× (ū− v̄)dxdτ. (82)

Define

Q1(τ) := |τ|p−2
τ log |τ|, (83)

Q2(τ) := |τ|q − 1
|Ω |

∫
Ω

|τ|q dx. (84)

By the Lipschitz continuity of Q j :R+ →R+ for all j = 1,2,
we derive

1
2

∥∥∥∥∥ ū− v̄

|x|
s
2

∥∥∥∥∥
2

2

+
∫ t

0

∫
Ω

|∆ (ū− v̄)|2dxdτ

=
∫ t

0

∫
Ω

(Q1 (∇ū)−Q1 (∇v̄))(∇ū−∇v̄)dxdτ

+
∫ t

0

∫
Ω

[Q2 (ū)−Q2 (v̄)] (ū− v̄)dxdτ

≤C4

∫ t

0

∫
Ω

|∇ū−∇v̄|2dxdτ +C5

∫ t

0

∫
Ω

|ū− v̄|2dxdτ. (85)

Taking ω = ū− v̄, from Nirenberg’s inequality and Young’s
inequality with ε , we obtain

1
2

∥∥∥∥∥ ω

|x|
s
2

∥∥∥∥∥
2

2

+
∫ t

0

∫
Ω

|∆ω|2dxdτ

≤C4

∫ t

0

∫
Ω

|∇ω|2dxdτ +C5

∫ t

0

∫
Ω

|ω|2dxdτ

≤C4C2
6

∫ t

0
∥∆ω∥2∥ω∥2dτ +C5

∫ t

0

∫
Ω

|ω|2dxdτ

≤ εC4C2
6

∫ t

0
∥∆ω∥2

2dτ +
[
(4ε)−1C4C2

6 +C5

]∫ t

0
∥ω∥2

2dτ.

(86)

Let ε =
(
C4C2

6
)−1 and C7 =

C2
4C4

6
4 +C5. Then, we derive
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1
2

∥∥∥∥∥ ω

|x|
s
2

∥∥∥∥∥
2

2

≤C7

∫ t

0
∥ω∥2

2dτ

=C7

∫ t

0

∫
Ω

|x|s · |ω|2

|x|s
dxdτ

≤C7Ls
∫ t

0

∥∥∥∥∥ ω

|x|
s
2

∥∥∥∥∥
2

2

dτ. (87)

By Gronwall’s inequality, we have

∥∥∥∥ ω

|x| s
2

∥∥∥∥
2
=

∥∥∥∥ ū− v̄
|x| s

2

∥∥∥∥
2
= 0, i.e., ū = v̄. (88)

which contradicts the assumption. Thus, Eq. (1) admits a
weak solution in Ω × [0,T ]. Next, we consider Eq. (1) in
Ω × [(k−1)T,kT ] for all k = 2,3, · · · . Finally, we conclude
that Eq. (1) admits a global weak solution.

The proof is completed.

4 Blow-up in finite time

In this section, we not only derive new threshold results for
the finite-time blow-up of solutions with initial value at ar-
bitrary energy levels, but also determine the upper bounds
for the blow-up time under appropriate conditions.

Theorem 2 Let 2 < p < q+ 1. If J (u0) < 0, then the solu-
tion to problem (1) blows up in finite time t∗. Moreover, the
upper bound of t∗ is estimated as

t∗ ≤

∥∥∥∥ u0

|x| s
2

∥∥∥∥2

2
p(2− p)J(u0)

. (89)

Proof . We define a function

γ(t) :=−J(u(t)). (90)

It is straightforward to observe that S (0) = 1
2

∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
> 0

and γ (0) =−J (u0)> 0. Since the weak solution to problem
(1) satisfies the following energy equality

J (u0) = J (u)+
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ, (91)

we obtain

γ
′ (t) =− d

dt
J (u(t)) =

d
dt

∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ − d
dt

J (u0)

=

∥∥∥∥∥ut (t)

|x|
s
2

∥∥∥∥∥
2

2

≥ 0. (92)

From Eq. (92), it follows that

0 < γ(0)≤ γ(t), ∀t ∈ [0, t∗) . (93)

Based on Eqs (20), (21) and the condition 2 < p < q+1, we
derive

S′ (t) =
∫

Ω

u(t)ut (t)
|x|s

dx =−I (u(t))

=−pJ (u(t))+
p−2

2
∥∆u(t)∥2

2

+
1
p
∥∇u(t)∥p

p +
q+1− p

q+1
∥u(t)∥q+1

q+1 ≥−pJ (u(t)) . (94)

which implies

S′ (t)≥−pJ (u(t)) = pγ (t)> 0, ∀t ≤ [0, t∗) . (95)

Using Eqs (92), (95) and the Cauchy-Schwartz inequality,
we obtain

S (t)γ
′ (t) =

1
2

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

2

∥∥∥∥∥ut (t)

|x|
s
2

∥∥∥∥∥
2

2

≥ 1
2

(∫
Ω

u(t)ut (t)
|x|s

dx
)2

≥ p
2

S′ (t)γ (t) . (96)

Thus, via direct calculation using Eq. (96), we have

[
S−

p
2 (t)γ(t)

]′
=

S−
p
2 −1(t)

[
S(t)γ ′(t)− p

2 S′(t)γ(t)
]
≥ 0. (97)

It follows that
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0 < S−
p
2 (0)γ(0)≤ S−

p
2 (t)γ(t)

≤ 2
p(2− p)

(
S−

p
2 +1(t)

)′
, (98)

and since 2
p(2−p) < 0, we deduce

(
S−

p
2 +1(t)

)′
≤ p(2− p)

2
S−

p
2 (0)γ(0). (99)

Integrating over (0, t) yields

S−
p
2 +1 (t)≤ p(2− p)

2
S−

p
2 (0)γ (0) t +S−

p
2 +1 (0) . (100)

Taking he limi t → t∗ in Eq. (100) to obtain

lim
t→t−∗

S−
p
2 +1(t) =

1

limt→t−∗
S

p
2 −1(t)

= 0. (101)

which implies

lim
t→t−∗

S(t) = lim
t→t−∗

1
2

∥∥∥∥ u(t)
|x|s/2

∥∥∥∥2

2
=+∞. (102)

The proof is completed.

Theorem 3 Let 2 < p < q+1. If 0 ≤ J (u0)<
p−2

2pCH

∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
,

then the solution to problem (1) blows up in finite time t∗,
and the upper bound of t∗ is estimated as

t∗ ≤
8p
∥∥∥∥ u0

|x|s/2

∥∥∥∥2

2

(p−2)2

[
(p−2)

CH

∥∥∥∥ u0

|x|s/2

∥∥∥∥2

2
−2pJ(u0)

] . (103)

Proof . Suppose that u is a solution of the Eq. (1) with initial
data u0. We observe that

∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

dτ ≥

∥∥∥∥∥
∫ t

0

uτ (τ)

|x|
s
2

dτ

∥∥∥∥∥
2

=

∥∥∥∥∥u(t)

|x|
s
2
− u0

|x|
s
2

∥∥∥∥∥
2

≥

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

−

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

, ∀t ∈ [0,+∞) .

(104)

Though a direct calculation, we obtain

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

≤

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

+
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

dτ

≤

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

+ t
1
2

∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ

 1
2

=

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

+ t
1
2 (J (u0)− J (u(t)))

1
2 . (105)

Suppose u is a global weak solution of Eq. (1). We know
J(u(t)) ≥ 0 for all t ∈ [0,+∞). If this were false, there
would exist t0 ∈ (0,+∞) such that J(u(t0)) < 0. Following
the proof of Theorem 2, we conclude that u blows up in fi-
nite time, contradicting our assumption. Therefore, from Eq.
(105), we obtain

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

≤

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

+ t
1
2 (J (u0)− J (u(t)))

1
2

≤

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

+ t
1
2 (J (u0))

1
2 , ∀t ∈ [0,+∞) . (106)

Furthermore, from the definition of S(t) and using Eqs (20),
(21), (33) with the condition 2 < p < q+1, we derive

S′ (t) =− pJ (u(t))+
p−2

2
∥∆u(t)∥2

2

+
1
p
∥∇u(t)∥p

p +
q+1− p

q+1
∥u(t)∥q+1

q+1

≥− pJ (u(t))+
p−2
2CH

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

2

=
p−2
CH

[
S (t)− pCH

p−2
J (u(t))

]
. (107)

From Eq. (92) , it follows that

d
dt

J (u(t)) =−

∥∥∥∥∥ut (t)

|x|
s
2

∥∥∥∥∥
2

2

≤ 0. (108)

Then, from Eqs (107) and (108), it yields

d
dt

(
S (t)− pCH

p−2
J (u(t))

)
≥ d

dt
S (t)

≥ p−2
CH

[
S (t)− pCH

p−2
J (u(t))

]
. (109)
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Let ϕ (t) = S (t)− pCH
p−2 J (u(t)), from Eq. (109), we have

d
dt

ϕ (t)≥ p−2
CH

ϕ (t) , ∀t ∈ [0,+∞) . (110)

Integrating Eq. (110) over (0, t), we obtain

ϕ(t)≥ e
p−2
CH

t
ϕ(0), ∀t ∈ [0,+∞). (111)

namely,

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

2

≥2pCH

p−2
J (u(t))+2e

p−2
CH

t
ϕ (0) ,

∀t ∈ [0,+∞) . (112)

Since 0 ≤ J(u(t))≤ J(u0), it follows from Eq. (112) that

∥∥∥∥u(t)
|x| s

2

∥∥∥∥2

2
≥ 2e

p−2
CH

t
ϕ(0). (113)

which implies

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

≥ (2ϕ (0))
1
2 e

p−2
2CH

t

=

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2

− 2pCH

p−2
J (u0)

 1
2

e
p−2
2CH

t
, ∀t ∈ [0,+∞) , (114)

this contradicts Eq. (106) for sufficiently large t. Thus, t∗ <
+∞.

Next, we derive the upper bound of t∗. Since the weak
solution to problem (1) satisfies the energy equality

J(u0) = J(u(t))+
∫ t

0

∥∥∥∥uτ(τ)

|x| s
2

∥∥∥∥2

2
dτ. (115)

Combining this with Eqs (21), (23), (33) under the condi-

tions 2< p< q+1 and 0≤ J(u0)<
p−2

2pCH

∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
, we obtain

I (u0) = pJ (u0)−
p−2

2
∥∆u0∥2

2 −
1
p
∥∇u0∥p

p

− q+1− p
q+1

∥u0∥q+1
q+1 = p

J (u0)−
p−2
2pCH

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2


− p−2

2

∥∆u0∥2
2 −

1
CH

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2


− 1

p
∥∇u0∥p

p −
q+1− p

q+1
∥u0∥q+1

q+1 < 0. (116)

We assert that I (u(t))< 0 for all t ∈ [0, t∗). Otherwise, there
exists a t̃ ∈ (0, t∗) such that I (u(t̃)) = 0, and I (u(t)) < 0
for all t ∈ [0, t̃). Combining with Eq. (95), we have S′ (t) =
−I (u(t)) > 0 for all t ∈ [0, t̃). It means that S (t) is strictly
increasing on [0, t̃), and consequently,

0 ≤ J (u0)<
p−2
2pCH

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2

<
p−2
2pCH

∥∥∥∥∥u(t̃)

|x|
s
2

∥∥∥∥∥
2

2

. (117)

Furthermore, from Eqs (21) and (33), we derive

J (u0)≥J (u(t̃)) =
p−2
2p

∥∆u(t̃)∥2
2 +

1
p2 ∥∇u(t̃)∥p

p

+
q+1− p

q+1
∥u(t̃)∥q+1

q+1 +
1
p

I (u(t̃))

≥ p−2
2p

∥∆u(t̃)∥2
2 ≥

p−2
2pCH

∥∥∥∥∥u(t̃)

|x|
s
2

∥∥∥∥∥
2

2

, (118)

which contradicts Eq. (117). Therefore, I(u(t)) < 0 for all
t ∈ [0, t∗), and consequently S′(t) =−I(u(t))> 0 for all t ∈
[0, t∗). This implies that S(t) is strictly increasing on [0, t∗).

In order to derive the upper bound of t∗, we define a func-
tion

Φ (t) :=
∫ t

0

∥∥∥∥∥u(τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ +
(
T̂ − t

)∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2

+σ(t +κ)2,

∀t ∈
[
0, T̂
]
, (119)

where T̂ ∈ (0, t∗), σ > 0 and κ > 0 are sufficiently small.
From Eq. (119), we obtain
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Φ
′ (t) =

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

2

−

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2

+2σ (t +κ)

=
∫ t

0

d
dτ

∥∥∥∥∥u(τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ +2σ (t +κ)

=2
∫ t

0

∫
Ω

u(τ)uτ (τ)

|x|s
dxdτ +2σ (t +κ) . (120)

It is evident from Eqs (119) and (120) that

Φ(0) = T̂
∥∥∥∥ u0

|x| s
2

∥∥∥∥2

2
+σκ

2 > 0, Φ
′(0) = 2σκ > 0. (121)

By Eqs (21), (33) and (119), combined with 2 < p < q+ 1
and σ > 0, we derive

Φ
′′ (t) =2

∫
Ω

u(t)ut (t)
|x|s

dx+2σ

=−2I (u(t))+2σ

=−2pJ (u(t))+(p−2)∥∆u(t)∥2
2

+
2
p
∥∇u(t)∥p

p +
2(q+1− p)

q+1
∥u(t)∥q+1

q+1 +2σ

=−2pJ (u0)+2p
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ

+(p−2)∥∆u(t)∥2
2 +

2
p
∥∇u(t)∥p

p

+
2(q+1− p)

q+1
∥u(t)∥q+1

q+1 +2σ

≥−2pJ (u0)+2p
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ

+
p−2
CH

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

2

,∀t ∈
[
0, T̂
]
. (122)

Recalling S (t) is strictly increasing on [0, t∗), we know
Φ ′ (t) > 0, which implies Φ (t) is strictly increasing on
[0, t∗). Through a direct calculation, we obtain

− p
2
[
Φ

′ (t)
]2

=−2p
[∫ t

0

∫
Ω

u(τ)uτ (τ)

|x|s
dxdτ +σ (t +κ)

]2

≥−2p

[(∫ t

0

∥∥∥∥u(τ)
|x| s

2

∥∥∥∥2

2
dτ

) 1
2
(∫ t

0

∥∥∥∥uτ(τ)

|x| s
2

∥∥∥∥2

2
dτ

) 1
2

+σ(t +κ)

]2

≥−2p

∫ t

0

∥∥∥∥∥u(τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ +σ(t +κ)2

∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ +σ


≥−2pΦ (t)

∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ +σ

 . (123)

Then, it follows from Eqs (119)-(123) that

Φ (t)Φ
′′ (t)− p

2
(
Φ

′ (t)
)2

≥Φ (t)
[
−2pJ (u0)+2p

∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ

+
p−2
CH

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

2

]
−2pΦ (t)

[∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ +σ

]

=2pΦ (t)

 p−2
2pCH

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2

− J (u0)

−σ

≥ 0, (124)

where σ ∈
(

0, p−2
2pCH

∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
− J (u0)

]
. Let Γ (t) =

Φ− p
2 +1 (t) for any t ∈

[
0, T̂
]
. By a direct calculation,

we obtain

Γ
′ (t) =

(
− p

2
+1
)

Φ
− p

2 (t)Φ
′ (t) , (125)

Γ
′′ (t) =

(
− p

2
+1
)

Φ
− p

2 −1 (t)

×
[
Φ (t)Φ

′′ (t)− p
2
(
Φ

′ (t)
)2
]
. (126)

By Eqs (124), (126) and the condition p > 2, we have
Γ ′′ (t)≤ 0, which implies that Γ (t) is a concave function on[
0, T̂
]
, and Γ ′ (t) is a decreasing function on

[
0, T̂
]
. There-

fore,

Γ (T̂ )≤ Γ (0), ∀t ∈ [0, T̂ ]. (127)
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By integrating the above inequality over
[
0, T̂
]
, we obtain

Γ
(
T̂
)
≤ Γ (0)+Γ

′ (0) T̂ . (128)

Since Φ (0)> 0 and Φ (t) is strictly increasing on
[
0, T̂
]
, it

follows that

Γ (0) = Φ
− p

2 +1 (0)> 0, (129)

Γ
(
T̂
)
= Φ

− p
2 +1 (T̂)> 0, (130)

for any T̂ ∈ (0, t∗). Additionally, by the conditions Φ ′ (0)>
0, p > 2 and using Eq. (125), we have

Γ
′ (0) =

(
− p

2
+1
)

Φ
− p

2 (0)Φ
′ (0)

=
(
− p

2
+1
)

Γ (0)
Φ ′ (0)
Φ (0)

< 0. (131)

From Eqs(128)-(131), combined with Eqs (119) and (120),
we derive

T̂ ≤
Γ (0)−Γ

(
T̂
)

−Γ ′ (0)
≤ Γ (0)

−Γ ′ (0)
=

2Φ (0)
(p−2)Φ ′ (0)

=

T̂
∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
+σκ2

(p−2)σκ
=

∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
(p−2)σκ

T̂ +
κ

p−2
, (132)

where κ ∈
(∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2
(p−2)σ ,+∞

)
. Taking the limit as T̂ → t∗ in Eq.

(132), we have

t∗ ≤
σκ2

(p−2)σκ −
∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2

. (133)

We define the set

M :=
{
(σ ,κ) : σ ∈

(
0,

p−2
2pCH

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2

− J (u0)
]
,

κ ∈
( ∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
(p−2)σ

,+∞

)}
, (134)

and the function

f (σ ,κ) :=
σκ2

(p−2)σκ −
∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2

. (135)

Direct calculation shows that f (σ ,κ) attains its minimum

value at κ =

2

∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2
(p−2)σ . Thus, from Eqs (133)–(135), we de-

rive

t∗ ≤ inf
(σ ,κ)∈M

f (σ ,κ)

=

8p
∥∥∥∥ u0

|x|s/2

∥∥∥∥2

2

(p−2)2

[
(p−2)

CH

∥∥∥∥ u0

|x|s/2

∥∥∥∥2

2
−2pJ(u0)

] . (136)

The proof is completed.

Corollary 1 Assume 2< p< q+1. Then there exists a weak
solution with arbitrarily high initial energy to Eq. (1) that
blows up in finite time.

Proof . Let Ω1 and Ω2 be two disjoint open subdomains of
Ω . Choose an arbitrary nontrivial function v ∈ H2

N (Ω1), and
for any R > 0, there exists a sufficiently large χ > 0 such
that

∥∥∥∥ χv
|x|s/2

∥∥∥∥2

2
= χ

2
∫

Ω

|v|2

|x|s
dx

= χ
2
∫

Ω1

|v|2

|x|s
dx >

2pCH

p−2
R. (137)

and for 2 < p < q+1 and Eq. (19), it follows that

R− J (χv) = R− χ2

2
∥∆v∥2

2 +
χ p

p

∫
Ω

|∇v|p log |∇v|dx

+
χ p

p
log χ ∥∇v∥p

p −
χ p

p2 ∥∇v∥p
p

+
χq+1

q+1
∥v∥q+1

q+1 →+∞, (138)

as χ → +∞. Fix χ and ω ∈ H2
N (Ω2) such that J (χv) +

J (ω) = R. Next, we extend v and ω as follows:
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v =
{

v, x ∈ Ω1,

0, x ∈ Ω2,
ω =

{
ω, x ∈ Ω2,

0, x ∈ Ω1.
(139)

Let u0 := χv+ω . Then we have∥∥∥∥∥ u0

|x|
s
2

∥∥∥∥∥
2

2

=
∫

Ω

∣∣∣∣χv+ω

|x|s
∣∣∣∣2dx

≥
∫

Ω1

∣∣∣∣ χv
|x|s
∣∣∣∣2dx >

2qCH

q−2
R (140)

and

J (u0) =
1
2

∫
Ω

|∆u0|2dx− 1
p

∫
Ω

|∇u0|p log |∇u0|dx

+
1
p2

∫
Ω

|∇u0|pdx− 1
q+1

∫
Ω

|u0|q+1dx

=
1
2

∫
Ω1

|χ∆v|2dx− 1
p

∫
Ω1

|χ∇v|p log |χ∇v|dx

+
1
p2

∫
Ω1

|χ∇v|pdx− 1
q+1

∫
Ω1

|χv|q+1dx

+
1
2

∫
Ω2

|∆ω|2dx− 1
p

∫
Ω2

|∇ω|p log |∇ω|dx

+
1
p2

∫
Ω2

|∇ω|pdx− 1
q+1

∫
Ω2

|ω|q+1dx

=J (χv)+ J (ω)

=R, (141)

which means J (u0) = R < p−2
2pCH

∥∥∥∥ u0

|x|
s
2

∥∥∥∥2

2
. Therefore, by The-

orem 3, we conclude that there exists a weak solution with
arbitrarily high initial energy to Eq. (1) that blows up in fi-
nite time.

The proof is completed.

5 Non-extinction and extinction in finite time

In this section, by employing energy estimates and specific
ordinary differential inequalities, we characterize both non-
extinction and extinction phenomena of solutions in finite
time, and rigorously quantify their corresponding extinction
rates.

Theorem 4 Assume that p ≥ 2 and p > q+1. If J (u0)< 0,
then the solution to Eq. (1) does not extinct in finite time.

Proof . Since the weak solution to Eq. (1) satisfies the fol-
lowing energy inequality:

J (u0) = J (u)+
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ. (142)

Furthermore, from the definition of S(t) and using Eqs (20),
(21), (23) and (33) under the conditions |x| < L, p ≥ 2 and
p > q+1, we derive

S′ (t) =−pJ (u(t))+
p−2

2
∥∆u(t)∥2

2

+
1
p
∥∇u(t)∥p

p +
q+1− p

q+1
∥u(t)∥q+1

q+1

=− pJ (u0)+ p
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ +
p−2

2
∥∆u(t)∥2

2

+
1
p
∥∇u(t)∥p

p −
p−q−1

q+1
∥u(t)∥q+1

q+1

≥− pJ (u0)+ p
∫ t

0

∥∥∥∥∥uτ (τ)

|x|
s
2

∥∥∥∥∥
2

2

dτ

− p−q−1
q+1

∥u(t)∥q+1
q+1

≥− pJ (u0)−
p−q−1

q+1
|Ω |

1−q
2

(∫
Ω

u2 (t)dx
) q+1

2

≥− pJ (u0)−
p−q−1

q+1
|Ω |

1−q
2 (2Ls)

q+1
2 S

q+1
2 (t) , (143)

which implies

S′ (t)+
p−q−1

q+1
|Ω |

1−q
2 (2Ls)

q+1
2 S

q+1
2 (t)

≥−pJ (u0) . (144)

Since p ≥ 2, p > q+1 and J (u0)< 0, we have

α1 =
p−q−1

q+1
|Ω |

1−q
2 (2Ls)

q+1
2 > 0. (145)

Then, it follows from Eqs (144) and (145) that

S′(t)+α1S
q+1

2 (t)≥ β1. (146)

By Lemma 4, we know

S (t)≥ min

{
S (0) ,

(
β1

α1

) 2
q+1
}

> 0, ∀t ∈ (0,+∞) . (147)

Hence, Eq. (147) implies

∥∥∥∥u(t)
|x| s

2

∥∥∥∥
2
=
√

2S(t)> 0, ∀t ∈ (0,+∞). (148)
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Then, for any m3 > 1, by the interpolation inequality, we
obtain

∥∥∥∥u(t)
|x| s

2

∥∥∥∥
2
≤
∥∥∥∥u(t)
|x| s

2

∥∥∥∥ 1
2

m3

∥∥∥∥u(t)
|x| s

2

∥∥∥∥ 1
2

m3
m3−1

. (149)

which together with
∥∥∥∥ u(t)

|x|
s
2

∥∥∥∥
2
> 0, implies that for any m3 >

1, there does not exist a t∗ > 0 such that

lim
t→t∗

∥∥∥∥u(t)
|x| s

2

∥∥∥∥
m3

= 0 or lim
t→t∗

∥∥∥∥u(t)
|x| s

2

∥∥∥∥ m3
m3−1

= 0. (150)

Therefore, the solution to Eq. (1) does not become extinct in
finite time.

The proof is completed.

Theorem 5 Assume that p < 2 and q < 1. If
[e(2− p)]−1 B2 < 1 and

∥∥∥∥ u0

|x| s
2

∥∥∥∥
2
>

(
D2

D1

) 1
1−q

. (151)

then the solution to Eq. (1) becomes extinct in finite time,
with the upper bound of the extinction rate is



∥∥∥∥u(t)
|x| s

2

∥∥∥∥
2
≤

[∥∥∥∥ u0

|x| s
2

∥∥∥∥1−q

2

+ 1
2

(
D2 −D1

∥∥∥∥ u0

|x|
s
2

∥∥∥∥1−q

2

)
t

] 1
1−q

, 0 < t < T0,

∥∥∥∥u(t)
|x| s

2

∥∥∥∥
2
= 0, t ≥ T0.

(152)

where

T0 =

2
∥∥∥ u0

|x|
s
2

∥∥∥1−q

2

D1

∥∥∥ u0

|x|
s
2

∥∥∥1−q

2
−D2

, (153)

D1 = (1−q)
{

1− [e(2− p)]−1B2
}

C−1
H (154)

D2 = (1−q) |Ω |
1−q

2 L
s(q+1)

2 (155)

and B is the optimal embedding constant of H2
0 (Ω) ↪→

W 1,2
0 (Ω).

Proof . Multiplying Eq. (1) by u and integrating over Ω , we
obtain

1
2

d
dt

∥∥∥∥u(t)
|x| s

2

∥∥∥∥2

2
+∥∆u(t)∥2

2 −
∫

Ω

|∇u(t)|p log |∇u(t)|dx

=
∫

Ω

|u(t)|qu (t)dx. (156)

For the left-hand side of Eq. (156), we observe from Lemma
1 and Eq. (32) that there exists a positive constant ρ3 = 2− p
such that

S′(t)+∥∆u(t)∥2
2 −

∫
Ω

|∇u(t)|p log |∇u(t)|dx

≥S′(t)+∥∆u(t)∥2
2 − (eρ3)

−1 ∥∇u(t)∥p+ρ3
p+ρ3

=S′(t)+∥∆u(t)∥2
2 − [e(2− p)]−1 ∥∇u(t)∥2

2

≥S′(t)+∥∆u(t)∥2
2 − [e(2− p)]−1B2 ∥∆u(t)∥2

2

≥S′(t)+
{

1− [e(2− p)]−1B2
}

C−1
H

∥∥∥∥u(t)
|x| s

2

∥∥∥∥2

2

=S′(t)+2
{

1− [e(2− p)]−1B2
}

C−1
H S(t). (157)

Then, Eq. (105) can be represented as

S′(t)+2
{

1− [e(2− p)]−1B2
}

C−1
H S(t)≤

∫
Ω

|u(t)|q+1dx

≤|Ω |
1−q

2 ∥u(t)∥q+1
2

≤2
q+1

2 |Ω |
1−q

2 L
s(q+1)

2 S
q+1

2 (t). (158)

Setting H(t) = S
1−q

2 (t), we obtain from the above that

H ′(t) =
1−q

2
S

−1−q
2 (t)S′(t)

≤(1−q)2
q−1

2 |Ω |
1−q

2 L
s(q+1)

2

− (1−q)
{

1− [e(2− p)]−1B2
}

C−1
H S

1−q
2 (t)

=2
q−1

2 D2 −D1H(t) = Λ(t). (159)

Since
∥∥∥∥ u0

|x|
s
2

∥∥∥∥
2
>
(
D2D−1

1

) 1
1−q , we have Λ(0) < 0. Then

there exists a sufficiently small t̃ > 0 such that Λ(t)< Λ(0)
2 <

0 for all t ∈ (0, t̃]. This implies that
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H ′(t)≤ Λ(0)
2

. (160)

Integrating Eq. (160) over (0, t), we obtain


H(t)≤ H(0)+

Λ(0)
2

t, 0 < t < T0,

H(t) = 0, t ≥ T0.

(161)

From the definitions of H(t) and Λ(t), we conclude that Eq.
(152) holds.

The proof is completed.

Theorem 6 Assume that s= 0, p= 2 and q< 1. If J (u0)≤ 0

and ∥u0∥2 <
(
D4D−1

3

) 1
1−q , then the solution to Eq. (1) be-

comes extinct in finite time, where the lower bound of the
extinction rate is


∥u(t)∥2 ≥

[
D4D−1

3 +
(
∥u0∥1−q

2

−D4D−1
3

)
eD3t

] 1
1−q , 0 < t < T1,

∥u(t)∥2 = 0, t ≥ T1.

(162)

where

T1 =
1

D3
log

(
D4D−1

3

D4D−1
3 −∥u0∥1−q

2

)
(163)

D3 =
1−q

2 B−2
1 , D4 =

(q−1)2

q+1 |Ω |
1−q

2 , and B1 is the optimal em-

bedding constant of W 1,2
0 (Ω) ↪→ L2(Ω).

Proof . We define

G(t) := 1
2∥u(t)∥2

2 (164)

Combined with the conditions s = 0, p = 2 and q < 1, and
based on the energy equality

J(u0) = J
(
u(t)

)
+
∫ t

0
∥uτ(τ)∥2

2 dτ (165)

we derive from Eqs (20), (21), (23) and J(u0)≤ 0 that

G′(t) =
∫

Ω

u(t)ut(t)dx

=−I(u(t))

=−2J(u(t))+
1
2
∥∇u(t)∥2

2 +
q−1
q+1

∥u(t)∥q+1
q+1

≥−2J(u0)+
B−2

1
2

∥u(t)∥2
2

+
q−1
q+1

|Ω |
1−q

2 ∥u(t)∥q+1
2

≥ B−2
1 G(t)+2

q+1
2

q−1
q+1

|Ω |
1−q

2 G
q+1

2 (t). (166)

Setting Z(t) = G
1−q

2 (t), we obtain from Eq. (166) that

Z′(t)≥ 1−q
2

G− q+1
2 (t)

×
[

B−2
1 G(t)+2

q+1
2

q−1
q+1

|Ω |
1−q

2 G
q+1

2 (t)
]

=
1−q

2
B−2

1 G
1−q

2 (t)−2
q−1

2
(q−1)2

q+1
|Ω |

1−q
2

= D3Z(t)−2
q−1

2 D4. (167)

Solving this ordinary differential equation yields


Z(t)≥ 2

q−1
2 D4D−1

3 +
(

Z(0)−2
q−1

2 D4D−1
3

)
eD3t ,

0 < t < T1,

Z(t) = 0, t ≥ T1,

(168)

which implies that Eq. (162) holds.

The proof is completed.

Theorem 7 Assume that q+1 < 2 < p. If J (u0)≤ 0 and

∥∥∥∥ u0

|x| s
2

∥∥∥∥
2
<

(
D6

D5

) 1
1−q

. (169)

then the solution to Eq. (1) becomes extinct in finite time,
and the lower bound of the extinction rate is


∥∥∥ u(t)

|x|
s
2

∥∥∥
2
≥
[
D6D−1

5 +
(∥∥∥ u0

|x|
s
2

∥∥∥1−q

2
−D6D−1

5

)
eD5t

] 1
1−q

,

0 < t < T2,∥∥∥ u(t)

|x|
s
2

∥∥∥
2
= 0, t ≥ T2,

(170)
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where

T2 =
1

D5
log

 D6D−1
5

D6D−1
5 −

∥∥∥ u0
|x|s/2

∥∥∥1−q

2

 , (171)

D5 =
(1−q)(p−2)

2CH
, (172)

D6 = (1−q)L
s(q+1)

2 |Ω |
1−q

2 · p−q−1
q+1

. (173)

Proof . By a direct calculation, similar to Eq. (166), we ob-
tain

S′ (t) =− I (u(t))

=− pJ (u(t))+
p−2

2
∥∆u(t)∥2

2

+
1
p
∥∇u(t)∥p

p +
q+1− p

q+1
∥u(t)∥q+1

q+1

≥− pJ (u0)+
p−2

2
∥∆u(t)∥2

2 +
1
p
∥∇u(t)∥p

p

− p−q−1
q+1

∥u(t)∥q+1
q+1

≥ p−2
2

∥∆u(t)∥2
2 −

p−q−1
q+1

∥u(t)∥q+1
q+1 . (174)

Then, by Eqs (33), (174) and |x| ≤ L, we derive

S′ (t)≥ p−2
2

C−1
H

∥∥∥∥∥u(t)

|x|
s
2

∥∥∥∥∥
2

2

−|Ω |
1−q

2
p−q−1

q+1

(∫
Ω

u2 (t)dx
) q+1

2

≥(p−2)C−1
H S (t)

−L
s(q+1)

2 |Ω |
1−q

2
p−q−1

q+1

(∫
Ω

u2 (t)
|x|s

dx
) q+1

2

=(p−2)C−1
H S (t)

−2
q+1

2 L
s(q+1)

2 |Ω |
1−q

2
p−q−1

q+1
S

q+1
2 (t) (175)

According to Eq. (175) and H(t) = S
1−q

2 (t),

H ′ (t)≥1−q
2

S−
q+1

2 (t)
(
(p−2)C−1

H S (t)

−2
q+1

2 L
s(q+1)

2 |Ω |
1−q

2
p−q−1

q+1
S

q+1
2 (t)

)
=D5H (t)−2

q−1
2 D6. (176)

This ordinary differential equation directly implies that


H(t)≥ 2

q−1
2 D6D−1

5

+
(

H(0)−2
q−1

2 D6D−1
5

)
eD5t , 0 < t < T2,

H(t) = 0, t ≥ T2.

(177)

Then, we obtain Eq. (170).

The proof is completed.
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Abstract From a general viewpoint, the Josephson Effect
is a quantum phenomenon that the tunnelling of Cooper
electron pairs can describe. This junction involves two or
more superconductors separated by a thin layer of non-
superconducting material. A supercurrent can flow without
dissipation through this junction without applying voltage.
The dependence of the Josephson current on the phase dif-
ference between the two superconductors is of significant
importance and is investigated in this study. This research
considers a Josephson junction consisting of two gap super-
conductors separated by a thin insulator. Additionally, we
consider a spin-singlet s-wave pair potential in each con-
duction band. We study the effect of time-reversal symmetry
on the phase difference and, consequently, on the Josephson
current in two cases. The first case is when only one of the
superconductors has time-reversal symmetry, and the second
is when neither superconductor has time-reversal symmetry.
These states are compared with the condition where both
superconductors have time-reversal symmetry.

1 Introduction

In 1962, Josephson predicted that a supercurrent
could exist in a junction consisting of two supercon-
ductors separated by a thin insulator (typically about
1 nm) [1]. This phenomenon was experimentally con-
firmed by Shapiro [3–5]. Research on Josephson junc-
tions remains essential due to their wide applications, in-
cluding SQUIDs, electrical metrology, and digital mem-
ory circuits [4, 6, 7]. The initial structure of the
Josephson junction was the Superconductor-Insulator-
Superconductor (SIS) junction. Over the decades, alter-
native structures such as Superconductor-Ferromagnetic-

aCorresponding author: masi.avarideh@email.kntu.ac.ir
bafzali@kntu.sc.ir

Superconductor (SFS) [6–9] and Superconductor-Insulator-
Ferromagnetic-Superconductor (SIFS) [6–10] have been in-
vestigated. Various aspects of Josephson junctions have
been studied, including their current-voltage (I-V) charac-
teristics, temperature dependence [11], frequency depen-
dence [12], electrodynamics, and the Current-Phase Re-
lation (CPR) [2]. Some studies on Josephson junctions’
current-voltage (I-V) characteristics have shown that the sig-
nificant nonlinearity in the I-V characteristics makes them
suitable for digital and pulsed devices [13]. Nevertheless,
the Current-Phase Relation (CPR) is one of the fundamen-
tal properties of a Josephson junction. When an insula-
tor separates two superconductors, the Josephson current
is typically proportional to sinθ , where θ = ϕR − ϕL de-
notes the phase difference between the right (ϕR) and left
(ϕL) superconductors [14]. If the superconductors have two
or more conduction bands, as in iron pnictides, the rela-
tion becomes more complex [15]. Studies show that even
in the absence of a phase difference between the supercon-
ductors, a Josephson current can arise due to the internal
phase difference between bands [15–18]. While the BCS
theory adequately describes conventional superconductors,
many unconventional superconductors deviate from BCS
predictions. Time-reversal symmetry is generally preserved
in the mean-field Hamiltonian of two-band superconduc-
tors [19]. However, mounting evidence suggests that time-
reversal symmetry breaking (TRSB) occurs in several un-
conventional systems [20–22]. The time-reversal operation
affects the Hamiltonian H such that ΘHΘ−1 = H. TRSB
occurs when this condition is violated [19, 23, 24]. Be-
sides intrinsic magnetism, local disruptions can also break
time-reversal symmetry, influencing the local quasiparticle
spectrum. Vortices carrying fractional flux become strongly
pinned to domain walls in superconductors with broken
time-reversal symmetry, leading to atypical flux-flow dy-
namics [24].
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This research considers a junction between two dissim-
ilar double-band s-wave superconductors (Figure 1). After
deriving the current-phase relation, we examined the depen-
dence of the Josephson current on the phase under two con-
ditions. In the first case, we assumed that time-reversal sym-
metry was preserved in one of the superconductors but bro-
ken in the other. The results showed that the current-phase
relationship is exactly the opposite of the case where time-
reversal symmetry is preserved in both superconductors. In
the second case, we assumed that time-reversal symmetry
was broken in both superconductors. Under these condi-
tions, the results were similar to the case where both super-
conductors were in a time-reversal symmetric state.

In contrast to previous studies, such as Sasaki et al. [15],
which focused on time-reversal symmetric Josephson junc-
tions composed of two-band superconductors, our work
investigates both symmetric and time-reversal symmetry-
breaking configurations. In particular, we explore the case in
which time-reversal symmetry is broken in only one of the
superconductors. This asymmetric situation leads to non-
trivial modifications in the current-phase relation, including
spontaneous supercurrents that appear even without phase
difference. Furthermore, our analysis includes the role of
inter-band hybridization in such time-reversal symmetry-
broken systems, revealing new contributions to the Joseph-
son current that were not previously addressed.

2 Introduction to Current-Phase Relation

When an electron tunnels through a barrier, it generates
an electron state on one side and a hole state on the opposite
side (left and right) of the barrier. The Hamiltonian describ-
ing this process can be expressed as [2, 15, 18]:

HJ = HL +HR +T , (1)

T = ∑
p,q,σ

(
Tpqa†

σ paσq +T ∗
pqa†

σqaσ p
)
, (2)

where HL and HR denote the Hamiltonians of the left and
right superconductors, respectively, and Tpq describes the
tunneling matrix elements that determines the probability of
tunneling. The operators a†

pσ and apσ are the creation and
annihilation operators for electrons on the left superconduc-
tor with momentum p and spin σ , respectively. Similarly,
a†

qσ and aqσ are the corresponding operators for electrons
on the right superconductor with momentum q and spin σ .

The Josephson current can be expressed as [25]:

J = 2e Im

[
T ∑

iωn

∑
k,p

Tr
(

t̂T F̂ †
R(k, iωn) t̂T F̂ †

L (k, iωn)
)]

, (3)

where F̂L(k, iωn) and F̂R(k, iωn) are the anomalous Green’s
functions for the left and right superconductors, respectively.
Here, F̂ †

R(k, iωn) = F̂R(−k,−iωn). The operator Tr denotes
the trace over internal degrees of freedom (e.g., spin or band
indices), T is the temperature, e is the electron charge, and
Im denotes the imaginary part. The matrix t̂T represents the
tunneling matrix between the superconductors.

The fermionic Matsubara frequencies are given by ωn =

(2n + 1)πT, n = 1,2,3, . . . The current-phase relation
(CPR) is a central feature of the Josephson junction. In only
a few special cases, it simplifies to the classical sinusoidal
form with a critical current Jc [18], namely:

J = Jc sinϕ, (4)

The maximum current Jc in the current-phase relation (CPR)
is called the critical current. In general, it depends on the
temperature, the magnetic field, and may include effects
due to fluctuations [2]. Additionally, the phase difference of
the superconducting order parameters across the junction is
given by ϕ = ϕR −ϕL, where ϕR and ϕL are the phases of
the right and left superconductors, respectively [15].

In general, the dependence of the supercurrent J on the
phase difference ϕ can be written as a Fourier series [2]:

J(ϕ) = ∑
n≥1

[Jc sin(nϕ)+ Jn cos(nϕ)] , (5)

It is predicted that if time-reversal symmetry is preserved,
the cosine harmonic coefficients Jn in the Fourier expansion
vanish [2, 19, 26, 27]. However, some characteristics of the
current-phase relation (CPR) are quite universal and do not
depend on the specific material, geometry of the junction, or
theoretical framework used to describe it. For example, re-
versing the direction of supercurrent flow necessarily results
in a reversal of the phase difference’s sign [5]:

J(ϕ) =−J(−ϕ). (6)

Moreover, J(ϕ) is a 2π-periodic function [5], i.e.,

J(ϕ) = J(ϕ +2π). (7)
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The investigation of the CPR in diverse junctions, such
as superconductor-insulator-superconductor (SIS), double-
barrier, superconductor-ferromagnet-superconductor (SFS),
and superconductor-constriction-superconductor point-
contact junctions, shows that the CPR exhibits different
structures for each type of junction [16, 17, 19].

3 Description of Our Model

Fig. 1 Schematic picture of the Josephson structure considered in this
article.

The supercurrent consists of three distinct terms in a
Josephson junction consisting of two dissimilar s-wave spin-
singlet two-gap superconductors separated by an insulator.
The first term arises from the tunneling of electron pairs be-
tween the first conduction band, the second term arises from

the tunneling of electron pairs between the second conduc-
tion band, and the third term corresponds to the tunneling of
electron pairs induced by band hybridization.

In the following equations, the currents resulting from
the tunneling of electron pairs in the first and second con-
duction bands are denoted by J1 and J2, respectively. The
current arising from the tunneling of an induced electron
pair due to band hybridization is given by J12 [15, 16]. In
these expressions, the indices α = L,R refer to the left and
right superconductors, and the band indices β = 1,2 repre-
sent the first and second conduction bands. The quantity υα

denotes the hybridization amplitude between the two bands
in superconductor α , while ξαβ is the kinetic energy of an
electron in band β on side α . The superconducting order
parameter is denoted by ∆αβ , and T represents the temper-
ature. The tunneling matrix elements through the barrier in
band β on side α are represented by tα . Finally, the phase
factors are given by eiϕαβ and eiθα , where ϕαβ is the phase of
the superconducting order parameter in band β of supercon-
ductor α , and θα is an internal phase related to time-reversal
symmetry.

3.1 First Condition: Just One Superconductor is in a
Time-Reversal Symmetry State

J1 = Im∑
kp

eT ∑
ωn

[
t2
1

[(
ξ 2

2R + |∆2R|2 +ω2
n
)
|∆1R|+υ2

R|∆2R|ei(2θR+ϕ2R−ϕ1R)
]

(
ξ 2

1R + |∆1R|2 +ω2
n
)(

ξ 2
2R + |∆2R|2 +ω2

n
)
+υ2

R

(
ω2

n −ξ1Rξ2R|∆1R||∆2R|cos(ϕ2R −ϕ1R +2θR)+υ4
R

)
×

[(
ξ 2

2L + |∆2L|2 +ω2
n
)
|∆1L|+υ2

L |∆2L|ei(2θL+ϕ1L−ϕ1L)
]
· ei(ϕ1L−ϕ1R)(

ξ 2
1L + |∆1L|2 +ω2

n
)(

ξ 2
2L + |∆2R|2 +ω2

n
)
+υ2

L

(
ω2

n −ξ1Lξ2L|∆1L||∆2L|cos(ϕ2L −ϕ1L +2θL)+υ4
L

)],
(8)

J2 = Im∑
kp

eT ∑
ωn

[
t2
2

[(
ξ 2

1R + |∆1R|2 +ω2
n
)
|∆2R|+υ2

R|∆1R|ei(2θR+ϕ2R−ϕ1R)
]

(
ξ 2

1R + |∆1R|2 +ω2
n
)(

ξ 2
2R + |∆2R|2 +ω2

n
)
+υ2

R

(
ω2

n −ξ1Rξ2R|∆1R||∆2R|cos(ϕ2R −ϕ1R +2θR)+υ4
R

)
×

[(
ξ 2

1L + |∆1L|2 +ω2
n
)
|∆2L|+υ2

L |∆1L|ei(2θL+ϕ2L−ϕ1L)
]
· ei(ϕ2L−ϕ2R)(

ξ 2
1L + |∆1L|2 +ω2

n
)(

ξ 2
2L + |∆2R|2 +ω2

n
)
+υ2

L

(
ω2

n −ξ1Lξ2L|∆1L||∆2L|cos(ϕ2L −ϕ1L +2θL)+υ4
L

)],
(9)

J12 = Im∑
kp

eT ∑
ωn



t1t2
(
[ξ1R|∆2R|ei(ϕ2R−θR+ξ2R|1R|ei(ϕ1R−θR ][(ξ1L|∆2L|ei(ϕ2L−θL)+ξ2L|∆1L|ei(ϕ1L−θL ]

+[|∆2R|ei(ϕ2R−θR)−|∆1R|ei(ϕ1R−θR)][|∆2L|ei(ϕ2L−θL−|∆1L|ei(ϕ1L−θL ]ω2
n

)
υRυL·eiθR e−iϕ1R

{(ξ 2
1R+|∆1R|2+ω2

n)(ξ 2
2R+|∆2R|2+ω2

n)+υ2
R(ω2

n−ξ1Rξ2R|∆1R||∆2R|cos(ϕ2R−ϕ1R+2θR)+υ4
R)}

×{(ξ 2
1L+|∆1L|2+ω2

n)(ξ 2
2L+|∆2R|2+ω2

n)+υ2
L(ω2

n−ξ1Lξ2L|∆1L||∆2L|cos(ϕ2L−ϕ1L+2θL)+υ4
L)}


(10)
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To observe the time-reversal symmetry state, the phases of
the first and second conduction bands must satisfy:

2θR = ϕ1R −ϕ2R +2πnR. (11)

Therefore, for the state in which time-reversal symmetry is
broken [16]:

2θR ̸= ϕ1R −ϕ2R +2πnR. (12)

So, the relationship between the phases in the state of broken
time-reversal symmetry could be assumed as

2θR = ϕ1R −ϕ2R +πnR. (13)

Based on the phase configuration assumed in Eq. (13),
and considering the three distinct tunneling contributions in
Eqs. (8)–(10), we derive the general form of the current-
phase relation (CPR) when time-reversal symmetry is bro-
ken in only one superconductor:

J = J′1 sin(δϕ)+ J′2 sin(−2δθ +δϕ)+ J′12 sin(δϕ −δθ)

=⇒ J = J′ sin(δϕ)

+ J′2[sin(δϕ)cos(2δθ)− sin(2δθ)cos(δϕ)]

+ J′12[sin(δϕ)cos(δθ)− sin(δθ)cos(δϕ)], (14)

where J′1(2,12) represent the amplitudes of the currents corre-
sponding to the first, second, and third components, respec-
tively, and are temperature-dependent. We define the relative
phase difference between the superconductors as δθ = θL−
θR, which depends on the intrinsic characteristics of the su-
perconductors. Additionally, we consider δϕ1 ≡ ϕ1L −ϕ1R,
and define the average phase asϕ1L(R) =

1
2

(
ϕ1L(R)+ϕ2L(R)

)
.

Regarding the internal phase relations within each supercon-
ductor, two possible configurations are considered. In the
S++ configuration, the phases satisfy ϕ1 = ϕ2, while in the
S+– configuration, the relative phase satisfies ϕ1 −ϕ2 = π.

3.1.1 S++/S++ Junction

In this situation, for the superconductor that preserves
time-reversal symmetry, we have δθ =−π

2 ,
π

2 while for the
other superconductor, θL = π

2 ,−
π

2 . Considering Eq. (14),
the current-phase relation (CPR) takes the form:

δθ =±π

2
=⇒

J = J′1 sin(δϕ)− J′2 sin(δϕ)∓ J′12 cos(δϕ), (15)

3.1.2 S+-/S+- Junction

Similar to the previous situation, in this junction con-
figuration we also obtained δθ = π

2 ,−
π

2 , and the result is
consistent with the findings in Section 3.1.1.

3.1.3 S++/S+- Junction

Under this condition, we consider the phase relation
ϕ1R −ϕ2R = π , which implies θR = π

2 ,−
π

2 , θL = π

2 ,−
π

2 ,

and thus, δθ = 0, π, or −π. Based on Eq. (14), for this junc-
tion configuration, the sign reversal in one of the bands leads
to partial cancellation in the hybridized current contributions
modifying the overalln (CPR) with an inherent asymmetry
not present in fully symmetric configurations. The interfer-
ence terms may no longer add constructively, giving rise to
spontaneous currents or non-sinusoidal CPR asymmetry.

δθ = 0 =⇒
J = J′1 sin(δϕ)+ J′2 sin(δϕ)+ J′12 sin(δϕ), (16)

δθ =±π =⇒
J = J′1 sin(δϕ)− J′2 sin(δϕ)− J′12 cos(δϕ), (17)

It is obvious that θ affects the Josephson current in all the
situations discussed above by modifying the sign of the last
term in the current expression. Moreover, in S++/S++ and
S+−/S+− junctions, this last term leads to supercurrent
flow even in the absence of a phase difference (i.e., δϕ = 0).
This behavior is in stark contrast to the behavior observed in
Josephson junctions composed of two superconductors that
both preserve time-reversal symmetry.

3.2 Second Condition: Both Superconductors Break
Time-Reversal Symmetry

In this section, we consider Eq. (12) to be valid for both
superconductors. All other assumptions remain the same as
those outlined in Section 3.1.

3.2.1 S++/S++ Junction

Under this circumstance, for both superconductors, ϕ1−
ϕ2 = 0, and θL(R) =

π

2 ,−
π

2 . Therefore, δθ = 0,π , and we
conclude:

δθ = 0 =⇒
J = J′1 sin(δϕ)+ J′2 sin(δϕ)+ J′12 sin(δϕ), (18)
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δθ = π =⇒
J = J′1 sin(δϕ)+ J′2 sin(δϕ)− J′12 cos(δϕ), (19)

3.2.2 S+-/S+- Junction

Similar to Section 3.2.1, in this junction the CPR is de-
scribed by Eqs. (18) and (19).

3.2.3 S++/S+- Junction

In this section, we assumed θL =±π

2 and θR = 0. The CPR
is described by:

θL =±π

2
,θR = 0 =⇒

J = J1 sin(δϕ)− J2 sin(δϕ)+ J12 ± cos(δϕ), (20)

θL =±π

2
,θR = π =⇒

J = J1 sin(δϕ)− J2 sin(δϕ)+ J12 ∓ cos(δϕ), (21)

Again, it is evident that θ modifies the Josephson current by
altering the sign of the last term. However, this junction’s
result is similar to that of a junction consisting of two super-
conductors with time-reversal symmetry [15].

It is worth emphasizing that the sign structure of the su-
perconducting gaps—i.e., whether the system is in an S++
or S± state—plays a crucial role in determining the behav-
ior of the Josephson current. In S++ junctions, the construc-
tive phase alignment between bands enhances the magnitude
and symmetry of the CPR. In contrast, S± configurations in-
troduce sign changes that may cancel or invert certain con-
tributions, especially under broken time-reversal symmetry
conditions.

We explicitly compare the S++ and S± configurations to
clarify the qualitative impact of gap symmetry on the CPR.
In the S++ state, both superconducting gaps have the same
sign, leading to constructive interference between the inter-
band tunneling contributions. As a result, the CPR is sym-
metric and typically dominated by first harmonic compo-
nents.

However, in the S± state, the sign reversal between
the bands introduces destructive interference, particularly in
the current’s interband (hybridization-induced) component.
This can lead to significant deviations from the conventional
sinusoidal CPR, including suppression of the critical current
and the emergence of higher harmonics or phase shifts.

Figure 2 shows the CPR curves for a symmetric
S++/S++ junction and a sign-reversed S±/S± junction, both

Fig. 2 Comparative CPR for S++ and S± states under time-reversal
symmetric conditions.

under time-reversal symmetric conditions. As shown, the
S± configuration leads to an overall reduction in current am-
plitude and a distortion in the CPR shape due to phase can-
cellation effects. This qualitative difference becomes even
more pronounced when time-reversal symmetry is broken
in one or both superconductors, leading to spontaneous cur-
rents and asymmetric CPRs, as discussed in previous sec-
tions.

4 Conclusions

A Josephson junction consisting of two dissimilar double-
band superconductors separated by an insulating barrier was
considered. The effect of time-reversal symmetry on the
current-phase relation (CPR) was studied under two differ-
ent conditions: first, when only one of the superconductors
preserved time-reversal symmetry, and second, when both
superconductors broke time-reversal symmetry. The results
were compared with the case where both superconductors
preserved time-reversal symmetry.

Contrary to an isolated superconductor, we conclude that
the gauge parameter modifies the Josephson current. How-
ever, the CPR was similar when both superconductors were
in the same time-reversal symmetry state—regardless of
whether they broke or preserved the symmetry. In contrast,
if only one broke the symmetry, the result was the opposite.

The modifications in the CPR observed under time-
reversal symmetry breaking conditions can be intuitively
understood as arising from the asymmetry in the phase
structure of the superconducting order parameters. When
time-reversal symmetry is broken, especially asymmetri-
cally across the junction, complex inter-band phase differ-
ences and hybridization terms contribute to the Josephson
current in a way that is not invariant under phase inversion.
As a result, higher-order harmonics and phase shifts emerge
in the CPR. In such scenarios, spontaneous supercurrents
may appear even in the absence of an applied phase differ-
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ence, highlighting the role of symmetry in shaping the trans-
port properties of Josephson junctions.
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