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Abstract Stimulated Brillouin scattering (SBS) arises from
the interaction between light and sound waves. In partially
suspended waveguides, reduced substrate contact enhances
optical and acoustic confinement, improving SBS effi-
ciency. This study uses two-dimensional finite element sim-
ulations to analyze SBS in a silicon waveguide anchored by
a silica pillar. Both forward and backward SBS are explored
across a broad frequency range. Optimizing the pillar width
significantly increases SBS gain, mainly through the photo-
elastic effect, with minor moving boundary contributions.
The results emphasize the importance of structural design in
enhancing SBS for high-performance integrated photonic
applications.

1 Introduction

Stimulated Brillouin scattering (SBS) is a nonlinear phe-
nomenon in which light coherently interacts with acoustic
vibrations within an optically transparent medium [1]. This
process was predicted by Brillouin in 1922 [2] and was first
experimentally verified shortly after the advent of the laser
[3]. While SBS was initially regarded as a detrimental effect
in optical fiber systems [4], its applications are increasingly
recognized in narrow line-width lasers [5,6], microwave
photonics filters [7,8], non-reciprocal components [9,10],
light storage [11,12], and optical gyroscopes [13]. At ele-
vated optical intensities, the interference pattern formed be-
tween two optical waves (referred to as the ‘pump’ and the
‘Stokes seed’, which are initially induced by thermal pho-
nons) produces sound, which in turn creates a travelling in-
dex grating that scatters light. This phenomenon induces a
back-action drive of the mechanical waves through electro-
striction and radiation pressure forces [1]. Such feedback re-
sults in the so-called backward Stimulated Brillouin Scatter-
ing (SBS) effect (Fig. 1).
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Fig. 1 Stimulated Brillouin scattering.

Over the past decade, thanks to the development and ac-
cessibility of sophisticated top-down nanofabrication tools,
significant research advances have been made in this field,
both in classical [14] and quantum [15] contexts. The pro-
gress made on these integrated-photonic structures led to a
merging of traditional waveguide-based Brillouin concepts
with those of cavity optomechanics. A notable result of this
integration was the prediction and later demonstration of
Brillouin scattering with giant gain in a Complementary
Metal-Oxide-Semiconductor (CMOS)-compatible platform
[16]. The suspended rectangular silicon waveguide structure
exemplifies a particular kind of waveguide design that is
preferred in the field of nanophotonics due to its ability to
provide optical confinement and enable low-loss propaga-
tion. In this research, we investigate SBS within a rectangu-
lar suspended waveguide composed of silicon on an etched
silica substrate using numerical modelling.

2 Physics of Brillouin Scattering

* e-mail: maryam.zoghi@ut.ac.ir



117

Given that the refractive index of the waveguide exceeds
that of the surrounding material, this configuration will fa-
cilitate confined optical modes characterized by a specific
angular frequency w and wave number k. The determination
of these modes, along with their corresponding modal fields,
can be achieved through various numerical techniques, all
of which address Maxwell’s equations on the cross-section
while applying suitable boundary conditions at the periph-
ery of the computational domain.

2.1  Optical Mode Equations

We begin with Maxwell’s equations:

V x E = —9,B, €Y

VxH=0D+], 2
where D and B are the electric and magnetic induction
fields, respectively; E and H denote the electric and mag-
netic fields, respectively; J signifies the dissipative current
resulting from ohmic losses, and V indicates the three-di-
mensional del operator. The symbol J, represents the partial
derivative with respect to time. By introducing the constitu-
tive expansions B = uH, D = ¢E + P"! | and J = oE, and
PNL(= As E, assuming no nonlinear magnetic effects, with
Ag as the perturbation), signifies the nonlinear polarization
field, and &(= &® — iow), o, and u denote the permittivity,
ohmic conductance, and permeability of the medium, re-
spectively. If we define |¥) = (5), with the expansion as

[W(x,y,2,t)) = a, exp i(k,z — wyt) [Pr(x,¥))
+c.c. 3)

The transverse optical modes can then be derived from vec-
tor Helmholtz equation [17]:

(D + ik, PP)|W,) = i w, E |W,). (4)
With

E”p-(i: 2), (5.a)
AEW=(N;3) (5.b)
pov — (;X —i X), (5.¢)

(5.d)

DoP — ( 0 -V, x)

V,x 0

where V=V, + 709, and Z = (0,0,1).

2.2 Acoustic Mode Equation

The mechanical counterpart to Maxwell’s equations is
represented by the equations of linear elasticity, which en-
compass the relationship between strain and mechanical dis-
placement, as well as the principle of momentum conserva-
tion. Assuming that the acoustic losses are weak, we have:

s =V, (6)

pd2U=V.T, 7

where § represents the linear strain tensor, V signifies the
symmetric gradient operator, U denotes the infinitesimal
mechanical displacement vector, p indicates the mass den-
sity, and T refers to the stress tensor (Cauchy stress), which
in the absence of loss assumes the following form

T=c:S. (¢))

Tij = ¢ijir Skr»  OF
In this context, we define the fourth-rank sffness tensor c;jy,
that characterizes the elastic material properties of the wave-

guide, and we introduce ‘:’ as a shorthand notation for a

double index contraction.
Fundamental acoustic equation of (7) can be rewritten as:

PO = ) Bjcipa BV, ©

jkl

Here, 0; denotes the spatial derivative in the j-th spatial
direction along j, where j € {x,y, z}.

In a manner similar to the optical scenario, we now pre-
sent a notation for the acoustic state vector|¢d) = (5), where

V = 0,U is the local velocity field. We proceed to approxi-
mate the acoustic state based on the eigenmodes of the (loss-
less, devoid of any external forces) acoustic waveguide [17]:
(D4 + iqP%) | D) = i Q E* |D), (10)

Where
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Table 1 Optical and acoustic properties of the waveguide materials [19]

Material  Relative permittivity Photoelastic coefficients Stiffness constants Density
&r P P Py Cii[Pa] Cio[Pa] Cus[Pa] plkgm]
Si 12.25 -0.09  0.017 -0.051 2.17x10"  4.83x10°  6.71x10" 2329
Si0, 2.25 0.121 027  -0.075 7.85%10°  1.61x10' 3.12x10' 2201
Fac — (Si 0) ' (11.a) where optical angular frequency and wave vector, w; and k;
0 p (i = p, s)and the acoustic frequency and wave vector, () and
~ q, are related in the conventional manner concerning their
pac = ( OA —2Q; ), (11.b) propagation velocities. As a result of the conservation of en-
—Z 0 ergy and momentum, the subsequent relationships between
0 v, frequency and wave vectors must be fulfilled: Q = w, —
D“”=( ) (11.¢9) @ andq = k,—k
_VJ_. 0 S q D S-

Here, we define the symmetrized tensor product ®, by
ZQ,V = (Z®V + V® 2)/2 . The nonlinear optomechanical
processes that dominate Brillouin scattering constitute ine-
lastic scattering processes between two photons and one
phonon. As a result, we will include only a single acoustic
mode, leading to the following expansion:

ld(x,y,2,t)) = b(z,t) expi(qz — Qt) |P(x,¥))

+c.c. (12)

2.3 Gain Calculation

In SBS, a three-wave interaction takes place, resulting in
spatially stimulated optical gain. The geometry under con-
sideration is that of a z-invariant waveguide, which can supp
ort both optical and acoustic waveguide modes. For the
guided opto-mechanical modes, the pump (p) and Stokes (s)
waves, as well as the elastic wave, are taken to be of the
form [18]:

E,(r,t) = ay(z,t)e,(x,y) exp i(kpz - wpt)

+c.c. (13)
ES(T, t) = as(Zr t)es(xv )’) €xp i(ksZ - wst)

+c.c. (14)
U(r,t) = b(z,)u(x,y) expi(qz — Qt)

+c.c. (15)

Utilizing the slowly varying envelope approximation on
the longitudinal aspect of the governing equations results in
the subsequent coupled equations for the envelopes [18]:

UpQp .
(vpaz + 0, + )ap = —igoyasb, (16)
(20,0, + 0, +22) a, = —igy"a,b". (17)
(vm0, + 0+ (10 + 1)) B = —igyas"a,, (18)

where v, 5, represent the pump, Stokes, and mechanical
group velocities, the upper and lower signs in the + symbols
in Eq. (16) account for either forward (upper sign) or back-
ward (lower sign) SBS, a,, ; are the optical power attenua-
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Fig. 2 Schematic of photoelastic and moving boundary
effects.

tion coefficient, A,,= Q — (,, is the frequency mismatch
between the pump-Stokes beating and acoustic mode,

Qm . . .
Ym = Q—m is the mechanical energy damping rate of a mode
m

with quality factor Q,,. g, is the waveguide optomechanical
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coupling constant, which is calculated by integrating the in-
teraction energy between the optical and mechanical modes
over the waveguide’s cross-sectional area, taking into ac-
count the radiation pressure and electrostriction interaction
mechanisms.

The mechanical deformation influences the electromag-
netic field in two distinct manners. Firstly, it alters the per-
mittivity value, a phenomenon referred to as the photoelas-
tic (PE) effect. Secondly, the displacement of material
boundaries exerts work on the fields, an effect that lacks a
widely recognized name, which we designate as moving
boundary (MB) scattering (Fig. 2). In subwavelength wave-
guides, these two physical parameters are significant in the
context of Brillouin gain. The first parameter is Qpg, which
can be articulated through a surface integral, whereas the
second is Qmp, Which serves as a counteraction to radiation
pressure [20]:

[dA(E," - Ey)

= —gn'P: S , 19
QPE En maX(|u|) NpNs ( )
Qup =
f(u* . ﬁ)d?" [68MB E*p'” . Es,ll - 6€MB_1 D*p,J_ . DS,J_]. (20)

max(|u|)N, Ns

In the above, P represents the fourth rank photoelastic ten-
sor. The variable n signifies the material refractive index,

and Seyp is defined as (e.ore — Eciaq)- Additionally,
1 1

-1 . . .
beyp ~ is expressed as ( ) in which &,y =

Eclad
gony? and g4,y = EyNy2 refer to the permittivity of the

Ecore

waveguide’s core and clad respectively. u - i is the sur-
face-normal component of the displacement vector u (the
normal vector 71 is directed from the core towards the clad);
the fields E;; and D;, are material interface tangential
electric and normal displacement fields for the pump (j =
p) or scattered (j = s) optical mode. The denominator in
Egs. (18),(19) represents the energy or power normaliza-
tion integrals N; = QR[[ (E; x H;") - 2 dA])Y/?, with i
being either p or s. Equation (18) is integrated over the en-
tire transverse cross-section of the waveguide, while Equa-
tion (19) requires a line integral to be performed along the
waveguide's boundaries. The SBS total gain of a particular
combination of pump, Stokes and elastic modes is calcu-
lated as follows: [21]:

_ Za)p 2
Gp = Qm ————|Qpg + Qupl*,

(21)
meff sz

where @, is the mechanical energy quality factor, M,zf =

plum|2
max|um,|?
chanical mode with displacement profile u,,, p is the mass
density.

dA is the effective linear mass density of a me-

3 Results and Discussion

We analyze the under-etched rectangular waveguide il-
lustrated in Fig. 3. The silicon waveguide, which is partially
suspended and aligned with a (110) axis, operates at a wave-
length of 1550 nm and is supported by a silica pillar anchor
with a width of d. Table 1 provides a summary of the optical
and mechanical properties of silicon and silica (SiO»). For
simplicity, we neglect loss and dispersion in the dielectric
parameters. The two-dimensional Finite Element Method
(FEM) is employed to determine the optical and elastic
modes of a waveguide. The simulation is conducted using
COMSOL Multiphysics software, which employs the elec-
tromagnetic wave and structural mechanics modules to de-
termine electric and acoustic field modes by solving the cor-
responding equations of motion outlined in the preceding
sections.

Fig. 3 The structure of the simulated partially suspended
silicon waveguide on SiO,. The cross-section dimensions
measure 485 nm in width and 230 nm in height. The thick-
ness of the pillar is represented by the variable d.

The distributions of electrical and acoustical fields within an
SBS at specified frequencies are depicted in Fig. 4 and Fig.
5 for backward (BSBS) and forward scattering (FSBS), re-
spectively. It is evident that in forward SBS, the electric
field pattern exhibits a relatively smooth structure with a di-
rectional flow that aligns with the pump, signifying a grad-
ual transfer of momentum. In backward SBS, the scattered
electric field generates more pronounced standing-wave-
like patterns, which is anticipated due to the interference be-
tween waves propagating forward and backward.
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Fig. 4 Numerical simulation outcomes in backward SBS.
(a) Normalized distribution of the electric field. The selec-
tive acoustic modes at their eigenfrequencies are shown in
(b): 13.5 GHz, (¢): 14.7 GHz, (d): 15.1 GHz, (e): 16.5 GHz,
and (f): 17.8 GHz.

Eigenfrequency=16524E10

Concerning the acoustic mode shapes, in FSBS, the
modes are predominantly transverse and flexural modes that
interact with the optical field. Mode (e) at 12 GHz exhibits
a pronounced shear-like displacement profile. Conversely,
in BSBS, the acoustic modes are mainly longitudinal and
hybrid acoustic modes (both axial and radial) at elevated fre-
quencies. Mode (e) at 16.5 GHz exhibits significant field
overlap with the optical mode, thereby enhancing the SBS
gain. FSBS acoustic modes seem to be advantageous in the
lower GHz range. Phonons engage over extended distances
as a result of co-propagation. In BSBS, the high acoustic
confinement and pronounced modal overlap at elevated
GHz frequencies enhance phase matching and coupling
strength.
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Fig. 5 Numerical simulation outcomes in forward SBS. (a)
Normalized distribution of the electric field. The selective
acoustic modes at their eigen-frequencies are shown in (b):
5.7 GHz, (c): 8.1 GHz, (d): 9.2 GHz, (e): 12 GHz, and (f):
12.6 GHz.

To conduct a thorough investigation, a gain analysis of
BSBS is also performed. The outcomes of the gain concern-
ing variations in frequency for photoelastic and moving
boundary effects, along with the impact of the width of the
pillar anchor, are depicted in Fig. 6. Sharp peaks in Fig. 6(a)
indicate strong phase-matched coupling between the optical
and acoustic modes at those frequencies. The PE effect
dominates the total gain at two clear resonances: 14.73 GHz
and 17.83 GHz. At both peaks, PE contributes the majority
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of the gain, indicating these are bulk strain-driven interac-
tions. The MB effect arises from modulations of the wave-
guide boundaries and exhibits a secondary contribution at
frequencies similar to those of the PE peaks, but is signifi-
cantly smaller (~20% or less). The MB effect also slightly
contributes near 15.18 GHz, where PE is minimal, suggest-
ing a surface-localized acoustic mode. These peaks in gain
correlate well with the optically active acoustic eigenmodes
identified in the backward SBS configuration, indicating ef-
ficient phase-matching and spatial mode overlap. Figure 6
(b) reveals a clear trend: with an increase in pillar width
from 10 nm to 40 nm, the total Brillouin gain/Qmn, shows a
consistent decrease from 5.48 to 0.68. Increasing the anchor
width causes acoustic waves to leak into the substrate, re-
ducing the overlap between acoustic and optical modes. The
suspension must be thin enough to minimize acoustic losses
but robust enough for mechanical stability. Although the
main effect is acoustic, the anchor geometry can indirectly
affect optical modes by altering the field distribution, which
also influences mode overlap and gain. The waveguide's
cross-sectional dimensions are also key factors influencing
its performance. Optimized dimensions enhance the con-
finement of optical and acoustic modes, improving their
spatial overlap and Brillouin gain [22].
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Fig. 6 (a) Total, MB, and PE Brillouin gain as a function of
frequency for backward scattering (d=40 nm). (b) Total
Brillouin gain as a function of pillar width.

4 Conclusion

We presented a comprehensive numerical investigation
of forward and backward stimulated Brillouin scattering
(SBS) in a partially suspended, z-invariant silicon rectangu-
lar waveguide. Using finite element method, we analyzed
the electric field distributions and selectively coupled acous-
tic eigenmodes over a wide frequency range for both SBS
configurations. Numerical results reveal stronger vertical
and lateral confinement of the acoustic modes in the range
of 13.5-17.8 GHz., further supported by gain analysis. The
frequency-dependent SBS gain reveals that the photoelastic
PE effect is the dominant coupling mechanism, particularly
at the resonant frequencies. The MB effect contributes mod-
estly, adding marginal gain where surface acoustic displace-
ment is significant. The suspended design significantly re-
duces substrate-induced losses, facilitating effective pho-
non-photon coupling, which is essential for applications like
on-chip optical signal processing and sensing. Our research
underscores the necessity of optimizing pillar width in sus-
pended waveguides to enhance Brillouin scattering effi-
ciency, thereby offering a route for the development of ad-
vanced photonic devices with superior performance in inte-
grated optoelectronic systems. Future investigations could
examine the effects of material variations and structural
changes to improve gain at larger widths. In summary, the
findings reveal that the partially suspended waveguide con-
figuration not only provides strong acoustic confinement but
also allows for customized modal coupling across a broad
frequency range.
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Abstract Within the ADM formalism, spacetime is foliated
by spacelike hypersurfaces, dividing spacetime into space
and time. In this formalism, the evolution of fields can be
separated into evolution on these hypersurfaces and evolu-
tion from one hypersurface to the next. The commutators of
these generators form an algebra known as the Dirac Al-
gebra or hypersurface deformation algebra. In this paper,
we expand the matter field on the three-dimensional R x >
spacetime using the basis of spherical harmonics on S2. In-
spired by the approach of second quantization, we promote
the coefficients of this expansion to creation and annihilation
operators. We demonstrate that the algebra of the evolution
generators, determines the Hamiltonian and diffeomorphism
generators on S2. The tensor character of the matter field
is classified based on its Lie derivative with respect to its
diffeomorphism generators. This quantization method deter-
mines the ordering of creation and annihilation operators in
the evolution generators.

1 Introduction

In the ADM formalism, three-dimensional spacetime is
foliated into spacelike surfaces. In this paper, we decompose
spacetime .# = R x S? into spacelike surfaces S? and a time
axis R. Within this framework, the generators are decom-
posed into one generator normal to the constant-time surface
2| for evolution in time and two generators parallel to the
surface .77, which are also known as generators of infinites-
imal diffeomorphisms [1]. This decomposition leads to the
emergence of the Dirac algebra (hypersurface deformation
algebra) among the generators [2, 3]:

4e-mail: ar.shariati.j@gmail.com

{A1L(x), 20 (X)} =
8i(x,2) (W (x) A5 (x) + W () A5 (), (1)

{HAi(x), #L(X)} = 8,(x,x') AL (x), 2)

{Ai(x), A5(x)} = 8:(x,x) A (x) + 8 (x, X ) A (). (3)

h;j is the spatial part of metric, and its determinant is A. hi/
is the inverse of the metric with the condition hyh*/ = 6,/ .
The symbol § denotes the Dirac delta distribution defined as

[4]:

/ W dPx F(x) 8(x,2') = F(x). )
0= % and x represents a point in space. {, } denotes the

Poisson bracket given by

{¢(x), m(x)} = 8(x,x'), Q)

where ¢ is a matter field and 7 is its canonical conjugate
momentum.

In general relativity, classical trajectories are restricted
to a subspace of phase space defined by .77 =0and .74 =0.
Dirac algebra ensures that generators form first-class con-
straints. Quantization of the generators is achieved by pro-
moting them to corresponding operators. A classical con-
straint is implemented in the quantum theory as a restriction
on physically allowed wave functions as follows [1, 3]:

H\W) =0, AW)=0. 6)
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The first equation enforces the independence of the wave
function |¥) under infinitesimal coordinate transformations
on the surfaces S%. The second equation is the Wheeler-
DeWitt equation [1]. Solving the Wheeler-DeWitt equation
is non-trivial and often requires imposing symmetries on
the theory. Additionally, operator ordering ambiguities arise
when promoting Hamiltonian constraints to quantum opera-
tors [1, 5].

In the Teitelboim approach, diffeomorphism generators
are determined a priori based on the tensorial properties of
the field. For a coordinate transformation x* — x* +N* con-
sider evolution rule as:

8F() = [ dx it ({F(), 700} () ™

Where J¢, = (J¢,,7¢) and Ny = (N,N;). If F belongs to a
class of (weighted) tensor fields, the generators of infinitesi-
mal diffeomorphism can be derived by comparing the result
of (7) with its Lie derivative. For example, for a scalar field:

I =@ T. (8)

The Hamiltonian generator .77 is then derived by solving
Poisson brackets (1) and (2) as differential equations [6, 7].

This paper proposes a method where all generators, along
with the tensorial behavior of quantum fields, are identified
through the Dirac algebra. Our approach assumes quantum
fields admit an expansion in creation and annihilation oper-
ators, analogous to second quantization. We express gener-
ators in terms of these operators and demonstrate that this
procedure resolves operator ordering ambiguities in gener-
ators. Note that we do not perform the second quantization
approach. Unlike standard second quantization where one
starts with a classical Hamiltonian, here we use Dirac alge-
bra to derive the Hamiltonian directly in the basis of creation
and annihilation operators similar to second quantization.

To circumvent mathematical complexities, we analyze
the problem in three-dimensional spacetime R x S2. We ex-
pand fields using spherical harmonics Y;,,(6,¢) on S?. This
expansion yields a discrete spectrum with countable degrees
of freedom. This mathematical simplification is not crucial,
in conclusions and discussion we describe how one can ex-
tend this method to higher dimensions or different space-
times.

2 ADM Decomposition

To describe this approach, we first decompose the three-
dimensional spacetime with metric g,y into space plus time.

The spacetime is hyperbolic, and on every hyperbolic man-
ifold, there exists a temporal function, such as 7, such that
each surface of constant time is a Cauchy surface with met-
ric h;; [8]. Therefore, the manifold can be foliated by these
Cauchy surfaces. Every null or timelike curve intersects each
Cauchy surface exactly once. Hence, T can be considered as
a representation of time, and the Cauchy surfaces can be re-
garded as representations of space [9, 10]. The spatial part of
the metric, A;;, can be obtained from the ADM metric [11]:

—N?+N'N; N; )
= . 9
Suv ( N h 9

N is called the lapse function, and N; is known as the shift
function [1]. The upper index is defined using the relation
Ni=hiN;.

The result of this decomposition is the emergence of
Dirac algebra (1)-(3) among the Hamiltonian generators of
the theory. This algebra also arises from other ideas such as
parametrized systems or the principle of path independence
[1-4].

The total Hamiltonian is obtained as a linear combina-
tion of these generators using the lapse and shift functions:

H =N, +N A, (10)

2.1 Vacuum solution and matter solution

We assume that there exists a vacuum solution when the
matter part vanishes, so the algebra (1)-(3) closes for pure
gravity.

The diffeomorphism generators decompose to gravita-
tional and matter parts as:

% — %matter + L%,;gravitational' (1 1)

If we decompose 7] into gravitational and matter parts:

H = %matter + %igravitational’ (12)

the matter part is ultralocal with respect to the metric, mean-
ing that it does not depend on the integral or derivative of the
metric field. This result follows from the assumption that the
matter part does not include the conjugate momentum of the
metric. Another result of this assumption is that in Dirac al-
gebra equations (1) and (3) are closed for matter part [4]:
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{%matter(x)7%matter(x )}
(6 x) (R (0 A () + W () A (X)) (13)

{%matler ()C) , %matler (x/) }
_ 57l_(x’x/)jfjmattcr(x) 4 5"]‘ (x’xl)jipimatter(x/)' (14)

But the remaining part of the algebra, i.e. equation (2), is
not closed for matter part. From equation (13) it is obvious
that 77 "*"*" depends on the metric, so for acting diffeomor-
phism generator on it we need the gravitational diffeomor-
phism generators as:

{ %mattcr(x) + <%gigravitational (x)’ %lmatter(x/)}
= 8;(x,x) ™" (x).  (15)

2.2 Tensorial character of the generators

Lie derivative of a function of canonical degrees of free-
dom like F could be calculated by using diffeomorphism
generators:

NF(y /deN’ YF(y), #(x)}. (16)

Using equations (2) and (3) and by calculating Lie derivative
of generators we find out ¢, is a scalar density and .7
is a vector density of weight one under spatial coordinate
transformations:

X' — X+ Ni(x). a7

The scalar density field is defined by its properties under a
general coordinate transformation:

ax |*

O() =000 |57 (18)

In this expression,| g—j, | denotes the Jacobi determinant of the
transformation. We regard the parameter A as the weight of
the scalar density field. For example, the determinant of the
metric A is a scalar density with weight 2. Vector density
is also defined by its properties under a general coordinate
transformation:

19)

3 Finding generators in the bases of spherical
harmonics Y},

In this paper, we restrict our study to computing the gen-
erators of ¢ while neglecting the gravitational sector. For
the remainder of this paper, the superscript "matter” for gen-
erators will be dropped unless stated otherwise. Consider a
field like ¢, on the S> we can expand this field in the basis
of spherical harmonics as:

¢(x) =F(x)+F(x), (20)

Where F(x) := fi™Y,,,(x) and F'(x) := f7"y? (x). Sum-
mation on the repeated indexes is assumed. We assume all
generators (77 , 74;) and field operators (¢, ) to be Hermi-
tian in the quantum theory, implying £ and f™" are Her-
mitian conjugates of each other. The canonical momentum
conjugate to this field must also be expanded in the spheri-
cal harmonic basis. Applying Dirac quantization, replacing
Poisson brackets with commutators of quantum operators,
Equation (5) takes the following form:

=id(x,y). (21)

If we impose the algebra of creation and annihilation opera-
tors as:

[flm,f’rl’m/] — (SH/Smm/, (22a)

l//

[flm7fl/ml] — 07 [lem7fT ] (221’))

where 8’ is the Kronecker delta, the canonical momentum
field becomes the following Hermitian operator:

1

=5 (F=F ). (23)

Similar to second quantization, by promoting the coefficients
'™ and f™™ to creation and annihilation operators, we de-
fine the vacuum state |Q) via the annihilation operators:

") =o, (24)

while excited one-particle states are obtained by acting the
creation operators on the vacuum state [12, 13]:



126

Q) = |1,m). (25)

The Hamiltonian %] must depend on spatial derivatives
of F and F' to satisfy equations (1)-(2). If we assume no
derivative of fields appear in .77 , from equation (1) diffeo-
morphism generators must be zero. then from (15), 77| van-
ishes.

The only fundamental elements in this theory are:

— Creation and annihilation operators F, F' i

— Spatial derivatives of Creation and annihilation opera-
tors like F; and E,Tj,

— The spatial metric 4;; and its inverse h'/.

Recall that equation (15) implies that 7Z7 must be a scalar
density [4]. Consequently, terms in .7/ containing only sin-
gle partial derivatives of the degrees of freedom (like F;)
are prohibited. The only admissible terms must contain Two
partial derivatives contracted with the metric like 4/ FiF j

We exclude second-order derivative dependencies in .72,
like F sz because, as shown in [7], they lead to results incom-
patible with Teitelboim’s assumptions [4].

These constraints force the most general least-order deriva-

tive dependence to take the form:

. =(AFFj+ATF[F} +BFF;+B'F;F)h"

(26)

-+E(non-derivative terms).
[flm;fﬂ/ml} _ 511’5mm" (27a)
[ =0, [ T =0, (27b)

The coefficients A and B are independent of creation and an-
nihilation operators. E is a Hermitian polynomial of F' and
F' that does not depend on their derivatives. As we will
show, these coefficients will be determined by the algebra
(13) and (14).

By substituting (26) into equation (13), we find:

AAT = B? = (BY)2. (28)

Also we obtain an expression for the diffeomorphism gen-
erator. These generators must also satisfy the closed diffeo-
morphism generators algebra (14). By imposing this condi-
tion, we find that the following expressions must commute
with the creation and annihilation operators:

1 l/ / ’ l/ /
A TTED, T ED, T ED. 29)
We therefore conclude that E takes the following form:
E=aF'F+b(F")*+b"F* +iy(F' —F) +G. (30)

In this equation, the coefficients a and y are Hermitian and
independent of creation or annihilation operators. G can only

depend on F and FT if it commutes with all derivative-dependent

terms in the time evolution generator (26).
By fully computing equation (15), we obtain the follow-
ing constraints:

1 1
“=g b= =1 (D

which shows that A must be Hermitian. The calculation for
the quantum field theory generators can be summarized as
follows:

T R
H = <(A(F,iF,j +FIF Y + 1a(ﬂF —FF)) +h.c.>

+iy(F" —F) +G, (32)

1
A= g (P ) —he).

where h.c. denotes the Hermitian conjugate. Note that A, y, G
can be depended on gravitational degrees of freedom. These
results can be rewritten in terms of ¢ and 7 as:

1 g

M=o m*+ AP jh + 2y + G, (34)

ji”-—ln(b-—i—lq)»n (35)
I — 2 W 2 N

These results demonstrate that the operator ordering is not
arbitrary but emerges systematically from the theoretical cal-
culations.

The Lie derivative of the field is computed using the dif-
feomorphism generators as:

F0() = [ S d N [o0(0), 5] 56
=0, (NI (x),



127

which describes the field’s behavior under infinitesimal co-
ordinate transformations x' — x’ 4+ N(x). This confirms that
¢ is a scalar field. Similarly, we find its conjugate momen-
tum 7 transforms as a scalar density of weight 1:

Symla) = [ 5 d N [(2), 5]
:(E(X)Nj(x)),j'

(37)

4 Conclusions and Discussion

In this paper, inspired by the second quantization
approach, we expanded the matter field ¢ and its conjugate
momen-tum on the three-dimensional spacetime R x S°
using the spherical harmonic basis on S?, promoting the
expansion co-efficients to creation and annihilation
operators. We demon-strated that the Dirac algebra under
certain assumptions such as Hermiticity, determines the
Hamiltonian 7| and the dif-feomorphism generators of the
theory. By analyzing the dif-feomorphism generators, we
established that these assump-tions lead to ¢ being a scalar
field. Crucially, this algebra automatically fixes the operator
ordering in equations (34) and (35) or equivalently, in
equations (32) and (33).

The model generalizes to higher dimensions via an anal-
ogous procedure. To include the gravitational generators,
one first derives the gravitational diffeomorphism generators
from:

[ j(fjmatter(x) + %gravitational (x)7 lmatter(x/)]

:i3ﬁj(x,x/)<%ﬂmane‘(x). (38)

The Hamiltonian and diffeomorphism generators are then
fully determined by requiring closure of the Dirac algebra
(1)-(3) for the gravitational part.

Since our quantization relies only on two key proper-
ties of spherical harmonics—orthonormality and complete-
ness—we expect this method to generalize to other space-
times with suitable complete basis functions.
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Abstract A comparison between quantum statistical par-
ton distributions and the classical perspective in the proton
is presented. The structure functions and parton distribu-
tions are only provided by the entropy maximization prin-
ciple and proton sum rules. In both the classical and quan-
tum approaches, the equations for the number of proton va-
lence quarks, conservation of momentum, and the first and
second laws of thermodynamics are satisfied. However, if
we use the Maxwell-Boltzmann distribution function to de-
scribe the partons in the proton structure function, the results
show a clear deviation from the experimental results, while
the Fermi-Dirac and Bose-Einstein distributions are in good
agreement with the measurements from accelerators.

1 Introduction

The main goals of Deep Inelastic Scattering (DIS) of lep-
tons on hadrons were to elucidate the internal hadron struc-
ture in terms of parton distributions. In the absence of a
theory for the parton distributions experimentally, the dis-
tributions are approximated by different polynomials, which
require numerous meaningless parameters [1, 2]. Cleymans
and Thews [3], as pioneers, explored a statistical way to gen-
erate compatible Parton Distribution Functions (PDFs). Af-
terwards, the statistical viewpoint was applied by the other
research groups [4-6]. According to the parton model, the
proton is composed of a number of point-like constituents,
named partons (quarks, anti-quarks and gluons). In the im-
pulse approximation, the deep inelastic lepton—proton scat-
tering can be viewed as a sum of elastic lepton—parton scat-
tering, in which the incident leptons are scattered off partons
instantaneously and incoherently. In the statistical approach,
the proton is assumed to be a thermal system in equilibrium
made up of free partons. The impulse approximation fails

4e-mail: sohaily @uk.ac.ir

in the nucleon Rest Frame (RF), but works well in the Infi-
nite Momentum Frame (IMF) [7]. In this paper, instant-form
statistical expressions in the nucleon rest frame are trans-
formed in terms of light-front kinematic variables. The lon-
gitudinal classical and quantum statistical parton distribu-
tion functions are expressed as a function of temperature,
accessible volume and chemical potential for quarks, anti-
quarks, and gluons [8]. Antiparticles are primarily a Quan-
tum Field Theory (QFT) construct, arising from the Dirac
equation and the interpretation of negative energy solutions.
In statistical mechanics or quantum thermodynamics, if an-
tiparticles are considered in a grand canonical ensemble,
their chemical potential could be taken as negative relative
to their corresponding particles. The chemical potential is
a measure of the change in free energy with a change in
the number of particles. In classical physics, the idea of an
anti-particle does not exist intrinsically. Antiparticles are a
quan-tum concept with negative chemical potential due to
the fact that antiparticles and particles can annihilate each
other and be converted into energy. However, in modeling
the classi-cal systems with antiparticles (e.g., particles with
opposite charges), as a mathematical analogy, we consider
them to have a negative chemical potential. The parameters
are specified just by the proton sum rules and the momentum
entropy optimization principle in both cases of classical and
quantum statistics. Eventually, we investigate the agreement
of the nucleon structure functions and parton distributions
with the corresponding experimental results, based on quan-
tum statistics compared to the classical case.

2 Theoretical Analysis

A nucleon is assumed to be a thermal system in equilib-
rium composed of quarks, antiquarks, and gluons in equilib-
rium, at a given temperature in a definite size. In the quan-
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tum ap-proach, quarks and antiquarks obey the Fermi-Dirac
(FD) statistics.

1 1

— — A = — T 1
e(3Mx—p)/T | 4 0 e(3Mxtp)/T | 4 M

q0

where M is the nucleon mass, u is the chemical potential,
and for the antiquark p; = —pl,. The transverse dis-tribution
of partons is neglected as a reasonable approxima-tion with-
out decreasing the worthiness of the framework. It is due to
the independence of parton motion along and perpendicular
to the nucleon axis in momentum space [9—-11]. Concerning
the gluon, the Bose-Einstein (BE) expres-sion is as follows:

1
_ 2
80 e(%Mx)/T 17 ( )

with a zero potential originated from gluon emission of fer-
mionic partons at an intermediate value of Q?due to evolu-
tion in the quantum chromodynamic (QCD) perturbative re-
gime. It is in consistent with the fact that hadrons behave as
black body cavities for the chromodynamical radiation [12].
On the other hand, in the classic approach, parton distribu-
tions are expressed by Maxwell Boltzmann (MB) statistic:

go = e (FM)/T, (3a)
go = e~ (FMr)/T. (3b)
go = e (2M3)/T (3c)

Therefore, the momentum entropy of the partons inside a
nucleon, in the momentum space for the both cases QSD
and CSD are given by:

So ==Y [xq(x)Ing(x) + (1 —xq(x)) In(1—xq(x))]

9.9
~ ) Ing(x) — (1 - g(x) In(1 — (). @
S == ¥ f () In(af () —xf (). <s>
q9:.9:8

The momentum distribution is used for the sake of the fact
that the structure function measured by experimentalists in-
volves momentum distributions. Furthermore, the momen-
tum distribution is applied to introduce the concept of parton

that refers to QCD. The goal is to obtain the statistical vari-
ables T, V, u in the proton for both the quantum and classical
cases. In the proposed approach, thermodynamic parame-
ters determining statistical parton distributions of the proton
are given by momentum entropy maximization under proton
sum rule conditions. In fact, the proton satisfies the entropy
optimum principle:

MV !
m/o S(x)dx — Max, (6)

with proton sum rule constraints, simultaneously:

%( /0 () — ()] dr =2, (7a)
% /01 [dx) —d(x)] dx =1, (7b)
2?247‘[/)3/0]x [u(x) +i(x) +d(x) +a7(x)+g(x)] dx

=1. (7¢)

It is worth noting that in the expressed model, all parameters
are statistical quantities. There is no arbitrary variable fixed
by hand or fitted with the experimental data, which weakens
the stringency of the approach.

3 Results and Discussion

In computing parameters, the mass of the proton, M =
938MeV, is taken as given and partons are assumed
massless. Evaluated numerical values of statistical vari-
ables based on the maximum entropy method in the quan-
tum case are Tp = 51.5MeV, Vp = 0.60MeV~!, /J,L;Q =
136 MeV, u¢ = 68MeV.

On the other hand, for the classical case, com-
puted statistical variables are T¢ = 97.6MeV, V¢ =
1.88MeV~!, uf = 108MeV, u§ = 62MeV. The compo-
sition of proton structure functions as a function of i and d
is given by:

The composition of proton structure functions as a func-
tion of i and d is given by

FY (x) = § (u(x) +(x) + g (d(x) +d(x)). ®)

Whereas F;' (x) is achieved from isospin symmetry approxi-
mation of the corresponding proton structure function:
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F(x) = & (u(x) +a(x) + & (d(x) +d(x)) . )

It is notable that the asymptotic behavior of the structure
function ratio F3'(x)/FJ (x) tends to % as x — 1, from the
precise analysis of experimental data in favor of the pertur-
bative QCD [13]. As illustrated in Fig. 1, the quantum sta-
tistical distribution (QSD) is in good accordance with the
experimental data, rather than the classical statistical distri-
bution (CSD).

l1.0pr

Fig. 1 Top: Comparison of our result for £}’ /Fz” (solid line QSD and
dashed line CSD) with MST (hollow circfes) and SLAC (filled cir-

cles) [13]. Bottom: Distribution of d — i in our model (solid line QSD
and dashed line CSD) compared to CTEQ6M (dash-dot line) [14].

In addition in Fig.1 Right, QSD shows a better agree-
ment with accelerator observations which is originated from
the nature of its statistic. The gluon distribution and its
momen-tum distribution for the both cases of BE and MB
distribu-tions are exhibited in Fig. 2. (a) and (b), respec-
tively.

Comparison of the gluon distribution functions with the
ex-perimental data in Fig. 2 shows a better agreement of
the quantum gluonic distribution with the results of experi-
ments. This fact stems from the bosonic nature of gluons. As
it is clear from the obtained results, the QSDs give a fairly
good description of structure functions of proton and its con-
stituent parton distributions.

4 Conclusions

The partonic distribution functions describing the
proton structure must obey quantum statistics to match

experimental data.

1.e
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Fig. 2 Distribution of g(x) and xg(x) in our model (solid line QSD and
dashed line CSD) in comparison to Ref. [15] (dash-dot line).
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Abstract Analytical solutions of differential equations pro-
vide exact representations of physical phenomena, enhance
computational efficiency, and offer deeper theoretical in-
sights than purely numerical approaches. In mathematical
physics, such solutions are essential for uncovering funda-
mental laws, accurately predicting system behavior, and de-
veloping closed-form expressions that drive further theoret-
ical advancements and physical interpretations. However,
the complexity of real-world differential equations—with
their inherent nonlinearities, variable coefficients, and intri-
cate boundary conditions—often precludes the attainment
of exact analytical solutions, resulting in the predominance
of numerical methods that offer computational feasibility al-
beit at the cost of precision. This study aims to overcome
these limitations by employing the hybrid analytical and nu-
merical method (HAN method) to derive an analytical solu-
tion for the nonlinear differential equation (NDE) governing
Jeffery—-Hamel flow. Initially, numerical solutions of the
governing equations are obtained to construct a comprehen-
sive dataset, which, together with the boundary conditions,
facilitates the extraction and formulation of an exact analyt-
ical solution. This HAN method effectively upgrades nu-
merical approximations into analytical forms, thereby brid-
ging the gap between computational practicality and theo-
retical rigor in the analysis of complex NDE:s.

1 Introduction
1.1 Significance of the HAN method

Realistic modelling of natural phenomena often leads to
highly nonlinear differential equations characterized by co-
plex nonlinearities, variable coefficients, and challenging
boundary conditions. Although numerical methods are
prevalently used to approximate solutions for these equa-
tions, their outputs are typically approximate and may lack
the precise theoretical insights offered by analytical solu-
tions. The HAN method addresses this gap by initially

! E-mail: aliahmadiazar.mech@gmail.com, a.ahmadi.azar@jiau-tnb.ac.ir

employing numerical techniques to obtain approximate so-
lutions and subsequently converting these results into
closed-form analytical expressions. This approach leverages
the computational efficiency of numerical methods while ul-
timately providing the exactness and interpretability of ana-
lytical solutions, thereby offering a unique and effective
framework for solving complex NDEs.

1.2 Literature review

A growing body of literature has focused on the HAN
method as a novel approach to overcoming the challenges
posed by NDEs. Several recent studies have demonstrated
that the HAN method not only enhances computational ef-
ficiency by leveraging numerical approximations but also
facilitates the extraction of precise analytical solutions that
offer deeper theoretical insights. These investigations col-
lectively underscore the potential of the HAN method to
bridge the gap between conventional numerical techniques
and exact analytical formulations in mathematical physics.
A pioneering study [1] introduces the HAN method that co-
nverts numerical approximations of the NDEs into closed -
form analytical solutions. The study investigates complex
physical phenomena such as heat and mass transfer, mo-
mentum transport, and electromagnetic effects in fluid sys-
tems, where intricate nonlinearities and challenging bound-
ary conditions often hinder direct analytical treatment. By
leveraging numerical data to systematically extract analyti-
cal expressions, the HAN method overcomes these difficul-
ties while delivering enhanced computational efficiency and
precision. This approach bridges the gap between the prac-
tical benefits of numerical techniques and the deep theoret-
ical insights offered by analytical solutions, thereby advanc-
ing the understanding of the underlying physics in mathe-
matical modeling. In another study [2], the combined effects
of thermo-diffusion, electric fields, and nonlinear thermal
radiation on the steady flow of an incompressible non-Darcy
Casson fluid over a vertical permeable stretchable plate
were examined. The researchers employed the HAN method
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to simplify the governing nonlinear partial differential equa-
tions (PDEs) into the ordinary differential equations (ODEs)
through the similarity transformations (STs), demonstrating
significant influences of Casson’s parameter, magnetic
fields, and electric fields on velocity, temperature, and con-
centration distributions. Additionally, the study analyzed
the roles of thermal buoyancy, porous permeability, Eckert
and Prandtl numbers, and chemical reactions, offering valu-
able insights for industrial applications involving heat trans-
fer in non-Newtonian fluids. Another research [3] demon-
strates that the HAN Method is employed to analyze the
steady magnetohydrodynamic (MHD) flow of a non-New-
tonian Reiner-Rivlin viscoelastic fluid confined between
two parallel plates. The governing PDEs are converted into
the ODESs using Von Karman STs, and the HAN Method is
applied to solve these equations analytically, with results
validated against Homotopy Perturbation Method (HPM)
and Runge-Kutta numerical solutions. The research further
presents new quantitative findings derived from the HAN
solutions, contributing to the understanding of MHD visco-
elastic fluid dynamics in constrained geometries. In another
study [4], researchers investigated the transient three-di-
mensional flow of nanomaterial thin films over a rotating
angled plate by transforming the governing PDEs into non-
linear ODEs using similarity variables. The study employed
modified Akbari-Ganji Method (AGM) and HAN method
to solve the equations, with results validated against numer-
ical Runge-Kutta solutions. The analysis examined key di-
mensionless parameters across four distinct cases, demon-
strating the effectiveness of these semi-analytical ap-
proaches for complex rotating flow systems. In another
study [5], researchers analysed the steady two-dimensional
flow of micropolar fluids between permeable porous walls
using two analytical methods to solve the nonlinear govern-
ing equations. The study revealed that key dimensionless
parameters, such as coupling and spin gradient viscosity,
significantly influence flow characteristics, while micro-in-
ertia density and Peclet numbers selectively affect microro-
tation, temperature, and concentration profiles. The work
provides novel physical insights into micropolar fluid dy-
namics, particularly the distinct responses of dimensionless
parameters to varying flow conditions. In another study [6],
researchers developed an analytical solution for the Emden-
Chandrasekhar equation (ECE) in the stellar structures the-
ory (SST). Using the HAN method, addressing a longstand-
ing challenge in modelling polytropic stellar structures. The
HAN-method provided explicit solutions for density, mass,
and pressure across all regions of a star, unlike prior ap-
proaches limited to the stellar core, and introduced a dimen-
sionless fundamental constant (@ = 0.1719381834) critical
to the SST. The results, validated against experimental mod-
els, accurately predicted properties of the Sun, including its
average temperature (1.0305 x 107K), demonstrating the
method’s robustness for astrophysical applications. In an-
other study [7], researchers analysed the unsteady, two-di-
mensional flow of a temperature-dependent non-Newtonian
(Casson) MHD fluid through an expandable/contractible
channel with permeable plates. Using similarity

transformations and the HAN method, the governing non-
linear PDEs were reduced to ODEs, revealing how key pa-
rameters (R and A) influence velocity profiles (F(¢), F'(§))
and temperature (0(§)), with suction/injection effects quan-
tified. The study’s novelty lies in its 3D/2D contour visuali-
zation of parameter variations and analysis of local skin fric-
tion and Nusselt number, validated against prior work. In
another theoretical study [8], magnetohydrodynamic flow
of a conducting micropolar fluid between two stretching
disks was examined, with particular focus on how structural
modifications (disk spacing and stretching rate) influence
fluid dynamics. The analysis employed similarity transfor-
mation- ns and the HAN-method to redefine five key dimen-
sionless parameters, connecting mathematical solutions
with physical behaviour; results showed increased stretch-
ing rates sharply elevate temperature and Nusselt number,
while greater disk spacing reduces microrotation and wall
stress. Validation against previous work confirmed direct
correlations between structural adjustments and changes in
velocity profiles, thermal properties, and micro-rotation
characteristics, yielding practical insights for engineering
applications. In another theoretical study [9], steady laminar
flow of an incompressible micropolar fluid between a po-
rous upper disk and a solid lower disk was investigated, with
governing equations reduced to ODEs via Von-Karman
transformations. The study employed the Modified AGM
and HAN method—novel analytical approaches for this un-
solved problem—to examine how slip coefficients, Reyn-
olds number, and micropolar parameters (vortex viscosity,
spin gradient viscosity, microinertia density) affect velocity
and microrotation profiles. Results, validated against exist-
ing data, revealed consistent outcomes between both meth-
ods while providing new physical insights into the system’s
behaviour under varying parametric conditions. In another
theoretical study [10], an exact solution was derived for von
Karman swirling flow induced by an infinite-radius rotating
disk with uniform suction, examining two scenarios: co-di-
rectional and opposing far-field swirl. Using similarity
transformations and the HAN method, the study analysed
three cases-(1) swirl without suction, (2) suction without
swirl, and (3) combined effects—revealing that skin friction
peaks when far-field angular velocity is negligible (Case 1)
and increases with suction intensity (Case 2). The results
further demonstrated that pressure reduces to a distance-de-
pendent function when key parameters (s = a = 0) vanish,
providing new insights into viscous flow dynamics under
rotational and suction boundary conditions. Another study
[11] applied the HAN method to analyse MHD hyperbolic
tangent nanofluid flow over a permeable wedge, converting
governing equations into ODEs containing critical dimen-
sionless parameters. Results demonstrated that while fluid
velocity showed strong dependence on Weissenberg num-
ber and magnetic effects, heat and mass transfer rates
(Nusselt/Sherwood numbers) remained largely unaffected
by most parameters except local Reynolds number. The re-
search provided new understanding of parameter interac-
tions in wedge flows, particularly regarding skin friction
variations and the relative insensitivity of thermal and
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concentration boundary layers to many controlling factors.
In another study [12], three analytical methods were em-
ployed to analyse time-dependent MHD oscillatory flow
and heat transfer in an asymmetric wavy porous channel,
with the pressure gradient treated as a complex function
generating both real and imaginary solutions. The results
demonstrated that while parameters like the Hartmann num-
ber and porous medium shape factor strongly influenced
real fluid velocity, only radiation affected both real velocity
and temperature profiles, with imaginary components re-
sponding uniquely to frequency and Peclet number varia-
tions. This work's significance lies in its novel approach to
solving complex differential equations, validated by the re-
markable agreement between all three methods' solutions,
offering new precision in modelling wavy-channel flow dy-
namics. In another study [13], a novel analytical approach
was developed to investigate flow and heat transfer in planar
Taylor—Couette systems, where a rotating inner cylinder in-
teracts with a hotter stationary outer cylinder. By transform-
ing nonlinear PDEs into ODEs using simplifying assump-
tions and a penalty function replacement for pressure, the
study revealed key dynamics—including a pronounced tan-
gential velocity gradient, efficient inward heat transfer
(Nu = 1.58 inner/-0.58 outer cylinder), and entropy gener-
ation adhering to thermodynamic laws. The work’s signifi-
cance lies in its quantitative validation of Taylor-Couette
flow at Re = 900 and Pr = 6.9, coupled with insights into
skin friction coefficients and entropy distribution, advanc-
ing the understanding of such systems beyond traditional
numerical methods. In another theoretical study [14], the
Klein-Gordon equation with a A¢@* interaction and sym-
metry-breaking term was analysed in the context of a gen-
eralized uncertainty principle incorporating minimal length
scales, addressing quantum gravity predictions. The HAN
method was employed to solve the resulting Euler-Lagrange
equation (ELE), providing a framework to quantify correc-
tions to scalar field systems under these modified physical
assumptions. This work bridges quantum gravity phenome-
nology with practical computational techniques, offering in-
sights into how Planck-scale effects might manifest in field-
theoretic systems. In another study [15], the unsteady flow
of a temperature-dependent Casson fluid through an ex-
pandable/contractible porous channel was analyzed using
the HAN method. The results demonstrated that wall expan-
sion increased maximum fluid velocity by 19.07% while
raising average temperature by 100.92%, with the Casson
parameter and Prandtl number showing significant but con-
trasting effects on velocity (4.7% increase) and temperature
(51.5% decrease) profiles respectively. This work provides
novel quantitative insights into non-Newtonian fluid behav-
ior in deformable porous media, offering practical guidance
for thermal-fluid system design in engineering applications.
In another study [16], the century-old Von Karmén swirling
flow problem was revisited using the innovative HAN
method to derive highly accurate semi-analytical solutions.
This approach uniquely combines numerical computations
with analytical formulations, enabling precise calculation of
key physical parameters like boundary layer thickness,

shear stress, and moment coefficients that were previously
challenging to determine. The work demonstrates both
mathematical innovation in solving nonlinear differential
equations and practical advancements in fluid mechanics
analysis, particularly for rotating disk systems. In another
study [17], boundary layer flow and heat transfer of a dusty
hyperbolic tangent fluid over a stretching sheet were ana-
lyzed, with particular focus on thermal radiation and mag-
netic field effects. Using the HAN-method to solve trans-
formed nonlinear ODEs, the research revealed that radiation
significantly increases both fluid and dust-phase tempera-
tures (e.g., fluid temperature rose 180% without magnetic
field, 190% with field) while leaving velocities unaffected,
with magnetic fields amplifying these thermal effects. These
findings provide critical insights for industrial thermal man-
agement systems, especially in nuclear cooling and high-
temperature processes where precise control of non-Newto-
nian fluid behavior is essential.

1.3 Problem statement

Building upon the justification for using the HAN
method in Section 1.1 and the literature review in Section
1.2, this study investigates the steady, unidirectional flow of
an incompressible viscous fluid emanating from a source or
sink at the intersection of two rigid plane walls with an in-
cluded angle of 2a where a is the angle of the channel which
is in term of degree. For the divergent channel, « is consid-
ered positive (a > 0) and for the convergent channel, « is
considered negative (a < 0). The governing equations for
this physical system are derived in Section 2, while Section
3 details the application of the HAN method to solve these
equations. Parametric analysis of the flow characteristics in-
cluding the investigation of the different Reynolds numbers
in both divergent and convergent channels is presented in
Section 4, with key findings and conclusions summarized in
Section 5.

2 Governing equation
2.1 Problem overview

The analysis considers the steady, incompressible flow
of a viscous fluid emanating from (or converging toward) a
source (or sink) situated at the junction of two rigid plane
walls. These walls form a wedge characterized by a total an-
gle of 2a. A cylindrical polar coordinate system is employed
here, wherein the coordinates (r,0,z) are defined; however,
because the flow is assumed to be two-dimensional and con-
fined to a plane, the z-direction is not considered. In this
system, r denotes the radial distance from the origin, and 6
represents the angular position. The flow is assumed to be
purely radial, meaning that the tangential velocity compo-
nent uy is zero (uy = 0) and the radial component u,. is the
dominant contributor. Variations in u, depends on both the
variables r and 8, that is: u, = u,(r,8). This formulation is
applicable to engineering applications where the fluid
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behavior in nonparallel channels must be accurately mod-
eled. The two-dimensional convergent channel configura-
tion (see Figure 1) illustrates a case where the channel con-
tracts, thereby intensifying the flow toward the vertex. Con-
versely, the divergent channel configuration (see Figure 2)
repre- sents an expanding channel where the flow disperses
outward from the source.

Fig. 1 Two-dimensional schematic diagram illustrating a
convergent channel where the flow is directed inward to-
ward a narrowing region, typical of a fluid sink configura-
tion.

—_—
p—

Outlet
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—_—
T
Divergent channel T
a>0 T
s

Fig. 2 Two-dimensional schematic diagram depicting a di-
vergent channel where the flow originates from a common
vertex and expands outward, typical of a fluid source con-
figuration.

2.2 Derivation of Jeffery-Hamel flow governing equa-
tions

The Jeffery-Hamel flow describes the steady, incom-
pressible, laminar flow of a viscous fluid between two non-
parallel plane walls meeting at an angle 2a (the angle of
both convergent and divergent channel is twice the angle of
each wall with respect to r-axis). This flow is characterized
by a purely radial velocity field, where fluid emanates from
or converges toward the apex of the wedge-shaped channel.
The derivation of its governing equations involves simplify-
ing the Navier-Stokes equations under symmetry assump-
tions and eliminating the pressure field through mathemati-
cal consistency. In the current Section, a detailed derivation

presentation tailored for readers new to this Jeffery-Hamel
flow. As illustrated in Figures 1 and 2, the Jeffery—Hamel
flow is governed by the steady, incompressible Navier-
Stokes equations. Given the nature of the flow, the cylindri-
cal coordinate system is the most suitable framework for its
mathematical representation. Before stating the simplifica-
tions assumptions, let us demonstrate the more general form
of the equations as below [18, 19]:

Dp

ﬁ‘l‘pV'V:O, (1)
u 2

pE:—Vp+uV u+F, 2

where D/Dt is total derivative of with respect to time, u =
u, £ + ug0 is the velocity vector of the fluid, p is density of
fluid, u is the dynamic viscosity of the fluid, p is the pressure
distribution, u, is the radial velocity of fluid, uy is the azi-
muthal velocity of fluid, and F is the body force per unit
volume. The Jeffery—Hamel flow in this study is considered
steady, incompressible, constant viscosity, two-dimen-
sional, and without any body forces per unit volume such as
gravity or magnetic field. In addition to these assumptions,
the azimuthal velocity of fluid is ignored (uy = ug(r,6) = 0)
in this study and the flow is purely along radial axis (u, =
u,(r,0) # 0). Therefore, Egs. (1) and (2) reduced to the fol-
lowing forms:

u,. ou,

10 (ruy) =—+ =0 3

ror ) T Ty T @)
ou, ap o%*u, 10u, u, 10%u,

PUr 5 __$+”<ar2 e T S

dp 2udu,
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where PDEs (3)-(5) are the governing equations of the Jef-
fery—Hamel flow and the boundary conditions of this flow
is as follows:

u,(r,ta) =0, (6)
LenarU
(7, 0)lg—g = =4, ™)
ou,(r, 0
% = 0. ®)
6=0

The pressure distribution in this problem is not constant
and it is function both r and 6 (p = p(r, 8) # 0). The pres-
sure p(r, 8) appears in both Egs. 4-5, but it is not a primary
variable of interest. To simplify the Jeffery-Hamel PDEs
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(3)-(5), the pressure by enforcing consistency between the
radial and angular momentum equations through cross-dif-
ferentiation should be eliminated. By doing so, the first step
is to start with the radial momentum equation and differen-
tiate both sides of Eq. (4) with respect to the variable 6:

ou,. du, %u, a’p
p +u, =-
a0 or d6or d6or
%u, 10%u, 10du, 19d%u,
i (606r2 *o6or 290 12063 ) ©)

where 9%p/d60r can simply determine from Eq. (9) as be-
low:

’p [ d%u, N 10%u, 1 ou, N 1 93u,
a0or  "\asarz " v a00r 1700 ' 12 963
ou, Ou, %u,
_p<aa ar "' 36ar) (10)

The second step is to start with the angular momentum result
and differentiate both sides of Eq. (5) with respect to the
variable 7:

2u 0%u,
r 0rof’

’p  2uou,
oroe ~  r? 90

an
For a smooth pressure field, mixed partial derivatives
must be equal:

’p %
060r — 0roe’

(12)
So, by substituting the Egs. (10) and (11) into Eq. (12),
yields the following equation:
o3u, N N N 1 03%u,
“\@earz " ro00r " 7200 " 12 063
Viscous terms

3 auraur+ %u,
=P\ %0 ar " “00r)

Inertial terms

10%u, 1 du,

13)

The continuity equation (3) and momentum equations
(4) and (5), along with their corresponding boundary condi-
tions (6)-(8), have been simplified but remain analytically
challenging to solve. One effective approach to facilitate
their solution is to reduce the number of independent varia-
bles. By introducing a similarity variable, n, in place of the
original variables r and 6, the partial differential equations
(PDEs) governing Jeffery-Hamel flow can be transformed
into a single nonlinear ordinary differential equation (ODE).
This simplification significantly enhances the tractability of
the problem while preserving its physical essence.

The similarity variables that can do that, are as below
[20-31]:

F(n) :=

fO__rue.o) 0 a

Lchar Umax LcharUmax

where in Eq. (14), Uynax = Uchar and also the similarity vari-
able in Eq. (14) is satisfied in the continuity equation (3),
which is showed in Eq. (15):

16(1’@)—1-0:0.

ror r r

(15)

Applying the similarity variables of Eq. (14) in Eq. (13),
will results the ODE form of Eq. (13). Thus, the both vis-
cous and inertial terms changed as follows, respectively:

10%u, 1 du,
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#\oearz "7 900r " r2 00 T 72 903
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r3 a dn ad dnp3 )
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P\a6 or """ arae
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Thus, the results of substituting the similarity variable
(14) into momentum equation (13) is showed in Egs. (16)
and (17). By substituting them, the following dimensional
ODE will be determined:

AuLChaI'Umax <i dF(n) ld?’F(U))

r3 a dn a3 dnd
Zp(LCharUmax)Z dF(T’)
- r3a F(TI) dT) 4 (18)

where Eq. (18) is the simpler form of Eq. (13). By multiply
the 73/uLcharUmax in Eq. (18), will make this ODE, dimen-
sionless as below:
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4dF(m) 1 d3F(n)
a dn a® dn3
2pLcharU dr
- — p charV max F(T]) (71)’
pa dn

19

where multiplying the 3 in both sides of Eq. (19), the fol-
lowing dimensionless ODE will be achieved:

a3F(n)
dn3

dF(n)

dF
+ 2aReF (n) . + 4a? ﬁ =

dn

0, (20)

where Re in Eq. (20) is the Reynolds number is defined in
Eq. (21):

— achharUmax
u

Re 21)

In many published studies [20-31], the similarity varia-
ble of Eq. (14) is used by them and they derived the dimen-
sionless ODE of the Jeffery-Hamel flow exactly like Eq.
(20). Again, by applying the similarity variables (14) on
boundary conditions (BCs) of the PDEs (6)-(8) and making
them dimensionless, the following boundary conditions are
derived:

dF(n)

Fly=o =1, =g

=0, Fly=1=0.
n=0

(22)

Now the BCs (22) are appropriate for the Jeffery—Hamel
equation (which is showed in Eq. (20)).

3 The application of HAN method

The HAN method represents a groundbreaking approach
in computational mathematics, first introduced by A. Ah-
madi Azar [16, 17]. It is distinguished as the first technique
capable of transforming numerical solutions into analytical
forms, thereby resolving convergence issues and mitigating
the unwieldy increase in the number of terms typical of
many analytical solutions. In essence, the HAN method ach-
ieves an analytical solution with a remarkably concise rep-
resentation.

A further strength of this method is its inherent flexibil-
ity. When a nonlinear differential equation defies solution
by a specific numerical method, the HAN method can seam-
lessly incorporate an alternative numerical approach to gen-
erate the desired solution. At its core, the method unfolds in
five systematic steps. First, an analytical solution is postu-
lated in the form of a power series or polynomial featuring
constant yet undetermined coefficients. These coefficients
are then determined by solving a system of algebraic equa-
tions that arise from the BCs of the differential equations—
a procedure encapsulated in the second step.

Typically, the number of unknown coefficients needs the
number of equations derivable directly from the given
boundary conditions. To bridge this gap, additional approx-
imated boundary conditions are introduced in the third step
based on numerical solutions. This practical adaptation
highlights the method’s versatility, as it is not restricted to
any specific numerical technique. In the fourth step, these
approximated conditions are employed to formulate suffi-
cient algebraic equations, and finally, the resulting linear sy-
stem is solved to obtain the semi-analytical solution of the
differential equation.

By successfully combining numerical and analytical tec-
hniques, the HAN method liberates researchers from the
constraints of conventional analytical methods, offering a
robust framework for deriving concise analytical solutions
from numerical data.

In steps three and five, the method inherently assumes
the validity of the results, so explicit validation is not ini-
tially addressed. Nevertheless, to rigorously confirm cor-
rectness, one can demonstrate the convergence of the nu-
merical solution between steps three and four. Furthermore,
substituting the derived analytical solution back into the dif-
ferential equation enables an evaluation of the residual er-
ror—which, if the solution is accurate, remains negligible.

In our study, we implemented the Runge-Kutta method
in Python to solve the differential equation, and we verified
the convergence of the computed results to support the ac-
curacy of our approach. Ultimately, executing all five steps
and reinserting the analytical solution into the original equa-
tion conclusively substantiates the validity of the results.

This comprehensive verification framework not only bo-
Isters the reliability of the HAN method but also underscores
its potential for yielding precise solutions in complex com-
putational scenarios.

According to the five steps that HAN method has, let us
assume an analytical solution (ansatz) with constant but un-
known coefficients for the Jeffery-Hamel equation (20) as
follows:

11

F(n) = Zam’l

i=0

(23)

where a; in Eq. (23) represents 12 unknown coefficients the
unknown. These unknown coefficients can be determined
only when a system of consisting 12 algebraic equations
constructed. The analytical solution that is already defined
in the Eq. (23) is the first step of HAN method. The second
step is to use the boundary conditions of the Jeffery-Hamel
equation (20) which they are existed in Eq. (22) to make al-
gebraic equations as follows:

11

F(ly=o = zamilnzo =1,

i=0

(24)
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11
dF () z i-1
—| = D)ianY _ =0, (25)
dn n=0  i=1 =
11
FODly=r = ) aini],_, =0. (26)

i=0

It is obvious that the number of Eqgs. (24)-(26) are not
enough to construct a system of algebraic equations. In or-
der to construct additional algebraic equations, the numeri-
cal solution of the Jeffery-Hamel equation (Y-) with its

boundary conditions (YY) should be calculated which is the

third step in the HAN method. The numerical solving of Eq.
(v-) with its boundary conditions (YY) is successfully done

via “Fourth-order Implicit Runge-Kutta Collocation Meth-
od (Lobatto IlIA Formula) with Adaptive Mesh Refine-
ment”’. Why the name this numerical method is like this?
The answer is written in the following reasons:

- Implicit Runge-Kutta Framework: The method is based
on an implicit Runge-Kutta formulation. Unlike ex-
plicit methods, it solves for the solution at multiple, in-
terdependent collocation points simultaneously. This
inherent implicitness grants excellent stability proper-
ties, particularly in stiff or complex boundary value
problems like the one in your code.

- Collocation Approach: In a collocation method, the so-
lution is approximated by a polynomial that is forced to
satisfy the differential equation at a set of predefined
points (the collocation points). This guarantees that the
residual (error in satisfying the ODE) is nearly zero at
those points, leading to a highly accurate overall solu-
tion.

- Lobatto IIIA Formula: The Lobatto IIIA variant is a
specific choice for the collocation points and weights.
A distinguishing feature is that this formula includes the
endpoints of the integration interval, making it ideally
suited for boundary value problems. It also confers ad-
ditional symmetry and stability properties to the
scheme.

- Fourth-order Accuracy: The method achieves fourth-
order accuracy, meaning the local error decreases in
proportion to the step size raised to the fourth power
(O(h#*)). This level of accuracy strikes a balance be-
tween computational effort and precision, making it ro-
bust for many practical problems.

- Adaptive Mesh Refinement: The solver doesn’t rely on
a fixed grid; it adapts the mesh based on error estimates.
Regions where the solution changes rapidly get more
refined mesh points, whereas smoother areas use fewer
points. This adaptive approach enhances both effi-
ciency and accuracy by focusing computational power
where it’s needed most.

Each part of the name highlights a key element of the
solver’s design, and together they describe a method that is
stable, accurate, and efficient for solving boundary value
problems. The shorter name of this numerical method is

“Fourth-order Lobatto IIIA Collocation Method with Adap-
tive Mesh Refinement”. Thus, according to this code, the ap-
proximated boundary conditions or the numerical solution
of the Jeffery-Hamel equation (Y-) with its boundary condi-

tions (YY) are calculated as follows:

Table 1 The numerical solution of the Jeffery-Hamel equa-

tion via Python for the scenario that « = 30° and Re = 10.

1 F() dF ()/dn d*F(n)/dn?
0.0 1.000000 0.000000 -4.308476
0.1 0.978666 -0.422594 -4.063804
02 0.917061 -0.798136 -3.384597
03 0.821856 -1.089728 2.413316
04 0.702610 -1.277112 -1.330752
0.5 0.570009 -1.357724 -0.301810
0.6 0.434249 -1.343074 0.560922
0.7 0.303917 -1.252785 1.207615
08 0.185483 -1.108688 1.641027
0.9 0.083311 -0.930512 1.896907
1.0 0.000000 -0.733586 2.024627

The Figures 3-5 shows the plots of F (), dF(n)/dn, and
d?F(n)/dn? respectively. However, the validity of the cur-
rent numerical solution is showed by the residual of the nu-
merical solution in Figure 6.
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Fig. 3 The numerical solution of F () by Python.
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Fig. 4 The numerical solution of dF(n)/dn by Python.
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Fig. 5 The numerical solution of d?F()/dn? by Python.

Residual of the Differential Equation
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Fig. 6 The residual of numerical solution by Python.

The bold values in Table 1 are the approximated bound-
ary conditions that are used in step four to make the rest of

remaining algebraic equations as follows:

11
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i=0
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(32)
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(35)

where Eqs. (24)-(26) with addition to the Egs. (27)-(35) are
constructing a system of linear algebraic equation with 12
algebraic equations and 12 unknowns. By solving this sys-
tem of linear algebraic equations in fifth step, the unknown
coefficients in Eq. (36) will be determined as below:

a = +1.000000, a; = + 0.000000,
a, = — 2.153993, az = —0.001129,
a, = +2.091526, as = — 0.107366,
as = — 1.135709, a; = — 1364453,
ag = +3.745790, as = — 3.081673,

azo = +1.194394, a;; = —0.187388,

(36)

with substituting the known coefficients in Eq. (36), the fol-
lowing polynomial solution will be achieved for the Jeffery-
Hamel equation (20) with its boundary conditions (22):

F(n) = —0.187388 7' + 1.194394n1°
—3.081673 ° + 3.745790 18
—1.364453 77 — 1.135709 1°
—0.107366 75 + 2.09152 6n*
—0.001129 73 — 2.153993 52
+1.000000 .

(37

The Figures 7-9 shows the plots of F (), dF(n)/dn, and

d?F(n)/dn? from HAN solution (37),

respectively.
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However, the validity of the current analytical solution is
showed by the residual of the HAN solution in Figure 10.

Analytical F(n) from HAN

1.0~

0.8

0.6

F(n)

0.4

0.2 4

0.0 A

Fig. 7 The HAN solution of F () by Python.

Analytical g—i from HAN

0.0 1

—0.2 1

—0.4 1

—0.6

—0.8 1

—1.0 4

—1.2 1

—1.4 4

Fig. 8 The HAN solution of dF ()/dn by Python.

Analytical ngE from HAN

Fig. 9 The HAN solution of d?F(n)/dn? by Python.

i d*F dFf 2dF
Residual of o + 2aRe FHE + 4a an
0.001 A

0.000 A

—0.001 ~

—0.002 A

—0.003 A

Residual

—0.004 4

—0.005 A

—0.006 A

—0.007 A

0.0 0.2 0.4 0.6 0.8 L0
n

Fig. 10 The residual of HAN solution.

Comparison of F(n)

1.0 1 —— Analytical (HAN)
=== Numerical

0.8

0.6

F(m)

0.4

0.2

0.0

Fig. 11 The comparison between the HAN and numerical
solutions of F(7).

The validity of results is proved two times when the re-
siduals of the both numerical and analytical solutions are
showed in Figures 6 and 10. However, it is obvious that the
graphs of HAN solution are significantly same as each
other. Thus, the Figures 11-13 are showing the comparison
of these two methods and finally Figures 14-16 shows how
much is the error between HAN and the numerical solution
is. Also, the calculated errors in Figures 14-16 are achieved
with the help of the following relation:

|[Analytical — Numerical|
PE =

X 1009
|Numerical| ) %,

(38)

where PE is Percentage Error and the formula in Eq. (38)
calculates percentage error relative to the maximum magni-
tude of the numerical solution to avoid division-by-zero
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issues and contextualize errors across the domain. By taking
the absolute difference between analytical (HAN) and nu-
merical values (|Analytical - Numerical|), it captures the raw
deviation. Dividing by the absolute value of the numerical
solution ([Numerical|) normalizes the error relative to the
scale of the problem, ensuring stability even near zero-
crossings. Multiplying by 100 converts this ratio into a per-
centage, providing an intuitive measure of how large the er-
ror is compared to the solution’s peak magnitude. This ap-
proach balances sensitivity to local errors with robustness
against numerical instabilities.

: dF
Comparison of @

0.0 1 —— Analytical (HAN)
=== Numerical

_0.2 4

—0.4 4

—0.6

—0.8

_1.0 4

—-1.2 1

—1.4 4

Fig. 12 The comparison between the HAN and numerical
solutions of dF (1) /dn.

. 2
Comparison of g,—q';

2 1 —— Analytical (HAN)
——- Numerical

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 13 The comparison between the HAN and numerical
solutions of d%F () /dn?.

1e—g Percentage Errorin F(n)

1.6 1

1.4 4

1.2

1.0

0.8 1

Error (%)

0.6

0.4

0.2 4

0.0

Fig. 14 The error between the HAN and numerical solu-
tions for F(n).
Percentage Error in 9

le—5 an

3.5 A

3.0

2.5

2.0

1.5 A

Error (%)

1.0

0.5 1

0.0 A

Fig. 15 The error between the HAN and numerical solu-
tions for dF () /dn.

. dEF
Percentage Error in a

0.0016

0.0014 A

0.0012 +

0.0010 +

0.0008 +

Error (%)

0.0006 +

0.0004 +

0.0002 +

0.0000 +

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 16 The error between the HAN and numerical solu-
tions for d2F(n)/dn?.
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4  Results and discussion
4.1  Constitutive equations for the average value and per-
centage change

Before presenting the results and discussion, the average
value of F(n)—representing the HAN solution for the Jef-
fery—Hamel flow described in Eq. (20)—along with its var-
iation relative to a reference value is displayed as follows:

1
Frvg = f F(n)dn. (39)

Averagee, — Average,q

%Change = % 100. (40)

Averagegiq

In Eq. (39), F.vg denotes the average value of F(n) and
%Change in Eq. (40), represents the percentage variation
corresponding to a specific change.

4.2 Impact of Reynolds number and angle of wall in a
divergent channel
4.2.1  Plot comparison of F(n) for different positive an-

gles at fixed Re

In the present subsection, a specific flow configuration
is examined by analysing an incompressible fluid with con-
stant velocity—which results in a constant Reynolds num-
ber—as the wall angle in a divergent channel increase.
Quantitative results are presented in Tables 2—4. These ta-
bles indicate that as the channel's wall angle increases, the
average fluid velocity decreases. This trend is consistent
across all Reynolds numbers; however, Figures 17-19 and
Tables 2—4 reveal that the decrease in velocity is more pro-
nounced at higher Reynolds numbers. In other words, higher
Reynolds numbers exhibit greater sensitivity to variations in
the channel wall angles. Alternatively, when the wall angles
decrease—approaching a configuration resembling a chan-
nel with flat walls—the average fluid velocity increases,
with the effect being markedly stronger at high Reynolds
numbers. Thus, for a given Reynolds number in a diverging
channel, larger wall angles lead to lower average fluid ve-
locities, while smaller angles result in higher average veloc-
ities. From an engineering perspective, among a range of
positive channel angles, the largest angle produces the low-
est velocity, and the smallest positive angle produces the
highest velocity. It is important to note that differential
equation (Eq. 20) is applicable only for channels that are ei-
ther convergent (e < 0) or divergent (« > 0). At angles of
0°, 90°, 180°, or 360°, the channel is neither convergent nor
divergent, and consequently, Jeffery—Hamel’s equation (Eq.
20) cannot be applied.

Table 2 The quantitative results for for different positive

angles when Re = 5.

a (deg) Fyvg (Average F (1)) % Change (vs @ = 5°)
5 0.659 0.0%
15 0.641 -2.7%
30 0.606 -8.1%

Table 3 The quantitative results for for different positive

angles when Re = 10.

a (deg) Favg (Average F(7)) | % Change (vs @ = 5°)
5 0.652 0.0%
15 0.617 -5.3%
30 0.550 -15.6%

Table 4 The quantitative results for for different positive

angles when Re = 20.

a (deg) Fyyg (Average F(1)) | % Change (vs @ = 5°)
5 0.637 0.0%
15 0.564 -11.4%
30 0.431 -32.3%
Solution Profile for Re =5
1.0 4 — a=5°
a=15°
— a=30°
0.8 1
0.6
€
(YIS
0.4
0.2 1
0.0 1
o.lo o.lz 0.|4 o.lﬁ 0:8 1.|0
n

Fig. 17 Plot comparison of F(n) for different positive an-

gles when Re = 5.
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Solution Profile for Re = 10

1.0 — a=5°
a=15°
— oa=30"
0.8
0.6 1
=
=
0.4
0.2 A
0.0 A

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 18 Plot comparison of F(n) for different positive an-
gles when Re = 10.

Solution Profile for Re = 20

1.0 1 — a=5°
a=15°

0.8 — a=30
0.6 1

=

[
0.4 1
0.2 1
0.0 -

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 19 Plot comparison of F(n) for different positive an-
gles when Re = 20.

4.2.2  Plot comparison of F(n) for different Re at fixed
angles

This subsection examines the effect of increasing the
Reynolds number on the average fluid velocity at a fixed
angle. Contrary to initial expectations, in a divergent chan-
nel with fixed wall angles, a higher Reynolds number results
in a decrease in the average fluid velocity. Furthermore, Fig-
ures 20—22 indicate that an increase in the channel's wall
angle leads to a more pronounced reduction in velocity. In
summary, at a specific wall angle, a higher Reynolds num-
ber corresponds to a lower average velocity, while within a
fixed Reynolds number range, a larger wall angle further re-
duces the average velocity. These trends are quantitatively
presented in Tables 5-7.

Table 5 The quantitative results for different Reynolds
numbers when a = 5°.

Re Fovg (Average F(17)) | % Change (vs Re = 5)
5 0.659 0.0%
1 0.652 -1.1%
20 0.637 -3.4%

Table 6 The quantitative results for different Reynolds
numbers when a = 15°.

Re Fyvg (Average F()) | % Change (vs Re = 5)
5 0.641 0.0%

1 0.617 -3.7%

20 0.564 -12.0%

Table 7 The quantitative results for different Reynolds
numbers when a = 30°.

Re Fyvg (Average F(1)) | % Change (vs Re = 5)
5 0.606 0.0%

1 0.550 -9.1%

20 0.431 -28.8%

Solution Profile for a = 5°

1.0 1 —— Re=5
Re=10
— Re=20
0.8
0.6
=
[
0.4
0.2 1
0.0

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 20 Plot comparison of F(n) for different Reynolds
numbers when a = 5°.

Solution Profile for a = 15°

1.0~ —— PRe=5
Re=10
— Re=20
0.8
0.6
=
T
0.4
0.2 A
0.0 A

Fig. 22 Plot comparison of F(n) for different Reynolds
numbers when a = 15°.
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Solution Profile for a = 30°

1.0+ —— Re=5
Re=10

0.8 1 — Re=20
0.6 1

=

ey
0.4 4
0.2 7
0.0

Fig. 22 Plot comparison of F(n) for different Reynolds
numbers when a = 30°.

4.3  Impact of Reynolds number and angle of wall in a
convergent channel

4.3.1  Plot comparison of F(n) for different negative an-

gles at fixed Re

In this subsection, a convergent channel configuration is
examined. For a given Reynolds number, increasing the
wall angle (i.e., increasing the magnitude of the negative an-
gle) results in an increase in the average fluid velocity. Con-
versely, at a fixed Reynolds number, decreasing the wall an-
gle leads to a reduction in the average velocity. This behav-
ior is clearly illustrated in Figures 23-25, with correspond-
ing quantitative results presented in Tables 8—10. Further-
more, the data indicate that the sensitivity of the average ve-
locity to changes in the wall angle is more pronounced at
higher Reynolds numbers. In other words, for a fixed chan-
nel angle, higher Reynolds numbers yield higher average
fluid velocities, and the enhancement of velocity with in-
creasing convergence becomes even more significant as the
Reynolds number increases.

Table 8 The quantitative results for for different negative
angles when Re = 5.

a (deg) Fyvg (Average F(17)) | % Change (vs @ = —5°)
-5 0.673 0.0%
-15 0.684 1.6%
-30 0.694 3.2%

Table 9 The quantitative results for for different negative
angles when Re = 10.

a (deg) Fvg (Average F(17)) | % Change (vs @ = —5°)
-5 0.680 0.0%
-15 0.702 3.3%
-30 0.727 7.0%

Table 10 The quantitative results for for different negative

angles when Re = 20.

a (deg) Fyvg (Average F()) | % Change (vs a = —5°)
-5 0.692 0.0%
-15 0.733 5.9%
-30 0.776 12.0%
Solution Profile forRe =5
1.0 1 — 0=-30°
a=-15°
0.8 - — =5
0.6 -
=
T
0.4 1
0.2 1
0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 23 Plot comparison of F(n) for different negative an-
gles when Re = 5.

Solution Profile for Re = 10

1.0 — a=-30°
a=-15°
— g=-5°
0.8
0.6
=
[
0.4 1
0.2 4
0.0

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 24 Plot comparison of F(n) for different negative an-
gles when Re = 10.
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Solution Profile for Re = 20

1.0+ — o=-30"
a=-15°
— g=-5°
0.8
0.6 7
=
o
0.4+
0.2 4
0.0 4

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 25 Plot comparison of F(n) for different negative an-
gles when Re = 20.
4.3.2  Plot comparison of F(n) for different Re at fixed
angles

Figures 26-28 and Tables 11-13 indicate that, in a con-
vergent channel at a given angle, an increase in Reynolds
number results in a higher velocity, in contrast to a divergent
channel. Moreover, as the convergence angle (or the wall
angle) increases, the average fluid velocity also increases.
In summary, for a converging channel, both a larger conver-
gence angle and a higher Reynolds number lead to an in-
crease in the average velocity. Quantitative details of these
results are provided in Tables 11-13.

Table 11 The quantitative results for different Reynolds
numbers when a = —5°.

1.0 A —— Re=5
Re=10
—— Re=20
0.8
0.6
=
o
0.4 1
0.2
0.0 1

Solution Profile for o = -5°

0.0 0.2 0.4 0.6 0.8 1.0

n

Fig. Y26 Plot comparison of F(n) for different Reynolds

numbers when a = —5°.

Solution Profile for a = -15°

1.0 1 —— Re=5
Re=10
—— Re=20
0.8
0.6
=
=
0.4
0.2 1
0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
n

Re Fvg (Average F(17)) | % Change (vs Re = 5)
5 0.673 0.0%
1 0.680 1.0%
20 0.692 2.9%

Table 12 The quantitative results for different Reynolds

numbers when a = —15°.
Re Fyvg (Average F(1)) | % Change (vs Re = 5)
5 0.684 0.0%
1. 0.702 2.7%
20 0.733 7.3%

Table 13 The quantitative results for different Reynolds

numbers when a = —30°.
Re Fvg (Average F(17)) | % Change (vs Re = 5)
5 0.694 0.0%
1. 0.727 4.7%
20 0.776 11.7%

Fig. 27 Plot comparison of F(n) for different Reynolds
numbers when a = —15°.

Solution Profile for a = -30°

1.0 1 —— Re=5
Re=10
— Re=20
0.8 1
0.6 1
=
g
0.4 1
0.2 1
0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 28 Plot comparison of F(n) for different Reynolds
numbers when a = —30°.
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5

Conclusion

This study demonstrates how numerical solutions to dif-

ferential equations can be refined and systematically trans-
formed into analytical expressions through a five-step meth-
odology of HAN method. The nonlinear ordinary differen-
tial equation (ODE) employed in this study is the Jeffery-
Hamel equation, which serves as a mathematical model for
fluid flow within divergent and convergent channels. The
derivation of this ODE is presented in Section 2.2. To sum-
marize the key findings of this research, the following bullet
points outline the mathematical and physical conclusions
derived from this study.

Innovative Hybrid Approach: The HAN method uniq-
uely transforms numerical solutions into analytical
forms, addressing convergence issues and avoiding ex-
cessive terms in existing semi-analytical solutions.

Flexibility in Numerical Integration: It adapts to differ-
ent numerical methods when standard approaches fail,
ensuring robust solutions for nonlinear differential
equations.

Systematic Five-Step Process:

- Step 1: Propose an analytical solution (e.g.,
polynomial) with undetermined coefficients.

- Step 2: Derive algebraic equations from
boundary conditions (BCs).

- Step 3: Supplement BCs with approximated
conditions from numerical solutions.

- Step 4: Derive the remaining algebraic equa-
tions from approximated BCs.

- Step 5: Solve the system of linear algebraic
equations and obtain a semi-analytical solu-
tion.

Adaptive Boundary Conditions: Uses numerical solu-
tions to generate additional constraints when BCs are
insufficient, ensuring solvability.
Implicit Validation: Assumes solution validity during
steps 3—5 but supports accuracy via:
- Numerical convergence checks.
- Residual error analysis by substituting the
HAN solution back into the original equation.
Implementation & Verification:
- Employed Runge-Kutta in Python for numeri-
cal solutions.
- Confirmed convergence and negligible resid-
uals to validate results.

Reliability and Precision: Combines numerical and an-
alytical strengths, offering concise, accurate solutions
for complex problems.

Increasing wall angles in a divergent channel leads to a
decrease in average fluid velocity.

In a divergent channel, the reduction in velocity is more
pronounced at higher Reynolds numbers.

Conversely, in a divergent channel, decreasing wall an-
gles or approaching a configuration with approximately
flat walls, increases the average fluid velocity.

Jeffery—Hamel’s equation (Eq. 20) is applicable only
for convergent (@ < 0) or divergent (@« > 0) chan-
nels—not at angles of 0°, 90°, 180°, or 360°.

At a fixed wall angle in a divergent channel, increasing
the Reynolds number results in a lower average fluid
velocity.

In a divergent channel, a larger wall angle further inten-
sifies the reduction in velocity within a given Reynolds
number range.

For a given Reynolds number, in the convergent chan-
nels, increasing the wall angle (i.e., increasing the mag-
nitude of the negative angle) results in a higher average
fluid velocity.

Conversely, decreasing the wall angle in the convergent
channels leads to a reduction in average velocity.

In the convergent channels, the sensitivity of average
velocity to wall angle variations is more pronounced at
higher Reynolds numbers.

Both a larger convergence angle and an increased
Reynolds number in a convergent channel, lead to a
higher average fluid velocity.

Nomenclature

Non-Greek letters

Unit vector along r-axis, (-)

Radial coordinate, (m)

Axial coordinate, (m)

Velocity vector of the fluid, (m/s)

F Body force per unit volume, (N/m?)

= N RO

u,, u,(r,0)  Radial velocity component, (m/s)
ug, ug(r,0)  Angular velocity component, (m/s)
p,p(r,6) Pressure distribution, (Pa)
f) Dimensional function in terms of 6, (m?/s)
F(n) Dimensionless form of f(6), (-)
Re Reynolds number, (-)
Uchar Characteristic velocity, (m/s)
Umax Maximum velocity of the fluid, (m/s)
Lehar Characteristic length, (m)

Greek letters

0 Unit vector along 6-axis, (-)

0 Angular coordinate, (m)

p Fluid density, (kg/m?)

U Dynamic viscosity, (kg/m - s)

v Kinematic viscosity, (m?/s)

a Half-angle or angle of each wall with r-axis,

(Degree or Radian)
Independent dimensionless similarity variable,

7 )

Mathematics
\4 Gradient operator, (unit per meter)
V- Divergence operator, (unit per square meter)
V2 Laplace operator, (unit per square meter)

D/Dt Total derivative with respect to time, (unit per second)
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Abstract In this article, we suggest a method for calculating
the mass spectrum of a bound state with relativistic correc-
tions. In standard calculations of mass spectra that consider
the nonperturbative nature of interactions, researchers typ-
ically consider only the lowest-order term in v/c, the ratio
of a particle’s velocity inside the bound state to the speed
of light. Using a theoretical framework based on specific
mathematical techniques, we go beyond the lowest-order term
in v/c approximation and define the structure of relativistic
nonperturbative interaction potential by summing an infinite
series in powers of v/c. Furthermore, we introduce and char-
acterize a relativistic mass correction formulated through
the current—current correlated tensor associated with two
charged scalar particles in an external gauge field, where the
fields obey Gaussian statistics. This t wo-point correlation
function describes the correlation of polarization function
components of the current across different spacetime points
in a 4D Euclidean spacetime coordinate frame. Under rela-
tivistic conditions, this correlation structure contributes to the
formation of bound states, which provide a basis for defining
the constituent or relativistic mass of the particle in the bound
state. Our analysis is carried out within the frameworks of
quantum field theory and quantum mechanics.

1 Introduction

The relativistic and nonperturbative effects in nuclear and
hadronic interactions are important and interesting subjects
that, from the past to the present, have been actively studied
[1-5]. Traditionally, nuclear and particle physics focus on the
structure and interactions of relativistic systems composed
of protons, neutrons, and hadrons [6-9]. These fermionic
particles consist of quarks bound together by the strong force,
and such systems are described by quantum chromodynamics

de-mail: jahanshir@bzte.ac.ir

(QCD). As experimental and theoretical tools have devel-
oped, the field has progressed toward hadronic physics, which
studies the properties and dynamics of quarks bound and
interacting with gluons, including heavy bottomonium [10].
Hadronic physics attempts to determine and understand how
quarks and gluons form and bind in bound states, how confine-
ment arises, how relativistic and ultra-relativistic velocities
affect a system, and how mass and spin describe the behavior
of heavy, highly hadronic resonant states from QCD dynamics.
It is generally accepted that traditional potential models focus
on nonrelativistic approximations and first-order perturbative
expansions in v/c. These models are useful for describing
nuclear physics and light hadronic bound states [10]. How-
ever, the heavy, highly resonant states and long-range gluonic
interactions of bottomonium bound states require corrections
beyond the leading order to capture the fine structure and
decay behavior that occur when the system is under strong
coupling and relativistic dynamics. Bottomonium can be
modelled as systems of point-like quarks interacting in a
gauge field governed by QCD, according to the framework
of quantum field theory (QFT). While potential models have
proven successful in describing many properties and charac-
teristics of heavy quarkonium spectra, most approaches are
fundamentally limited by their nonrelativistic conventions
and neglect of dynamical gluon and relativistic potential
effects [11]. Early studies of relativistic corrections in light
and heavy hadronic bound states used relativistic potential
models such as Dirac-based or Bethe—Salpeter approaches,
as well as effective field theories like nonrelativistic quantum
chromodynamics (NRQCD) [12, 13], which describe heavy
quark—antiquark systems by expanding QCD in the lowest
order of v/c, assuming that the particle mass is much larger
than the QCD scale (Aqcp). Researchers have included rela-
tivistic corrections and color contributions in the bound states,
and sometimes derived bound-state behaviors from potential
NRQCD models (pNRQCD), which lead to Schrodinger-like
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equations with the potential derived from QCD, representing
both perturbative and nonperturbative effects. In addition,
systems using lattice QCD to capture nonperturbative effects
have been studied. Therefore, based on recent results and the-
oretical suggestions for future experiments at the LHC, Super
KEKB (Belle II), ALICE, LHCb, CMS, and ATLAS, the
proposed relativistic corrections on properties of the exotic
highly resonant states of heavy bottomonium (HRSB) can
be very important and useful [14—16]. Bottomonium systems
have a large mass and might not seem to require investigation
of relativistic effects, although their highly resonant behavior
makes them an interesting subject for studying relativistic
corrections and their effects on the mass and the relativistic
nonperturbative interaction potential. Different from the spin
interaction potentials, and at high energies, relativistic cor-
rections to the potential and mass must also be taken into
account. The presented theoretical approach on the relativis-
tic corrections in understanding nonperturbative relativistic
terms of Hamiltonian interactions in strong interactions and
defining quark dynamics, decay rates, and properties can
be useful. This model for analyzing interaction mechanisms
in extreme temperature environments, such as quark—gluon
environments, neutron stars, and compact stars, can also be
considered. According to the clarification above, we will use
combined methods to identify the relativistic corrections on
the HRSB bound states. First, the mass spectrum of the HRSB
of the bottom—antibottom bound state in the framework of
QFT and analogous to quantum mechanics (QM) based on
the Green function (GF) in the form of the Feynman func-
tional integral (FPI) and path integral methods [17-19], with
a given interaction potential, will be presented. The mass
spectrum of the bottom—antibottom bound state within rela-
tivistic corrections, based on the long-range behavior of the
current—current correlation tensor (polarization function (PF)
or polarization tensor) for scalar charged bottom—antibottom
quarks in the excited state with a specified orbital quantum
number ¢ in a background gauge field A(x), is completely
described and explained. The relativistic correction to the
interaction behaviors under a given potential was analyt-
ically determined. Additionally, the relativistic correction
to the mass, which is interpreted as the constituent masses
of the bottom—antibottom charged quarks, will be logically
calculated, taking into account a specified orbital quantum
number ¢. We can also introduce the effects of the full spin
interactions, including spin—spin, spin—orbit, and tensor spin
Hamiltonians.

Hiy = Hy + Hpert + Hnonpert + Hgs + Hys + Hrr. (D

Into the bound state mass spectrum equation, one would
typically add the Breit—Fermi Hamiltonian. However, since the
goal of this paper is to describe the relativistic corrections on

mass and the nonperturbative relativistic interaction potential,
the Breit—Fermi Hamiltonian has been omitted. Hence, we
present an alternative method to describe the properties of
HRSB. In this article, equations are written in natural units
with i = ¢ = 1, and the mass spectrum is calculated in
units of GeV. We used computational coding in MATLAB
R2021a software, and HRSB 10s: Y (11020) mass spectrum
calculations were performed in Microsort OFFICE EXCEL
2021 software. This paper is organized as follows. In Sect. 2,
the determination of the mass spectrum and constituent mass
of bottom—antibottom quarks of the HRSB under relativistic
corrections within QM and QFT principles is defined. In
Sect. 3, the details of the relativistic nonperturbative term
of the interaction potential, along with the definition and
calculation method based on mathematical physics principles
for the HRSB, are described.

2 The mass spectrum including relativistic correction

We present the asymptotic properties of the interaction of
two scalar charged particles through the polarization function
(PF) and then evaluate functional integrals under a variational
technique to analyze the bound state system of these particles
[20]. A four-dimensional Euclidean spacetime coordinate
frame x = (X, xo) with imaginary time defined as xo = i,
based on field conditions to define the PF and Green function
(GF), is considered. We assume that the annihilation channel is
neglected, i.e., no particle—antiparticle annihilation channels
can be created. Then, we define the solutions using the
functional integral formalism and average over the external
Gaussian gauge field A(x). The averaging over the field with
the polarization function I1(x; y) is indicated. To extract the
PF in the asymptotic limit, we employ the variational approach,
which allows us to describe the effects of relativistic behaviors
in the interaction of two charged scalar particles within
an external gauge field. The results of these mathematical
definitions provide a representation of the nonperturbative
interaction term under relativistic conditions in high-energy
physics. Now, we obtain formulae that give the mass spectrum
of an HRSB of bottom—antibottom as charged scalar particles
interacting in an external gauge field A(x). We focus on the
mechanism of HRSB formation and the estimation of the
contributions from potential and nonpotential interactions. In
the standard form, the interaction of a quark in an external
gauge field is written with the spinor field equation (Dirac
equation).

[(iy00 — g7 ¥ Aa(x)) — m|¥(x) = 0. 2)

Owing to the importance of spin effects, g is the coupling
constant [18, 20]. As mentioned in the introduction, in this
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paper, our focus is on nonperturbative relativistic corrections
(NRC) of the potential and mass; therefore, the spin interaction
is not considered, and we describe the quark behavior as a
scalar particle and investigate the constrained interaction with
the Klein—-Gordon equation.

[(i00 + gAa)* + m?]¢(x) = 0. 3)

Now, we consider the interaction between the bottom quark
with mass m; and the antibottom quark with mass m,, which
together form a localized bottomonium bound state in the
external gauge field A(x). Considering the concept of a
localized and nonlocalized interaction, included in W(x; y),
the Green’s function (GF) for this system can be written as

[(z’@a + gA(,()c))2 + m%
+ (i0a + gAa(y))2 + m% +V(x; )| G(x;y)
=W x-y. @

It is widely recognized that the Green’s function (GF) is a
special solution to a differential equation characterized by
the Dirac delta function 6* (x — y), and it describes how
the bottom and antibottom quarks respond to a localized
disturbance in the gauge field within the interaction potential
W (x;y) [18, 21]. Depending on the localization of the inter-
action, the local density of scalar The local density of scalar
particles can be expressed by a “current” in a nonrelativistic
4D Euclidean spacetime coordinate frame x = (X, x9) with
imaginary time x( = it. Euclidean formulations are particu-
larly convenient when the annihilation channel is neglected,
i.e. no particle—antiparticle annihilation is included. For the
two-point correlator, especially when studying the correlation
Green’s function, it is advantageous to use scalar densities to
construct observables, probe local scalar gauge-field behav-
ior, and simplify bound-state calculations in the absence of
annihilation. Hence, one can define the current in correlators
and effective sources of bottom—antibottom charged quarks
in the form [20, 23]

J(x,y) = @7 (x) @ (y). ®)

Here ®* (y) is the creation operator and @~ (x) is the annihila-
tion operator. This current J(x) can act as an effective source
in the bottomonium bound state and yields the two-point
correlation function

(OIT(J(x) J(y)) 10y
= OIT (@~ (x1)®* (y1) D~ (x2)@* (y2)) [0).  (6)

Here x; denotes the point where the particle is annihilated
and y; the point where the bottom—antibottom quarks are
created, while 7 represents the proper time. The operator
T is the time—ordering operator, and we write x = (X, xg),
y = (¥,y0). In QFT and QM, the transformed propagator
function (quantum amplitude) of the initial and final states of
the bound state in the background gauge field A is connected
by the Hamiltonian according to

G(x;y|A) = (xle1]y). (7

That is, the amplitude for a particle to evolve from position
y to position x in time #, governed by the Hamiltonian H.
Therefore, the Green’s function (GF) based on the two-point
correlation function for the bottom—antibottom bound state is
written as

G(x;y) =0T (@ (x))@" (y1) D~ (x2)D* (y2)) |0). (8

The GF defines the amplitude for bottom—antibottom quarks
through a four-point function that propagates from y; to x;
in the bottomonium bound state [20]. The interaction of
bottom—antibottom quarks in the external gauge field A is
described by averaging all transformed propagators over the
external field using the polarization-function (PF) formalism
as follows:

(x;y) = (J(x1:y1) J(x25¥2))
= (P (x) D" (y1) @™ (x2)@" (y2))
=(Gi1(x1;31 | Aa) Ga(x23y2| A)) . ©)

As is commonly known in QFT and QM, one determines
the properties of a particle of mass m under all possible
configurations of interaction by evaluating the propagator.

4
D(x;y):/(g) D(k?) e (x=y), (10)

This formalism allows us to define the amplitude for the
bottom—antibottom bound state to propagate from a relative
separation y and the center-of-mass position x in the form

Y

4 4
D(X;y) — ‘/(;J_Z) (g) 5(p’k)eip-xeik-y'
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Here x is the center-of-mass coordinate, y is the relative
coordinate, and D(p, k) is the propagator of the bottom—
antibottom bound state with total momentum p and internal
momentum k. The function D (x; y) can be used to determine
the bottomonium bound-state mass M. In QFT, the polar-
ization function decays exponentially based on the spectral
representation formalism in Euclidean space, given by

M(x;y) = (01 (x; y) Im)|* e™*5n

= {01 (x; y) Im)|* M. (12)

where (0| denotes the vacuum state, |n) is the nth state, E,, is
the energy of the nth state (E}, being the energy eigenvalue of
the Schrodinger equation, as will be explained in Section 3),
and M, is the corresponding mass. This representation of
the polarization function leads to the calculation of the mass
spectrum of the bottom—antibottom bound state [20]. Hence,
if we consider that both bottom—antibottom quarks are created
at the same spacetime point (the origin) and propagate to
y = y1 — y2, and are annihilated at x; and x, respectively,
then the polarization function at final positions, depending
on their relative separation x = x| — xp, with a normalization
constant C = [(0|J (x)|n)|* reads

4 .
dp eiprx

H = —_ S —

) /(27r) P2— M2 +ie

Now, we consider the path integral formalism because of its
powerful theoretical benefits in QM and QFT. The Feynman
path integral (FPI) representation provides a useful method
for describing bound states by averaging over all possible
ways to create a bound state, i.e., both classical and quantum
paths. It has become one of the most essential formalisms
in which operator methods are rendered practical for quan-
tizing gauge theories under QCD [16, 17]. We consider the
interaction between a bottom quark with mass m; and an
antibottom quark with mass m5. These states form a localized
bottomonium bound state in the external gauge field A(x).
The bottomonium bound state contains both localized and
nonlocalized interactions V (x; y). To better understand the
mathematical formulation of the FPI, we begin by formulating
it for a single charged particle in an external gauge field. This
property of localized and nonlocalized behavior illustrates
the roles of proper time, gauge coupling, and quantum fluctu-
ations. In this section, we extend the formalism to the case of
two interacting particles, incorporating both individual gauge
interactions and the mutual interaction potential. Therefore
we first represent the GF in a 4D Euclidean spacetime coor-
dinate frame for a charged bottom quark in an external gauge
field A(x) in the form of the FPI formalism. Let us consider
GF satisfies

= Ce MM, (13)

[(i0q + A)? +m*| G(x;y ] A) = 6D (x; y). (14)

And then, introducing variables s and 7, one can represent
the GF in the form of the FPI as

G(x;yIA)z/ dse_smzﬁ
0

_s‘/oldr(%m+A(x(T)))2l

x 6% (x - y)

=‘/0.00ds e’st/dgo(T)
—Aldr¢2(r)

X exp|

X exp|
1
+ 2i\/§/ dt o(1)A(Z)
0
x 6@ (2). (15)
where
1
Z'=x—2\/§/ dt’ o(7'), (16a)
0
1
Z=x—y—2\/§/ dt ¢(7). (16b)
0

where ¢(7) is the path or trajectory of the quark and is a
functional integration variable over paths, x(7) is the physical
trajectory, T, is the proper-time ordering or time-ordering
operator, the variable s : 0 < s < oo is an auxiliary param-
eter introduced by Schwinger’s proper time to define the
propagator 1/(p? — M?) and it controls the damping factor
e~ while 1,7’ are proper times describing the relative
motion of the two particles at different spacetime points with
T = 71 — Tp. The proper time is the time interval measured by
a clock moving with the particle and it remains invariant in
all inertial frames, while the fourth component of spacetime
X provides the direction in spacetime in which the particle is
moving. In functional integral notation, the parameter s is a
computational tool to write path integrals more conveniently;
it is not a physical real time in spacetime coordinates and is
not an observable. The dimensionless parameters 7 and 7’
with 0 < (7,7’) X 1 are the proper times along the given path
and parameterize the position along the quark’s trajectory
x(7), and the normalization parameter reads [20, 22].
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5(4)(1’)

1
C=/d¢p(7) exp[—/o dTgDz(T)
4
:/(%) exp[—ikx—skz]
1 2 x2
() ol )

And then, introducing variables s and 7, one can represent
GF in the form of FPI by way of

G(x;y|A) = /000 (%)zexp(—st)

) Rxsv14),

a7

X exp(—(x;sy)2 (18)

And the kinetic term of the given path is included in

R(x;ym):/dm(x;ym)

1
:/do- exp[i/ dtN(t) A(N'(0))|. (19)
0

where x(7) is the fluctuation of the trajectory in the space-
time coordinate of the bottom quark, defined as a func-
tion of the proper time 7 under Dirichlet boundary con-
ditions x(0) = x(s) = 0, which describe fixed start and
end points. The derivative x(7) denotes the velocity of the
fluctuating path along the trajectory of the bottom quark.
The auxiliary functions N(7) = x — y — 24/s6(7) and
N’(1) = xt + y(1 — 1) + 2+/5 ' (1) describe the full path
of the bottom quark, i.e. the position of the quark at proper
time 7 along its worldline between the spacetime points x
and y [22]. The relation f do = 1 plays the same role as
the normalization of a probability distribution f dP =1,
ensuring that the total measure of integration is normalized to
unity. Now, using the Green’s function in the form of Eq. (18)
together with these new variables, and after some algebra, we
consider averaging over the field restricted to two Gaussian
correlators.

<exp[i / dx A(x) J(x)]>A

= exp| -1 / dx / Ay IX) D IW|. Qo)

where the propagator of the gauge field D (x; y) reads

D(x;y) = (A(Y)A(X))a = 8*Di(x;y) + 6 D(x3y). (21

Hence, if we consider that both bottom—antibottom quarks are
created at the same spacetime point (the origin) and propagate
to y = y1 — y2, and are annihilated at x; and x; respectively,
then the polarization function at the final positions depends
on their difference x = x; — x,. We can then define the
asymptotic behavior (|x| — o) of the polarization operator
I1(x) = (G| G)a, which describes the interaction between
bottom—antibottom charged quarks of masses m; and m that
form a localized bottomonium bound state in the external
gauge field A(x) and interact through a nonlocal potential
V(ui, u2), as follows:

© (% duy dun
II(x|A) =
(xl4) ./0 /0 (87x)°

2
m?
-5 (5 + )

i=1

(22)

X exp| V(p, p2)-

The function V (u1, p2) resembles the Feynman path integral
(FPI) in 4D nonrelativistic quantum mechanics for particles
with masses u; and u, moving with velocities v and vy
within nonlocal and local interaction potentials [20, 23]. The
total interaction is therefore expressed as V(uj, pz). Thus,
based on QFT, m; and m, are the current masses of these
particles, while y; and u, denote the constituent masses, and
the corresponding Schroédinger equation takes the form

AD A2
14 p
(_l + 2 4 V(yl,yz))‘l’ = E(p1, u2) ¥.

(23)
2ur - 24

We will describe this equation in detail at the end of this
section and in the next section, where we will derive the
relativistic nonperturbative potential term from it. Thus, with
the nonrelativistic formulation of the FPIin 4D nonrelativistic
quantum mechanics, by comparing the functional V (u1, uz)
obtained from the relativistic Green’s function in Eq. (22),
we establish the definition of the variational parameters
and wy [20, 23, 24]. In this formalism, 1 and u, represent
the constituent masses of quarks in the bound state, i.e. the
relativistic mass of the moving charged quarks. The functional
in Eq. (22), based on Eq. (13) in the asymptotic limit, reads

M= lim (—lL ln(H(x|A))). 24)

|x|—>00 x|

Thus, the functional integral IT(x|A) is determined by a
saddle-point technique [20, 22, 25] in the FPI representation
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and gives the lightest intermediate bound-state mass spectrum
of bottom—antibottom charged quarks with m; = my = my,
and u; = up = pp at the large-distance decay |x| — oo,
within the interaction potential V (up, 1) in the form of.

2

. [y
M:mln_"'ﬂb"'E(/Jb),
Ho L Hp

(25)

where the constituent mass of the bottom quark in the bound
state, i.e. the relativistic mass of the quark inside the bot-
tomonium bound state within the interaction potential, is
determined by minimizing Eq. (25) as follows:

dE (up)
dup

2

2ul +pi —m3 = 0. (26)

myp, is the mass of the free bottom quark, the reduced mass
of the system is y = % = &2, and E(u) is the relativistic
energy of the bottom—antibottom bound state within the
interaction potential under the external gauge field. Using
the reduced mass u of bottomonium, we can define the mass
spectrum M and the constituent mass y, of HRSB in the

form of

dE(\2  dE(u)
— (42 _ )
M = (4m} - 8y o )" u T EW. @7)
and
dE(p)\1/2
_ 2 _
/Jb—(mb 2u " ) . (28)

If we represent the Schrédinger equation of two particles with
masses (1 and y; in the nonrelativistic form, these constituent
masses of particles in the bound state represent the relativistic
correction on mass in the 4D Euclidean spacetime coordinate
with the reduced mass defined as /11 = ﬂl] + iz, and then
the term E(u) can be considered as the eigenenergy of the
equation H¥Y = E(u)W¥ that determines the mass spectrum

of the bound state under the relativistic correction on mass.

3 Relativistic nonperturbative interaction potential

In the study of highly resonant states of heavy quarkonia, to
describe their structure and dynamics, especially HRSB states
such as Y(10860), Y(11020), and Y(10750). These states
are formed under a strong coupling constant g that becomes
large and perturbative QCD breaks down, and hence, includ-
ing nonperturbative terms of the interaction Hamiltonian is

necessary [21]. The interaction between bottom—antibottom
quarks is dominated by long-range nonperturbative effects
rather than short-range gluon exchange with a string ten-
sion constant o-. These effects include vacuum structure,
symmetry-breaking signature, nonzero vacuum expectation
value of quarks and gluons (quark condensate and gluon
condensate in QCD theory), spontaneous chiral symmetry
breaking, coupled channel dynamics, gluon condensations,
field couplers, and power-suppressed corrections. Thus, the
interactions of Hamiltonian terms in HRSB cannot be de-
scribed by the perturbative behavior of the potential model
H = Hy + AH,. Owing to the importance of explaining the
mass displacement, decay width, and resonance structures of
hadronic states in experimental data, the usual quark poten-
tial models often do not take these phenomena into account.
This break requires the use of nonperturbative formalism
such as QCD pair-creation mechanism, screened potentials,
effective field theories, or the transition matrix (7—-Matrix) of
a scattering process. These frameworks allow us to describe
the mass spectrum, energy eigenvalues, and decay properties
of HRSB states, which are completely under the relativistic
effects. Therefore, nonperturbative relativistic corrections un-
der nonperturbative potential and mass in the Hamiltonian are
necessary to understand the HRSB behaviors. The relativis-
tic mass correction was introduced in the previous section.
In this section, we extract the relativistic nonperturbative
Hamiltonian of the interaction potential from the functional
V(up, 1) in Eq. (22) of the bottom—antibottom quark bound
state polarization function. Eq. (22) presents a GF in the form
of FPI when bottom—antibottom quarks with the constituent
masses up and pj; interact via a local and nonlocal potential,
including inside function.

Vb, u5) = Voo + Vi = Vip = Vi 29)

in a 4D Euclidean spacetime coordinate frame with imagi-
nary time xo = it, where my,, mj are the current masses of
bottom—antibottom quarks. The functions Vj,;,, Vj; contain
the self-energy diagram interaction potential of the bottom—
antibottom quarks with themselves under constituent masses
Hb, 1. Functions -V, ;, -V}, describe the interaction po-
tential via a dynamical internal gauge field mediating the
interaction between the bottom—antibottom quarks of the con-
stituent masses p1 and u». Therefore, based on the interaction
potential formalism, functions Vj,;,, Vj; correspond to non-
potential interactions, while functions —V,,;, =V}, determine
the contribution to the mass renormalization of the bottom—
antibottom quarks, and correspond to the potential interaction.
Thus, we can consider that the functional V (u;, u») contains
all imaginable and achievable types of scattering diagrams
or virtual particle exchange diagrams. At this stage, we use
the interaction potential relation in the asymptotic behavior
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of the polarization function, Eq. (22), which depends on the
energy eigenvalue in QFT under the spectral representation
formalism in the Euclidean space, which is defined as follows

Jim V(uap. i) = C expl=x E o i)

= C exp[~x E(p)], (30)

where E(u) is the energy eigenvalue of the Schrodinger
equation, which depends on up, uj, mp, mj, and also on
the interaction constant g of the HRSB bound state. Now,
we start from the total interaction potential in Eq. (22). The
functional V (up, uj) in the FPI form is

V(ﬂb»ﬂg)szNdXOb dxop

- [ar

X eXP[Vbb +Vip = Vs — VEb]'

X exp

= zimzl
i=b,b

€29

and integration is performed over the 4D Euclidean spacetime
coordinate frame x, = (¥p, Xo5), X5 = (X, Xy;). Because the
trajectories of the bottom—antibottom quarks are considered
in the 4D spacetime with the imaginary time x¢ = it, where
the particle point is (x, y, z, Xg), this allows us to define the
interaction potential that contains corrections associated with
nonperturbative, relativistic, and nonlocal characteristics of
the correlations and scattering processes. The reason for the
4D spacetime choice is that the particle location in the 4D
Euclidean spacetime frame is (x, y, z, x0) — (x, ¥, z,t), and
using this coordinate, the vacuum expectation values of time-
ordered products of field operators and Green’s functions
exhibit covariant behavior in nonperturbative regimes. Con-
sidering the Wick rotation method of finding a solution in
(x,y, z,it) from a solution to a related problem in (x, y, z, xp),
the FPIs appear in the action under the function ¢'S; with the
transformation xo — it, the action S becomes real and the FPI
transforms as f DypeS — f Dy e, i.e. the FPI functional
becomes exponentially damped, allowing for convergent cal-
culations. Therefore, if integration over the proper times 7,
and 7, in the FPI formalism is neglected, bottomonium bound
states reduce to nonrelativistic systems and are described by
the Schrodinger equation HY = E(u)W represented by Eq.
(49).

As described in Eq. (12) and Eq. (30), the desired
term E(up,uj;) = E(u) is the energy eigenvalue of the
Schrodinger equation [26]. It is widely recognized that QCD
is formulated in 4D spacetime, and by nonrelativistic con-
ditions we mean that one can expand the relativistic La-
grangian in powers of v/c or p /m, integrate over high-energy

modes, and consider effective theories to describe hadronic
bound states. These conditions in 4D spacetime describe
the behavior of bottom—antibottom quarks with slow veloc-
ity (v/c ~ 0.1 — 0.3) under the nonrelativistic limit, where
relativistic effects such as time dilation, length contraction,
and mass—energy equivalence become negligible. In con-
trast, due to the heavy mass of bottom—antibottom quarks
and their small relative velocity compared to the speed of
light, HRSB states display relativistic and nonperturbative
effects arising from the larger spatial separation between
the bottom—antibottom quarks compared to ground states,
such that the bound state extends to the long-distance asymp-
totic regime of QCD, where the strong coupling constant
g becomes large and perturbation theory ceases to apply.
Moreover, topological fluctuation effects cannot be described
by Feynman diagrams or perturbative expansions. Consid-
ering this explanation of HRSB, we now start to derive the
nonperturbative relativistic potential from Eq. (31). In QFT
and particle physics, nonperturbative relativistic corrections
to the interaction Hamiltonian are important and determined
using an approximate correction to the lowest order of v/c.
In this section, we extract an additional nonperturbative rela-
tivistic approach using some practical suggestions from the
interaction process and the behavior of the 4D spacetime
term based on integrating over the proper times 7, and 7;
of the bottom—antibottom charged quarks. In Eq. (31), we
divide the fourth spacetime coordinates xo;, and x5 (Where
the proper times are 75, and 7;) and define potential terms in
three separated parts of the vacuum interaction: (1) a poten-
tial term (the nonrelativistic potential of interaction between
particles with the gauge field), (2) a nonperturbative term,
and (3) a nonperturbative relativistic term, i.e.

_VbB, _VEb = Vnonrel + Vnonpert + Vrel~ (32)

To define the nonperturbative relativistic part of the interac-
tion, we have to integrate over proper time in Eq. (31); hence,
we consider the constant of interaction to be small based on
the perturbative interaction formalism, and this allows us to
integrate over proper time. We consider this form of inter-
action potential because the standard and useful solution of
the functional V (up,, uj;) in QFT is absent. Now, we start the
representation of the nonperturbative relativistic interaction
potential of HRSB. The functional of the total interaction
V(up, ) contains the components Vyp, + Viz — Vi = Vi,
that read

g2 t t
Vb = — / / drpdr
2 Jo Jo

x 2 (1) D(Z(b) (1) — 2" (TB)) ‘0. 63
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55 = —/ / ddeTb

x 20 (5) D= P (7)) = 20 (1)) 1P (7). (34

2 [t
Vi = Vip = 7/0 A dtpd

x 2P (1) D(Z(b) (1p) — z®) (Th)) 2® (5). (35

where function z*) (13,) and 2(® (1) describe how the trajec-
tory contributes to the propagator structure under relativistic
corrections and are defined by 2P (1) = (xp — x5)7p +
Xp —2B(Tb)\/E and Z(b) (TB) = (xb —xl;)‘rl; +X5 —2B(Tl;)\/§,
where parameter s is an additional relativistic correction term,
and B(7p), B(1;) are normalization constants (for details,
see equations in Section 2). By comparing the functional
V(u1, uz) obtained from the relativistic Green’s function, Eq.
(12) with the nonrelativistic formulation of the Feynman path
integral in 4D nonrelativistic QM (NQM), we establish the
definition of key parameters y, uy that are introduced in
Section 3 as the constituent masses of bottom—antibottom
quarks in the bottomonium highly resonant state. Next, we
determine the NRC structure of the interaction potential in
the Hamiltonian. The interaction between the constituent
bottom—antibottom quarks with masses uy, 1 is mediated
by the exchange of gauge fields, where particles do not inter-
act directly but rather exchange strong—field gauge bosons,
resulting in the high—energy physics limit. Hence, the Green’s
function of the two—point correlation function can be written
in momentum space in the form of

D(q* +5%) = / dn exp[-n(¢* + 5] . (36)

and using D (x) together with (4), then after integrating over
dq, the functional of interaction terms with xg ~ (1, —7;) —
X0 = a(7p — Tj;) reads

g2 t pt
Vip = V;)h + VP/J’h = —/ / ddeTl;

- -n(q*+s)
/ / - (271)%/ dn e

X exp[—i q - (Xp(1p) —xb(TE))]

X exp[—is (%op () — Xop (TE)) + iST] Opp

= —/ / ddeTb/ / 8(\/_17)3 e_4i+i”
XZZ (- 1)n+k

k=0 n=0 '(k

I

" (x0) 7" (is)"** @pp,  (37)

Vs = V;;;;

g2 t t
+VI§’B=—/ / ddeTI;,
dn e~ 1@+
/ <2n>3/ "

X exp[—i q- (XI;(Tb) - XE(TE))]

X exp|~is (505 (1) — o5 (75)) + iST] ®s5

:—/ / ddeTb/ / 8(\/_77)3 e_%ﬂﬂ
XZZ (- 1)n+k

k=0 n=0 '(k

" (x0)* ™" (is)"** @55, (38)

Vb = V;;;;

g2 t t
+VI;’15:_/ / ddeTl;
/ h /mdn o~ 1(@+s)

(27r)3

X exp[—iq . (Xb(‘fb) _)EE(TE))]

X CXP[—iS (Xob (T5) = Xoj(735)) + isr] Opp

=—/ / ddeTb/ / 8(\/_77)3 e_%HST
Xzznf(;)mk

k=0 n=0

" (x0) 7" (i) @5, (39)

where

Opp =1+ n()LCb(Tb) —)LCb(T;,)) + X (1) )LCb(T}/,)’ (40)
Op; =1+ n(f[;(Tb) —);CE(TI;)) +3;65(Tb);€5(71,;)7 (41)
O,; =1+ I’l()LCb(Tb) —)LCI;(T;?)) +)LCb(Tb))éE(T};)' (42)

where T = 7 — 1 is the proper time of the relative motion
of the constituent particles and includes velocity-dependent
terms, which are common in relativistic treatments of inter-
actions. Now, integrating over ds and dn from Eqs (37)-(39)
within the QCD formalism in the study of bottom—antibottom
quarks, we define the diagonal interaction component V, as
the one—gluon exchange effect that determines the mass renor-
malization coefficient arising from self—energy corrections
Vo + Vé 15) and the interaction term (V;) 15) as follows
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Ve =V, +Vio+V,

o(tp — Tb)

SR//dde i |xb(Tb) Xy ()]

6(Tb Tz)
8n//ddeTb |xb(‘rb) xb(Tb)|

o(tp — 75)
drpdt
[ .// R bixb(Tb) xb(Tb)|l
_ &l v fdg
- 477‘/0 dT[’ib(T)—)E,;(T)| /qz -

and the second term of the functional interaction potential
isVg =V + Vé’g + V};’B To integrate this functional, we
first consider the following conditions: (1) introduce an aux-
iliary variable &, which is a mathematical tool to describe

(43)

the motion of bottom—antibottom quarks in the center—of—

mass coordinate frame R(7), assumed to be at rest such
that dlfl—(:) = 0, and (2) the speeds of relative motion of the
bottom—antibottom quarks are

i
vp(T) = % = const,
_ (44)
d -
vip(T) = % = const,

and the auxiliary variable &€ shows the evolution of proper
time T — T + &. By setting the auxiliary variable € to € = 0,
and after integrating over the functionals Vl’)’b, V’;’b, and V};’E
while considering the center of mass in the form of

- —Xp(T + &),
b (45)
- Xp(7).

R(t+e¢) = Hp
,Uh+

R(7) =

Kb +/r

then, the second term of functional interactions potential is
as follows

2
” 8
Vbb = 8_ dr

(-D"k! 1
va(k_n)u 22/

dk+n
X udu* e
0 dr k+n

X (Xop (T + £) —XOb(T))kfn], (46)

2n-1

|15 (v + &) = 5 (0)]

QQ

S
OO

(- 1)k
_/ Z
)"kl 1
anzon!(k—n)! 22n\m

0 dk+n
« [). wdui-le o DJEE(T +¢) —)f;;(‘l‘)'

X (X5 (1T + &) = foB(T))k_n]’ 47

o

2n—-1

Oe

144 ( l)k
VbB = —/dTZ
~1)"k! 1
Z n!(k —n)! 220z
k+n
X/o. udu* e ™ ddrk“’ [\Xb(‘r +&) - %5(7)|

x (%o (7 + ) - xo,;(f))"‘"] . (48)

OO

2n—-1

In the context of mathematical physics in the series expansion
matching formalism, when the Green’s function (GF) is
defined as a double sum over n and k, it is useful to consider
the case k = n to define only diagonal terms in the expansion.
This technique is often applied in theoretical physics to
simplify expressions. By focusing on the order k = n and
choosing the asymptotic behavior of the bottom—antibottom
bound state at distance |x| — oo, and setting £ = 0, Eqgs
(46)-(48) are obtained, which show that the diagonal terms
vanish, Vlg’h = Vé’g = 0, while the cross term V- of the
second part of the interaction potential of bottom—antibottom
quarks in the center—of-mass coordinate frame R(7) has the
following form

/I

&
4r

After integrating Eq. (49) over the parameter 7, which rep-
resents the proper—time relative motion of the constituent
bottom—antibottom quarks in the bound state of the HRSB,
we define

xl202k

& (- 1)’< F(‘ "‘)
td‘r

| [ =m0, (49)

2 [e9)

y_ 8
VB——E;

(_l)k de
ml/2 (2k)) dr2k

(1), (50)
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and then
g
=2 . 51
Vi = L@ (51

Now, to determine the standard form of the nonperturba-
tive relativistic correction term .£(7) of bottom—antibottom
quarks in the HRSB, we define

(w2 (52

a_“(T) = dr2k

and consider that the relative velocity of particles is constant,
namely v(71) = % = const so that v = d‘;—(:_) = 0, and
represent the velocity by the unit vector n = % in the
form of

dx(t)

dlx(r)] _ x(r) dx(r) _
dr - dr B

T k(@] dr

v(t) = (53)

On the other hand, we can use one of the canonical non-
commutative relations in QM, which reflects the Heisenberg
uncertainty principle of position and momentum, [%, p] =i,
and within this expression define a noncommutative relation
[%,v]? = L?/|%(7)|>. This notation is particularly interesting
and useful in central potential problems under relativistic con-
ditions, where the angular momentum L plays an important
role. Now, one can define £(7) for the values k = 1,2,3,...

as follows:

poq. PE@I_EO@P L

- dr EOF &P
_, . dE@P _ FE@.ov@] 9L
e s R e o (54)
(o3, CEOP _[E@.v(0]° 9251
T a T ROl B@F

Then, for k = n, it reads

d* [x(n)*! _ [%(1), v(7)]*
dk [%(7) P
2
2k—1)! 2
[
- |)E(T)|2k+l

a_(T)|k:n =

(55)

To define the standard form of the NRC, some calculations
and mathematical substitutions in Eq. (55) are required, and
using

[ (2k - 1)! ]2_[ rery 1?
2= (k=1)!| 26D (k)

[2<2k-1> I'(k +o.5)]2

/2 0k=1 (56)

Then, we represent the new commutator form based on
momentum and mass

m[x,v] = [%, p], (57)

and consider the angular momentum operator’s eigenvalue
= {({ + 1), then the canonical noncommutative relation

[%,v]? = L? becomes
o2 e+
1 = (58)

Now, the standard form of the nonperturbative relativistic
correction of the interaction potential in the HRSB as follows

2
Vi = L)
P (-DF [ reK P L
Z ml2(2k)! [ 2K(k = DT (k) | [x(7) |2k
_gh N (DX [2(2k—1)F(k+05)] L%
= in £ 2k)' /2 Zk(k _ 1)! |x(T)|2k+1
__g_°° 1)’<r(k+05)( L )2"
4 1205 (7)| \4plE(7)]
__g_ N . k=1/2 —u
T kz s (] e
i 2k
N 59
X(4u|x<r>|) &

After some mathematical simplification of the gamma integral

A 2k
: L
function under (W) , Eq. (59) reads
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17 g - (_l)k
Vg = _
B w ki n 2 % (7))
0 A 2k
X (/ du uk_l/ze_“) (—L )
0 4p|x ()]
- _g_2 . 1 u—l/Ze—u
ar 0 7T1/2 |)?(T)|
i 2
X [expl—————=| -—1|du. (60)
( (4,U|X(T)|))

using the exponential function, Taylor series, and properties
under the operator formalism of the gamma integral function

[\>

h)

e—x( HG )2/(’ 61

oSt

k=0

><|

and integral evaluation of the gamma function

00 . 2 1/2
e_“ul/z( L ) du= —= . (62)
A IR (O] ——
L
(4mx<r>|)
we define
2 1/2
/A il —x'2. (63)
4r2|x(7)]

~ 2
L
1+ (4u|x<_r)\)

and then, the nonperturbative relativistic correction term of
the interaction is defined in the standard form

2
" g 1
| /A1 -1]. (64)
B 4r|x(7T)] : (
+

o

2
4/4\56(T)|)

This term can be called the nonperturbative relativistic Hamil-
tonian of interaction, i.e., Hyonpert. = Vg . At the end of the
theoretical calculations presented above and the final result
of Eq. (64), we derived NRC to the interaction potential of
bottom—antibottom quarks in the HRSB bound state based
on the relativistic nature of bottomonium behaviors when
the bottom—antibottom quarks move relative to each other

at v(7) = const. The NRC (V}) term to the Hamiltonian of
interaction can be neglected in the nonrelativistic limit [27],
and all spin interactions can be added to the total Hamilto-
nian [28, 29]. We present the asymptotic properties of the
interaction of two scalar charged particles through PF using
a variational technique.

4 Conclusion

In this theoretical research, the polarization correlation
function of the highly resonant bound state of the bottom—
antibottom quarks (bottomonium) was investigated, focusing
on QFT and QM theories and the functional path integral
formalism to define the relativistic correction on mass and
on the interaction potential, which is considered a nonpertur-
bative term of the total Hamiltonian. To characterize these
corrections, we introduced a two-point polarization correla-
tion function in the 4D Euclidean spacetime coordinate frame
within the bottom—antibottom bound state. This formalism
analytically describes the mass spectrum of the highly reso-
nant bound state. The creation mechanism of the constituent
mass of bottom—antibottom quarks forming the bound state
was explained. The constituent masses of bottom—antibottom
quarks differ from those of their free state masses. As is
known, in the interaction gauge field the gluon acquires mass
when it becomes part of a bound-state formation during the
interaction of bottom—antibottom quarks with the background
and external fields. Then, using the concept of proper time in
4D Euclidean spacetime coordinates, the relative motion of
the constituent bottom—antibottom quarks was defined. As-
suming that bottom—antibottom quarks move relative to each
other, corrections to the interaction Hamiltonian associated
with relativistic interaction were extracted from the functional
integral part of the polarization correlation function. Both
approaches consistently yield the relativistic corrections and
behaviors that allow us to use the Schrodinger equation to
determine the mass spectrum and energy eigenvalue of the
highly resonant bound state. The calculation of relativistic cor-
rections can be generalized for all hadronic and non-hadronic
bound states. According to the approach presented in this
paper, the computational results of the mass spectrum and
constituent mass of the bottomonium highly resonant states,
such as Y (11020) with m;, = 4.823 GeV under the relativistic
correction on mass [31], are defined as follows:

Table 1 Comparison of theoretical and experimental results for the
highly resonant bottomonium state.

M. M. Hb
10.829 11.052 5.051

My, [30]
11.021

MExp [3”
11.020
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The calculation result based on this research includes the
nonrelativistic mass (M,.), the mass with the relativistic
correction on mass (M), and the constituent mass (up). The
results are acceptable in comparison with the nonrelativistic
result, the experimental value, and the theoretical relativistic
results obtained from other computational methods.
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Abstract In this paper we discuss some traps which can
occur in using Dirac bra—ket notation in the coordinate (or
momentum) representation. Furthermore, we demonstrate
that in order to avoid some misconceptions, it is necessary to
distinguish the two operators. First, the ordinary derivative
d/dx, is just the usual partial differentiation which acts on the
scalar function; and should not be considered as an operator
which can act on the vectors in the Hilbert space. Second,
the unbounded operator D, which is usually mixed up with
the former. Our discussion indicates that the action of these
two operators is the same on the bra (x|, but on the ket |x) it
really leads to different results.

1 Introduction

Today, Dirac bra-ket notation is widely used in the lit-
erature of quantum mechanics. Anyone who ponders this
notation will find that this mathematical formulation of quan-
tum mechanics should not be thought of as being merely
notation but, instead, as a major conceptual revolution [1].
However, using this notation can sometimes become confus-
ing. For example, when dealing with antilinear operators, we
must be careful in their use. As emphasized by Sakurai, Dirac
bra—ket notation was invented to handle linear operators, not
antilinear operators [2]. This subject is discussed in detail
in Ref. [3]. In general, there are debates in Ref. [4]. Further-
more, challenges of this notation are pursued in pedagogical
papers [5-7].

The eigenkets |x) of the position operator X satisfy

X|x) = x |x), (1

2e-mail: m.matehkolaee @aut.ac.ir

where the value of x runs over all possible values of the
position of the particle, that is, from —oo to +co. It should be
noted that |x) is not in the Hilbert space because its norm
is infinite. However, the vectors of the Hilbert space can be
expanded in terms of the generalized kets |x).

The main problem starts when we want to know the action
of the position operator on the derivative of |x), namely

d
X -l =2 )

First, we should emphasize that % is not a good des-
ignation for an operator acting on vectors in the Hilbert
space. Instead, we can assign D as an operator in Hilbert
space, defined by (D, f)(x) = f’(x), where f’(x) denotes
the derivative of the function f(x). We endeavor to show that
the distinction between these two operators is necessary, and
that with this mathematical accuracy, some misconceptions
and misleading notations will be eliminated.

In some quantum mechanics literature, misleading nota-
tions are seen, such as [x, %] f(x) and [x, %] |x). We make
a distinction between the position operator X and the real
number x. Also, f(x) is a number; in fact, f is a smooth and
differentiable function and f (x) is the value of the function f
at the point x, so that f(x) is a point (like x) itself. We begin
with the following postulate, which plays a fundamental role
in this paper.

Postulate 1. The action of the ordinary derivative d/dx on
something independent of x is zero. It can be a function,
vector, covector, etc.

From Ref. [2], in position space the wave function is
represented by the action of the bra position on the ket state,
that is, ¥ (x) = (x|¥). Obviously, ¢ (x) depends on x, while
the abstract state |¢) itself does not depend on x. Otherwise,
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one could ask what is the value of |) when x is, say, 8 or
any other numbers?

Let y(x) = Nexp|—a(x — b)?], where a, b, and N are
constants with a > 0. Obviously, the function ¢ (x) is not a
constant function of x, but the abstract state |y) itself does
not depend on x. In fact,

v = / dy 1) (1) = / dyw(y) Iy, 3)

(o) —00

In Eq. (3), |y) is the normalized eigenvector of the position
operator X with eigenvalue y, and there is no x appearing
in this expression. Note that if a — oo, the wave function
¥ tends to an eigenvector of the position operator X with
eigenvalue b, i.e. limy_,o ¢ = N’|b), where N’ is another

normalization factor. Clearly, b does not depend on x either;

therefore, 44 = db — dN _ . _ dv _

> dx ~ dx dx dx

Postulate 2. The action of the ordinary derivative ix on a

ket vector such as |x) can be defined as

d xRy = Ix)
dx ) = 11113}) h ’ @
and for the bra position vector,
d . (x+h| = (x|
dx = }11111‘(1) h ’ ©)
where £ is a constant number.
Now we can clarify the assignment in Eq. (2):
d . xRy = |x)
X—Ix) =X lim ———
dx ) hlg%) h
. (x+h)|x+h) — x|x)
= lim
h—0 h
d d
= T (X[0) = [x) +x ). ©)

It is obvious from Egq. (6) that [%,X] |x) = |x) # 0. On

the other hand, the last of the equations of (6) can also be

obtained in an alternative way, as described in Appendix A.
Also, we can write

d d
DI (E@If)) /)

d d
(a“') 1)+ (a'”) . ™

We should not simply move d—‘i through (x|, as (x| depends
on x and the first term in above relation is not zero. Clearly,
in Eq. (7), the second term vanishes. So

70 = (g6) 1, ®)

and this can be seen directly with respect to the postulate

d |\ Gkl = )
(4] -
i DIy o

Now, with the help of this postulate, we identify the distinction
between two operators in a precise way.

2 Difference between D, and d/dx

In this section, we indicate that % is only the usual partial
differentiation which acts on functions, and not an operator
on the vectors of the Hilbert space. A discussion about this
distinction between the two operators can be found in Ref. [8].

At first, we can indicate the distinction between the two
operators by the statement (x|A|y) = A(x|y), where ) is
an arbitrary state. In this relation A acts on kets while A acts
on functions [9]. We do not use the hat symbol for operators
in this paper.

For simplicity, we use the symbol d, instead of %.
Assume that another operator D is defined by

x| Dxlu) = (dxu)(x). (10)

Eq. (10) represents the action of the operator D on the
function u, and dy means differentiation with respect to the
variable x. To any vector |u) in the Hilbert space corresponds
a function u(x) = {x|u), so one can write

(D) = tim “EH) Z 40
h—0

h
. (x+hlu) — (x|u)
=lim ——
h—0 h
e Cxth | = (x|
_ (}336 el =] ) ). (n

From the above equation we can conclude
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(x|Dy = pllli% W (12)
Therefore Eq. (12) gives the result

WDy = Lo, (13
Now, one might be tempted to write this result as

D=4 (14)

We do not like this! And we think this is one of the mislead-
ing notations that happen in quantum mechanics literatures.
Indeed, consider

(xly) =0(x - ), 15)
then, using Eq. (10), it is shown that
(x|Dx]y) = (dx16)(x = y). (16)

where d; means differentiation with respect to the first vari-
able, i.e. x. The reason we have used dx1 instead of d,
is that now there are two variables, x and y. The relation
(x|y) = 6(x — y) confirms Eq. (16), which can be written as
follows:

x|Dxly) = =(dx20)(x = y). a7

where d, denotes differentiation with respect to the second
variable, i.e. y. So,

_ e ALy —h) = Alx,y)
(x|Dxly) = }g}) I
~ lim xly = hy = {xly)
h—0 h
_ . ly=m -1y
= (x| lim - . (18)

In the equation above, A is a two-variable function.
Now, we can conclude

d
Dylx) =———l0). (19)

It is shown that Eq. (19) is not the same as Eq. (13). Also,
it is simple to show that [X, DX] |x) = —|x). From Eq. (19),
we immediately infer that, on the basis position vector |x),
the action of the momentum operator becomes

d

Plx) = —ih Dy|x) = ih ﬁ (20)
dx

We can use the function notation

(Pf)(x) = —ih f'(x), 21

where f’(x) designates differentiation of f(x). For the posi-
tion operator X, with eigenvalue x, and using the definition
Eq. (1), we obtain [X, P] |x) = ih |x), that is, the canonical
commutation relation [X, P] = ih.

In Ref. [2], considering the momentum operator as the
generator of translations, the action of the momentum operator
on an arbitrary vector independent of x, such as |a), gives
Pla) = —ihf dx’ |x") %(x'm), and obviously choosing
@) = |x) we immediately arrive at Eq. (20). From the
formula for P|a) we can write (x’|P|a) = —ih ai/ (x'|a), so

'|P =—ih

% |x”}, and then the matrix elements of the momentum in the
position representation are (X'|P|x") = —ih 55 9 (X x") =

ih%mx") ( 2 ) Wy = ih (]
&’ = 0. Thus we again arrive at the same Eq. (20),

b
%(x’l. It is simple to show that (W(x’l) =

|x”) since

x,,
ie. Plx") = ih5% Bx” |x”"). Employing the operator D, we
can deduce generalized momentum operators, and there is
a detailed discussion of these operators in Ref. [10] and the
references therein.

A generalized delta function can be defined as (x|y) =
o —y) = Thus

Vg () vey)

with respect to our discussion, we can write

[11]. For brevity, we choose f(y)

*IDxly) = - () iaoc )

= tl[-1 00 5 (#5)] @2

As shown in Ref. [11], using f(x) or f(y) has no effect on
the result. Applying D, on the position state we obtain
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d
Dby == £ () (72 (23)

Obviously, D, is not an anti-Hermitian operator. According
to Eq. (23), the adjoint of D takes the form

P dal (£
(xIp} = =% +( f(x))<x|. (24)

In this equation, we have used exactly the definition of the
adjoint of a linear operator [12]. From Eq. (13), we know that

(x|Dy = 4] and hence we can write
dx

')

D, =-Ds+ 0

(25)

where X is the position operator. Now, we can build an
anti-Hermitian operator from D,, which is obviously not
anti-Hermitian. Suppose an operator O in which

0 =1 (Dx-DY). (26)

Using Eq. (23) and taking into account the anti-Hermiticity
of O, we obtain

PG C)

dx 2f(x)

(x|. 27)

Now, by considering f = ‘/ig, Eq. (27) takes the form

(x|0 =

@% (@) 28)

Therefore, the generalized momentum operator P is related
to O via P = —ihO. In Eq. (28), g(x) is the metric of the
generalized space under consideration.

Finally, we intend to examine the distinction between the
two operators on the integral operator. Let us consider / as the
integral operator, /|x) = L ):)O |v) dy, which is reminiscent of
the inverse momentum operator (see Ref. [13] and references
therein).

Now, we need to use the fundamental theorem of calculus.

So we have

[ wa)=m. 9)

and, by inserting D, into the integral operator and using
Eq. (19), we can obtain

Dx( / |y>dy)= / Dyly)dy = —Jx) . (30)

As can be seen, the results of the two cases are not the same.
Note that Eq. (19) was used to obtain Eq. (30).

Here, in order to show the distinction more thoroughly,
suppose F(x) = fbx |y) dy. Again, the fundamental theorem
of calculus implies that %F (x) = |x), but in the latter case
we have D, F(x) = — (|x) — |b)). Thus, as can be seen, apart
from the minus sign in Eq. (19), an additional term arises as
well.

3 Conclusion

Eq. (19) shows a correct representation of the action of a
differential operator in Hilbert space on the vector |x). From
this result, the correct form of the action of the momentum
operator on |x) is also obtained, P|x) = —ih %|x>.

We should stress the difference between the two operators.
The operator % acts on anything that depends on x, whether
it is a scalar, vector, etc., whereas D, is an unbounded
operator which acts on vectors and covectors in Hilbert space.
Furthermore, statements such as [x, %] f(x) and [x, %] |x)
are misleading and should be avoided when dealing with
Hilbert-space operators. It should also be noted that [ X, %] =
0,but [X, Dy] = —1, and in general - (x|x)) = |x)+x <L |x),
while D, (x|x)) = xDy|x) = —x%, since D, is a linear
operator and Eq. (19) is used.

As an application of the discussion in this paper, and
according to the distinction between these two operators,
the generalized translation operator in curved space is ob-
tained [14].

Appendix A

Another way to obtain Eq. (2) is by using the translation
operator. Suppose

) = e ), (A.1)

where P is the momentum operator and 0 is related to the po-
sition x = 0. Differentiating both sides of the above equation,
we get

d iP
-y ===1x,

e - (A2)
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that immediately implies Eq. (20).
Now one can write

Xi|x) =- %XP [x). (A3)

dx

From the canonical commutation relation [X, P] = ih, we
have

d

i, _ i
Xa|x) =-5 (ih|x) + PX|x)) = hPX|x). (A4)

For the last term, we should note that P is a linear operator
and we can write

d
PX|x) = Px|x) =x Plx) = ihx%. (AS)
X
Therefore
d d
Xa|x) = |x) +xa|x). (A.6)

For the commutation relations, consider in general |a), so
that |a) = fdy f(x,y)|y), then it is clear that X|a) =

[dy f(x,y)yly)and <) = [dy [Z f(x.y)] Iy} soone
can write

d af(x,
x2i) = [y 2L ), (A7)
dx ox
and
d af(x,
= Xla) = / ay L) (A8)
dx ox
Obviously, the result is
(X, 4£]=0 (A.9)
Again, using Ref. [2], we have Pla) =

[ dy (=in 1)) I3). So

xPlay = [ ay(-in £ 0l)) )

. 0
—ih / s 3 (v 19) Gl (A.10)
and
PXla) = / Pyly)aly)dy = / VPy)(aly)dy
0
- / waly)dy(~ih) / [a—z<z|y>] 12)dz
- / Waly)dy(ih) / [;—y<z|y>] 12)dz
. 0
—in / [5|y>]y<a|y>dy. (ALD)
Therfore
(X, P]|a) = ihi|a), (A.12)
or
[X,P] =ih, (A.13)
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