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Abstract In flat space, the classical vectors such as a posi-
tion vector are bilocal (“point for head and point for tail”).
The four-dimensional curved-space Schwarzschild metric is
mathematically similar to the metric of a sphere surface in
three-dimensional flat space, where we can write an incremen-
tal displacement vector at a point on surface but cannot write
position vectors along the curved surface. Similarly, in curved
space, we can write an incremental displacement vector based
on the curved-space metric, even if writing a position vector
is difficult. We suggest a classical vector method based on this
incremental vector which gives all the desired mathematical
results including various identities, similar to conventional
tensor analysis. We examine whether this mathematical sim-
ilarity between a curved space and a sphere surface in flat
space can also lead to geometrical similarity, but we encounter
some difficulties. Therefore, the curved space-time requires
discarding bilocal vectors and defining vectors called local
vectors. Changing the definition of vectors can overcome
the difficulties but introduces new concerns. This Newtonian
vector method is an easier mathematical alternative to con-
ventional tensor analysis in curved multidimensional space,
and it also illuminates geometrical concerns. We can also
establish a relationship between the three-dimensional La-
grangian method and the four-dimensional Geodesic analysis,
both giving the same results.

1 Introduction

Classically, there are three important aspects of nature:
(a) particles and (b) the empty space around them, and this
empty space is filled with a conceptual material called (c)
the field, which exerts forces on the particles. The force is a
vector. In this article, we try to understand and compare the
geometrical pictures of the vectors described in a classical
ae-mail: nitingadre@gmail.com

approach and in general relativity. In the flat-space classical
analysis, we can write a position vector connecting two points
in space. Even in this flat space, we cannot write a curved-
path position vector between two points on the surface of a
sphere, as the directions of unit vectors change along the path.
However, we can always write an incremental displacement
(position) vector at any point on the sphere. This incremental
vector can give a metric corresponding to the sphere surface,
in spherical coordinates. We can also write an incremental
displacement vector corresponding to the Schwarzschild
metric, similar to the incremental displacement vector on
the surface of a sphere. We can establish a mathematical
similarity of the four-dimensional curved-space metric with
the metric for the curved surface of the sphere in a flat space.
We shall obtain results identical to those from the tensor
analysis in general relativity [1]. We examine whether this
mathematical similarity can also lead to a similarity between
the classical geometrical pictures. The scheme of this analysis
is as follows: (a) initially, we show that the classical vector
analysis gives all the desired results, identical to the tensor
analysis based on scalar components of tensors; (b) to list
all the geometrical difficulties associated with the classical
picture; (c) to examine how general relativity can overcome
these difficulties by defining a new version of vectors; (d)
to present a table giving concerns, if any, about this new
definition based on our analysis.

Note that we are attempting to draw a classical geometrical
picture of vectors in the multidimensional curved space.
Finally, Sec. 5.2 discusses the significance of the vector
method.

2 Geometrical aspects of the space

In this section, we revisit the Cartesian and spherical
coordinate systems in flat space. We attempt to relate the
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mathematical conditions obtained from the geometry of flat
space to those of curved space.

2.1 Geometrical requirements for the Christoffel symbol
symmetry

The Cartesian coordinate system is a “flat-space, linear
coordinate system.” Flat space allows us to write a position
vector connecting any two points in space because the direc-
tions of unit vectors remain the same along the linear path
connecting the two points. The Cartesian coordinates are or-
thogonal to each other, and the position vector connecting the
origin with a point in space is given by ®𝑠 = 𝑥 𝑥+ 𝑦 𝑦̂+ 𝑧 𝑧. This
is a bilocal vector connecting two points in space, in the “point
for the head and point for the tail” format. The incremental
displacement vector is d®𝑠 = 𝑥 d𝑥+ 𝑦̂ d𝑦+ 𝑧 d𝑧 = ®𝜀𝑖 d𝑥𝑖 , where
®𝜀𝑖 denotes the basis vectors. This system is suitable for study-
ing a line segment or a cube. The three-dimensional Cartesian
coordinate metric is d𝑠2 = d𝑥2 + d𝑦2 + d𝑧2 = ®𝜀𝑖 · ®𝜀 𝑗 d𝑥𝑖d𝑥 𝑗 .

It is often easier to study spherical shapes, such as a
sphere, in the spherical coordinate system. This represents
a change in the mathematical and geometrical approach,
although the physical nature of space itself is not expected
to change. We can call this coordinate system a “flat-space,
curved coordinate system.” We can write a position vector
using the radial coordinate, as the direction of the radial unit
vector remains unchanged: ®𝑠 = 𝑟 𝑟. We define a covariant
basis vector ®𝜀𝑟 = 𝑟. It is difficult to specify a precise point
in space with this expression, since the direction of the basis
vector is a function of position. However, our interest lies in
the incremental displacement vector. Because the space is flat
in both coordinate systems, we can compare the geometrical
pictures of the two to write the spherical unit vectors 𝑟 , 𝜃, and
𝜙 in terms of the unit vectors of the Cartesian coordinates, such
as 𝑟 = 𝑥 sin 𝜃 cos 𝜙 + 𝑦̂ sin 𝜃 sin 𝜙 + 𝑧 cos 𝜃. These relations
connect the geometries of the two coordinate systems with
mathematics, allowing any mathematical expression to be
transformed from one coordinate system to another.

In the spherical coordinate system, an infinitesimally
small increment (d𝑠 → 0) of this position vector can be
written by differentiating the position vector:

d®𝑠 = ®𝜀𝑟 𝑑𝑟 + 𝑟 ×
(
𝜕 ®𝜀𝑟
𝜕𝑟

d𝑟 + 𝜕 ®𝜀𝑟
𝜕𝜃

d𝜃 + 𝜕 ®𝜀𝑟
𝜕𝜙

d𝜙

)
= ®𝜀𝑟 d𝑟 + ®𝜀𝜃 d𝜃 + ®𝜀𝜙 d𝜙. (1)

The geometry of the coordinate system gives the other basis
vectors, and we can write:

𝜕 ®𝜀𝑟
𝜕𝑟

= 0, 𝑟

(
𝜕 ®𝜀𝑟
𝜕𝜃

)
= ®𝜀𝜃 = 𝑟𝜃,

𝑟

(
𝜕 ®𝜀𝑟
𝜕𝜙

)
= ®𝜀𝜙 = 𝑟 sin 𝜃 𝜙. (2)

Hence, the incremental vector is

d®𝑠 = 𝑟 d𝑟 + 𝑟 d𝜃 𝜃 + 𝑟 sin 𝜃 d𝜙 𝜙. (3)

The three-dimensional flat-space metric then follows as d𝑠2 =

d®𝑠 ·d®𝑠 = d𝑟2 + 𝑟2 d𝜃2 + 𝑟2 sin2 𝜃 d𝜙2. Suppose 𝐴(𝑟1, 𝜃1) and
𝐵(𝑟2, 𝜃2) are two very close positions in space, and the
difference between the position vectors at 𝐵 and 𝐴 is d®𝑠. We
can travel along a straight line from 𝐴 to 𝐵; alternatively,
we may first move along the 𝑟 direction and then along the
𝜃 direction, or first along 𝜃 and then 𝑟, to reach the same
position 𝐵. In a flat space, the displacement vector d®𝑠 should
be identical irrespective of the path taken. This condition
expresses the path independence property of the incremental
displacement vector:

𝜕2®𝑠
𝜕𝑟 𝜕𝜃

=
𝜕2®𝑠
𝜕𝜃 𝜕𝑟

. (4)

We can write an incremental displacement vector in a general-
ized coordinate system as d®𝑠 = ®𝜀𝑖 d𝑥𝑖 , and the corresponding
metric as d𝑠2 = ®𝜀𝑖 · ®𝜀 𝑗 d𝑥𝑖d𝑥 𝑗 = 𝑔𝑖 𝑗 d𝑥𝑖d𝑥 𝑗 , where the com-
ponents of the metric are given by 𝑔𝑖 𝑗 = ®𝜀𝑖 · ®𝜀 𝑗 . The path
independence of the incremental displacement vector can
then be expressed as

𝜕2®𝑠
𝜕𝑥 𝑗 𝜕𝑥𝑖

=
𝜕2®𝑠

𝜕𝑥𝑖 𝜕𝑥 𝑗
. (5)

This condition leads directly to the symmetry of the basis
vectors [2].

𝜕 ®𝜀𝑖
𝜕𝑥 𝑗

=
𝜕 ®𝜀 𝑗
𝜕𝑥𝑖

. (6)

In a flat space, the condition (6) is supported by the geometry
of the coordinate systems. Eq. (6) expresses the symmetry
of the Christoffel symbols (Γ𝛽

𝑖 𝑗
= Γ

𝛽

𝑗𝑖
) with respect to their

lower two indices, assuming a torsion-free connection.

𝜕 ®𝜀𝑖
𝜕𝑥 𝑗

= Γ
𝛽

𝑖 𝑗
®𝜀𝑖 = Γ

𝛽

𝑗𝑖
®𝜀𝑖 =

𝜕 ®𝜀 𝑗
𝜕𝑥𝑖

. (7)
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Based on these geometrical properties, we can derive the
general formula for the Christoffel symbols:

Γ𝑘
𝑖 𝑗 =

1
2 𝑔

𝑘𝛼

(
𝜕𝑔𝑖𝛼

𝜕𝑥 𝑗
+
𝜕𝑔 𝑗 𝛼

𝜕𝑥𝑖
−
𝜕𝑔𝑖 𝑗

𝜕𝑥𝛼

)
. (8)

Since the metric components are zero for 𝑖 ≠ 𝑗 , this reduces
to

Γ𝑘
𝑖 𝑗 =

𝑔𝑘𝑘

2

(
𝜕𝑔𝑖𝑘

𝜕𝑥 𝑗
+
𝜕𝑔 𝑗𝑘

𝜕𝑥𝑖
−
𝜕𝑔𝑖 𝑗

𝜕𝑥𝑘

)
, (no sum on 𝑘). (9)

The derivation of the Christoffel symbol formula (8) is based
on the assumption that the symmetry of the basis vectors,
Eq. (6), is satisfied. This can be verified by expressing the
metric components as 𝑔𝑖 𝑗 = ®𝜀𝑖 · ®𝜀 𝑗 in Eq. (8). Therefore,
whenever we use the Christoffel symbols, it is implicitly
presumed that the symmetry of the basis vectors (6) holds true.
Now, consider the surface of a sphere. We can draw a curved
line segment connecting two points on the sphere surface;
however, we cannot write a single mathematical expression for
a curved position vector connecting these two points, since the
directions of the unit vectors change along the path. If the two
points on the sphere surface are very close to each other, we
can nevertheless write an incremental displacement vector at
that location as d®𝑠 = 𝑟 d𝜃 𝜃 + 𝑟 sin 𝜃 d𝜙 𝜙. The corresponding
metric at that point is d𝑠2 = 𝑟2 d𝜃2 + 𝑟2 sin2 𝜃 d𝜙2. As d®𝑠 is
infinitesimally small, the small surface around it can be treated
as locally flat. We obtain the same value of d®𝑠 whether we first
move along the 𝜃 direction and then along 𝜙, or vice versa,
between two nearby points on the sphere surface. Therefore,
this surface incremental displacement vector satisfies the
path-independence property of Eq. (5). Even though writing a
position vector on the sphere surface is difficult, the symmetry
conditions (5) and (6) are both satisfied by the incremental
displacement vector.

As the distance between the two points is very small,
this infinitesimally small incremental vector d®𝑠 can be math-
ematically termed a local vector. This local vector can be
represented by the coordinates of any one of the two points,
say (𝑟1, 𝜃1, 𝜙1), on the sphere surface. As the small sur-
face around this point can be mathematically treated as flat,
the small vector d®𝑠 on the surface is equivalent to a small
tangent vector in the tangent space at that point. The path-
independence property (Eq. (5)) of the vector d®𝑠 on the sphere
surface is important for providing geometrical support to the
Christoffel-symbol symmetry in Eq. (6). We now proceed to
examine the concept and geometry of the curved space.

2.2 Unit vectors and their derivatives in four-dimensional
curved space

The classical total energy 𝐻 for a planet moving around
a large mass in a conservative gravitational field, in a three-
dimensional flat space, can be written in spherical coordinates
as follows. We can treat the mass of the planet as a single
unit, since it does not affect the shape of the orbit. The total
energy consists of kinetic energy 𝑇 and potential energy𝑈:

𝐻 = 𝑇 +𝑈 = 𝐾

= 1
2

(
¤𝑟2 + 𝑟2 ¤𝜃2 + 𝑟2 sin2𝜃 ¤𝜙2

)
− 𝑎2𝑀

𝑟
. (10)

Here 𝑀 is the mass of the central body and 𝑟 is the radial
distance. The Lagrangian analysis (𝐿 = 𝑇 −𝑈) of this total-
energy equation yields the Newtonian planetary orbits [3].
We can also write a corresponding four-dimensional metric
that produces the same Newtonian orbits under a geodesic
analysis.

d𝑠2 = d𝑟2 + 𝑟2d𝜃2 + 𝑟2 sin2𝜃 d𝜙2 + 𝑒−𝜇d𝑡2. (11)

Here 𝑒𝜇 = 1 − 2𝑀/𝑟, and we have introduced an additional
fourth coordinate such that ¤𝑡 = d𝑡

d𝑠 = 𝑎 𝑒𝜇. The space remains
flat; we have merely extended it by adding a temporal dimen-
sion that yields the same expressions for planetary orbits,
which are relations between the distance 𝑟 (or 𝑢 = 1/𝑟) and
the azimuthal angle 𝜙.

We now study the curved-space, four-dimensional
Schwarzschild metric [4]:

d𝑠2 = −𝑒𝜆d𝑟2 − 𝑟2d𝜃2 − 𝑟2 sin2𝜃 d𝜙2 + 𝑒𝜇d𝑡2. (12)

There is an additional coefficient 𝑒𝜆 that appears in the
radial component. It now becomes impossible to write any
position vector connecting two points in space, even using
the radial coordinate (Sec. 2.3). This coordinate system can
therefore be called a curved-space, curved-coordinate system.
Mathematically, this metric can be treated analogously to
the metric for the surface of a sphere in flat space (Sec. 2.1).
Similarly, the incremental displacement vector (satisfying
d𝑠2 = d®𝑠 ·d®𝑠) corresponding to the Schwarzschild metric can
be written as

d®𝑠 = ®𝜀𝑟 d𝑟 + ®𝜀𝜃 d𝜃 + ®𝜀𝜙 d𝜙 + ®𝜀𝑡 d𝑡

= 𝑖 𝑒𝜆/2 𝑟d𝑟 + 𝑖𝑟 𝜃 d𝜃 + 𝑖𝑟 sin 𝜃 𝜙 d𝜙 + 𝑒𝜇/2 𝑡 d𝑡. (13)



168

Modifying the flat-space three-dimensional metric 𝑔 𝑗𝑘 to the
four-dimensional curved-coordinate metric 𝑔𝑚

𝑗𝑘
alters both

the basis and the unit vectors. For simplicity, we denote
this modified metric 𝑔𝑚

𝑗𝑘
as 𝑔 𝑗𝑘 . It is assumed that 𝜇 and 𝜆

are functions of 𝑟. Imaginary factors have been introduced
only so that 𝑖2 = −1, with the understanding that all unit
vectors are real. These imaginary terms vanish when evaluat-
ing the curvature-tensor components. The modified metric
coefficients are 𝑔11 = −𝑒𝜆, 𝑔22 = −𝑟2, 𝑔33 = −𝑟2 sin2𝜃, and
𝑔44 = 𝑒𝜇. The Christoffel symbols can then be calculated
using Eq. (9). The modified covariant and contravariant basis
vectors are

®𝜀𝑟 = 𝑖 𝑒𝜆/2 𝑟, ®𝜀𝜃 = 𝑖𝑟 𝜃,

®𝜀𝜙 = 𝑖𝑟 sin 𝜃 𝜙, ®𝜀𝑡 = 𝑒𝜇/2 𝑡, (14)

and

®𝜀 𝑟 = −𝑒−𝜆/2𝑖 𝑟, ®𝜀 𝜃 = − 𝑖
𝑟
𝜃,

®𝜀 𝜙 = − 𝑖

𝑟 sin 𝜃
𝜙, ®𝜀 𝑡 = 𝑒−𝜇/2 𝑡. (15)

The unit vectors are assumed orthogonal, such that 𝑟 ·𝑟 =

𝜃 ·𝜃 = 𝜙 ·𝜙 = 𝑡 ·𝑡 = 1, and 𝑟 ·𝜃 = 𝜃 ·𝜙 = 𝑟 ·𝑡 = 0. We can now
obtain the derivatives of the curved-space unit vectors using
the Christoffel symbols :

𝜕 ®𝜀𝑡
𝜕𝑡

=
𝜕

𝜕𝑡

(
𝑒𝜇/2𝑡

)
= Γ1

44 ®𝜀𝑡 =
1
2
𝑒𝜇−𝜆𝜇′ ®𝜀𝑟

=
1
2
𝑒𝜇−𝜆𝜇′

(
𝑖𝑒𝜆/2𝑟

)
, (16a)

𝜕𝑡

𝜕𝑡
=
𝑖

2
𝜇′ 𝑒 (𝜇−𝜆)/2 𝑟. (16b)

Table 1 compares the derivatives of the unit vectors for the
three-dimensional flat space and the four-dimensional curved
space. The derivation of the Christoffel-symbol formula
(Eq. (8)) is based on the symmetry of basis vectors given by
Eq. (6). This presumption continues automatically in curved
space since we use the Christoffel symbols. We verify this
symmetry using values from Table 1.

𝜕 ®𝜀𝑟
𝜕𝜃

=
𝜕

𝜕𝜃

(
𝑖𝑒𝜆/2𝑟

)
= 𝑖𝑒𝜆/2

𝜕𝑟

𝜕𝜃
=

®𝜀𝜃
𝑟

=
𝑖𝑟 𝜃

𝑟

= Γ𝜃
𝑟 𝜃 ®𝜀𝜃 =

𝜕
(
𝑖𝑟𝜃

)
𝜕𝑟

=
𝜕 ®𝜀𝜃
𝜕𝑟

. (17)

However, it is difficult to propose a clear geometrical picture
that supports this symmetry in a four-dimensional curved
space (Sec. 2.3). This difficulty leads to contradictory results,
as noted in the comments column of Table 1:

1. Row 5: 𝜃 is not a function of 𝑟 .
2. Row 6: 𝜃 is a function of 𝑟 since 𝜆 = 𝜆(𝑟).

We can now identify the first difficulty associated with the
geometrical framework of the curved space.

Difficulty 1. It is inconsistent to obtain contradictory deriva-
tives for the same unit vectors (Table 1) associated with
the curved-space metric. Consequently, there is no purely
geometrical justification for assuming the path independence
(Eqs. (5) and (6)) of the incremental displacement vector d®𝑠
defined by Eq. (13) in the four-dimensional curved space (see
also Difficulty 3). This marks the key distinction between the
geometry of the curved space defined by the Schwarzschild
metric and that of a spherical surface embedded in a flat space
(Sec. 2.1).

2.3 Geometry of the four-dimensional curved space

We now study the space defined by the Schwarzschild
metric to see whether a position vector can be written in
the curved space. In analogy with Sec. 2.1, we suggest the
spatial position vector ®𝑠 = 𝑟 ®𝜀𝑟 = 𝑟 𝑖 𝑒𝜆/2 𝑟. Restricting to
the three spatial coordinates and differentiating ®𝑠, using
the Schwarzschild Christoffel symbols or the unit–vector
derivatives from Table 1:

d®𝑠 = ®𝜀𝑟𝑑𝑟 + 𝑟
(
𝜕 ®𝜀𝑟
𝜕𝑟

d𝑟 + 𝜕 ®𝜀𝑟
𝜕𝜃

d𝜃 + 𝜕 ®𝜀𝑟
𝜕𝜙

d𝜙
)

=

(
1 + 𝑟𝜆′

2

)
®𝜀𝑟d𝑟 + ®𝜀𝜃 d𝜃 + ®𝜀𝜙 d𝜙. (18)

Then, using 𝑟 (𝜕 ®𝜀𝑟/𝜕𝜃) = ®𝜀𝜃 = 𝑖 𝑟 𝜃 and 𝑟 (𝜕 ®𝜀𝑟/𝜕𝜙) = ®𝜀𝜙 =

𝑖 𝑟 sin 𝜃 𝜙 give the same angular basis vectors as required in
Sec. 2.2. However, by inserting the entries from Table 1, one
finds that this incremental displacement vector is not always
path independent:

𝜕2®𝑠
𝜕𝑟 𝜕𝜃

≠
𝜕2®𝑠
𝜕𝜃 𝜕𝑟

, (19)

Also, the incremental vector (18) obtained by differentiating
the position vector is not the desired incremental vector (13)
corresponding to the Schwarzschild metric. The unit vectors
are assumed to be orthogonal (Sec. 2.2) and therefore, the
coordinates should be independent. But, a direct verification
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of the dot and cross product rules is not possible. We can
verify the dot and cross product rules through differentiation
using the derivatives in Table 1:

(𝑎) 𝜕 (𝑟 ·𝑟)
𝜕𝜃

= 2 𝑟 · 𝜕𝑟
𝜕𝜃

= 2 𝑟 ·𝑒−𝜆/2𝜃 = 0. (20)

(𝑏) 𝜕 (𝜃×𝜙)
𝜕𝜙

=
𝜕𝜃

𝜕𝜙
×𝜙 + 𝜃× 𝜕𝜙

𝜕𝜙

= sin 𝜃 𝑒−𝜆/2 𝜙 =
𝜕𝑟

𝜕𝜙
. (21)

The dot and cross product rules are satisfied by the curved-
space unit vectors 𝑟, 𝜃, and 𝜙, similar to the unit vectors in
a three-dimensional flat-space analysis. We now introduce
the fourth coordinate 𝑡 and suggest a position vector in the
curved-space coordinate system as

®𝑠 = 𝑟 ®𝜀𝑟 + 𝑡 ®𝜀𝑡 = 𝑖 𝑟 𝑒𝜆/2 𝑟 + 𝑡 𝑒𝜇/2 𝑡. Differentiating ®𝑠, we
obtain the incremental vector

d®𝑠 =
(
®𝜀𝑟 + 𝑟

𝜕 ®𝜀𝑟
𝜕𝑟

+ 𝑡 𝜕 ®𝜀𝑡
𝜕𝑟

)
d𝑟 + ®𝜀𝜃 d𝜃 + ®𝜀𝜙 d𝜙

+
(
®𝜀𝑡 + 𝑟

𝜕 ®𝜀𝑟
𝜕𝑡

+ 𝑡 𝜕 ®𝜀𝑡
𝜕𝑡

)
d𝑡. (22)

Again, this vector d®𝑠 does not satisfy the path-independence
rule for all possible combinations of 𝑗 and 𝑘:

𝜕2®𝑠
𝜕𝑥 𝑗 𝜕𝑥𝑘

≠
𝜕2®𝑠

𝜕𝑥𝑘 𝜕𝑥 𝑗
. (23)

The incremental vector in Eq. (22) is not the desired incre-
mental vector corresponding to the Schwarzschild metric
given in Eq. (13). It is difficult to write any position vector
®𝑠 that, upon differentiation, yields the required incremental
displacement vector of Eq. (13). As discussed in Sec. 2.2, the
path independence of the incremental displacement vector
of Eq. (13) is only a mathematical assumption. The analysis
of the curved-space metric is mathematically similar to that
of a spherical surface in the flat-space spherical coordinate
system (Sec. 2.1). The vector ®𝑠 cannot be defined, but we
can still write the vector d®𝑠. The differences then arise in the
geometrical interpretation. We now examine the cross and
dot-product rules.

(𝑐) 𝜕 (𝑟 ·𝑡)
𝜕𝑡

=
𝜕𝑟

𝜕𝑡
·𝑡 + 𝑟 · 𝜕𝑡

𝜕𝑡

= − 𝑖𝜇
′

2
𝑒 (𝜇−𝜆)/2𝑡 ·𝑡 + 𝑖𝜇

′

2
𝑒 (𝜇−𝜆)/2𝑟 ·𝑟 = 0. (24)

(𝑑) 𝜕 (𝑡×𝜃)
𝜕𝑡

=
𝜕𝑡

𝜕𝑡
×𝜃 + 𝑡× 𝜕𝜃

𝜕𝑡

= 1
2 𝜇

′ 𝑒 (𝜇−𝜆)/2 𝑖
(
𝑟×𝜃

)
= 𝑖

2 𝜇
′ 𝑒 (𝜇−𝜆)/2 𝜙. (25)

(𝑒) 𝜕 (𝜙×𝑟)
𝜕𝑡

=
𝜕𝜙

𝜕𝑡
×𝑟 + 𝜙× 𝜕𝑟

𝜕𝑡

= − 1
2 𝜇

′ 𝑒 (𝜇−𝜆)/2 𝑖
(
𝜙×𝑡

)
= 0. (26)

We can now write four additional difficulties with the geo-
metrical framework of a curved space:

Difficulty 2. The derivatives of the unit vectors 𝑟, 𝜃, and 𝜙
satisfy the cross-product rules, but these derivatives should be
taken only with respect to 𝑟 , 𝜃, or 𝜙. When the time-like unit
vector 𝑡 or the coordinate 𝑡 is introduced, the cross-product
rules fail. From Eq. (e) it is evident that the differentiation
of a cross product of two spatial unit vectors also fails when
differentiating with respect to the fourth coordinate 𝑡.

Difficulty 3. Table 1 was obtained using the Christoffel sym-
bols in Eq. (9), not by differentiating the unit vectors. Because
the flat-space unit vectors are modified in the curved space, it
is not possible to write explicit expressions for 𝑟, 𝜃, 𝜙, and 𝑡
that reproduce the derivatives in Table 1 directly by differen-
tiation, owing to the contradictions noted in the comments
column of that table. These coordinates can still be treated
as orthogonal (Sec. 2.2), since dot products vanish [Eqs. (a),
(c)], but explicit unit-vector forms corresponding to them
cannot be written even locally. Hence, a clear geometrical
picture of the infinitesimal local vector d®𝑠 of Eq. (13) cannot
be drawn (see Difficulty 1).

Difficulty 4. Explicit expressions for the unit vectors are
required to write any physical vector such as the force vector.
Since these expressions cannot be defined consistently, writing
any bilocal (“point-for-head and point-for-tail”) vector is not
possible in the curved-space geometry.

Difficulty 5. Due to Difficulty 3, it is not possible to write
relationships between the unit vectors of the curved space
curved coordinate system and the unit vectors of flat space,
spherical or Cartesian coordinate systems (see Sec. 2.1)
by comparing their geometrical pictures. Hence, it is not
possible to transform either Eq. (13) or the Schwarzschild
metric Eq. (12) from curved space, curved coordinate system
to flat space spherical or Cartesian coordinate systems. It
is not possible to suggest a correspondence between flat
space spherical coordinate system and curved space curved
coordinate system.
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Table 1 Partial derivatives of unit vectors.

Three-dimensional flat space Four-dimensional curved space Comments

𝜕𝑟

𝜕𝑟
= 0

𝜕𝑟

𝜕𝑟
= 0 If zero in flat space,

it remains zero in curved space.
𝜕𝑟

𝜕𝜃
= 𝜃

𝜕𝑟

𝜕𝜃
= 𝑒−𝜆/2 𝜃

𝜕𝑟

𝜕𝜙
= sin 𝜃 𝜙̂

𝜕𝑟

𝜕𝜙
= sin 𝜃 𝑒−𝜆/2 𝜙̂

𝜕𝑟

𝜕𝑡
= 0𝑎

𝜕𝑟

𝜕𝑡
= − 𝑖

𝜇′

2 𝑒 (𝜇−𝜆)/2𝑡

𝜕𝜃

𝜕𝑟
= 0

𝜕𝜃

𝜕𝑟
= 0 𝜃 is not a function of 𝑟 .

𝜕𝜃

𝜕𝜃
= −𝑟 𝜕𝜃

𝜕𝜃
= −𝑒−𝜆/2𝑟 𝜃 is a function of 𝑟 .

as 𝜆 is a function of 𝑟 .
𝜕𝜃

𝜕𝜙
= cos 𝜃 𝜙̂

𝜕𝜃

𝜕𝜙
= cos 𝜃 𝜙̂

𝜕𝜃

𝜕𝑡
= 0𝑎

𝜕𝜃

𝜕𝑡
= 0

𝜕𝜙̂

𝜕𝑟
= 0

𝜕𝜙̂

𝜕𝑟
= 0 𝜙̂ independent of 𝑟 .

𝜕𝜙̂

𝜕𝜃
= 0

𝜕𝜙̂

𝜕𝜃
= 0

𝜕𝜙̂

𝜕𝜙
= − sin 𝜃 𝑟 − cos 𝜃 𝜃

𝜕𝜙̂

𝜕𝜙
= − sin 𝜃 𝑒−𝜆/2𝑟 − cos 𝜃 𝜃 𝜙̂ is a function of 𝑟 .

as 𝜆 is a function of 𝑟 .
𝜕𝜙̂

𝜕𝑡
= 0𝑎

𝜕𝜙̂

𝜕𝑡
= 0

𝜕𝑡

𝜕𝑟
= 0 𝑡 independent of 𝑟 .

𝜕𝑡

𝜕𝜃
= 0 𝑡 independent of 𝜃 .

𝜕𝑡

𝜕𝜙
= 0 𝑡 independent of 𝜙.

𝜕𝑡

𝜕𝑟
= 𝑖

𝜇′

2
𝑒 (𝜇−𝜆)/2 𝑟 𝑡 is a function of 𝑟 due to 𝜇 and 𝜆.

𝑎The coordinate 𝑡 is not used in a three-dimensional analysis.

3 A comparison between the tensor and the vector
methods

The Schwarzschild metric is given in Eq. (12). In the stan-
dard tensor formulation, one seeks to determine the functions
𝜆 and 𝜇 and the relation between them. This analysis pro-
ceeds through the evaluation of the Ricci tensor, the Einstein
tensor, and the use of the Bianchi identities. Equivalently, one

can obtain the required tensor equations by taking gradients
of the metric or of the basis vectors. In the following, we
briefly outline the standard tensor analysis in Sec. 3.1, and
then present a corresponding vector formulation in Secs. 3.2
and 3.3, which provides an alternative and more geometrically
intuitive interpretation of the same results.
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3.1 Tensor analysis: Riemann–Christoffel tensor

In a classical analysis, the force vector can be written as
®𝐹 = 𝐹𝑖 ®𝜀𝑖 . Let us now consider an arbitrary vector ®𝐴 = 𝐴𝛼 ®𝜀𝛼
in a four-dimensional space. The gradient of a vector, using
the summation convention, can be expressed as

∇ ®𝐴 =
𝜕 (𝐴𝛼 ®𝜀𝛼)
𝜕𝑥 𝑗

®𝜀 𝑗 =

4∑︁
𝛼=1

4∑︁
𝑗=1

𝜕 (𝐴𝛼 ®𝜀𝛼)
𝜕𝑥 𝑗

®𝜀 𝑗

=

4∑︁
𝛼=1

4∑︁
𝑗=1

𝜕𝐴𝛼

𝜕𝑥 𝑗
®𝜀𝛼 ®𝜀 𝑗 + 𝐴𝛼

𝜕 ®𝜀𝛼
𝜕𝑥 𝑗

®𝜀 𝑗 . (27)

Defining the gradient with respect to a specific index 𝑗 ,

∇ 𝑗
®𝐴 =

4∑︁
𝛼=1

𝜕 (𝐴𝛼 ®𝜀𝛼)
𝜕𝑥 𝑗

®𝜀 𝑗

=

4∑︁
𝛼=1

𝜕𝐴𝛼

𝜕𝑥 𝑗
®𝜀𝛼 ®𝜀 𝑗 + 𝐴𝛼

𝜕 ®𝜀𝛼
𝜕𝑥 𝑗

®𝜀 𝑗 , (28)

we obtain (no sum on 𝑗)

∇ 𝑗
®𝐴 =

𝜕 (𝐴𝛼 ®𝜀𝛼)
𝜕𝑥 𝑗

®𝜀 𝑗 =
𝜕𝐴𝛼

𝜕𝑥 𝑗
®𝜀𝛼 ®𝜀 𝑗 + 𝐴𝛼

𝜕 ®𝜀𝛼
𝜕𝑥 𝑗

®𝜀 𝑗 ,

=

(
𝜕𝐴𝛼

𝜕𝑥 𝑗
− 𝐴𝛽 Γ

𝛽

𝑗𝛼

)
®𝜀𝛼 ®𝜀 𝑗 . (29)

Taking a further gradient with respect to a specific index 𝑘 ,
we define the Riemann curvature tensor as the measure of
non-commutativity of successive covariant derivatives:

(∇𝑘∇ 𝑗 − ∇ 𝑗∇𝑘) ®𝐴

= 𝐴𝛽

(
𝜕Γ

𝛽

𝛼𝑘

𝜕𝑥 𝑗
−
𝜕Γ

𝛽

𝛼 𝑗

𝜕𝑥𝑘
+ Γ

𝛽

𝛾 𝑗
Γ
𝛾

𝛼𝑘
− Γ

𝛽

𝛾𝑘
Γ
𝛾

𝛼 𝑗

)
®𝜀𝛼 ®𝜀 𝑗 ®𝜀𝑘

= 𝐴𝛽 𝑅
𝛽

𝛼 𝑗𝑘
®𝜀𝛼 ®𝜀 𝑗 ®𝜀𝑘 . (30)

(∇𝑘∇ 𝑗 − ∇ 𝑗∇𝑘) ®𝐴 = 𝑅
𝛽

𝛼 𝑗𝑘
𝐴𝛽 𝜀

𝛼 𝜀 𝑗 𝜀𝑘 , (31)

where

𝑅
𝛽

𝛼 𝑗𝑘
=
𝜕Γ

𝛽

𝛼𝑘

𝜕𝑥 𝑗
−
𝜕Γ

𝛽

𝛼 𝑗

𝜕𝑥𝑘
+ Γ

𝛽

𝛾 𝑗
Γ
𝛾

𝛼𝑘
− Γ

𝛽

𝛾𝑘
Γ
𝛾

𝛼 𝑗
. (32)

Thus, the curvature tensor can also be written as the difference
between the covariant double derivatives of a vector:

𝐴𝛼, 𝑗𝑘 − 𝐴𝛼,𝑘 𝑗 = 𝐴𝛽 𝑅
𝛽

𝛼 𝑗𝑘

= 𝐴𝛽

(
𝜕Γ

𝛽

𝑘𝛼

𝜕𝑥 𝑗
−
𝜕Γ

𝛽

𝑗𝛼

𝜕𝑥𝑘
+ Γ

𝛽

𝑗𝛾
Γ
𝛾

𝑘𝛼
− Γ

𝛽

𝑘𝛾
Γ
𝛾

𝑗𝛼

)
(33)

The quantity 𝑅𝛽

𝛼 𝑗𝑘
is the curvature (Riemann) tensor. We can

also express the difference of the double covariant derivatives
of a basis vector as

(∇𝑘∇ 𝑗 − ∇ 𝑗∇𝑘) ®𝜀𝛼 = 𝑅𝛼
𝑖 𝑗𝑘 ®𝜀

𝑖 ®𝜀 𝑗 ®𝜀𝑘 . (34)

Any physical quantity can be expressed either as a scalar or a
vector. We will give the vector analysis corresponding to this
work.

3.2 Vector analysis: Gradient and partial derivatives of a
vector

Consider a vector ®𝐴(𝑥 𝑗 , 𝑥𝑘) = 𝐴𝛼 ®𝜀𝛼 defined in space.
We first move by a small distance Δ𝑥 𝑗 from the origin 𝑂
to a nearby point 𝐴. Taking the gradient of this vector with
respect to the specific index 𝑗 , we obtain the corresponding
expression for the vector at the new position:

®𝐴0→ 𝑗 (𝑥 𝑗 + Δ𝑥 𝑗 , 𝑥𝑘)

= 𝐴𝛼 ®𝜀𝛼 + (∇ 𝑗
®𝐴) · ®𝜀 𝑗 Δ𝑥 𝑗

= 𝐴𝛼 ®𝜀𝛼 + 𝜕 (𝐴𝛼 ®𝜀𝛼)
𝜕𝑥 𝑗

®𝜀 𝑗 · ®𝜀 𝑗 Δ𝑥 𝑗 , (35)

We then travel from point 𝐴 a further distance Δ𝑥𝑘 to reach
the point 𝐵.

®𝐴(𝑥 𝑗 + Δ𝑥 𝑗 , 𝑥𝑘 + Δ𝑥𝑘) =
[
𝐴𝛼 ®𝜀𝛼 + (∇ 𝑗

®𝐴) · ®𝜀 𝑗 Δ𝑥 𝑗
]

+ ∇𝑘

[
𝐴𝛼 ®𝜀𝛼 + (∇ 𝑗

®𝐴) · ®𝜀 𝑗 Δ𝑥 𝑗
]
· ®𝜀𝑘 Δ𝑥𝑘 , (36)

Expanding the derivatives explicitly,

®𝐴(𝑥 𝑗 + Δ𝑥 𝑗 , 𝑥𝑘 + Δ𝑥𝑘) = 𝐴𝛼 ®𝜀𝛼 + 𝜕 (𝐴𝛼 ®𝜀𝛼)
𝜕𝑥 𝑗

·Δ𝑥 𝑗

+ 𝜕

𝜕𝑥𝑘

(
𝐴𝛼 ®𝜀𝛼 + 𝜕 (𝐴𝛼 ®𝜀𝛼)

𝜕𝑥 𝑗
·Δ𝑥 𝑗

)
·Δ𝑥𝑘 . (37)
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The incremental vector between the two points 𝐵 and 𝑂 is
Δ ®𝐴 = Δ ®𝐴𝑂→ 𝑗→𝑘 = ®𝐴(𝑥 𝑗 +Δ𝑥 𝑗 , 𝑥𝑘 +Δ𝑥𝑘) − ®𝐴(𝑥 𝑗 , 𝑥𝑘). We
could also reach the same final coordinates by travelling along
another route: first moving by Δ𝑥𝑘 from 𝑂 to 𝑃, and then
by Δ𝑥 𝑗 from 𝑃 to 𝑄. The end point 𝐵 of the first route and
end point 𝑄 of the second route should be same in a flat
space. However, the two routes shall not reach the same point
in space if the space is curved. Then, the difference in the
incremental vectors will be non-zero and can be written in
terms of the difference of the two partial double derivatives
of the vector.

Δ(Δ ®𝐴) = ( ®𝐴𝑂→ 𝑗→𝑘 − ®𝐴𝑂) − ( ®𝐴𝑂→𝑘→ 𝑗 − ®𝐴𝑂), (38)

Δ(Δ ®𝐴) =
(
𝜕2 ®𝐴

𝜕𝑥𝑘𝜕𝑥 𝑗
− 𝜕2 ®𝐴
𝜕𝑥 𝑗𝜕𝑥𝑘

)
Δ𝑥 𝑗Δ𝑥𝑘

= 𝐴𝛼

(
𝜕2 ®𝜀𝛼
𝜕𝑥𝑘𝜕𝑥 𝑗

− 𝜕2 ®𝜀𝛼
𝜕𝑥 𝑗𝜕𝑥𝑘

)
Δ𝑥 𝑗Δ𝑥𝑘 . (39)

The term in the parentheses can be written as the difference
between the partial double derivatives of ®𝜀𝛼:

𝜕 ®𝜀𝛼
𝜕𝑥 𝑗

= − Γ𝛼
𝑗𝛽 ®𝜀𝛽 , (40)

®𝜀𝛼/ 𝑗𝑘 =
𝜕2 ®𝜀𝛼
𝜕𝑥𝑘𝜕𝑥 𝑗

= −
𝜕Γ𝛼

𝑗𝛽

𝜕𝑥𝑘
®𝜀𝛽 + Γ𝛼

𝑗𝛾 Γ
𝛾

𝑘𝛽
®𝜀𝛽 , (41)

®𝜀𝛼/ 𝑗𝑘 − ®𝜀𝛼/𝑘 𝑗 =
𝜕2 ®𝜀𝛼
𝜕𝑥𝑘𝜕𝑥 𝑗

− 𝜕2 ®𝜀𝛼
𝜕𝑥 𝑗𝜕𝑥𝑘

=

(
𝜕Γ𝛼

𝑘𝛽

𝜕𝑥 𝑗
−
𝜕Γ𝛼

𝑗𝛽

𝜕𝑥𝑘
+ Γ𝛼

𝑗𝛾Γ
𝛾

𝑘𝛽
− Γ𝛼

𝑘𝛾Γ
𝛾

𝑗𝛽

)
®𝜀𝛽

= 𝑅𝛼
𝛽 𝑗𝑘 ®𝜀𝛽 . (42)

The scalar coefficient 𝑅𝛼
𝛽 𝑗𝑘

of the difference between the
two partial double derivatives of ®𝜀𝛼, as given by Eq. (42),
is the same as the coefficient that appears in the difference
of the covariant double gradients in Eq. (34). Even though
the partial double derivatives 𝜕2 ®𝐴/𝜕𝑥𝑘𝜕𝑥 𝑗 and the covariant
double derivatives 𝐴𝛼 , 𝑗𝑘 of a vector ®𝐴 are not the same,
the coefficients of their differences are identical (Eqs. (33)
and (42)). The space is curved whenever 𝑅𝛽

𝛼 𝑗𝑘 ≠ 0. From
Eq. (39), this implies that in a curved space the incremental
vector is not path independent, and therefore Δ(Δ ®𝐴) ≠ 0.

As this incremental vector Δ ®𝐴 is infinitesimally small, it
can be expressed using only the coordinates of the first point
and may therefore be regarded as a local vector at that point.

3.3 Vector analysis: Bianchi identity

We can calculate the difference between two partial triple
derivative terms, 𝐴/ 𝑗𝑘𝑙 − 𝐴/ 𝑗𝑙𝑘 , as follows:

𝜕3 ®𝐴
𝜕𝑥𝑙𝜕𝑥𝑘𝜕𝑥 𝑗

− 𝜕3 ®𝐴
𝜕𝑥𝑘𝜕𝑥𝑙𝜕𝑥 𝑗

=
𝜕𝐴𝛼

𝜕𝑥 𝑗

(
𝜕2 ®𝜀𝛼
𝜕𝑥𝑙𝜕𝑥𝑘

− 𝜕2 ®𝜀𝛼
𝜕𝑥𝑘𝜕𝑥𝑙

)
+ 𝐴𝛼

(
𝜕2

𝜕𝑥𝑙𝜕𝑥𝑘
− 𝜕2

𝜕𝑥𝑘𝜕𝑥𝑙

)
𝜕 ®𝜀𝛼
𝜕𝑥 𝑗

, (43)

𝐴/ 𝑗𝑘𝑙 − 𝐴/ 𝑗𝑙𝑘

=
𝜕𝐴𝛼

𝜕𝑥 𝑗
𝑅𝛼
𝑖𝑘𝑙 ®𝜀

𝑖 − 𝐴𝛼 Γ𝛼
𝑗𝛽 𝑅

𝛽

𝑖𝑘𝑙
®𝜀𝑖 . (44)

We can write two additional equations by performing cyclic
permutations of the indices 𝑗 , 𝑘 , and 𝑙, and then adding the
three resulting expressions.

(𝐴/ 𝑗𝑘𝑙 − 𝐴/ 𝑗𝑙𝑘) + (𝐴/ 𝑘𝑙 𝑗 − 𝐴/ 𝑘 𝑗𝑙) + (𝐴/ 𝑙 𝑗𝑘 − 𝐴/ 𝑙𝑘 𝑗 )

=

(
𝜕𝐴𝛼

𝜕𝑥 𝑗
𝑅𝛼
𝑖𝑘𝑙 +

𝜕𝐴𝛼

𝜕𝑥𝑘
𝑅𝛼
𝑖𝑙 𝑗 +

𝜕𝐴𝛼

𝜕𝑥𝑙
𝑅𝛼
𝑖 𝑗𝑘

)
®𝜀𝑖

− 𝐴𝛼

(
Γ𝛼
𝑗𝛽 𝑅

𝛽
𝑖𝑘𝑙 + Γ𝛼

𝑘𝛽 𝑅
𝛽
𝑖𝑙 𝑗 + Γ𝛼

𝑙𝛽 𝑅
𝛽
𝑖 𝑗𝑘

)
®𝜀𝑖 . (45)

Similarly, we can solve the following combination:

®𝐴/ 𝑗𝑘𝑙 − ®𝐴/ 𝑘 𝑗𝑙 =
𝜕3 ®𝐴

𝜕𝑥𝑙𝜕𝑥𝑘𝜕𝑥 𝑗
− 𝜕3 ®𝐴
𝜕𝑥𝑙𝜕𝑥 𝑗𝜕𝑥𝑘

=

(
𝜕𝐴𝛼

𝜕𝑥𝑙

)
𝑅𝛼

𝑖 𝑗𝑘 ®𝜀𝑖 + 𝐴𝛼

𝜕

𝜕𝑥𝑙

(
𝑅𝛼

𝑖 𝑗𝑘 ®𝜀
𝑖
)
. (46)

We write two more terms by changing the indices in a cyclic
manner and adding them:

(𝐴/ 𝑗𝑘𝑙 − 𝐴/ 𝑘 𝑗𝑙) + (𝐴/ 𝑘𝑙 𝑗 − 𝐴/ 𝑙𝑘 𝑗 ) + (𝐴/ 𝑙 𝑗𝑘 − 𝐴/ 𝑗𝑙𝑘)

=

(
𝜕𝐴𝛼

𝜕𝑥𝑙
𝑅𝛼
𝑖 𝑗𝑘 +

𝜕𝐴𝛼

𝜕𝑥 𝑗
𝑅𝛼
𝑖𝑘𝑙 +

𝜕𝐴𝛼

𝜕𝑥𝑘
𝑅𝛼
𝑖𝑙 𝑗

)
®𝜀𝑙

+ 𝐴𝛼

©­­«
𝜕

(
®𝜀 𝑖𝑅𝛼

𝑖 𝑗𝑘

)
𝜕𝑥𝑙

+
𝜕

(
®𝜀 𝑖𝑅𝛼

𝑖𝑘𝑙

)
𝜕𝑥 𝑗

+
𝜕

(
®𝜀 𝑖𝑅𝛼

𝑖𝑙 𝑗

)
𝜕𝑥𝑘

ª®®¬ (47)
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We subtract Eq. (45) from (47). The left hand side terms of
both the equations are same.

𝐴𝛼

[
𝜕𝑅𝛼

𝑖 𝑗𝑘

𝜕𝑥𝑙
− 𝑅𝛼

𝛽 𝑗𝑘 Γ
𝛽

𝑙𝑖
+ 𝑅𝛽

𝑖 𝑗𝑘
Γ𝛼
𝑙𝛽

+
𝜕𝑅𝛼

𝑖𝑘𝑙

𝜕𝑥 𝑗
− 𝑅𝛼

𝛽𝑘𝑙 Γ
𝛽

𝑗𝑖
+ 𝑅𝛽

𝑖𝑘𝑙
Γ𝛼
𝑗𝛽

+
𝜕𝑅𝛼

𝑖𝑙 𝑗

𝜕𝑥𝑘
− 𝑅𝛼

𝛽𝑙 𝑗 Γ
𝛽

𝑘𝑖
+ 𝑅𝛽

𝑖𝑙 𝑗
Γ𝛼
𝑘𝛽

]
®𝜀𝑖 = 0. (48)

The Eq. (48) must hold for any arbitrary vector 𝐴𝛼, and
therefore the expression inside the square brackets must
vanish for every specific choice of 𝛼 and 𝑖. The coefficient
of the basis vector inside the square brackets in Eq. (48) is
precisely the Bianchi identity. This identity was obtained
by subtracting the same triple–derivative terms in Eq. (45)
from those in Eq. (47); hence, the result must always be zero.
The derivation does not rely on any additional geometrical
or physical assumptions and therefore remains valid for any
metric in any number of dimensions. A further contraction
of the Bianchi identity yields the Einstein tensor equation.(
𝑅

𝑗

𝑙
− 1

2
𝛿
𝑗

𝑙
𝑅

)
, 𝑗

= 𝐺
𝑗

𝑙 , 𝑗
= 0. (49)

As the Bianchi identity is satisfied by any metric, the covariant
derivative of the Einstein tensor𝐺 𝑗

𝑙
is always zero, irrespective

of the form of the metric or the number of dimensions. We then
assume that 𝐺 𝑗

𝑙
= 0 outside the mass. According to general

relativity, 𝐺 𝑗

𝑙
is proportional to the stress–energy tensor, and

therefore it vanishes in vacuum. A further contraction yields
the Ricci tensor condition in vacuum, 𝑅 𝑗𝑙 = 0.

3.4 Space suggested by Ricci tensor condition

We now examine the Schwarzschild metric given in
Eq. (12). Using the basis vectors introduced in Sec. 2.2, we
compute the Ricci tensor components by applying Eq. (42)
together with the curved–space partial derivatives of the unit
vectors listed in Table 1.

𝑅𝑘 𝑗 ®𝜀 𝑘 = 𝑅𝛼
𝑘 𝑗𝛼 ®𝜀 𝑘 =

(
𝜕2 ®𝜀𝛼
𝜕𝑥𝛼 𝜕𝑥 𝑗

− 𝜕2 ®𝜀𝛼
𝜕𝑥 𝑗 𝜕𝑥𝛼

)
. (50)

Thus,

𝑅2
112 ®𝜀 1 = 𝑅𝜃

𝑟𝑟 𝜃 ®𝜀 𝑟 =

(
𝜕2 ®𝜀𝜃
𝜕𝜃 𝜕𝑟

− 𝜕2 ®𝜀𝜃
𝜕𝑟 𝜕𝜃

)
. (51)

𝜕 ®𝜀𝜃
𝜕𝜃

=
𝜕

𝜕𝜃

(
− 𝑖 𝜃
𝑟

)
=

− 𝑖
𝑟

(
𝜕𝜃

𝜕𝜃

)
=

(
𝑖 𝑒−𝜆/2

𝑟

)
𝑟, (52)

𝜕2 ®𝜀𝜃
𝜕𝑟𝜕𝜃

=
𝜕

𝜕𝑟

(
𝑖 𝑒−𝜆/2

𝑟
𝑟

)
= −𝑖𝑒𝜆/2𝑟

(
1
𝑟2 + 𝜆′

2𝑟

)
= ®𝜀 𝑟

(
1
𝑟2 + 𝜆′

2𝑟

)
. (53)

Then, calculate 𝑅𝜃
𝑟𝑟 𝜃

®𝜀 𝑟 . Similarly, calculate 𝑅
𝜙

𝑟𝑟 𝜙
®𝜀 𝑟 ,

𝑅𝑡
𝑟𝑟𝑡 ®𝜀 𝑟 , and 𝑅𝑟

𝑟𝑟𝑟 ®𝜀 𝑟 = 0. Then, from Eq. (51):

𝑅𝑟𝑟 ®𝜀 𝑟 =

(
𝑅𝑟
𝑟𝑟𝑟 + 𝑅𝜃

𝑟𝑟 𝜃 + 𝑅
𝜙

𝑟𝑟 𝜙
+ 𝑅𝑡

𝑟𝑟𝑡

)
®𝜀 𝑟

=

(
𝜇′′

2
− 𝜇′𝜆′

4
+ 𝜇′2

4
− 𝜆′

𝑟

)
®𝜀 𝑟 . (54)

The vector analysis (Eqs. (42) and (50)) yields the same curva-
ture tensor and Ricci tensor components as the standard tensor
analysis based on the scalar components of the tensor [4].
The Ricci tensor condition 𝑅𝑟𝑟 = 0 gives the coefficients of

the metric as 𝜇 = −𝜆 and 𝑒𝜇 = 1 − 2𝑀
𝑟

.
In a flat space, every curvature tensor component is

zero. The Ricci tensor condition
∑

𝛼 𝑅
𝛼
𝑘 𝑗𝛼 = 0 suggests

that the sum of the curvature tensor components, under this
contraction, must vanish. Such a space may be described as
approximately flat. We may write the unit–vector derivatives
in this approximately flat space by setting 𝜆 = −𝜇 in Table 1.
However, even in such a local coordinate system, it remains
difficult to write explicit unit–vector expressions (Difficulty 3,
Sec. 2.3); consequently, constructing a geometrical picture of
any classical vector (including the infinitesimal displacement
vector 𝑑®𝑠) is not possible. An approximately flat space is not
equivalent to a flat space in the immediate neighbourhood of
𝑑®𝑠 unless 𝜆 = −𝜇 = 0.

We now examine the behaviour of incremental vectors in
the curved space.

4 Path independence property of the incremental vectors

In this section, we compare the path–independence prop-
erties of the incremental displacement vector and the incre-
mental vector of any general vector, both in flat space and in
curved space.

(a) Flat–space scenario.
The covariant derivative of a general vector ®𝐴 = 𝐴𝛼 ®𝜀 𝛼 gives
a general incremental vector:
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d ®𝐴 = d𝐴𝛼 ®𝜀𝛼 + 𝐴𝛼 𝜕 ®𝜀𝛼
𝜕𝑥 𝑗

d𝑥 𝑗

=
(
d𝐴𝛼 + 𝐴𝛽 Γ𝛼

𝛽 𝑗 d𝑥 𝑗
)
®𝜀𝛼 . (55)

In a flat space, this incremental vector of a general vector
is path independent, since all curvature tensor components
vanish. From Eq. (39), we therefore obtain Δ(Δ ®𝐴) = 0.

In a three-dimensional flat space (Sec. 2.1), we can write
a position vector as, ®𝐴 = ®𝑠 = 𝑥𝛼 ®𝜀𝛼 = 𝑟 ®𝜀𝑟 = 𝑟 𝑟. Hence,
the incremental displacement vector is d®𝑠 = 𝑟 d𝑟 + 𝜃 𝑟 d𝜃 +
𝜙 𝑟 sin 𝜃 d𝜙. Using the flat–space unit–vector derivatives from
Table 1, one verifies that the mixed partial derivatives are
symmetric (Eq. (5)). Therefore, the incremental displacement
vector is path independent, Δ(Δ®𝑠) = 0.

In a flat space, both the incremental vector of a general
vector and the incremental displacement vector are obtained
in the same way, namely by taking covariant derivatives of
their original vectors ( ®𝐴 and ®𝑠). Hence both incremental
vectors are path independent.

(b) Curved-space scenario.
In a curved space, some of the curvature tensor compo-
nents 𝑅𝛼

𝛽 𝑗𝑘
(Secs. 3.1 and 3.2) are non-zero. Therefore, the

incremental vector of a general vector is not always path
independent, Δ(Δ ®𝐴) ≠ 0.

We cannot write any meaningful position vector ®𝐴 = ®𝑠 in
a curved space (Sec. 2.3), and the incremental displacement
vector corresponding to the Schwarzschild metric must instead
be defined by Eq. (13). The symmetry of the basis vectors has
been verified in Eq. (17) using the curved-space unit–vector
derivatives in Table 1. Thus, based on Eqs. (6) and (5), we
conclude that the incremental displacement vector is always
assumed to be path independent, Δ(Δ®𝑠) = 0. This analysis
assumes vanishing torsion (Sec. 2.1).

Based on this discussion, we write the last difficulty with
the curved space analysis.

Difficulty 6. The general incremental vector d ®𝐴 is not always
path independent, but the incremental displacement vector
d®𝑠 is always path independent. Thus, the two incremental
vectors behave differently in the same curved space.

Finally, we summarize the main concerns associated with the
four-dimensional curved space:

– It is difficult to write explicit unit–vector expressions or
draw a geometrical picture of the coordinate system, as
discussed in Secs. 2.2 and 2.3.

– The general incremental vector d ®𝐴 is not always path
independent, while the incremental displacement vector
d®𝑠 is always path independent. Thus the two incremental
vectors behave differently in the same curved space.

The Schwarzschild metric contains the coefficient 𝑒𝜇 =

1 − 2𝑀/𝑟, where 𝑟 is the distance from the central mass
(as used in deriving planetary orbits). However, writing a
position vector ®𝑟 in a curved space is not possible. The tensor
analysis is therefore a mathematical procedure involving
relations between scalar components of tensors, rather than a
construction based on classical geometric vectors.

5 Bilocal and Local vectors and significance of vector
method

5.1 Geometrical difficulties with the bilocal vectors and
concerns with the local vectors

The classical vector analysis adopted in this article gives
all the desired results required by the general relativity. A
mathematical analysis of the curved space metric in a classical
manner can be treated quite similar to the curved surface of a
sphere. But, any attempt to draw a similar classical picture
raises some serious geometrical concerns and we have listed
six important difficulties in the article. Note that, in this
analysis till now, we have not given the specific difference
between the three spatial dimensions and the fourth dimension.
We have treated the fourth dimension very similar to the three
spatial dimensions.

In initial paragraph of Sec. 2.2, we saw that we can intro-
duce an additional fourth coordinate in a three dimensional flat
space metric which gives same Newtonian planetary orbits in
a four dimensional geodesic analysis as obtained by introduc-
ing potential in the three dimensional flat space Lagrangian
analysis. We can also write a total energy equation for a body
in motion under a conservative field, corresponding to the
Schwarzschild metric. This mathematical correspondence is
limited to obtaining the same planetary orbits from both the
general relativistic and classical approaches. We know that
physical interpretations of both approaches are different.

In a classical approach, the fourth coordinate can be
introduced through an arbitrary variable, for example ¤𝑡 =
𝑎 𝑒−𝜇 . Using this definition, we may write the corresponding
modified total–energy equation by assuming 𝜇 = −𝜆 and

𝑒𝜇 = 1 − 2𝑀
𝑟

.

𝐻𝑚 =
𝑒−𝜇 ¤𝑟 2 + 𝑟2 ¤𝜃 2 + 𝑟2 sin2𝜃 ¤𝜙 2 − 𝑒𝜇 ¤𝑡 2

2
= −1

2
. (56)

By inserting the expression for ¤𝑡 into Eq. (56), we obtain a
purely three–dimensional equation. Here, 𝐻𝑚, 𝑇𝑚, and𝑈𝑚

denote the modified total energy, kinetic energy, and potential
energy, respectively, in the curved space.
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𝐻𝑚 =
𝑒−𝜇 ¤𝑟2 + 𝑟2 ¤𝜃2 + 𝑟2 sin2 𝜃 ¤𝜙2

2
− 𝑎2𝑒−𝜇

2

= 𝑇𝑚 +𝑈𝑚 = −1
2
. (57)

The Lagrangian analysis of this three–dimensional to-
tal–energy equation [3] yields the three components of the
force along the spatial coordinates. Solving these equations
reproduces the same planetary orbits (for 𝜃 = 90◦) as those
obtained from the general–relativistic geodesic analysis of the
Schwarzschild metric. However, this analysis in curved space
encounters significant geometrical difficulties. It is hard to
provide geometrical support for the symmetry of the basis
vectors discussed in Sec. 2.2 (Difficulty 1), even though such
symmetry is also a necessary requirement of the Lagrangian
formulation. As shown in Sec. 2.3, it is difficult to write
explicit unit–vector expressions in curved space. We may
mathematically assume that the coordinates are orthogonal
(as in Sec. 2.2), but writing the force vector becomes problem-
atic because the unit–vector expressions themselves cannot
be constructed.

Thus, the classical analysis up to this point may give the
impression that the four–dimensional Schwarzschild metric
is mainly a mathematical structure that reproduces the correct
planetary orbits, while lacking an appropriate underlying
geometrical interpretation.

We now examine how general relativity provides reme-
dies for these geometrical difficulties, remedies that require
fundamental changes in the underlying geometrical concepts.
In general relativity, the fourth coordinate is identified with
time, and every point in the four–dimensional space–time
manifold corresponds to a physical event. Consequently, the
conventional notion of a vector must be modified in curved
space–time (see Ref. [1]). The familiar interpretation of vec-
tors as arrows connecting two points (a “bilocal” picture with
a head and a tail) must be abandoned. In curved space–time,
such a bilocal construction is not well defined. Instead, vec-
tors must be treated as purely local objects. They cannot be
translated physically from one point to another, and each
vector is attached to a specific event on the manifold.

There is therefore no position vector on a general curved
manifold. Points are labelled only by their coordinates and are
not themselves vectors. Rather, vectors are elements of the
tangent space at each event, and the basis vectors are given by
the coordinate partial derivatives along the coordinate lines:

®𝜀𝑖 ≡
𝜕

𝜕𝑥𝑖
. (58)

Modifying the three-dimensional flat space metric to the four-
dimensional curved space-time metric modifies geometry

and also the interpretations of the physical phenomenon.
Completely discarding the bilocal vectors, can overcome
some of the difficulties listed in the article but this also raises
some new concerns. Therefore, drawing the classical orbits
showing the mass bodies rotating with certain velocities can
still remain difficult. In a classical Newtonian picture, both
bodies rotate around the center of mass by exerting forces on
each other and we have to incorporate the reduced mass in
calculations. This factor becomes important if the mass of the
planet is not small compared with the central mass. Analysis
of such situation will be quite complicated in a geodesic
analysis and we normally study situations where central mass
is very large. We shall list the difficulties with the classical
vectors and briefly discuss how the general relativity tries
to overcome these difficulties by defining a new version of
vectors called the local vectors in Table 2. This modification
raises some new concerns which are also briefly discussed in
the Table 2.

Before proceeding, we recall the distinction between bilo-
cal and local vectors as used in our analysis. The classical
vectors ®𝑠 and ®𝐴 are bilocal vectors: they point from one point
in space to another and therefore depend simultaneously on
two spatial locations. Such bilocal vectors are not admissible
in curved space–time (Sec. 2.3). In contrast, the infinites-
imally small classical incremental vectors d®𝑠 and d ®𝐴 can
be treated mathematically as local vectors, since they are
represented entirely by the coordinates of a single point in
space (Secs. 2.1, 2.2, and 3.2). These local vectors reside
in the tangent space associated with that point and do not
require a bilocal construction.

5.2 Significance of the vector method

Finally, we discuss the significance of the vector method
used in Sec. 3.2, Sec. 3.3 and Sec. 3.4. An element of arc
𝑑®𝑠 can be written as 𝑑𝑠2 = 𝑔𝑖 𝑗 𝑑𝑥

𝑖𝑑𝑥 𝑗 . This tensor is called
a metric tensor because all the metric properties of space
should be completely determined by this tensor. Success of a
curved space multidimensional analysis very much depends
upon the intelligent choice of the metric tensor and this may
not easily enlighten us about the geometrical aspects of the
physical problem. However, an incremental displacement
vector ®𝑑𝑠 = ®𝜀𝑖 𝑑𝑥𝑖 corresponding to this multidimensional
metric can be written in terms of basis vectors such that,
𝑔𝑖 𝑗 = ®𝜀𝑖 · ®𝜀 𝑗 . The basis vector symmetry condition (6) is true
for zero torsion condition. Suitable conditions will have to
be written if we wish to study nonzero torsion situations. In
Section 3, we have shown that the Riemann-Christoffel tensor
is related to the second partial derivatives while the Bianchi
identity is related to the third partial derivatives of these
basis vectors. Describing the classical vectors encounters
various geometrical difficulties (Sec. 2.2, Sec. 2.3, Sec. 4).
The standard general relativity has tried to overcome these



176

Table 2. The problems, the remedies, and the concerns with the remedies

Difficulties with a classical bilocal vector
in a curved space

Remedy in GR: redefine vectors as local vec-
tors in spacetime

Concerns regarding the local-vector formula-
tion and the geometry of spacetime

Difficulty in defining a coordinate system
(Sec. 2.3): In flat space a global coordinate
system can be chosen with any convenient
origin to describe positions, motions, and
vectors. In curved space a global coordinate
system is not possible.

In curved spacetime vectors are defined as local.
One can only attempt to define a local coordinate
system attached to each event.

In four-dimensional curved space one cannot
write unit-vector expressions corresponding to
coordinates even in a local frame. Thus writing
classical vector expressions becomes difficult.

Difficulty in writing classical vector ex-
pressions (Sec. 2.3): Unit vectors cannot be
written, and hence classical vectors (displace-
ment, velocity, force) cannot be expressed.
A Lagrangian force-based analysis becomes
inappropriate for planetary orbits.

Planets do not orbit because of forces acting on
them. Instead, one writes geodesic equations;
geodesics around a central mass describe plane-
tary motion.

In the Schwarzschild geometry, 𝑟 , 𝜃 , 𝜙 are used
with the same scalar meaning as in flat space
when describing orbits, but the curved-space unit
vectors cannot be related to flat-space unit vectors.
No geometrical picture of vectors along (𝑟 , 𝜃 , 𝜙)
is possible. Even the basis vectors of Eq. (58) can-
not be given classical unit-vector representations.

Difficulty with path independence (Secs. 4
and 2.2): The general incremental vector
𝑑 ®𝐴 is not always path independent, whereas
the incremental displacement vector 𝑑®𝑠 is al-
ways path independent. Thus, the two behave
differently in the same curved space.

The fourth coordinate is defined as time. There
are no bilocal vectors in curved spacetime; GR
uses only local vectors attached to events. Hence
the notion of “path independence of vectors”
loses physical meaning.

Time is the fourth coordinate to maintain consis-
tency with special relativity. Local vectors such
as 𝑑®𝑠 and 𝑑 ®𝐴 can be defined because the second
point is infinitesimally close. In flat space or on
a sphere, an infinitesimal patch is nearly flat and
derivatives behave symmetrically. But in curved
space, the tangent space cannot be assumed flat
even locally near 𝑑®𝑠. Thus the assumption that
𝑑®𝑠 and 𝑑 ®𝐴 behave differently has no clear geo-
metrical explanation.

Difficulty with symmetry of Christoffel
symbols (Sec. 2.2): There is no geometrical
justification for path independence of 𝑑®𝑠 or
symmetry of basis vectors. Thus symmetric
Christoffel symbols appear as a mathematical
assumption.

The symmetry of Christoffel symbols is not
derived from path independence. In GR the basis
vectors are defined as partial derivatives along
the coordinate lines (Eq. (58)). They commute
because partial derivatives commute.

Partial second derivatives of a scalar are symmet-
ric; for vectors only in flat space. Basis vectors in
curved space commute only if the space is locally
flat. But even in Ricci-flat space (Sec. 3.4) one
cannot write unit vectors. Thus local flatness may
not guarantee commuting basis vectors. Hence
symmetric Christoffel symbols are a mathemati-
cal assumption with limited geometric support.

Difficulty with cross product (Sec. 2.3):
Cross products fail when the fourth coordi-
nate is introduced.

Orthogonal cross product is meaningful only in
3D; not in 4D. The fourth coordinate is time; a
cross product involving time has no geometrical
meaning.

The three spatial unit vectors obey dot and cross
product rules under differentiation in curved
space; the time-like unit vector obeys only the
dot-product rule. GR discards bilocal vectors;
therefore classical geometric meaning of dot and
cross products between two local vectors becomes
unclear.

difficulties by (Sec. 5.1) redefining the vector [1]as a local
vector (Eq. (58)) but this definition also raises some new
concerns. But, note that, the vector method, based on the
classical incremental vectors gives all the desired mathe-
matical results including various identities, similar to the
conventional tensor analysis based on scalar components of
tensors. A vector analysis is inherently superior to a scalar
analysis as a vector has both magnitude and direction. This
vector method, based on a classical geometrical picture, is an
easier mathematical alternative to the tensor analysis in the
curved multidimensional space and also throws light on the
geometrical complications, if any, in describing such curved
space. This method is generic in nature as it can be applied
to any metric of any dimensions. We can also establish rela-

tionship between the three-dimensional Lagrangian method
and the four-dimensional Geodesic analysis, both giving the
same results.

6 Conclusion

This article has initially attempted to study the geometrical
representation of vectors in a curved space. The Schwarzschild
metric represents a four-dimensional curved-space geometry.
This metric can be mathematically compared with the metric
of the surface of a sphere embedded in a three-dimensional
flat space, where we can write an incremental displacement
vector at a point but cannot write a position vector linking
two distinct points on the surface. Likewise, in the four-
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dimensional curved space it is difficult to write a position
vector, but we can write an incremental displacement vector
based on the four-dimensional metric. This incremental-
vector-based classical approach reproduces exactly the same
results as the tensor analysis of general relativity, but it
faces several geometrical difficulties. We have discussed
six such difficulties, which may create the impression that
curved space-time lacks appropriate geometrical support.
This article has examined why a new definition of vector is
required in curved space-time and how it helps overcome
these geometrical difficulties.

In general relativity, the fourth dimension is designated
as time, so each point in space is associated with a specific
event. The temptation to regard vectors as arrows linking
two events has to be discarded [1]. The bilocal (head–tail)
version of a vector must be replaced by a purely local version.
There is no position vector on a manifold, and vectors cannot
be physically transported as arrows; each vector must be
attached to a specific local event. The difficulties encountered
by classical (bilocal) vectors become the basis for assigning
the peculiar characteristics of vectors in curved space-time.
We can redefine the geometrical picture only because the
fourth dimension represents time and is distinct from the spa-
tial dimensions. Using this new definition, one may attempt
to draw the geometrical picture of planetary motion in four-
dimensional space-time. However, the new definition also
raises additional geometrical concerns, especially when one
tries to visualize vectors. It is accepted that we can not write
bilocal vectors such as a position vector ®𝑠 or a general vector
®𝐴 in the curved space-time. But we realize that their incre-
mental vectors ®𝑑𝑠 and ®𝑑𝐴 exhibit different path-independence
properties in the same curved space and it is not possible to
provide any geometrical justification for this behaviour. Such,
characteristics are evident only from a vector analysis.

However, we can still adopt the vector method, which is
based on the classical incremental vectors to get all the desired
mathematical results including various identities, similar to
the conventional tensor analysis. This geometrical vector
method can work as an easier mathematical alternative to the
tensor analysis in the curved multidimensional space and also
throws light on the geometrical concerns, if any, in describing
such curved space. This Newtonian analysis is generic in na-
ture as it can be applied to any metric of any dimensions. We
can also establish relationship between the three-dimensional
Lagrangian method and the four-dimensional Geodesic anal-
ysis, both giving the same results.
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Abstract In this work, we construct a new family of co-
herent states associated with generalized hypergeometric
functions. These hypergeometric coherent states are in-
troduced through an appropriate choice of weight factors
in the Fock space expansion. We analyze their mathemat-
ical structure, normalization and completeness, and we
examine the corresponding photon number distribution
and statistical properties. The results show that the hy-
pergeometric coherent states exhibit both classical-like
and non-classical features, such as sub-Poissonian statis-
tics and quadrature squeezing. This framework provides
a unifying approach to a broad class of coherent states
and may open pathways for new applications in quantum
optics and related areas of mathematical physics.

Furthermore, we focus on generalized hypergeometric
coherent states (GH-CSs) for a continuous spectrum. We
establish their basic mathematical properties (normaliza-
tion, completeness, overlaps) and investigate their statis-
tical characteristics (photon distribution, sub-Poissonian
behavior). We also point out possible applications in quan-
tum mechanics, as well as in quantum optics and related
domains, where these states may serve as useful models for
non-classical light. The formalism of such coherent states
naturally leads to a mathematical “feedback”: one is led to
obtain and solve integrals involving ν-functions, thereby
enlarging the range of applications of these functions.

1 Introduction

In this work, we focus on a new family of coherent
states based on generalized hypergeometric functions. Hy-
pergeometric functions appear naturally in many areas of
mathematical physics, including solutions of differential
equations, special function theory, and representations
ae-mail: dusan_popov@yahoo.co.uk

of orthogonal polynomials. By employing hypergeomet-
ric functions in the definition of coherent states, we aim
to unify and extend several previously studied classes of
states within a single framework. The purpose of this
paper is to construct and analyze these hypergeometric
coherent states, to establish their mathematical prop-
erties such as normalization and completeness, and to
investigate their statistical characteristics, including pho-
ton number distribution, sub- Poissonian behavior, and
quadrature squeezing. We also highlight possible applica-
tions in quantum optics and related domains, where these
states may serve as useful models for non-classical light.
The purpose of this paper is to construct and analyse
these generalized hypergeometric coherent states (GHCSs)
for continuous spectrum, to establish some mathematical
properties (normalization, completeness, overlap), and to
investigate their statistical characteristics (photon distri-
bution, sub-Poissonian behavior). We also highlight some
possible applications in quantum mechanics, as well as in
quantum optics and related domains, where these states
may serve as useful models for non-classical light. Also,
the formalism of this type of CSs implicitly leads to a
mathematical feedback: obtaining and solving integrals
involving the ν-functions, which implicitly means an ex-
pansion of the applications that use these functions.

As is well known, for some function f(E), the Laplace
transform is defined by the integral

L{f}(s) =
∫ ∞

0
dE e−sEf(E), (1)

where s is a complex number.
On the other hand, the reciprocal gamma function can

be written as
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f(E + 1) = 1
Γ (E + 1) . (2)

By combining Eqs. (1) and (2), we obtain

L{f}(e−s) =
∫ ∞

0
dE

e−sE

Γ (E + 1) . (3)

If we set

e−s = z, z = |z|eiφ, 0 ≤ |z| ≤ Rc ≤ ∞, (4)

where Rc is the radius of convergence of the power series
in the variable |z|, then Eq. (3) becomes

ν(z) ≡ L{f}(s) =
∫ ∞

0
dE

zE

Γ (E + 1) . (5)

A new function ν(z) thus appears on the right-hand side.
This is the so-called ν-function, which may be regarded
as a generalization of the Laplace transform of the re-
ciprocal gamma function. The ν-function was introduced
by Volterra in 1916 [1]. Apart from a few classical mono-
graphs [1, 2], there are relatively few references in the
literature dealing explicitly with ν(z).

A further generalization is the function ν(z, α), defined
by [1]

ν(z, α) =
∫ ∞

0
dE

zE+α

Γ (E + 1 + α) , (6)

which reduces to ν(z) for α = 0. The relation between
these two functions can be expressed in terms of derivatives
with respect to z as

dn

dzn
ν(z) = ν(z, −n), (7)

so that higher-order derivatives of ν(z) generate the family
ν(z, α).

On the other hand, one may consider the most general
form of coherent states (CSs) in quantum mechanics, ex-
panded in the Fock basis {|n⟩, n = 0, 1, 2, . . . , nmax ≤ ∞}.
These are the generalized hypergeometric coherent states
(GH-CSs), defined by [3]

|z⟩ = 1√
Fp,q({ai}p

1, {bj}q
1; |z|2)

nmax≤∞∑
n=0

zn√
ρp,q(n)

|n⟩, (8)

where p, q are non-negative integers and {ai}, {bj} are pa-
rameter sets entering the generalized hypergeometric func-
tions. We adopt the notation {xi}m

i=1 ≡ (x1, x2, . . . , xm).
The Pochhammer symbols (ai)n appear in the struc-

ture constants. The name “generalized hypergeometric
coherent states” comes from the fact that their normal-
izing function pFq

(
{ai}p

i=1; {bj}q
j=1; |z|2

)
is a generalized

hypergeometric function. Moreover, the positive constants
ρp,q(n) are assumed to arise as the moments of a proba-
bility distribution [4], and for GH-CSs they are defined as
follows [5]:

ρp,q(n) ≡ n!

q∏
j=1

(bj)n

p∏
i=1

(ai)n

, (9)

so that the normalization function can be written as [6]

pFq

(
{ai}p

i=1; {bj}q
j=1; |z|2

)

=
∞∑

n=0

p∏
i=1

(ai)n

q∏
j=1

(bj)n

|z|2n

n! =
∞∑

n=0

|z|2n

ρp,q(n) . (10)

Any family of coherent states must satisfy the well-known
Klauder prescriptions [7]:

• Normalization and non-orthogonality:

⟨z | z′⟩ =

1, if z = z′,

̸= 0, if z ̸= z′.
(11)

• Continuity in the label z:

lim
z′→z

∥ z − z′∥ = 0. (12)
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• Resolution of the identity:

∫
dµ(z) |z⟩⟨z| = Î =

∞∑
n=0

|n⟩⟨n|, (13)

where dµ(z) = d2z
π = dφ

2π d(|z|2)h(|z|2) is a measure with
a positive weight function h(|z|2), to be determined for
each family of coherent states.

Although at first glance there seems to be no connec-
tion between the two concepts introduced above, namely
the ν-function ν(z) and the generalized coherent states
(GH-CSs) |z⟩, it was shown in Ref. [8] that such a connec-
tion does exist. This may be regarded as the first physical
application of the ν-function. In the present paper we
aim to deepen this connection, leading to a series of new
properties of the ν-function ν(z) that do not appear in
the specialized literature.

In Ref. [8] we also examined the transition from a
discrete spectrum (d) to a continuous spectrum (c) for
a given quantum system. We found that if a certain lim-
iting procedure—referred to as the discrete–continuous
limit d → c—is applied, any quantity associated with a
system possessing a discrete spectrum is mapped to the
corresponding quantity associated with the continuous
spectrum.

There exist quantum systems whose spectra include
both discrete and continuous parts. A well-known exam-
ple is the diatomic molecule, whose internuclear potential
is accurately represented by the Morse potential. This
potential supports a finite number of discrete energy lev-
els corresponding to bound states. For sufficiently large
values of the vibrational quantum number n, i.e. for ener-
gies exceeding the dissociation energy De, the molecule
dissociates under external influences such as increasing
temperature. In this regime the two nuclei (together with
their electrons) behave as free particles, and the spectrum
becomes continuous.

Let us emphasize that, for a given quantum system, two
types of coherent states can be defined: (a) Barut–Girardello
(BG) coherent states, introduced as the eigenstates of
an annihilation operator [9]; and (b) Klauder–Perelomov
(KP) coherent states, obtained by applying a displacement
operator to the vacuum state [10]. Although their expan-
sions in the Fock basis differ, the two families are dual.
This duality manifests itself in the fact that the indices
p and q and the corresponding parameter sets {ai}p

i=1
and {bj}q

j=1 can be interchanged [11]. However, when the
discrete–continuous limit d → c is applied, both families
converge to the same mathematical structure, identical
to that of the coherent states of the one-dimensional har-
monic oscillator (HO–1D). For this reason, and in light of
the aims of the present work, we shall restrict our atten-

tion to the Barut–Girardello type coherent states as our
starting point [11].

2 The main results from Ref. [8]—in short

To begin with, let us consider a dimensionless Hamil-
tonian H with a non-degenerate continuous spectrum,
together with a corresponding set of dimensionless eigen-
states |E⟩ (where ℏω = 1 is assumed). The energies lie in
the interval 0 ≤ E < ∞ and the eigenstates are normalized
in the sense of Dirac delta functions:

H |E⟩ = E |E⟩, ⟨E | E′⟩ = δ(E − E′). (14)

The closure, or completeness relation, for a continuous
spectrum takes the form

∫ ∞

0
dE |E⟩⟨E| = Î , (15)

and therefore

∫ ∞

0
dE ⟨E′|E⟩⟨E|E′′⟩ = δ(E′ − E′′). (16)

The coherent states corresponding to the continuous spec-
trum can be obtained by applying a suitable limiting
procedure, which we refer to as the discrete–continuous
limit d → c (for brevity). This limit has been introduced
and discussed in detail in Ref. [13]; see also Ref. [8].

Xc(E) = lim
n→E

nmax→∞∑∞
0

→
∫∞

0
p=q

{ai}={bj}

Xd(n, nmax) ≡ lim
d→c

Xd(n, nmax), (17)

and

nmax∑
n=0

Xd(n, nmax) −→
∫ ∞

0
dE Xc(E). (18)

Thus, establishing the correspondence between the observ-
ables (or quantities) of the discrete spectrum, Xd, and
those of the continuous spectrum, Xc, requires the fol-
lowing operations: (a) the discrete quantum number n

must be replaced by the dimensionless energy E; (b) the
maximal number of bound states must tend to infinity,
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nmax → ∞; (c) simultaneously, the summation over n

must be replaced by an integral over E; (d) the indices
p and q of the generalized hypergeometric functions, as
well as the parameter sets {ai}p

i=1 and {bj}q
j=1, must be

taken equal.
Consequently, we obtain the following limits:

lim
d→c

ρp,q(n) = lim
d→c

n!

q∏
j=1

(bj)n

p∏
i=1

(ai)n

= Γ (E + 1) , (19)

lim
d→c

pFq

(
{ai}p

i=1; {bj}q
j=1; |z|2

)
= lim

d→c

∞∑
n=0

|z|2n

ρp,q(n)

=
∫ ∞

0

|z|2E

Γ (E + 1) dE = ν(|z|2).

(20)

This leads to the following limit for GH-CSs:

|z⟩ = lim
d→c

|z⟩ = 1√
ν(|z|2)

∫ ∞

0

zE√
Γ (E + 1)

|E⟩ dE. (21)

The expression of coherent states (CSs) for a continuous
spectrum was first obtained—by different methods and
considerations—for the Gazeau–Klauder coherent states
in Ref. [4], and later reconsidered in Refs. [13] and [14].

The overlap of two coherent states follows immediately
and is given by

⟨z | z′⟩ = lim
d→c

⟨z | z′⟩ = ν(z∗z′)√
ν(|z|2) ν(|z′|2)

. (22)

Observation: To avoid overloading the notation, we keep
the same complex variable z for both the discrete and
the continuous spectra; in other words, limd→c z = z.
Whenever necessary, and only in order to avoid ambiguity,
we will explicitly indicate the indices d or c.

Using the Mellin transform of the Meijer G-function
[1],

∫ ∞

0
xs−1 G m,n

p,q

(
ωx

∣∣∣∣∣ {ai}n
i=1 ; {ai}p

i=n+1
{bj}m

j=1 ; {bj}q
j=m+1

)
dx

= ω−s

m∏
j=1

Γ (bj + s)
n∏

i=1
Γ (1 − ai − s)

q∏
j=m+1

Γ (1 − bj − s)
p∏

i=n+1
Γ (ai + s)

.

(23)

The integration measure of a GH-CS, as defined in Eq. (6),
for a discontinuous spectrum was obtained in Ref. [15],
and it is given by

dµ(d)
p,q(z) = dφ d(|z|2)

2π

p∏
i=1

Γ (ai)

q∏
j=1

Γ (bj)

× Fp,q

(
{ai}p

i=1; {bj}q
j=1; |z|2

)
× G q+1, 0

p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)
.

(24)

so that its limit is

lim
d→c

dµd
p,q(z) = dφ d(|z|2)

2π
e−|z|2

ν(|z|2) ≡ dµc(z). (25)

where we have used the specialized value of the Meijer
G-function, namely G 1,0

0,1

(
|z|2

∣∣∣ 0) = e−|z|2 , see Ref. [6].

In this context, the following relationship is also valid

lim
d→c

∫
dµd

p,q(z) |z⟩⟨z|

=
∫

dµc(z) |z⟩⟨z| =
∫ ∞

0
dE |E⟩⟨E| = Î .

(26)

In performing the demonstration through the correspond-
ing substitutions, after the angular integration, we used a
fundamental integral:
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∫ ∞

0
d(|z|2) (|z|2)E

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

= Γ (E + 1)

q∏
j=1

Γ (bj + E)

p∏
i=1

Γ (ai + E)
=

p∏
j=1

Γ (bj)

q∏
i=1

Γ (ai)
ρp,q(E),

(27)

which will be useful in the following.
As we showed previously in Ref. [5], the GH-CSs are

generated by a pair of creation and annihilation operators,
A+ and A−. A new operational ordering procedure, called
DOOT (the diagonal ordering operation technique), can be
applied to these operators. This approach leads to several
new results, both for the discontinuous spectrum [15] and
for the continuous one [8].

The pair operators are (A)+ = A+ and satisfy the
following equations:

A− |n⟩ =
√

n |n − 1⟩,

A+ |n⟩ =
√

n + 1 |n + 1⟩,

A+A− |n⟩ = |n⟩.

(28)

Their action on the vectors |E⟩ follows from applying the
discrete–continuous limit d → c to their discrete counter-
parts:

A− |E⟩ = E |E − 1⟩,

A+ |E⟩ = (E + 1) |E + 1⟩,

A+A− |E⟩ = E |E⟩.

(29)

In Ref. [8], for the continuous spectrum we introduced a
real, dimensionless energy parameter ε > 0, which is not
a quantum number but may be interpreted as a suitable
“unit jump” in the energy scale of continuous spectra. By
choosing ε = 1, the system energy can be written simply
as E = m. If we apply the raising operator A+ successively
m times to the ground (vacuum) state |0⟩, then for the
continuous spectrum we obtain

|E⟩ = 1
Γ (E + 1) (A+)E |0⟩,

⟨E| = 1
Γ (E + 1) ⟨0| (A−)E .

(30)

Starting from Eqs (14)-(15) and applying the DOOT rules
(for details, see Refs. [12],[15]), we obtain the expression of
the vacuum-state projector for the continuous spectrum,
|0⟩⟨0|:

∫ ∞

0
dE |E⟩⟨E| = |0⟩⟨0|

∫ ∞

0

# (A+A−)E #
Γ (E + 1) dE

= |0⟩⟨0| # ν(A+A−) # = 1,

(31)

|0⟩⟨0| = 1
#ν(A+A−)# . (32)

The symbol # · # denotes the normal (diagonal) ordering
of operators within the DOOT formalism.

Consequently, the projector in the energy eigenvector
basis, |E⟩⟨E|, is given by

|E⟩⟨E| = # (A+A−)E

Γ (E + 1)
1

ν(A+A−) #. (33)

With the above relations and the DOOT rules, the CSs
for the continuous spectrum becomes:

|z⟩ = 1√
ν(|z|2)

∫ ∞

0
dE

(
z A+

)E

Γ (E + 1) |0⟩

= 1√
ν(|z|2)

ν
(
z A+

)
|0⟩.

(34)

and similarly for their dual counterparts, so that the
projector onto the coherent state |z⟩ is given by

|z⟩⟨z| = 1
ν(|z|2) #ν(z A+) ν(z∗ A−)

ν′(A+A−) # . (35)

The correctness of this expression can be verified by using
the completeness relation for coherent states, Eq. (25).
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∫
dµc(z) |z⟩⟨z|

= # 1
ν(A+A−) #

∫ ∞

0
d(|z|2) e−|z|2

∫ 2π

0

dφ

2π
#ν(z A+) ν(z∗ A−) # = 1.

(36)

because the angular integral is

∫ 2π

0

dφ

2π
#ν(z A+) ν(z∗ A−) #

=
∫ ∞

0
dE

# (A+A−)E #[
Γ (E + 1)

]2 |z|2E .

(37)

On the other hand, the probability density for the transi-
tion from the energy eigenstate |E⟩ to the coherent state
|z⟩ is given by

P (|z|2) ≡ |⟨z | E⟩|2 = 1
ν(|z|2)

|z|2E

Γ (E + 1) . (38)

If we apply the inverse limit, that is, the continuous–discrete
limit c → d, we recover precisely the Poisson probability
density function corresponding to the discrete case.

lim
c→d

ν(|z|2) = lim
E→n∫
→
∑
∫ ∞

0
dE

|z|2n

Γ (E + 1)

=
∞∑

n=0

|z|2n

Γ (n + 1) = e|z|2
,

(39)

lim
c→d

P (|z|2) = lim
E→n∫
→
∑P (|z|2)

= e−|z|2 |z|2n

n! ≡ P Poiss
n

(
|z|2
)

.

(40)

This result shows that the coherent states |z⟩ obey sub-
Poissonian statistics, i.e. they exhibit non-classical fea-
tures.

From the relations above, it is clear that the ν-function,
ν(|z|2), naturally appears in the description of the con-
tinuous spectrum of a quantum system. To the best of
our knowledge, this represents the first application of the
ν-function ν(|z|2) in a non-mathematical scientific context,
namely in quantum mechanics and, more specifically, in
quantum optics.

3 The generalized discrete–continuous limit d → c

Let us now generalize the main results obtained in
Ref. [8] and examine the practical consequences of this
generalization. Compared with the limit used in this paper,
Eqs (17)-(18), we will now adopt a less restrictive limit,
namely:

Xc(E) = lim
n→E

nmax→∞∑∞
n=0

→
∫∞

0
dE

Xd(n, nmax)

≡ lim
d→c

Xd(n, nmax)

nmax∑
n=0

Xd(n, nmax) →
∫ ∞

0
Xc(E) dE.

(41)

This means that all observables Xc that characterize a
system with a continuous spectrum are obtained as lim-
iting cases of the corresponding observables Xd of the
discrete spectrum, through the following three operations:
(a) replacing the discrete quantum number n by the di-
mensionless energy E; (b) extending the upper bound
nmax → ∞; (c) simultaneously replacing the sum over n

by an integral over E.
For this reason, we shall refer to this transformation

as the generalized discrete–continuous limit d → c, or
simply the Gd–cL. In what follows, we also introduce the
notation d-GH-CSs for the generalized hypergeometric
coherent states associated with the discrete spectrum,
and c-GH-CSs for those associated with the continuous
spectrum.

Let us now apply the Gd–cL to the objects that char-
acterize the discontinuous spectrum.

lim
d→c

ρp,q(n) = lim
d→c

n!

q∏
j=1

(bj)n

p∏
i=1

(ai)n

= Γ (E + 1)

p∏
j=1

(bj)E

p∏
i=1

(ai)E

≡ ρp,q(E).

(42)

where the Pochhammer symbols are defined by (x)E =
Γ (x + E)

Γ (x) .
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lim
d→c

F
(
{a}p; {b}q; |z|2

)
= lim

d→c

∞∑
n=0

p∏
i=1

(ai)n

q∏
j=1

(bj)n

|z|2n

n!

=
∫ ∞

0
dE

p∏
i=1

(ai)n

q∏
j=1

(bj)n

|z|2E

Γ (E + 1)

=
∫ ∞

0
dE

|z|2E

ρp,q(E)

≡ pFq

(
{a}p

1; {b}q
1; |z|2

)
= νp,q

(
|z|2
)

.

(43)

It is observed that a function similar to the generalized
hypergeometric function is obtained, but defined not by a
sum, but by an integral. We will call this new object the
integral generalized hypergeometric function (int-GHF),
and we denote it by pFq

(
{a}p

1; {b}q
1; |z|2

)
, which is pre-

cisely the ν-function in the continuous formulation. Let us
note that the last integral has the same structure as the
ordinary ν-function ν(|z|2), but in a much more general
form, in accordance with Eq. (27). For this reason we
call it the generalized ν-function (Gν), νp,q(|z|2), which is
in fact equal to the integral generalized hypergeometric
function (int-GHF) pFq

(
{a}p

1; {b}q
1; |z|2

)
.

νp,q

(
|z|2
)

≡
∫ ∞

0

|z|2E

ρp,q(E) dE

=
∫ ∞

0
dE

p∏
i=1

(ai)E

q∏
j=1

(bj)E

|z|2E

Γ (E + 1)

≡ pFq

(
{a}p

1; {b}q
1; |z|2

)
.

(44)

In the special case p = q = 0, we have

ν0,0
(
|z|2
)

≡ ν
(
|z|2
)

=
∫ ∞

0

|z|2E

Γ (E + 1) dE

≡ 0F0
(

; ; |z|2
)

= exp(|z|2).

(45)

In this context, we may state that the function ν(|z|2)
is an integral exponential function, namely the integral
representation of exp(|z|2).

Note: This integral exponential function exp(|z|2) must
not be confused with the exponential integral Ei(x), for
real x, which is a special function defined on the complex
plane by

Ei(x) = −
∫ ∞

−x

e−t

t
dt =

∫ x

−∞

et

t
dt. (46)

Consequently, the Gd–cL of the GH-CSs is

lim
d→c

|z⟩ ≡ |z⟩

= 1√
νp,q(|z|2)

∫ ∞

0

zE√
ρp,q(E)

|E⟩ dE.

(47)

Since the construction involves the same complex variable
z, we keep the same notation as before for the GH-CSs in
the continuous spectrum, namely |z⟩.

The overlap of two GH-CSs for the continuous spec-
trum is, consequently,

⟨z | z′⟩ = νp,q(z∗z′)√
νp,q(|z|2)

√
νp,q(|z′|2)

. (48)

Using the action of the generalized creation and anni-
hilation operators, together with the DOOT rules, the
projector onto the coherent state |z⟩ is

|z⟩⟨z| = 1
νp,q(|z|2)

×
∫ ∞

0
dE

zE |E⟩√
ρp,q(E)

∫ ∞

0
dE′ (z∗)E′⟨E′|√

ρp,q(E′)
.

(49)

Following the same calculation procedure as before, it
will be obtained that the measure of integration in the
continuous space will be

dµc(z) = dφ

2π
d(|z|2)

p∏
i=1

Γ (ai)

q∏
j=1

Γ (bj)
νp,q |z|2

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)
,

(50)
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where we took into account that the angular integral has
the value

∫ 2π

0

dφ

2π
zE (z∗)E′

= |z|2E δ(E − E′), (51)

and we have also used the fundamental integral, Eq. (27),
that is, the general formula for reducing a classical inte-
gral to a single Meijer G–function [6], together with the
completeness relation for the energy eigenvectors |E⟩:

∫ ∞

0
|E⟩⟨E| dE = 1. (52)

In this context, it is confirmed that the c-GH-CSs associ-
ated with a continuous spectrum admit an expansion in
the energy basis {|E⟩}, of the form

|z⟩ = 1√
νp,q(|z|2)

∫ ∞

0

zE√
ρp,q(E)

|E⟩ dE. (53)

Therefore, this integration measure ensures the validity of
the completeness relationship of the unit operator:

∫
dµc(z) |z⟩⟨z| = 1. (54)

It is observed that the difference between the mathemat-
ical expressions of ν(|z|2), Eq. (5), and the generalized
form νp,q(|z|2), Eq. (3.13), lies in the fact that in the de-
nominator, instead of Γ (E + 1), one now finds ρp,q(E),
where ν(|z|2) ≡ ν0,0(|z|2).

After applying the discrete–continuous generalized
limit d → c, the actions of the generalized creation and
annihilation operators on the vacuum state lead to the
relations:

|E⟩ = 1√
ρp,q(E)

(
A+
)E |0⟩, (55a)

⟨E| = 1√
ρp,q(E)

⟨0|
(
A−
)E

. (55b)

In general, the pair of operators A− and A+ acts on the
vectors |E⟩ in a manner that follows directly from the
application of the discrete–continuous limit d → c:

A− |E⟩ =
√

ρp,q(E) |E − 1⟩, (56a)

A+ |E⟩ =
√

ρp,q(E + 1) |E + 1⟩, (56b)

A+A− |E⟩ = ρp,q(E) |E⟩, (56c)

#
(
A+A−

)E # |E⟩ =
[
ρp,q(E)

]E |E⟩. (56d)

or, equivalently

A− =
∫ ∞

0

√
ρp,q(E) |E − 1⟩⟨E| dE, (57a)

A+ =
∫ ∞

0

√
ρp,q(E + 1) |E + 1⟩⟨E| dE, (57b)

A+A− =
∫ ∞

0
ρp,q(E) |E⟩⟨E| dE, (57c)

#(A+A−)E# =
∫ ∞

0

[
ρp,q(E)

]E |E⟩⟨E| dE. (57d)

Similarly, by applying the DOOT rules, we obtain the
expression for the generalized projector of the vacuum
state associated with the continuous spectrum:

∫ ∞

0
|E⟩⟨E| dE = |0⟩⟨0|

∫ ∞

0

# (A+A−)E #
ρp,q(E) dE

= |0⟩⟨0| # νp,q(A+A−) # = 1,

(58)

|0⟩⟨0| = 1
# νp,q(A+A−) # . (59)

The projector onto the state |z⟩ is obtained in complete
analogy with the usual case, by applying the DOOT rules:

|z⟩⟨z| = 1
νp,q(|z|2)# νp,q(z A+) νp,q(z∗ A−)

νp,q(A+A−) #. (60)

where, according to the DOOT rules, the vacuum projector
|0⟩⟨0| can be taken outside the symbols # · #.

The completeness relation of the c-GH-CSs then leads
to
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∫
dµ(c)

p,q(z) |z⟩⟨z| =

q∏
j=1

Γ (bj)

p∏
i=1

Γ (ai)
# 1

νp,q(A+A−)#

×
∫ ∞

0
d|z|2 G q+1, 0

p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
1

0, {bj − 1}q
1; /

)

×
∫ 2π

0

dφ

2π
# νp,q(z A+) νp,q(z∗ A−) # = 1,

(61)

because the angular integral is

∫ 2π

0

dφ

2π
#νp,q(z A+) νp,q(z∗A−) #

=
∫ ∞

0
dE

# (A+A−)E/2 #[
ρp,q(E)

]2 |z| 2E .

(62)

In addition, from the completeness relation, the following
integral in complex space results, which refers to the ν-
function with operator argument:

∫
d2z G q+1, 0

p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

× # νp,q(z A+) νp,q(z∗A−) #

=

q∏
j=1

Γ (bj)

p∏
i=1

Γ (ai)
# νp,q(A+A−) # .

(63)

On the other hand, the probability density for the transi-
tion from the state |E⟩ to the coherent state |z⟩ is given
by

PE; p,q

(
|z|2
)

≡ |⟨z|E⟩|2 = |z| 2E

νp,q(|z|2) ρp,q(E) , (64)

whose generalized inverse limit c → d also leads to a
generalized Poisson distribution. In fact, if we apply the
inverse limit, that is, the continuous–discrete transition
c → d, we recover precisely the usual Poisson probability
density function corresponding to the discrete case.

4 Other interesting properties of the generalized
ν-function

To verify the expressions obtained for the continuous
spectrum, we now apply the reciprocal limit, that is, the
continuous–discrete transition c→d. As a result, we must
recover the corresponding expressions for the discrete
(discontinuous) spectrum. For example:

lim
c→d

νp,q

(
|z|2
)

= lim
c→d

∫ ∞

0

|z|2E

ρp,q(E) dE

=
∞∑

n=0

p∏
i=1

(ai)n

q∏
j=1

(bj)n

|z|2n

n!

≡ pFq

(
{a}p

1; {b}q
1; |z|2

)
.

(65)

In particular, for the case p = 0 and q = 0, we have
0F0
(

; ; |z|2
)

= e|z|2 , and therefore we obtain

lim
c→d

ν0,0
(
|z|2
)

≡ lim
c→d

ν
(
|z|2
)

= lim
c→d

∫ ∞

0

|z|2E

Γ (E + 1) dE

=
∞∑

n=0

|z|2n

n! = 0F0
(

; ; |z|2
)

= e |z|2
.

(66)

We can also define a ν operator (that is, a ν function that
has an operator as argument):

νp,q(A−) ≡
∫ ∞

0

(A−)E

ρp,q(E) dE, (67a)

νp,q(A+) ≡
∫ ∞

0

(A+)E

ρp,q(E) dE. (67b)

Their action on c-GH-CSs is easily obtained if we take
into account the definition of coherent states in the Barut-
Girardello manner [9]:

A− |z⟩ = z |z⟩, (68a)

⟨z|A+ = z∗ ⟨z|, (68b)

A+A− |z⟩ = |z|2 |z⟩. (68c)
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and we obtain

νp,q(A−) |z⟩ =
∫ ∞

0

1
ρp,q(E) (A−)E |z⟩ dE

=
∫ ∞

0

zE

ρp,q(E) |z⟩ dE = νp,q(z) |z⟩.

(69)

⟨z| νp,q(A+) = νp,q(z∗) ⟨z|. (70)

Therefore, the function νp,q(z) in the complex variable z

is the eigenvalue of the operator-valued function νp,q(A−)
in the coherent state |z⟩.

The mean (expected) value of a DOOT-ordered prod-
uct in the coherent state |z⟩ is then

⟨z| # νp,q(A+) νp,q(A−) # |z⟩ = νp,q(z∗) νp,q(z) . (71)

It is easy to verify that the action of the ν–operator (that
is, a ν–function whose argument is an operator) on the
c–GH–CSs is

νp,q(z′∗ A−) |z′⟩ = νp,q

(
|z′|2

)
|z′⟩, (72a)

⟨z| νp,q(z A+) = νp,q

(
|z|2
)

⟨z|. (72b)

The mean (expected) value in the coherent–state repre-
sentation |z⟩ is

⟨z| # νp,q(z A+) νp,q(z∗A−) # |z′⟩

=
√

νp,q(|z|2)
√

νp,q(|z′|2) νp,q(z∗z′) .
(73)

Let us now continue by calculating several matrix elements
in the c–GH–CS representation of the function νp,q( · )
when it is evaluated on different operator arguments.

⟨z| νp,q(z′∗A−) |z′⟩ = νp,q

(
|z′|2

)
⟨z|z′⟩, (74a)

⟨z| νp,q(z A+) |z′⟩ = νp,q

(
|z|2
)

⟨z|z′⟩. (74b)

⟨z| νp,q

(
e− z′∗A−

)
|z′⟩ = νp,q

(
e−|z′|2

)
⟨z|z′⟩, (75a)

⟨z| νp,q

(
e zA+

)
|z′⟩ = νp,q

(
e |z|2

)
⟨z|z′⟩. (75b)

⟨z| # νp,q

(
e zA+

)
νp,q

(
e− z′∗A−

)
# |z′⟩

= νp,q

(
e |z|2

)
νp,q

(
e−|z′|2

)
⟨z|z′⟩, (76a)

⟨z| # νp,q

(
e zA+

)
νp,q

(
e− z∗A−

)
# |z⟩

= νp,q

(
e |z|2

)
νp,q

(
e−|z|2

)
. (76b)

Considering that, within the GH–CS formalism combined
with the DOOT rules, the creation and annihilation op-
erators A+ and A− commute, i.e. [A+,A−] = 0, we may
apply the Baker–Campbell–Hausdorff formula

exp(X) exp(Y) = exp(Z), (77a)

Z = X + Y + 1
2[X,Y]

+ 1
12 [X, [X,Y]] + 1

12 [Y, [Y,X]] + · · · . (77b)

Let us calculate the diagonal elements of the function
νp,q( · ) when its argument is the displacement operator:

D(z) ≡ # e z A+ − z∗A− # = # e z A+ e− z∗A− #. (78)

The final result is (see the deduction in the Appendix)

⟨z| νp,q(D(z)) |z⟩ = ⟨z| νp,q

(
# e zA+−z∗A− #

)
|z⟩

=
∫ ∞

0

1
Γ (E + 1) dE = νp,q(1) .

(79)

One of the DOOT rules states that, inside the symbols # ·
#, the creation and annihilation operators A+ and A− are
treated as ordinary c–numbers. Consequently, they may
be removed from under the integral sign [15]. Therefore,
in such expressions we may replace these operators by
scalar quantities, A+ → x and A− → y.

Let us now consider several integrals involving the
function νp,q( · ).

Starting from the closure (completeness) relation of
the unit operator and performing the above substitutions,
we are led to two integrals of fundamental importance in
the coherent–state approach.

Integral over the complex plane (from Eq. (63)):
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∫
d2z

π
G q+1, 0

p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)
× νp,q(xz) νp,q(yz∗)

=
(

q∏
j=1

Γ (bj)
)(

p∏
i=1

Γ (ai)
)−1

νp,q(xy).

(80)

Integral in real space, from Eqs. (49), (50), and (54):

∫ ∞

0
d(|z|2) |z|2E

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=

 q∏
j=1

Γ (bj)

( p∏
i=1

Γ (ai)
)−1

ρp,q(E).

(81)

By specifying the indices p and q, the sets of parameters
{ai}p

i=1 and {bj}q
j=1, as well as by performing a suitable

change of integration variable, the above integrals allow
us to evaluate a variety of other integrals involving the
function νp,q

(
x |z|2

)
, where x is a real or complex number.

As a first example, we obtain

∫ ∞

0
d
(
|z|2
)

νp,q

( 1
x

|z|2
)

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=

 q∏
j=1

Γ (bj)

( p∏
i=1

Γ (ai)
)−1

1
ln x

.

(82)

Particularly, if we take x = s, make the substitution
|z|2 = st, and specify p = 0, q = 0 (so that ν0,0( · ) = ν( · )),
we obtain (see Appendix):

∫ ∞

0
e−st ν(t) dt = 1

s ln s
, s > 0, s ̸= 1 , (83)

which is, in fact, the Laplace transform of the function ν(t),
a formula that appears in Erdélyi’s book [1], p. 222. On the
other hand, if we take p = 1, a1 = 1, q = 1 and b1 = b + 1,
then in this situation we have ρ1,1(E) = Γ (b+1+E), and

G 2, 0
1, 2

(
|z|2

∣∣∣∣∣ /; 0

0, b; /

)
= G 0, 1

1, 0

(
|z|
∣∣∣ b)

= e−|z|2
(|z|)2b. (84)

Then, the integral becomes

∫ ∞

0
d
(
|z|2
)

ν1,1

(
1
x

|z|2
)

e−|z|2 (
|z|2
)b

=
∫ ∞

0
dE

x−E

ρ1,1(E)

∫ ∞

0
d
(
|z|2
)

e−|z|2 (
|z|2
)b+E

=
∫ ∞

0
dE

x−E

Γ (b + 1 + E) Γ (b + 1)Γ (b + 1 + E)

= Γ (b + 1)
∫ ∞

0
x−E dE = Γ (b + 1)

ln x
.

(85)

Generally, if we choose the function νp,q

(
e−s|z|2

)
, then,

after expanding it into its power–series representation, we
must appeal to the Laplace transform of the corresponding
Meijer G–function (see Appendix):

∫ ∞

0
d
(
|z|2
)

ν0,0 e−s|z|2

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=
∞∑

l=0
ρp,q(l) (−1)l

l! sl

(
∂

∂s

)l

ν
(
e−s
)

.

(86)

A similar integral can be derived for the two–variable
function ν(z, α) (see Appendix):

∫ ∞

0
d
(
|z|2
)

ν

(
1
C

|z|2, α

)

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

= C−α

q∏
j=1

Γ (bj + α)

p∏
i=1

Γ (ai + α)
ν p, q+1(C −1).

(87)
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Particularly, in Eq. (80), for the case p = 0 and q = 0, we
have G1,0

0,1(|z|2 | 0) = e−|z|2 and we obtain

1
π

∫
d2z e−|z|2

ν(xz) ν(yz∗) = ν(xy). (88)

At the end of this section, it is necessary to make the
following observation: when the generalized function ν(x)
appears under an integral sign, it may also be defined
through other structure functions, characterized by differ-
ent indices and different parameter sets. For example:

νr,s(X) ≡
∫ ∞

0

XE

ρr,s(E) dE,

≡ rFs

(
{ci}r

i=1 ; {dj}s
j=1 ; X

)
, (89a)

ρr,s(E) = Γ (E + 1)

s∏
j=1

(dj)E

r∏
i=1

(ci)E

. (89b)

The only reason why, throughout this paper, we employed
the structure function ρr,s(E) was to avoid overcomplicat-
ing the formulas.

5 Concluding remarks

In this paper we have sought to extend the properties
and applications of the ν–function ν( · ), a subject that
has been very little (or almost not at all) addressed in
the specialized literature. Our analysis started from a first
application presented in our previous work [8], where we
examined the connection between the coherent–state for-
malism for continuous spectra and the ν–function ν( · ).
There we showed that the ν–function plays the role of the
normalization function of the coherent states |z⟩ associ-
ated with the continuous spectrum of a quantum system.
This role becomes apparent through the formulation and
use of the discrete–continuous limit d → c, by which any
quantity or observable Xd(n, nmax) characteristic of the
discrete spectrum has a well-defined counterpart Xc(E)
in the continuous spectrum. In the present paper we have
generalized the definition of the function ν(z), in the sense
that in the denominator of its integral definition, instead of
the simple gamma function Γ (E +1), where E denotes the
continuous spectrum of the Hamiltonian, a more general
structure function ρp,q(E) appears, containing products
and ratios of gamma functions. This structure function,
in its discrete (discontinuous) form, is directly related to
the most general coherent states, namely the generalized

hypergeometric coherent states (GH–CSs). In this way,
we introduced a new function—the generalized ν–function
νp,q(z)—for which the usual ν–function becomes a partic-
ular case: ν(z) = ν0,0(z). We have examined a number of
structural and operational properties of this generalized
function.

In addition, we also dealt with the generalized func-
tions νp,q( · ) whose argument depends on the creation
or annihilation operators that define the GH–CSs. The
results involving the functions νp,q( · ) are fully consistent
with the well–known relations of coherent–state theory:

f(A−) |z⟩ = f(z) |z⟩, (90a)

⟨z| f(A+) = ⟨z| f(z∗). (90b)

These relations involving operators are important because,
due to the rules of the diagonal operational ordering tech-
nique (DOOT), the operators are treated as simple c-
numbers, which can be removed from under the DOOT
symbol # · # [15]. Consequently, the operators can be
replaced by scalar quantities, leading to new classical
mathematical identities. As applications, we have derived
several integrals involving the generalized functions νp,q(·)
and examined explicit examples. In this way, we opened
the possibility of obtaining many further integrals and
relations involving the functions νp,q(·), by particulariz-
ing the indices p and q, the parameter sets {ai}p

i=1 and
{bj}q

j=1, and by applying suitable changes of the integra-
tion variables.

Moreover, let us point out that all calculations in this
paper were performed using coherent states defined in the
Barut–Girardello sense [9]. In principle, the previous re-
sults also remain valid for the dual coherent states defined
in the sense of Klauder–Perelomov, denoted by |z⟩KP [10].

|z⟩KP = e zA+−z∗A− |0⟩
qFp

(
{bj}q

j=1; {ai}p
i=1; |z|2

)
= 1

qFp

(
{bj}q

j=1; {ai}p
i=1; |z|2

)
×

∞∑
n=0

zn

ρq,p(n) |n⟩, (91a)

ρq,p(n) = Γ (n + 1)

p∏
i=1

(ai)n

q∏
j=1

(bj)n

. (91b)
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By applying the discrete–continuous limit d → c, the
same results are obtained, taking into account the duality
between the two types of coherent states, BG-CSs versus
KP-CSs [11]. The role of the CSs normalization function
for the continuous spectrum represents, to our knowledge,
the first application of the ν–function in quantum optics.
Conversely, the coherent-state formalism leads to several
mathematical applications involving the ν–function, in the
sense that it allows one to evaluate integrals containing this
function. This establishes a genuine feedback mechanism
between quantum mechanics (through the coherent-state
formalism) and higher mathematics (through the theory
of special functions).

As a general conclusion, we may state that coher-
ent states—both those associated with discrete spectra
and those corresponding to continuous energy spectra—
constitute a fundamental bridge between quantum and
classical (phase-space) representations. The coherent-state
formalism has found applications in many diverse fields, in-
cluding quantum physics (quantum optics, squeezing and
photon-added states, measurement theory, quantum Hall
effect), quantum information theory and practice (entan-
glement phenomena, cryptography), solid-state physics
(ferromagnetism, superconductivity, collective phenom-
ena), and mathematical physics (theory and applications
of special functions).

All these areas of application fully justify the growing
interest, in recent years, in the coherent states formalism,
both for systems with discrete spectra and for those with
continuous energy spectra.

Appendix

1. Derivation of Equation (86)

∫ ∞

0
d(|z|2) ν0,0 e−s|z|2

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=
∫ ∞

0
dE

(e−s)E

Γ (E + 1)

∞∑
l=0

(−sE) l

l!

×
∫ ∞

0
d(|z|2) (|z|2)l

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=

 q∏
j=1

Γ (bj)

( p∏
i=1

Γ (ai)
)−1

×
∞∑

l=0

(−s)l

l!

 q∏
j=1

Γ (bj)l

( p∏
i=1

Γ (ai)l
)−1

×
∫ ∞

0
dE

(e−s)E

Γ (E + 1) (−E)l

=
∞∑

l=0

(−1)l

l!

 q∏
j=1

Γ (bj + l)

( p∏
i=1

Γ (ai + l)
)−1

× (−1)l

(
∂

∂s

)l ∫ ∞

0
dE

(e−s)E

Γ (E + 1) (−E)l

=
∞∑

l=0
ρp,q(l) (−1)l

l!

(
∂

∂s

)l

ν
(
e−s
)

.

(92)

2. Derivation of Equation (79)

⟨z|νp,q(D(z))|z⟩ = ⟨z|νp,q

(
#e zA+−z∗A−#

)
|z⟩

= ⟨z|
∫ ∞

0
dE #(e zA+−z∗A−)E

ρp,q(E) #|z⟩

=
∫ ∞

0
dE

1
ρp,q(E) ⟨z|#(e zA+−z∗A−)E#|z⟩

=
∫ ∞

0
dE

1
ρp,q(E) ⟨z|# (e zEA+)(e−z∗EA−)#|z⟩

=
∫ ∞

0
dE

1
ρp,q(E) #

[( ∞∑
j=0

(zE)j

j! ⟨z|(A+)j

)

×

( ∞∑
l=0

(z∗E)l

l! (A−) l|z⟩

)]
#

=
∫ ∞

0
dE

1
ρp,q(E)

[( ∞∑
j=0

(zE)j

j! ⟨z|(z∗)j

)

×

( ∞∑
l=0

(z∗E)l

l! zl|z⟩

)]

=
∫ ∞

0
dE

1
ρp,q(E)

 ∞∑
j=0

(|z|2E)j

j!


×

( ∞∑
l=0

(|z|2E)l

l!

)
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=
∫ ∞

0
dE

1
ρp,q(E) exp(|z|2) exp(|z|2)

=
∫ ∞

0
dE

1
ρp,q(E) = νp,q(1).

(93)

3. Derivation of Equation (82)

Int ≡
∫ ∞

0
d(|z|2) ν

(
1
C

|z|2, α

)

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=
∫ ∞

0
dE

C−(α+E)

Γ (α + E + 1)

q∏
j=1

Γ (bj + α + E)

p∏
i=1

Γ (ai + α + E)

=
∫ ∞

0
dE

C−(α+E)

Γ (α + E + 1) ρp,q(α + E)

×
∫ ∞

0
d(|z|2) νp,q( 1

x
|z|2)

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=
∫ ∞

0
dE

x−E

ρp,q(E)

∫ ∞

0
d(|z|2) (|z|2)E

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=

 q∏
j=1

Γ (bj)

( p∏
i=1

Γ (ai)
)−1 ∫ ∞

0
dE x−E

=

 q∏
j=1

Γ (bj)

( p∏
i=1

Γ (ai)
)−1

(−1) 1
ln x

x−E

∣∣∣∣∣
∞

0

=

 q∏
j=1

Γ (bj)

( p∏
i=1

Γ (ai)
)−1

1
ln x

.

(94)

4. Derivation of Equation (87)

Int ≡
∫ ∞

0
d(|z|2) ν

(
1
C

|z|2, α

)

× G q+1, 0
p, q+1

(
|z|2

∣∣∣∣∣ /; {ai − 1}p
i=1

0, {bj − 1}q
j=1; /

)

=
∫ ∞

0
dE C−(α+E)

q∏
j=1

Γ (bj + α + E)

p∏
i=1

Γ (ai + α + E)

=
∫ ∞

0
dE

C−(α+E)

Γ (α + E + 1) ρp,q(α + E) ,

(95)

where

ρp,q(α + E) = Γ (α + E + 1)

×

q∏
j=1

Γ (bj + α)
q∏

j=1
(bj + α)E

p∏
i=1

Γ (ai + α)
p∏

i=1
(ai + α)E

,
(96)

Int ≡ C−α

 q∏
j=1

Γ (bj + α)

( p∏
i=1

Γ (ai + α)
)−1

×
∫ ∞

0
dE (l)E

q∏
j=1

(bj + α)E

p∏
i=1

(ai + α)E

C−E

Γ (E + 1)

= C−α

q∏
j=1

(bj + α)

p∏
i=1

(ai + α)
ν p, q+1

(
C−1) .

(97)
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Abstract This paper is concerned with proving that an in-
finite number of fast homoclinic solutions exist for a spe-
cific type of damped vibration system with nonlinearities
governed by the p-Laplacian operator. Unlike most exist-
ing works, which typically require coercivity, periodicity,
or global growth conditions on the potential, we establish
our results under weaker, localized assumptions. In particu-
lar, the damping and stiffness terms are allowed to be non-
coercive, and the potential function satisfies local conditions
near the origin. Our approach relies on variational meth-
ods and the symmetric mountain pass theorem. Two main
existence results are obtained, illustrating the effectiveness
of this method in treating strongly nonlinear systems with
nonstandard growth and damping terms.

1 Introduction

Second-order differential systems involving the p-Lapla-
cian operator arise naturally in various scientific fields, in-
cluding non-Newtonian fluid mechanics, nonlinear filtration
theory, and nonlinear elasticity [1]. In this context, we study
the following nonlinear damped vibration system with a p-
Laplacian operator:

d
dt

(
|u̇(t)|p−2u̇(t)

)
+q(t)|u̇(t)|p−2u̇(t)

−a(t)|u(t)|p−2u(t)+∇W (t,u(t)) = 0, t ∈ R.
(1)

where p ≥ 2, q,a ∈C(R,R), and the potential W : R×RN →
R is continuous and differentiable with respect to its second
variable.

This system generalizes the classical damped vibration
equation, which corresponds to the case p = 2. When p = 2
ae-mail: m_timoumi@yahoo.com

and q ̸= 0, the equation reduces to a linear second-order
differential system with variable coefficients, for which the
existence and multiplicity of homoclinic orbits have been
extensively studied via variational methods and critical point
theory. Many works have focused on establishing fast ho-
moclinic solutions under superquadratic or asymptotically
quadratic conditions on the potential, particularly in periodic
or coercive settings [2–15].

On the other hand, when p ̸= 2 and q = 0, the system
becomes conservative and retains the p-Laplacian structure.
In this setting, several researchers have also investigated
the existence and multiplicity of homoclinic solutions using
variational approaches [16–20].

However, in the general case where p > 1 and q ̸= 0, re-
sults remain scarce due to the technical challenges introduced
by the nonlinear damping term, which breaks the self-adjoint
structure and complicates the variational analysis. Existing
works in this general framework often impose strong assump-
tions on the nonlinearity or the potential. For instance, in [21],
the authors considered a potential composed of two parts
satisfying super- and sub-quadratic Ambrosetti-Rabinowitz-
type conditions, and applied both the classical and symmetric
mountain pass theorems to obtain fast homoclinic orbits.
More recently, [22] used Jeanjean’s monotonicity trick along
with concentration-compactness principles to establish the
existence of infinitely many fast homoclinic solutions with-
out relying on the classical Ambrosetti-Rabinowitz condi-
tion. However, such results generally assume that W (t,x) is
periodic in time and globally superquadratic in the spatial
variable.

In contrast to these works, the present paper investigates
the existence of infinitely many fast homoclinic solutions
under more relaxed assumptions. Specifically, we allow the
coefficient a(t) to be non-coercive, and consider potentials
W (t,x) that satisfy only local conditions with respect to both
time t and the spatial variable x. Notably, we do not require
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periodicity in t or global growth conditions at infinity for the
potential. Instead, the potential may exhibit superquadratic
growth locally near the origin, which significantly broadens
the class of admissible nonlinearities and allows us to treat
more general and realistic systems.

Our approach relies on variational methods and, in par-
ticular, on the symmetric mountain pass theorem due to Ka-
jikiya [23]. To handle the lack of compactness, we construct
suitable truncations of the potential and apply refined esti-
mates to show that the associated energy functional satisfies
the Palais-Smale condition. We then prove the existence of
an infinite sequence of nontrivial critical points converging to
zero in the energy space, which correspond to fast homoclinic
solutions of the original system.

We now introduce the precise assumptions:

• (Qν) There exists a constant ν > 1 such that

Q(t) =
∫ t

0
q(s)ds →+∞ as |t| → ∞,∫

|t|≥1

eQ(t)

|t| lnν |t|
dt < ∞.

• (A) There exists a0 > 0 such that

a(t)≥ a0, ∀ t ∈ R,

• (Aν ) measQ

(
{ t ∈R : a(t)/(|t| lnν |t|)< b}

)
< ∞,

∀b > 0.

• (W1) W (t,0) = 0 and ∃r > 0 such that W (t,−x) =
W (t,x) for all (t,x) with |x| ≤ r.

• (W2) ∃a < b and α > p such that

lim
|x|→0

W (t,x)
|x|α

=+∞ uniformly for t ∈ [a,b].

• (W3) ∃R0 > 0 such that

lim
|x|→0

|∇W (t,x)|
a(t)|x|p−1 = 0 uniformly for |t| ≥ R0.

• (W4) ∃c > 0, σ ∈ ( p
2 , p), R1 > 0, ρ ∈ (0,r) with

|∇W (t,x)| ≤ c |x|σ−1, ∀|t| ≥ R1, |x| ≤ ρ.

We now state our main results. The first covers the case
where the potential satisfies a local symmetry condition near

zero and has locally uniform superquadratic growth over a
bounded time interval.

Theorem 1.1. Suppose assumptions (A) and (W1) through
(W3) are satisfied. Then the system (DV ) has infinitely many
nontrivial fast homoclinic solutions.

Example 1.1. Let a(t) = |t cos t|+1, and let p < γ < α be
constants. Define

W (t,x) = a(t) |x|γ , |x| ≤ 1. (2)

One can verify that a satisfies the condition (A), and W (t,x)
satisfies the conditions (W1)− (W3).

The second result allows for non-coercive coefficients
a(t) under a weighted measure condition, and assumes cer-
tain local estimates on the gradient of the potential.

Theorem 1.2. Suppose assumptions (A), (Aν), (W1), (W2),
and (W4) are satisfied. Then the system (DV ) has infinitely
many nontrivial fast homoclinic solutions.

Example 1.2. Let σ ∈] p
2 , p[, α > γ > p+1 be constants. Let

[a,b] = [π

6 ,
π

3 ]. Define

W (t,x) = |x|σ cos t + |x|γ sin t. (3)

One can verify that W (t,x) satisfies the conditions (W1),
(W2), and (W4).

These results represent a significant extension of the cur-
rent theory, allowing for more general p-Laplacian systems
under minimal local conditions. To the best of our knowledge,
this is the first result establishing the existence of infinitely
many fast homoclinic solutions under such minimal local
assumptions in the presence of nonlinear damping and non-
coercive stiffness.

2 Preliminaries

Our analysis of fast homoclinic solutions for (DV ) begins
with a review of key properties of the weighted Sobolev space
E. This space serves as the domain for a variational func-
tional J such that its critical points are exactly the homoclinic
solutions of (DV ). For 1 ≤ s < ∞, we define Ls

Q(R) as the
Banach space of measurable functions from R to RN with
the norm:

∥u∥Ls
Q
=
(∫

R
eQ(t) |u(t)|s dt

) 1
s
. (4)
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Additionally, we define L∞
Q(R) as the Banach space of func-

tions from R to RN with the norm:

∥u∥L∞
Q
= esssup

{
e

Q(t)
2 |u(t)|/t ∈ R

}
. (5)

Next, we define the Sobolev space W 1,p
Q (R) as:

W 1,p
Q (R) =

{
u ∈ Lp

Q(R)/u̇ ∈ Lp
Q(R)

}
, (6)

equipped with the usual norm:

∥u∥W 1,p
Q

=
(∫

R
eQ(t)

[
|u̇(t)|p + |u(t)|p

]
dt
) 1

p
. (7)

Under the condition (A), we introduce the Banach space:

E =
{

u ∈W 1,p
Q (R) :∫
R

eQ(t)(|u̇(t)|p +a(t)|u(t)|p
)

dt < ∞

}
.

(8)

with the norm:

∥u∥=
(∫

R
eQ(t)

[
|u̇(t)|p +a(t) |u(t)|p

]
dt
) 1

p
. (9)

It is well known that E is continuously embedded in Ls
Q(R)

for all p ≤ s ≤ ∞.

Definition 2.1. We define a solution u of (DV ) to be a fast
homoclinic solution provided that u belongs to the space E.

Lemma 2.1. [16] For u∈W 1,p
Q (R), the following inequalities

hold:

∥u∥p
L∞ ≤

(
p−1
2p′

)
1
p′

∫
R

(
|u̇(s)|p + |u(s)|p

)
ds. (10)

and for u ∈ E,

∥u∥p
L∞ ≤

(
p−1
2qa0

) 1
q

∥u∥p. (11)

|u(t)|p ≤ (p−1)
1
p′
∫

∞

t

×
[
a(s)

]− 1
p′
(
|u̇(s)|p +a(s)|u(s)|p

)
ds, t ∈ R.

(12)

|u(t)|p ≤ (p−1)
1
p′
∫ t

−∞

×
[
a(s)

]− 1
p′
(
|u̇(s)|p +a(s)|u(s)|p

)
ds, t ∈ R.

(13)

where p′ is the exponent conjugate of p: 1
p′ +

1
p′ = 1.

Lemma 2.2. Suppose that (Qν),(Aν) are satisfied. Then E is
compactly embedded in Ls

Q(R) for any s ∈ [ p
2 ,∞[. Moreover,

for all s ∈ [ p
2 ,∞], there exists a constant ηs > 0 such that

∥u∥Ls
Q
≤ ηs ∥u∥ , ∀u ∈ E. (14)

Proof : Let ε > 0 be arbitrary. Assumption (Aν) guaran-
tees the existence of a radius rε ≥ e for which the measure
of the set Bε is less than or equal to ε , where

Bε =

{
t ∈ R\ [−rε ,rε ]

∣∣∣∣ a(t)
|t| lnν |t|

<
1
ε

}
. (15)

and

∫
|t|≥rε

eQ(t) 1
|t| lnν |t|

dt < ε. (16)

Let

Dε = R\
(
Bε∪ ]− rε ,rε [

)
, (17)

and

aε = inf
t∈Dε

a(t)
|t| lnν |t|

. (18)

Then 1
aε

≤ ε . Consider a sequence (uk) converging weakly
to u in the space E. An application of the Banach-Steinhaus
theorem yields

M = sup
k∈N

∥uk −u∥< ∞. (19)

The continuous embeddings E ↪→ W 1,p
Q (R) ↪→ Ls

Q(R) hold
for every s ∈ [p,∞]. Consequently, we can find a constant
Ms > 0 satisfying

∥uk −u∥Ls
Q
≤ Ms, ∀k ∈ N. (20)
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Since a(t)≥ a0 in Iε =]− rε ,rε [, the operator E →W 1,p
Q (Iε),

u 7→ u|Iε defines a linear operator that is continuous. Here,
the symbol W 1,p

Q (Iε) refers to the weighted Sobolev space
over the interval Iε

W 1,p
Q (Iε) ={

u : Iε → R/
∫

Iε
eQ(t)[|u̇(t)|p + |u(t)|p]dt <+∞

}
.

(21)

An application of the Sobolev embedding theorem shows
that

uk → u uni f ormly in Iε . (22)

Step 1. We first demonstrate the compactness of the embed-
ding of E into Lp

Q(R). To see this, observe that

∫
|t|≥rε

eQ(t)|uk(t)−u(t)|p dt =

∫
Bε

eQ(t)|uk(t)−u(t)|p dt

+
∫

Dε

eQ(t)|uk(t)−u(t)|p dt

≤ measQ(Bε)∥uk −u∥p
L∞

+
∫

Dε

eQ(t)|t| lnν |t| |uk(t)−u(t)|p dt

≤ ε

(
M∞√

m0

)p

+
1
aε

∫
R

eQ(t)a(t) |uk(t)−u(t)|p dt

≤ ε

[(
M∞√

m0

)p

+Mp
]
.

(23)

where m0 = inft∈R eQ(t). Combining (2.10) with (2.11) yields
∥uk −u∥Lp

Q
→ 0 as k → ∞.

Step 2. s ∈]p,∞[. Next, we assert that the embedding of E
into Ls

Q(R) is also compact. This can be shown by noting

∥uk −u∥s
Ls

Q
=

∫
R

eQ(t) |uk −u|s dt

≤
(

M∞√
m0

)s−p

∥uk −u∥p
Lp

Q
.

(24)

Building on the result from Step 1, we conclude that uk → u
in Ls

Q(R).

Step 3. s ∈ [ p
2 , p[. We claim that uk → u in Ls

Q(R). Let τ =
ν

p−s . Then s > p
1+ν

and τs > 1. For v ∈ Ls
Q(R), Hölder’s

inequality implies

∫
|t|≥rε

eQ(t)|v(t)|s dt =
∫

Bε

eQ(t)|v(t)|s dt

+
∫

Dε

eQ(t)|v(t)|s dt

≤
(∫

Bε

eQ(t)dt
) p−1

p
(∫

Bε

eQ(t)|v(t)|psdt
) 1

p

+
∫

t∈Dε

|t|−1/s ln−τ |t| |v(t)|≤1

eQ(t)|v(t)|s dt

+
∫

t∈Dε

|t|−1/s ln−τ |t| |v(t)|≥1

eQ(t)|v(t)|s dt

≤
(
measQ(Bε)

) p−1
p ∥v∥s

Lps
Q
+

∫
|t|≥rε

eQ(t)

|t| lnτs |t|
dt

+
∫

t∈Dε

|t|−1/s ln−τ |t| |v(t)|≥1

eQ(t)

|t| lnτs |t|

×
(
|t|1/s lnτ |t| |v(t)|

)sdt

≤ ε
p−1

p ∥v∥s
Lps

Q
+

∫
|t|≥rε

eQ(t)

|t| lnν |t|
dt

+
∫

t∈Dε

|t|−1/s ln−τ |t| |v(t)|≥1

(
|t|1/s lnτ |t| |v(t)|

)pdt

≤ ε
p−1

p ∥v∥s
Lps + ε +

∫
|t|≥rε

|t|
p
s −1 lnτ(p−s) |t| |v(t)|pdt

≤ ε
p−1

p ∥v∥s
Lps + ε +

∫
|t|≥rε

|t| lnν |t| |v(t)|p dt

≤ ε
p−1

p ∥v∥s
Lps + ε +

1
aε

∫
|t|≥rε

a(t) |v(t)|p dt

≤ ε
p−1

p ∥v∥s
Lps + ε + ε ∥v∥p

≤ ε
p−1

p
(
∥v∥s

Lps
Q
+1+∥v∥p

)
.

(25)

Hence, we have

∫
|t|≥rε

eQ(t) |uk(t)−u(t)|s dt

≤ ε
p−1

p
[
∥uk −u∥s

Lps
Q
+1+∥uk −u∥p

]
.

(26)

Since ps ≥ p, we deduce that

∫
|t|≥rε

eQ(t) |uk(t)−u(t)|s dt ≤ ε
p−1

p
[
Ms

ps +1+Mp
]
. (27)
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As above
∫

Iε eQ(t) |uk(t)−u(t)|s dt → 0 as k → ∞. Hence
uk → u in Ls

Q(R).

The proof of Lemma 2.2 is completed.

Our proof applies critical point theory, specifically the
symmetric mountain pass theorem due to Kajikiya [5], to
establish the main result. Before proceeding, we recall the
concept of genus.

Let X be a Banach space and let A be a subset of X . The
set A is said to be symmetric if for every element u ∈ A,
the element −u is also in A. Let A be a closed symmetric
set not containing the origin. Its genus, denoted by γ(A), is
the smallest integer k for which one can construct an odd
continuous mapping from R to Rk\{0}. If no such k exist, we
define γ(A) = +∞. Additionally, we define γ( /0) = 0, where
/0 denotes the empty set. We now introduce the set Γk, defined
as

Γk =
{

A ⊂ X
∣∣∣ A is a closed symmetric subset,

0 /∈ A, γ(A)≥ k
}
.

(28)

Below, we summarize the essential properties of the genus
that will be utilized in our argument.

Lemma 2.3. [5, Proposition 7.5.] Let A and B be closed
symmetric subsets of a Banach space X that do not contain
the origin. The following properties hold:

(i) If A ⊂ B, then γ(A)≤ γ(B).

(ii) The N−dimensional sphere SN has a genus of N +1 by
the Borsuk-Ulam theorem.

Lemma 2.4. [5, Theorem 1] Let E be an infinite-dimensional
Banach space and Φ ∈C1(X ,R) be an even functional with
Φ(0) = 0. Suppose that Φ satisfies the following conditions:

(1) Φ is bounded from below and satisfies the (PS)−condition;

(2) For each k ∈ N, there exists Ak ∈ Γk such that

sup
u∈Ak

Φ(u)< 0. (29)

The theorem guarantees two types of sequences: (a) a se-
quence of critical points (uk) with negative energy converg-
ing to zero, and (b) two distinct sequences: one of non-zero
critical points with zero energy that tend to zero, and another
of critical points with negative energy tending to zero, which
itself converges to a non-zero limit.

3 Proof of Theorem 1.1.

Our strategy is to apply critical point theory to a modified
version of the potential W (t,x), denoted W̃ (t,x), which coin-
cides with W (t,x) near the origin but is altered for large |x|.
This modification is defined as follows:
Choose a constant ε0 ∈]0,1[. By (W3), there exists a constant
δ0 ∈]0,r] such that

|∇W (t,x)| ≤ ε0a(t) |x|p−1 , ∀|t| ≥ R0 and |x| ≤ δ0. (30)

Define a nonincreasing cut-off function g∈C1(R+,R+) such

that g(s) = 1 for 0 ≤ s ≤ δ
p
0

2p , g(s) = 0 for s ≥ δ
p
0 and 0 ≤

g(s)≤ 1 for all s ∈ R+. Let

W̃ (t,x) = g(|x|p)W (t,x), ∀(t,x) ∈ R×RN . (31)

This modified potential leads us to consider the following
associated system D̃V :

d
dt

(
|u̇(t)|p−2u̇(t)

)
+q(t)u̇(t)−a(t)u(t)

+∇W̃ (t,u(t)) = 0, t ∈ R.
(32)

and we can now define the action functional J for the
modified system (D̃V ) by

J(u) =
1
p

∫
R

eQ(t)(|u̇(t)|p +a(t)|u(t)|p
)

dt

−
∫
R

eQ(t)W̃ (t,u(t))dt

=
1
p
∥u∥p −

∫
R

eQ(t)W̃ (t,u(t))dt.

(33)

It is well-known that J ∈C1(E,R) and for all u,v ∈ E

J′(u)v =
∫
R

eQ(t)
(
|u̇(t)|p−2u̇(t) · v̇(t)

+a(t) |u(t)|p−2u(t) · v(t)
)

dt

−
∫
R

eQ(t)
∇W̃ (t,u(t)) · v(t)dt.

(34)

Moreover, critical points of J are fast homoclinic solutions
of (D̃V ).

Lemma 3.1. Assume that (A), (W1), and (W3) hold. Then
J(0) = 0 and J is even and bounded from below.
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Proof By (W1), it is clear that J is even and J(0) = 0. From
Eq. (30) and the fact that W (t,0) = 0, we obtain

W (t,x)≤ ε0

p
a(t) |x|p, ∀|t| ≥ R0 and |x| ≤ δ0. (35)

By combining Eq. (35) and the properties of g, we get

J(u) =
1
p
∥u∥p −

∫
R

eQ(t) g(|u(t)|p)W (t,u(t))dt

=
1
p
∥u∥p −

∫
{|t|≥R0}

eQ(t) g(|u(t)|p)W (t,u(t))dt

−
∫
{|t|≤R0}

eQ(t) g(|u(t)|p)W (t,u(t))dt

=
1
p
∥u∥p −

∫
{|t|≥R0, |u(t)|≤δ0}

eQ(t)

× g(|u(t)|p)W (t,u(t))dt

−
∫
{|t|≤R0, |u(t)|≤δ0}

eQ(t) g(|u(t)|p)W (t,u(t))dt

≥ 1
p
∥u∥p − ε0

p

∫
R

eQ(t) a(t) |u(t)|p dt − c1

≥ 1− ε0

p
∥u∥p − c1.

(36)

where c1 = sup|t|≤R0,|x|≤δ0
eQ(t)g(|x|p)W (t,x). Hence, J is

bounded from below and coercive in E.

Lemma 3.2. Under assumptions (A) and (W3), the functional
J satis es the Palais-Smale condition.

Proof We will prove that J satisfies the (PS)-condition. Let
(un) be a (PS)-sequence, that is, there exists a positive con-
stant M0 such that

|J(un)| ≤ M0, ∀n ∈ N, and

J′(un)−→ 0 as n → ∞.
(37)

Combining estimates (3.3) and (3.4), we deduce the bound-
edness of the sequence (un) in the space E, that is,

∥un∥ ≤ c2, ∀n ∈ N. (38)

The reflexivity of E allows us to find a weakly convergent
subsequence, which we continue to denote by (un) for con-
venience:

un ⇀ u0 weakly in E as n → ∞. (39)

By (W3), for any 0 < ε < ε0, there exists a constant 0 < δ <

δ0 such that

|∇W (t,x)| ≤ ε a(t) |x|p−1, ∀|t| ≥ R0, |x| ≤ δ , (40)

which, with the condition W (t,0) = 0, yields

|W (t,x)| ≤ ε

p
a(t) |x|p, ∀|t| ≥ R0, |x| ≤ δ . (41)

By (Qν), there exists a constant T0 ≥ R0 such that

Q(t)≥ ln
(

1
δ p (p−1)

1
p′ cp

2

)
. (42)

Combining Lemma 2.1, (38), and (42), we have

|un(t)|p ≤ (p−1)
1
p′

×
∫

∞

t
e−Q(s)eQ(s)

[
|u̇n(s)|p +a(s) |un(s)|p

]
ds

≤ (p−1)
1
p′

δ p

(p−1)
1
p′ cp′

2

∥un∥p′ ≤ δ
p,

∀ t ≥ T0, n ∈ N.

(43)

Similarly, we get

Q(t)≥ ln
(

1
δ p (p−1)

1
p′ cp

2

)
. (44)

Inequalities (38) and (39) yield that ∥u0∥≤ liminfn→∞ ∥un∥≤
c2, thus by similar steps one can get

|u0(t)|p ≤ δ
p, ∀|t| ≥ T0. (45)

It follows from (3.7), (3.10)-(3.12), and the properties of g
that∣∣∣∣∫|t|≥T0

eQ(t)g
(
|un(t)|p

)
∇W (t,un(t)) · (un(t)−u0(t))dt

−
∫
|t|≥T0

eQ(t)g
(
|u0(t)|p

)
×∇W (t,u0(t)) · (un(t)−u0(t))dt

∣∣∣∣
≤

∫
|t|≥T0

eQ(t)(|∇W (t,un(t))|

+ |∇W (t,u0(t))|
)(
|un(t)|+ |u0(t)|

)
dt

≤ 2ε

∫
|t|≥T0

eQ(t)a(t)
(
|un(t)|p−1 + |u0(t)|p−1)

×
(
|un(t)|+ |u0(t)|

)
dt

≤ 4ε

∫
|t|≥T0

eQ(t)a(t)
(
|un(t)|p + |u0(t)|p

)
dt

≤ 4ε
(
∥un∥p +∥u0∥p)≤ 8ε cp

2 .

(46)
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Conditions (41), (43)-(45), and the properties of g yield

∣∣∣∣p∫|t|≥T0

eQ(t) g′
(
|un(t)|p

)
|un(t)|p−2un(t)

×W (t,un(t)) ·
(
un(t)−u0(t)

)
dt

− p
∫
|t|≥T0

eQ(t) g′
(
|u0(t)|p

)
|u0(t)|p−2u0(t)

×W (t,u0(t)) ·
(
un(t)−u0(t)

)
dt
∣∣∣∣

≤ 2pδ
p
0

∫
|t|≥T0

eQ(t) ∣∣g′(|un(t)|p
)∣∣ |W (t,un(t))|dt

+2pδ
p
0

∫
|t|≥T0

eQ(t) ∣∣g′(|u0(t)|p
)∣∣ |W (t,u0(t))|dt

≤ 2pδ
p
0 c3

∫
R

eQ(t) ε

p
a(t)

(
|un(t)|p + |u0(t)|p

)
dt

≤ 4δ
p
0 c3 cp

2 ε.

(47)

where c3 = max
t∈[

δ
p
0

2p ,δ
p
0 ]
|g′(t)|. From Lemma 2.2 and (3.5),

we obtain

|un(t)| ≤ ∥un∥L∞ ≤ η∞ ∥un∥ ≤ η∞c2 = c4,

∀ t ∈ R, ∀n ∈ N.
(48)

and

|u0(t)| ≤ ∥u0∥L∞ ≤ η∞ ∥u0∥ ≤ η∞c2 = c4,

∀ t ∈ R.
(49)

Combining (48) and (49), we get for a positive constant c5

|∇W (t,un(t))| ≤ c5,

|∇W (t,u0(t))| ≤ c5, ∀ t ∈ [−T0,T0], ∀n ∈ N.
(50)

and

|W (t,un(t))| ≤ c5,

|W (t,u0(t))| ≤ c5, ∀ t ∈ [−T0,T0], ∀n ∈ N.
(51)

Since E is continuously embedded in W 1,p
Q ([−T0,T0] ,RN),

Sobolev’s embedding theorem implies that

un → u0 uniformly on [−T0,T0]. (52)

Then, by (50), (52), and the properties of g, we have

∣∣∣∣∫|t|≤T0

eQ(t) g
(
|un(t)|p

)
×∇W (t,un(t)) ·

(
un(t)−u0(t)

)
dt

−
∫
|t|≤T0

eQ(t) g
(
|u0(t)|p

)
×∇W (t,u0(t)) ·

(
un(t)−u0(t)

)
dt
∣∣∣∣

≤
∫
|t|≤T0

eQ(t)
(
|∇W (t,un(t))|

+ |∇W (t,u0(t))|
)
|un(t)−u0(t)|dt

≤ 2c5

∫
|t|≤T0

eQ(t) |un(t)−u0(t)|dt −→ 0

as n → ∞.

(53)

so there exists N1 ∈ N such that∣∣∣∣∫|t|≤T0

eQ(t) g
(
|un(t)|p

)
×∇W (t,un(t)) ·

(
un(t)−u0(t)

)
dt

−
∫
|t|≤T0

eQ(t) g
(
|u0(t)|p

)
×∇W (t,u0(t)) ·

(
un(t)−u0(t)

)
dt
∣∣∣∣≤ ε, ∀n ≥ N1.

(54)

In addition, from (51), (52), and the properties of g, one gets∣∣∣∣p∫|t|≤T0

eQ(t) g′
(
|un(t)|p

)
|un(t)|p−2un(t)

×W (t,un(t)) ·
(
un(t)−u0(t)

)
dt

− p
∫
|t|≤T0

eQ(t) g′
(
|u0(t)|p

)
|u0(t)|p−2u0(t)

×W (t,u0(t)) ·
(
un(t)−u0(t)

)
dt
∣∣∣∣≤ 2pc5 δ

p−1
0

× sup
s∈[δ p

0 /2p,δ
p
0 ]

|g′(s)|
∫
|t|≤T0

eQ(t) |un(t)−u0(t)|dt

−→ 0 as n → ∞.

(55)

Hence, there exists N2 ∈ N such that∣∣∣∣p∫|t|≤T0

eQ(t) g′
(
|un(t)|p

)
|un(t)|p−2un(t)

×W (t,un(t)) ·
(
un(t)−u0(t)

)
dt

− p
∫
|t|≤T0

eQ(t) g′
(
|u0(t)|p

)
|u0(t)|p−2u0(t)

×W (t,u0(t)) ·
(
un(t)−u0(t)

)
dt
∣∣∣∣

≤ ε, ∀n ≥ N2.

(56)
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Combining (46), (47), (54), and (56), we obtain

∥un −u0∥p −
(
J′(un)− J′(u0)

)
(un −u0)

=
∫
R

eQ(t) g
(
|un(t)|p

)
×∇W (t,un(t)) ·

(
un(t)−u0(t)

)
dt

−
∫
R

eQ(t) g
(
|u0(t)|p

)
×∇W (t,u0(t)) ·

(
un(t)−u0(t)

)
dt

+ p
∫
R

eQ(t) g′
(
|un(t)|p

)
|un(t)|p−2un(t)

×W (t,un(t)) ·
(
un(t)−u0(t)

)
dt

− p
∫
R

eQ(t) g′
(
|u0(t)|p

)
|u0(t)|p−2u0(t)

×W (t,u0(t)) ·
(
un(t)−u0(t)

)
dt

≤
(
8cp

2 +4pδ
p
0 c3cp

2 +2
)

ε, ∀n ≥ max(N1,N2).

(57)

This with (3.5) and (3.6) shows that un → u0 in E. Hence J
satisfies the (PS)-condition.

Lemma 3.3. Assume that (A) and (W2) hold, then for all
k ∈ N, there exists an Ak ∈ Γk such that supu∈Ak

J(u)< 0.

Proof For any fixed k ∈ N, we divide the interval I = [a,b]
into k equal closed subintervals, denoted by Ii for i = 1, . . . ,k.
For each i, let Ki ⊂ Ii be a subset such that Ki has the same
center as Ii and has a length of b−a

2k . Now, choose k functions
ϕi ∈C1(R,RN) for i = 1, . . . ,k such that

supp(ϕi)⊂ Ii, supp(ϕi)∩ supp(ϕ j) = /0, ∀ i ̸= j,

|ϕi(t)| ≤ 1, |ϕ ′
i (t)| ≤ M, ∀ t ∈ R,

|ϕi(t)|= 1, ∀ t ∈ Ki.

(58)

where M is a constant independent of i. Let

Vk =

{
(t1, . . . , tk) ∈ Rk

∣∣∣∣ max
1≤i≤k

|ti|= 1
}
,

Xk =

{
k

∑
i=1

tiϕi

∣∣∣∣∣ (t1, . . . , tk) ∈Vk

}
.

(59)

It is evident that supp(u)⊂ I for any u = ∑
k
i=1 tiϕi. The paper

[8] implies that Xk is a closed subset of E with γ(Xk) = k. By
the properties of ϕi, for fixed k ∈ N, there exists a constant
βk > 0 such that

∥u∥ ≤ βk, ∀u ∈ Xk. (60)

From (W2), there exist two positive constants η and R such
that

W (t,x)≥ R |x|α , ∀ t ∈ [a,b], |x| ≤ η . (61)

For every u = ∑
k
i=1 tiϕi ∈ Xk, let sk ∈

]
0,min

(
η , δ0

2η∞βk

)[
.

Then, by (3.22), we have

|sku(t)|p ≤ sp
k ∥u∥p

L∞ ≤ sp
k η

p
∞ ∥u∥p

≤
δ

p
0

2pη
p
∞β

p
k

η
p
∞β

p
k =

δ
p
0

2p .
(62)

which implies that g(|sku(t)|p) = 1. Moreover, by the prop-
erties of ϕi, we obtain

|sktiϕi(t)|= sk |ti| |ϕi(t)|

≤ sk ≤ η , ∀ i = 1, . . . ,k.
(63)

The definitions of Vk and ϕi imply that there exists a j ∈
{1, . . . ,k} such that |t j| = 1 and |ψ j(t)| = 1 for any t ∈ K j.
Now, from (3.22)− (3.24), we get

J(sku) =
1
p
∥sku∥p −

∫
R

eQ(t)W (t,sku(t))dt

=
sp

k
p
∥u∥p −

∫ b

a
eQ(t)W (t,sku(t))dt

≤
sp

k
p

β
p
k −

k

∑
i=1

∫
Ii

eQ(t)W (t,sktiϕi(t))dt

≤
sp

k
p

β
p
k −

∫
K j

eQ(t)W (t,skt jψ j(t))dt

≤
sp

k
p

β
p
k −R

∫
K j

eQ(t) ∣∣skt jψ j(t)
∣∣α dt

≤
sp

k
p

β
p
k −m0Rsα

k meas(K j)

=
sp

k
p

β
p
k − b−a

2k
m0Rsα

k , ∀u ∈ Xk.

(64)

Note that R can be any sufficiently large number, so choose

R ≥ 2kβ
p
k

m0(b−a) sp−α

k . From (3.25), we have
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J(skuk)≤
sp

k
p

β
p
k − sp

k β
p
k =−1

q
sp

k β
p
k < 0, ∀u ∈ Xk. (65)

For each k ∈N, let Ak = skXk. Then, we have γ(Ak) = γ(skXk)

= k, so Ak ∈ Γk and supu∈Ak
J(u)< 0. The proof is complete.

Lemmas 3.1−3.3 establish that J satisfies all the hypothe-
ses of Lemma 2.4, implying the existence of a sequence of
nontrivial critical points (un)⊂ E of the functional J, where
un → 0 in E as n → ∞. Therefore, (un) forms a sequence
of fast homoclinic solutions for the system (D̃V ). From
Lemma 2.2, it follows that supt∈R |un(t)| → 0 as n → ∞. Con-
sequently, there exists a positive constant n0 such that for all
n ≥ n0, we have supt∈R |un(t)| ≤ δ0, where δ0 is as defined
previously. This implies that for all n ≥ n0, un is a fast homo-
clinic solution to the system (DV ). The proof of Theorem
1.1 is thus complete.

4 Proof of Theorem 1.2.

Let the cut-off function h ∈C1(R+,R+) be defined such that
h(t) = 1 for t ∈ [0, ρ

2 ], h(t) = 0 for t ≥ ρ , and −ρ ≤ h′(t)< 0
for ρ

2 < t < ρ . We define the modified function

Ŵ (t,x) = h(|x|)W (t,x)+ c(1−h(|x|)) |x|σ ,
∀(t,x) ∈ R×RN .

(66)

where c is defined in (W4). Next, we introduce the following
modified system (D̂V )

d
dt

(
|u̇(t)|p−2u̇(t)

)
+q(t) u̇(t)−L(t)u(t)

+∇Ŵ (t,u(t)) = 0, t ∈ R.
(67)

We then define the variational functional Ĵ associated with
the modified system as

Ĵ(u) =
1
p

∫
R

eQ(t)
(
|u̇(t)|p +a(t) |u(t)|p

)
dt

−
∫
R

eQ(t)Ŵ (t,u(t))dt

=
1
p
∥u∥p −

∫
R

eQ(t)Ŵ (t,u(t))dt.

(68)

It is well established that Ĵ ∈C1(E,R), and for any u,v ∈ E,
the derivative of Ĵ is given by

Ĵ′(u)v =
∫
R

eQ(t)
(
|u̇(t)|p−2u̇(t) · v̇(t)

+a(t) |u(t)|p−2u(t) · v(t)
)

dt

−
∫
R

eQ(t)
∇Ŵ (t,u(t)) · v(t)dt.

(69)

Furthermore, the critical points of Ĵ correspond to fast homo-
clinic solutions of (D̂V ).

Lemma 4.1. Assume that the conditions (A), (Aν), (W1), and
(W4) are satisfied. Then, the functional Ĵ is bounded from
below and fulfills the (PS)-condition.

Proof From (W4) and the fact that W (t,0) = 0, it follows
that

|W (t,x)| ≤ c
σ
|x|σ ≤ c |x|σ , ∀|t| ≥ R1 and |x| ≤ ρ. (70)

which, together with the properties of h, gives

|Ŵ (t,x)| ≤ c |x|σ , ∀|t| ≥ R1 and |x| ≤ ρ. (71)

For ρ

2 ≤ |x|< ρ , we have

∣∣∇Ŵ (t,x)
∣∣= ∣∣∣∣h(|x|)∇W (t,x)+h′(|x|) x

|x|
W (t,x)

+ cσ
(
1−h(|x|)

)
|x|σ−2x

− ch′(|x|) |x|σ−1x
∣∣∣∣

≤ d |x|σ−1.

(72)

where d = c
(

1+ ρ2

σ
+σ +ρ2

)
. For |x|> ρ , we get

|∇Ŵ (t,x)|= cσ |x|σ−1. (73)

For |x|< ρ

2 , it follows that

|∇Ŵ (t,x)|= |∇W (t,x)| ≤ c |x|σ−1. (74)

Thus, we conclude that

|∇Ŵ (t,x)| ≤ d |x|σ−1, ∀|t| ≥ R1, x ∈ RN . (75)

Hence, we can write the functional Ĵ as
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Ĵ(u) =
1
p
∥u∥p −

∫
R

eQ(t)Ŵ (t,u(t))dt

=
1
p
∥u∥p −

∫
{|t|≥R1}

eQ(t)Ŵ (t,u(t))dt

−
∫
{|t|≤R1}

eQ(t)Ŵ (t,u(t))dt

=
1
p
∥u∥p −

∫
{|t|≥R1, |u(t)|≤ρ}

eQ(t)Ŵ (t,u(t))dt

−
∫
{|t|≤R1, |u(t)|≤ρ}

eQ(t)Ŵ (t,u(t))dt

≥ 1
p
∥u∥p − c

∫
{|t|≥R1}

eQ(t) |u(t)|σ dt − c6

≥ 1
p
∥u∥p − c

∫
R

eQ(t) |u(t)|σ dt − c6

=
1
p
∥u∥p − c∥u∥σ

Lσ
Q
− c6

≥ 1
p
∥u∥p − cη

σ
σ ∥u∥σ − c6.

(76)

where c6 = 2R1 sup{|t|≤R1,|x|≤ρ} eQ(t)
∣∣∣∇Ŵ (t,x)

∣∣∣. Since σ <

p, we conclude that Ĵ is bounded from below and coercive
in E. Next, let (un)⊂ E be a (PS)-sequence of Ĵ, i.e., there
exists a positive constant c7 such that

|Ĵ(un)| ≤ c7, Ĵ′(un)→ 0 as n → ∞. (77)

From (76) and (77), we deduce that there exists a positive
constant c8 such that

∥un∥ ≤ c8, ∀n ∈ N. (78)

Since E is reflexive, (78) implies that (un) has a subsequence
(denoted by (un)) such that

un ⇀ un weakly in E as n → ∞. (79)

Using similar arguments as in Lemma 3.2, we can show that
there exists a constant T1 ≥ R1 such that

|un(t)| ≤ ρ and |u0(t)| ≤ ρ, ∀|t| ≥ T1, ∀n ∈ N. (80)

Moreover, we have

un → u0 uniformly on [−T1,T1]. (81)

∥un −u0∥p −
(
Ĵ′(un)− Ĵ′(u0)

)
(un −u0)

=
∫
R

eQ(t) [
∇Ŵ (t,un(t))−∇Ŵ (t,u0(t))

]
× (un(t)−u0(t))dt

=
∫
{|t|≥T1}

eQ(t) [
∇Ŵ (t,un(t))−∇Ŵ (t,u0(t))

]
× (un(t)−u0(t))dt

+
∫
{|t|≤T1}

eQ(t) [
∇Ŵ (t,un(t))−∇Ŵ (t,u0(t))

]
× (un(t)−u0(t))dt

≤ d
∫
{|t|≥T1}

eQ(t) (|un(t)|σ−1 + |u0(t)|σ−1)
×|un(t)−u0(t)|dt

+ c9

∫
{|t|≤T1}

eQ(t) |un(t)−u0(t)|dt

≤ d

[(∫
{|t|≥T1}

eQ(t) |un(t)|
(σ−1)p

p−2 dt
)p−2

p

+

(∫
{|t|≥T1}

eQ(t) |u0(t)|
(σ−1)p

p−2 dt
)p−2

p
]

×
(∫

{|t|≥T1}
eQ(t) |un(t)−u0(t)|

p
2 dt

)2
p

+ c9

∫
{|t|≤T1}

eQ(t) |un(t)−u0(t)|dt

≤ d
(
∥un∥σ−1

L
(σ−1)p

p−2
Q

+∥u0∥σ−1

L
(σ−1)p

p−2
Q

)
∥un −u0∥

L
p
2
Q

+ c9

∫
{|t|≤T1}

eQ(t) |un(t)−u0(t)|dt

≤ 2d η
σ−1
(σ−1)p

p−2
cσ−1

8 ∥un −u0∥
L

p
2
Q

+ c9

∫
{|t|≤T1}

eQ(t) |un(t)−u0(t)|dt

−→ 0 as n → ∞.

(82)

Hence, un → u0 in E as n → ∞, that is Ĵ satisfies the (PS)-
condition.

By (W1), the fact that W (t,0) = 0 and the properties of
h, it follows that Ĵ is even and Ĵ(0) = 0. Combining this
with Lemma 3.2 and Lemma 4.1, we conclude that Ĵ sat-
isfies all the conditions of Lemma 2.4. Therefore, Ĵ has a
sequence (un) of nontrivial critical points that converges to
0 as n → ∞ in E. As a result, (un) is a sequence of fast ho-
moclinic solutions for (D̂V ). By Lemma 2.2, we deduce
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that supt∈R |un(t)| → 0 as n → ∞. Thus, there exists a posi-
tive constant n0 such that for all n ≥ n0, supt∈R |un(t)| ≤ ρ ,
where ρ is as defined earlier. Hence, for all n ≥ n0, un is a
fast homoclinic solution of (DV ). This completes the proof
of Theorem 1.2.
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Abstract In this paper, we focus on connected locally
finite graphs G = (V, E). First we assume that there are
two constants µ0 and ω0, which make the measure function
and symmetric weight function satisfy µ(x) ≥ µ0 ∀x ∈ V ,
ωxy ≥ ω0, ∀xy ∈ E . Based on this assumption, we ob-
tain two interesting embedding theorems on finite graphs:
W 1,2

0 (Bk) ↪→ Lp(Bk), W 1,2(Bk) ↪→ Lp(Bk). Although
their inclusion relations are obvious on finite graphs, here
we mainly give the control relations under the same con-
trol coefficient. Secondly, ∆ is the Laplace operator on a
general graph. Due to Lin and Yang (2022), using calculus
of variations from local to global, we establish the exis-
tence of solutions to the exponential power type nonlinear
Schrodinger equation, says −∆u + hu = fueu2 + g, x ∈ V ,
and the existence of solutions for fractional nonlinear mean
field equations, says −∆u + hu = geu∫

V
geudµ

+ f
u+m , x ∈ V .

When f , g and h satisfy some conditions, we prove the
existence of non explicit solutions for the above two kinds
of equations in a specific space.

1 Introduction

The nonlinear Schrödinger equation and the mean field
equation are two crucial and widely studied models in
mathematical physics. The classical nonlinear Schrödinger
equation describes a series of profound phenomena in
continuous Euclidean space, from the transmission of
light waves in nonlinear optical fibers to the dynamics
of macroscopic quantum wave functions in Bose Einstein
condensates[1, 2].Its mathematical theory and physical
applications have been developed to a very mature level.
At the same time, the mean field equation, such as the
Liouville equation derived from mean field theory in sta-
tistical physics or geometric analysis[3], plays a central
ae-mail: xiaodong19961002@vip.qq.com

role in understanding the collective behavior of multi-
body systems, vortex point distribution, and problems in
conformal geometry.

In recent years, significant progress has been made in
the study of partial differential equations on graphs.We
can refer to article[4–16] and the references in it for details.
As a discrete extension of Euclidean spaces and Rieman-
nian manifolds, the Laplacian operator and its related
equations on the graphs have attracted widespread atten-
tion. Grigor’yan, Lin, and Yang[17–19] successfully solved
the existence problem of solutions for several types of el-
liptical equations on graphs by using variational methods,
including classic problems such as the Kazdan-Warner
equation, Yamabe equation, and Schrödinger equation.
Subsequently, as for certain nonlinear Schrödinger equa-
tion on locally finite graphs, Zhang and Zhao[20] have
obtained non trivial solutions. Fabio Punzo and Marcello
Svagna[21] explored the uniqueness problem of solutions
to the Schrödinger equation on an infinite graph,with a
focus on the case where potential energy tends to zero at
infinity. Yang and Zhao[22] first applied the quality con-
strained variational method system to NLS problems on
graphs. In terms of research methods, Sun and Wang[23]
innovatively applied the Brouwer degree theory to prove
the existence of solutions to the Kazdan- Warner equa-
tion on connected finite graphs from another perspective.
Liu[24] conducted similar research on the mean field equa-
tion. In addition,Huang Wang and Yang[25] studied the
mean field equation on finite graphs and its relationship
with the relativistic Abel Chern Simons model.

The graph-based NLSE finds applications across mul-
tiple physical domains:

In the field quantum networks, Modeling Bose-Einstein
condensates in optical lattice potentials, where the dis-
crete nonpolynomial NLSE describes self-attractive BECs
in combined trap geometries. On-site collapse phenomena
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and soliton stability follow Vakhitov-Kolokolov criteria[26];
In the field of plasma physics, Network-structured plasma
systems support novel wave patterns describable by graph
NLSE, with applications to fusion device modeling[27];
For 2D Turbulence, Neri’s mean field equation describes
vortex statistics under stochastic circulation assump-
tions, with mass quantization phenomena for blow-up
sequences[28]; As for social/epidemiological dynamics,
Network-structured population models use mean field ap-
proaches for phase transition analysis[29, 30].

In the latest research progress, Lin and Yang[12] de-
veloped a variational method from local to global on local
finite graphs, Qiu and Liu[31] studied the Schrödinger
equation with feu as the nonlinear term. Based on their
research ideas, the current research focus has shifted to
exploring the exponential power type fueu2 nonlinear
Schrödinger equation and fractional term f

u+m nonlinear
mean field equation. Simultaneously we provide two em-
bedding theorems on finite graphs. These works laid an
important foundation for the theory of partial differential
equations in discrete spaces.

We first declare some annotations and concepts about
graphs. Let V is a set of vertices, E = {xy|x, y ∈ V x ∼ y}
where x ∼ y represents the connection between x and
y. Take G = (V, E) is a graph, in this paper, we discuss
connected locally finite graphs with symmetric weights
and positive finite measures, we always assume that G
satisfies the following conditions (a) − (d).

(a) (Locally finite) For any x ∈ V , there exist only finite
vertices y ∈ V such that xy ∈ E.

(b) (Connected) For any x, y ∈ V , there exist finite edges
connecting x and y.

(c) (Symmetric weight) For any x, y ∈ V , let
ω : V × V → R be a positive symmetric weight,
i.e. ωxy > 0 and ωxy = ωyx.

(d) (Positive finite measure) µ : V → R+ with x 7→ µ(x)
is a measure function.

Take C(V ) as the space composed of all real valued
functions on the graph. Regarding any function u ∈ C(V )
on the graph, its Laplacian operator is defined as follows

∆u(x) = 1
µ(x)

∑
y∼x

ωxy(u(y) − u(x)). (1)

In addition, we immediately provide the definition of the
gradient modulus of u

|∇u|(x) =
(

1
2µ(x)

∑
y∼x

ωxy(u(y) − u(x))2
) 1

2

. (2)

We define the integral of function u ∈ C(V ) as

∫
V

fdµ =
∑
x∈V

µ(x)f(x). (3)

For ∀p ∈ [1, +∞), the Lebesgue space Lp(V ) ≜
{u|

∫
V

|u|pdµ < +∞}, and the norm on it is

∥u∥Lp(V ) = (
∑
x∈V

|u(x)|pµ(x))
1
p , (4)

when p = +∞,

∥u∥∞ = sup
x∈V

|u(x)|. (5)

For any x, y ∈ V , since graph G is connected, there exists a
shortest path γ connecting x and y. The distance between
x and y is defined by ρ(x, y), which means the number of
edges belonging to the shortest path γ. That is, if xy ∈ E,
then ρ(x, y) = 1, if xy ∈ E, without loss of generality,
we may choose a shortest path γ = {x1, x2, . . . , xk+1}
connecting x and y, then ρ(x, y) = k. Take a certain point
O ∈ V , for O, establish a distance function as follows

ρ(x) = ρ(x, O). (6)

The opening ball with O as the center and radius k is
denoted by

Bk = {x ∈ V : ρ(x) < k}, (7)

and the boundary of Bk is written as

∂Bk = {x ∈ V : ρ(x) = k}. (8)

For any fixed k, Grigor’yan et al. [18] defined the Sobolev
space W 1,2

0 (Bk) and its norm by
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W 1,2
0 (Bk) =

{
u : Bk ∪ ∂Bk → R

∣∣∣ u|∂Bk
= 0,∫

Bk

|∇u|2dµ < +∞
}

,

(9)

and

∥u∥W 1,2
0 (Bk) =

( ∫
Bk

|∇u|2dµ

) 1
2

. (10)

Next we provide another important Sobolev space W 1,2(V )
and its norm, which are defined by

W 1,2(V ) =
{

u : V → R
∣∣∣ ∫

V

(|∇u|2 +u2)dµ < +∞
}

(11)

and

∥u∥W 1,2(V ) =
( ∫

V

(|∇u|2 + u2)dµ

) 1
2

. (12)

The above two spaces are both Hilbert spaces.
Let h(x) ≥ h0 > 0 for all x ∈ V , we define a space of

functions

H =
{

u ∈ W 1,2
0 (V ) :

∫
V

(|∇u|2 + hu2)dµ < ∞
}

, (13)

with a norm

∥u∥H =
( ∫

V

(|∇u|2 + hu2)dµ

) 1
2

. (14)

It is clear that H is a Hilbert space with the inner product

⟨u, v⟩H =
∫

V

(
∇u · ∇v + huv

)
dµ, ∀ u, v ∈ H . (15)

where ∇u · ∇v is defined as

∇u · ∇v = 1
2µ(x)

∑
y∼x

ω (u(y) − u(x))(v(y) − v(x)). (16)

When ωxy > ω0 ∀xy ∈ E, Lin and Yang[32] proposed a
more general embedding theorem.

In this paper, we will consider the following exponential
power type the following nonlinear Schrödinger equation
on locally finite graph, says

{
−∆u + hu = fueu2 + g, in V,

u ∈ H ,
(17)

and the following fractional term nonliear mean field equa-
tion on locally finite graph, says

{
−∆u + hu = geu∫

V
geudµ

+ f
u+m , in V,

u ∈ H
⋂

L∞(V ),
(18)

where ∆ is the Laplacian operator given as in (1), and H
is defined as in (14).

2 Notations and main results

Theorem 1 (Embedding theorem I) Let G=(V, E) be a
graph satisfying conditions (a)–(d). Bk is the opening ball
with O as the center and a radius of k, Among them,∀O ∈
V , ∀k ∈ Z+, ρ(x) is the distance function with respect
to O on Bk. At the same time, it satisfies the following
properties:
(1) ωxy ≥ ω0 > 0; (2) h(x) ≥ h0 > 0; (3) p > 0 is a
constant Then, for ∀u ∈ W 1,2

0 (Bk), we have ∥u∥Lp(Bk) ≤
C∥u∥W 1,2

0 (Bk).

Theorem 2 (Embedding theorem II) Let G=(V, E) be
a graph satisfying conditions (a)–(d). Bk is the open-
ing ball with o as the center and a radius of k, Among
them,∀O ∈ V , ∀k ∈ Z+, If it meets the two conditions of
its subordinates:
(1) µ(x) ≥ µ0 > 0 established for any x ∈ V ; (2) 0 < q ≤
∞
Then for ∀u ∈ W 1,2(Bk), we have ∥u∥Lq(Bk) ≤
C∥u∥W 1,2(Bk). Among them, C is related to Bk, µ0, q.

Theorem 3 (Conclusion on the Existence of Solutions)

{
−∆u + hu = fueu2 + g, in V,

u ∈ H .
(19)

If the equation satisfies the following conditions:

(1) h(x) ≥ h0 > 0;
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(2) −h0 < −M < f < 0;

(3) f ∈ L1(V ); (4) g ∈ L2(V ).

We have that the equation (17) has a solution in H .

we present an embedding theorem 4 that will be used
, which has already been proven in [31].

Theorem 4 (Embedding theorem [31]) Let G=(V, E)
be a graph satisfying conditions (a)–(d). For any u ∈
W 1,2

0 (Bk) and any 1 ≤ q ≤ ∞, there exists a positive
constant C depending only on q, h0 and Bk such that

∥u∥Lq(V ) ≤ C∥u∥W 1,2
0 (Bk). (20)

Theorem 5 (Conclusion on the Existence of Solutions)
If the equation (18) satisfies the following six conditions

(1). G is a connected locally finite graph

(2). µ(x) ≥ µ0 > 0

(3). h(x) ≥ a0 > 0

(4). g ≥ 0, g ∈ L1(V ) and ∀O ∈ V, ∀l > 1, g ̸≡ 0 in Bl

(5). f ∈ Lq(V ), q ∈ [1, 2], and f ≥ 1

(6). m ∈ R, 0 <| m |< 1

then the equation (18) has a solution.

3 Proof of Theorem 1-3

Let’s first prove Theorem 1

Proof For ∀O ∈ V , We establish a distance function for
point O, denoted as ρ(x). ∀k ∈ Z+, We take the opening
ball with O as the center and k as the radius, it is recorded
as Bk = {x ∈ V, ρ(x, O) < k}. We will discuss on the
arbitrary opening ball Bk. ∀x ∈ Bk, ρ(x, O) represents the
distance from a point in Bk to a fixed point O, The shortest
path is labeled according to the direction from that point
to the fixed point, and we have γ = {x1, x2, x3, . . . , xm+1},
Among them, x = x1, O = xm+1, xi is the point adjacent
to xi+1, and ρ(x, O) = m. According to the definition
of integral on finite graph, we can naturally know that
ρ(x) ∈ Lp(Bk). In the following proof, we will show that
∥ρ∥Lp(Bk) constitutes the control coefficient.

In [31],Qiu and Liu have proven that ∥u∥W 1,2
0 (Bk) =

(
∫

Bk
(| ∇u |2 +hu2)dµ) 1

2 is the equivalent norm of the

original norm (10). We will use the newly defined norm
to discuss the following proof.

∀u ∈ W 1,2
0 (Bk), due to the property of opening the ball

with O as the center and radius k, the node of the shortest
path is still taken in Bk, we take the node interpolation
on the shortest path for processing. | u(x) |=| u(x1) |=|
u(x1)−u(x2)+u(x2)−. . . −u(xm+1)+u(xm+1) |≤| u(x1)−
u(x2) | + | u(x2) − u(x3) | . . . + | u(xm) − u(xm+1) | + |
u(O) |.

Firstly, let’s establish the relationship between | u(x) |
and ∥u∥W 1,2

0 (Bk) below.

∥u∥2
W 1,2

0 (Bk) =
∫

Bk

(| ∇u |2 +hu2)dµ

=
∫

Bk

| ∇u |2 dµ +
∫

Bk

hu2dµ

=
∑

x∈Bk

µ(x) · 1
2µ(x)

∑
y∼x

ωxy(u(y)

− u(x))2 +
∑

x∈Bk

µ(x)h(x)u2(x)

≥
∑

x∈Bk

µ(x)h(x)u2(x)

≥ h0
∑

x∈Bk

µ(x)u2(x)

≥ h0µ(O)u2(O).

(21)

According to the expansion above, we have | u(O) |≤
1√

h0µ(O)
∥u∥W 1,2

0 (Bk). Regarding

m∑
i=1

| u(xi) − u(xi+1) |≤ m max
1≤i≤m

| u(xi) − u(xi+1) | . (22)

Since ωxy ≥ ω0 > 0 holds true for ∀xy ∈ E, so we naturally
have that ωxy

ω0
≥ 1,

√
ωxy

ω0
≥ 1, therefore, which leads to

| u(xi) − u(xi+1) |≤
√

ωxixi+1
ω0

| u(xi) − u(xi+1) |, And we
can obtain that

max
1≤i≤m

|u(xi) − u(xi+1) |

≤ max
1≤i≤m

√
ωxixi+1

ω0
| u(xi) − u(xi+1) |

= 1
√

ω0
max

1≤i≤m

√
ωxixi+1 | u(xi) − u(xi+1) |,

(23)

Inserting (23) into (22), we have that the original formula
≤ m√

ω0
max

1≤i≤m

√
ωxixi+1 | u(xi) − u(xi+1) |, where m =

ρ(x).
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Next, we will establish the relationship between
max

1≤i≤m

√
ωxixi+1 | u(xi) − u(xi+1) | and W 1,2

0 (Bk) norms
to discover the connection between them.

Let’s assume that max
1≤i≤m

√
ωxixi+1 | u(xi) − u(xi+1) |=

√
ωxmxm+1 | u(xm) − u(xm+1) |, due to

∥u∥W 1,2
0 (Bk) =

(∫
Bk

(
|∇u|2 + h u2)

dµ

)1/2
. (24)

we have

∥u∥2
W 1,2

0 (Bk) =
∫

Bk

(| ∇u |2 +hu2)dµ

≥
∫

Bk

| ∇u |2 dµ

=
∑

x∈Bk

µ(x) · 1
2µ(x)

×
∑
y∼x

ωxy(u(y) − u(x))2

= 1
2

∑
x∈Bk,y∼x

ωxy(u(y) − u(x))2

≥ 1
2ωxmxm+1(u(xm) − u(xm+1))2

(25)

Then, we get ∥u∥2
W 1,2

0 (Bk) ≥ 1
2 ωxmxm+1(u(xm) −

u(xm+1))2,
√

2∥u∥W 1,2
0 (Bk) ≥ √

ωxmxm+1 | u(xm) −

u(xm+1) |. Which leads to
m∑

i=1
| u(xi) − u(xi+1) |≤

m
√

2√
ω0

∥u∥W 1,2
0 (Bk). So far, we have

| u(x) | ≤ m
√

2
√

ω0
∥u∥W 1,2

0 (Bk) + 1√
h0µ(O)

∥u∥W 1,2
0 (Bk)

= (m
√

2
√

ω0
+ 1√

h0µ(O)
)∥u∥W 1,2

0 (Bk),

(26)

which is established for ∀x ∈ Bk.
Finally, let’s establish the relationship between

W 1,2
0 (Bk) norm and Lp(Bk) norm below.
We have known that ρ(x, O) ∈ Lp(Bk). From the con-

nectivity, we have obviously obtained that ∀y ∈ Bk, x ̸= y

we have ρ(x, y) ≥ 1. Below we investigate ∥u∥Lp(Bk).

∥u∥Lp(Bk) =(
∫

Bk

| u(x) |p dµ)
1
p ≤

(
∫

Bk

(ρ(x)
√

2√
ω0

+ 1√
h0µ(O)

)p∥u∥p

W 1,2
0 (Bk)dµ)

1
p

= ∥u∥W 1,2
0 (Bk)(

∫
Bk

(ρ(x)
√

2
√

ω0

+ 1√
h0µ(O)

)pdµ)
1
p

≤ ∥u∥W 1,2
0 (Bk)((

∫
Bk

(ρ(x)
√

2
√

ω0
)pdµ)

1
p

+ (
∫

Bk

( 1√
h0µ(O)

)pdµ)
1
p )

= ∥u∥W 1,2
0 (Bk)(

√
2

√
ω0

∥ρ∥Lp(Bk)

+ 1√
h0µ(O)

(
∫

Bk

1dµ)
1
p ).

(27)

Where ∥1∥p
Lp(Bk) =

∑
x∈Bk

µ(x). In view of ρ(x) ≥ 1, one

has | ρ(x) |p≥ 1, µ(x) | ρ(x) |p≥ µ(x),
∑

x∈Bk\{O}
µ(x) |

ρ(x) |p≥
∑

x∈Bk\{O}
µ(x). And thus, we obtain the following

comparison expression, which says

∥1∥Lp(Bk) ≤ (
∑

x∈Bk\{O}

µ(x) | ρ(x) |p +µ(O))
1
p

≤ 2
1
p · max{(

∑
x∈Bk

µ(x) | p |p)
1
p , µ(O)

1
p }

≤ 2
1
p (∥ρ∥Lp(Bk) + µ(O)

1
p ).

(28)

Based on the above discussion, one has

∥u∥Lp(Bk) ≤ ∥u∥W 1,2
0 (Bk)(

√
2

√
ω0

∥ρ∥Lp(Bk)

+ 2
1
p√

h0µ(O)
(∥ρ∥Lp(Bk) + µ(O)

1
p ))

= ∥u∥W 1,2
0 (Bk)((

√
2

√
ω0

+ 2
1
p√

h0µ(O)
)∥ρ∥Lp(Bk)

+ 2
1
p√

h0µ(O)
µ(O)

1
p ),

(29)
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where the coefficient only depends on ω0, p, µ(O), h0, Bk.
By now, we have completed the proof of Theorem 1.

In the following narrate, we will provide the proof of
Theorem 2.

Proof The W 1,2(Bk) norm of u is denoted as (12), and
we investigate ∥u∥2

W 1,2(Bk).
When o < p < ∞,

∥u∥2
W 1,2(Bk) =

∫
Bk

| ∇u |2 +u2dµ

=
∫

Bk

| ∇u |2 dµ +
∫

Bk

u2dµ

=
∑

x∈Bk

µ(x) · 1
2µ(x)

∑
y∼x

ωxy(u(y)

− u(x))2 +
∑

x∈Bk

µ(x)u2(x)

≥
∑

x∈Bk

µ(x)u2(x)

≥ µ0
∑

x∈Bk

u2(x)

≥ µ0u2(x).

(30)

The above unequal relationship holds for ∀x ∈ Bk. Which
will immediately lead to | u(x) |≤

√
1

µ0
∥u∥W 1,2(Bk).

When p = ∞, sup{| u |, x ∈ Bk} ≤
√

1
µ0

∥u∥W 1,2(Bk),

Thus, we obtain that ∥u∥L∞(Bk) ≤
√

1
µ0

∥u∥W 1,2(Bk). Next,
we will investigate Lp norm of u.

∥u(x)∥p
Lp(Bk) =

∑
x∈Bk

µ(x) | u(x) |p

≤
∑

x∈Bk

µ(x) 1
√

µ0
p ∥u∥p

W 1,2(Bk)

= 1
√

µ0
p ∥u∥p

W 1,2(Bk)

∑
x∈Bk

µ(x)

= 1
√

µ0
p ∥u∥p

W 1,2(Bk)V ol(Bk).

(31)

According to the derivation above, we get ∥u(x)∥Lp(Bk) ≤
V ol(Bk)

1
p 1√

µ0
∥u∥W 1,2(Bk). And then, we have completed

the proof of Theorem 2.

Finally, we will prove the existence conditions of the
solution and provide a proof of Theorem 3.

Proof We fix O ∈ V ,taking the distance function ρ(x).We
take the opening ball Bk = {x ∈ V : ρ(x) < k} with O

as the center and radius k. Discussing equations at the
opening ball.

−∆u + hu − fueu2
− g = 0. (32)

Its variational energy functional is

Jk(u) = 1
2

∫
Bk

(| ∇u |2 +hu2)dµ

− 1
2

∫
Bk

feu2
dµ −

∫
Bk

gudµ.

(33)

Now let’s find a lower bound for it. In view of eu2 ≥ u2 +1
and −h0 < −M < f < 0, we have feu2 ≤ fu2 + f ,

| feu2
|≤| fu2 + f |≤| fu2 | + | f |< Mu2+ | f | . (34)

Combining the above equation (34), we naturally obtain
that

1
2

∫
Bk

feu2
dµ ≤ 1

2

∫
Bk

| feu2
| dµ

<
1
2

∫
Bk

Mu2+ | f | dµ

≤ M

2

∫
Bk

u2dµ + 1
2

∫
V

| f | dµ,

(35)

wherein, f ∈ L1(V ). Due to h(x) ≥ h0 > 0, one has
h(x)
h0

≥ 1 and h(x)
h0

u2(x) ≥ u2(x). In addition |∇u|2

h0
> 0, so

we have

h

h0
u2 + | ∇u |2

h0
≥ u2,∫

Bk

u2dµ ≤ 1
h0

∫
Bk

hu2+ | ∇u |2 dµ.

(36)

It following from aforementioned (35) (36), one immedi-
ately has

∫
Bk

f eu2
dµ <

M

2h0

∫
Bk

(
h u2 + |∇u|2

)
dµ

+ 1
2

∫
V

|f | dµ.

(37)

Next, we will handle the term
∫

Bk
gu dµ.
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∫
Bk

g u dµ ≤
∫

Bk

|g u| dµ

≤ ∥g∥L2(Bk) ∥u∥L2(Bk)

≤ ∥g∥L2(V )
(∫

Bk

u2 dµ
)1/2

.

(38)

Because h ≥ h0 > 0, one has h
h0

≥ 1, h
h0

u2 ≥ u2. Besides,
|∇u|2

h0
> 0, which implies

∫
Bk

u2dµ ≤ 1
h0

∫
Bk

| ∇u |2

+hu2dµ, and ∥u∥L2(Bk) ≤ 1√
h0

∥u∥W 1,2
0 (Bk). And then, we

have
∫

Bk
gudµ ≤ ∥g∥L2(V ) · 1√

h0
∥u∥W 1,2

0 (Bk).
Using the Young’s inequality, it can be obtained

that
∫

Bk
gudµ ≤ ε

h0
∥g∥2

L2(V ) + 1
4ε ∥u∥2

W 1,2
0 (Bk), taking

ε = h0
h0−M , then we get 1

2 − M
2h0

− 1
4ε > 0. So far, we

have obtained that

Jk(u) = 1
2

∫
Bk

(| ∇u |2 +hu2)dµ

− 1
2

∫
Bk

feu2
dµ −

∫
Bk

gudµ

>
1
2

∫
Bk

| ∇u |2 +hu2dµ

− M

2h0

∫
Bk

| ∇u |2 +hu2dµ

− 1
2

∫
V

| f | dµ

− 1
h0 − M

∥g∥2
L2(V ) − h0 − M

4h0
∥u∥2

W 1,2
0 (Bk),

(39)

where 1
2 − M

2h0
− 1

4ε > 0, so we have Jk(u) ≥ − 1
2 ∥f∥L1(V ) −

1
h0−M ∥g∥2

L2(V ) , which holds true for ∀u ∈ W 1,2
0 (Bk).

On openning balls with different radii, variational
functionals have the same lower bound, and if there is
a lower bound, there is an infimum. We mark Λk =

inf
u∈W 1,2

0 (Bk)
Jk(u) . Because

Jk(0) = 1
2

∫
Bk

| ∇0 |2 +02dµ

−
∫

Bk

fe0dµ −
∫

Bk

g · 0dµ

= −
∫

Bk

fdµ

=
∫

Bk

| f | dµ

≤
∫

V

| f | dµ = ∥f∥L1(V ),

(40)

and 0 ∈ W 1,2
0 (Bk), we can see from the definition of the

infimum that Λk ≤ Jk(0) ≤ ∥f∥L1(V ). Thus, one has

− 1
h0 − M

∥g∥2
L2(V ) − 1

2∥f∥L1(V ) ≤ Λk ≤ ∥f∥L1(V ). (41)

Below we will explain that the infimum can be reached.
From the above, it can be seen that (41) holds for ∀k ∈ Z+.
So {Λk} is a bounded sequence. Because of the nature
of the infimum, on the opening ball with a fixed radius
k ∈ Z+, for n = 1, Λk + 1 is not lower bound, ∃ u

(k)
1 ,

s.t Jk(u(k)
1 ) < Λk + 1; n = 2, Λk + 1

2 is not lower bound,
similarly ∃ u

(k)
2 , s.t Jk(u(k)

2 ) < Λk+ 1
2 ; ... , and so on, we get

u
(k)
n , s.t Jk(u(k)

n ) < Λk+ 1
n . Thus, we have Λk ≤ Jk(u(k)

n ) <

Λk + 1
n . Let n → ∞, so we get lim

n→∞
Jk(u(k)

n ) = Λk .

Given ε0 > 0, ∃ N , when n > N , we have | Jk(u(k)
n ) −

Λk |< ε0, i.e. Jk(u(k)
n ) < ε0 + Λk. Because Λk ≤ ∥f∥L1(V ),

we have Jk(u(k)
n ) ≤ ∥f∥L1(V ) + ε0. In addition,

(
1
2 − M

2h0
− h0 − M

4h0

)
∥u(k)

n ∥2
W 1,2

0 (Bk)

− 1
2∥f∥L1(V ) − 1

h0 − M
∥g∥2

L2(V )

≤ ∥f∥L1(V ) + ε0.

(42)

so we get

∥u(k)
n ∥2

W 1,2
0 (Bk)

≤
(

3
2 ∥f∥L1(V ) + ε0 + 1

h0 − M
∥g∥2

L2(V )

)
× 1(

1
2 − M

2h0
− h0−M

4h0

) .

(43)

which holds true for n > N . When n ≤ N , there is a
maximum value for finite terms, we mark

max
{

∥u(k)
n ∥W 1,2

0 (Bk) : n = 1, 2, . . . , N
}

≜ M∗. (44)

Let

M∗∗ =

max
{

M∗,

[(
2 ∥f∥L1(V ) + ε0 + 1

h0 − M
∥g∥2

L2(V )

)

× 1(
1
2 − M

h0
− h0−M

4h0

)]1/2}
.

(45)
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thus, for ∀ n ∈ N∗, we have 0 ≤ ∥u
(k)
n ∥W 1,2

0 (Bk) ≤ M∗∗

and that {u
(k)
n } is a bounded point sequence in W 1,2

0 (Bk)
as functions defined on Bk. In consideration of W 1,2

0 (Bk)
is self compacting set, there exists a uk ∈ W 1,2

0 (Bk) s.t
u

(k)
n → uk under the ∥ · ∥W 1,2

0 (Bk), where {u
(k)
n } is a sub-

sequence of the origin sequence.
Next, we will explain that convergence according to

the norm must converge point by point.
∀ ε > 0, ∃ N , when n > N , we have ∥u

(k)
n −uk∥W 1,2

0 (Bk) <

ε. Unfold it, we’ll get that

∫
Bk

(
|∇(u(k)

n − uk)|2 + h (u(k)
n − uk)2

)
dµ < ε. (46)

The first item is non negative, so we have
∫

Bk
h(u(k)

n −
uk)2dµ < ε. In view of h(x) ≥ h0, it implies

h0

∫
Bk

(u(k)
n − uk)2dµ ≤

∫
Bk

h(u(k)
n − uk)2dµ < ε. (47)

Expand the above equation (47), one has

h0 min
x∈Bk

µ(x) (u(k)
n (x) − uk(x))2

≤ h0 min
x∈Bk

µ(x)
∑

x∈Bk

(u(k)
n (x) − uk(x))2

≤ h0
∑

x∈Bk

µ(x) (u(k)
n (x) − uk(x))2 < ε.

(48)

where the rightmost item is h0
∫

Bk
((u(k)

n − uk)2dµ, and
the above equation is correct for ∀ x ∈ Bk. Thus, we
get | u

(k)
n (x) − uk(x) |< ε · 1

h0 min
x∈Bk

µ(x) and u
(k)
n converges

uniformly to uk. And then, we obtain point by point
convergence, i.e. lim

n→∞
u

(k)
n (x) = uk(x).

At this point,we have

lim
n→∞

Jk(u(k)
n ) = Jk

(
lim

n→∞
u(k)

n

)
= Jk(uk) = Λk, uk ∈ W 1,2

0 (Bk).
(49)

Which indicates that the infimum can be reached.
The critical point function uk satisfies Euler-Lagrange
equation: d

dt Jk(uk + tϕ)|t=0 = 0, so we have

{
−∆uk + huk = fukeu2

k + g in Bk,

uk = 0 on ∂Bk.
(50)

So far, we have obtained the solution of the equation
locally.

Next, we will perform extension processing.
Due to (39) holds true for ∀ u ∈ W 1,2

0 (Bk), we get

∥f∥L1(V ) ≥ Λk = Jk(uk)

≥
(

1
2 − M

2h0
− h0 − M

4h0

)
∥uk∥2

W 1,2
0 (Bk)

− 1
2 ∥f∥L1(V ) − 1

h0 − M
∥g∥2

L2(V ).

(51)

and then

∥uk∥2
W 1,2

0 (Bk)

≤

√(
3
2 ∥f∥L1(V ) + 1

h0 − M
∥g∥2

L2(V )

) (
h0

h0 − M

)
≁ k.

(52)

We say that critical point function columns have a common
upper bound.Next, we will explain that the infinite norm
of the critical point function column on a bounded set is
still bounded.
∀ K ⊂ V is a bounded set, so there exists a sufficiently
large radius k ∈ Z+, s.t Bk ⊃ K. We consider the infinite
norm of the critical point function uk on Bk over K. In
view of

∥uk∥2
W 1,2

0 (Bk) =
∫

Bk

(
|∇uk|2 + h u2

k

)
dµ

≥
∫

Bk

h u2
k dµ

≥
∫

K

h u2
k dµ =

∑
x∈K

h(x) µ(x) u2
k(x)

≥ h0 min
x∈K

µ(x)
∑
x∈K

u2
k(x).

(53)

we have u2
k(x) ≤ 1

h0 min
x∈K

µ(x) ∥uk∥2
W 1,2

0 (Bk), and

| uk(x) | ≤
√

1
h0 min

x∈K
µ(x)∥uk∥W 1,2

0 (Bk)

≤
√

1
h0 min

x∈K
µ(x)

×
√

(3
2∥f∥L1(V ) + 1

h0 − M
∥g∥2

L2(V ))

×
√

h0

h0 − M
,

(54)
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which holds true for ∀ x ∈ K. Thus, we have ∥uk∥L∞(K) ≤
C, in which C ∼ h0, M, K, ∥g∥L2(V ), ∥f∥L1(V ). {uk} is
defined on Bk ∪ ∂Bk, extanding it to the entire graph:

uk =
{

uk(x) x ∈ Bk,

0 x /∈ Bk.
(55)

Especially, taking x1 ∈ V is a bounded set. ∃ k ∈ Z+, s.t
x1 ∈ Bk, and then we can easily get

|uk(x1)| ≤

√
1

h0 µ(x1)

×

√(
3
2 ∥f∥L1(V ) + 1

h0 − M
∥g∥2

L2(V )

)
×

√
h0

h0 − M
.

(56)

∀ K > k, we still have x1 ∈ BK , | uK(x1) |≤√
1

h0µ(x1) ( 3
2 ∥f∥L1(V ) + 1

h0−M ∥g∥2
L2(V ))

h0
h0−M . The first

k − 1 critical point functions have finite values at x1,
so {uk(x1)} is a bounded point sequence, it has conver-
gent subsequences. We take the opening ball where the
convergent subsequence is located and discuss x2 ∈ V ,
similarly, take the convergent subsequence, and so on. We
ultimately obtained ∃ u∗ ∈ V s.t uk converges locally
uniformly to u∗, i.e. ∀ l ∈ Z+, lim

n→∞
uk(x) = u∗(x), which

holds true for ∀ x ∈ Bl. Finally, we will declare that the
limit of locally uniformly convergent sequences falls within
H . Obviously, the critical point function sequence after
extension satisfies {uk} ⊂ H . Below we prove u∗ ∈ H ,
just need to explain that one of the functions in u∗ and
H is equal.

∥uk∥2
H =

∫
V

| ∇uk |2 +hu2
kdµ

=
∫

Bk∪∂Bk

| ∇uk |2 dµ +
∫

Bk

hu2
kdµ

= 1
2

∑
x∈Bk∪∂Bk

∑
y∼x

ωxy(uk(y) − uk(x))2

+
∑

x∈Bk

h(x)µ(x)u2
k(x)

= 1
2

∑
x∈Bk

∑
y∼x

ωxy(uk(y) − uk(x))2

+ 1
2

∑
x∈∂Bk

∑
y∼x

ωxy(uk(y) − uk(x))2

+
∑

x∈Bk

h(x)µ(x)u2
k(x)

≤
∑

x∈Bk

∑
y∼x

ωxy(uk(y) − uk(x))2

+ 2
∑

x∈Bk

h(x)µ(x)u2
k(x)

= 2∥uk∥2
W 1,2

0 (Bk) ≤ 2C.

(57)

Thus, we can see that {uk} is a bounded sequence
in H . Becuase H is a Hilbert space, ∃ ũ ∈ H s.t
{uk} subsequence uk

weak
⇀ ũ. i.e. ∀ Φ ∈ Cc(V ), we have∫

V
ukΦdµ →

∫
V

ũΦdµ. Especially, we take

Φ(x) =
{

1 x = x1
0 x ̸= x1

, Φ(x) ∈ Cc(V ), (58)

then
∫

V
ukΦdµ =

∑
x∈V

µ(x)uk(x)Φ(x) = µ(x1)uk(x1),∫
V

ũΦdµ =
∑

x∈V

µ(x)ũ(x)Φ(x) = µ(x1)ũ(x1), and

µ(x1)uk(x1) → µ(x)ũ(x1), as k → ∞. Due to the multipli-
cation property of limits, we deduce that uk(x1) → ũ(x1),
as k → ∞. And x1 is arbitrary, so uk(x) → ũ(x) holds true
for ∀ x ∈ V . We have konwn that uk(x) → u∗(x), ∀ x ∈ V ,
combining the uniqueness of the existence of limits, we
get that u∗(x) = ũ(x) ∈ H . Thus, u∗ is a function in H .
We have already konwn that the critical point function
satisfies the distribution equation:

∫
Bk

− ∆uk Φ dµ +
∫

Bk

h uk Φ dµ

=
∫

Bk

f uk euk Φ dµ

+
∫

Bk

g Φ dµ, ∀ Φ ∈ Cc(Bk).

(59)

For ∀ x1 ∈ V , ∃ k ∈ Z+, s.t x1 ∈ Bk. The critical point
function uk on Bk still satisfies the above equation. Taking

Φ(x) =
{

1 x = x1,

0 x ̸= x1.
(60)

and then we have

µ(x1)
(
−∆uk(x1)

)
+ µ(x1) h(x1) uk(x1)

= µ(x1) f(x1) uk(x1) euk(x1)

+ µ(x1) g(x1).

(61)

i.e.

−∆uk(x1) + h(x1) uk(x1)
= f(x1) uk(x1) euk(x1) + g(x1).

(62)

When K > k, we take the corresponding characteristic
function, and there is still a value of uk at x1 that satisfies
the above equation. Let k → ∞, we get
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−∆u∗(x1) + h(x1) u∗(x1)
= f(x1) u∗(x1) eu∗(x1) + g(x1).

(63)

i.e. u∗ satisfies the equation at x1. From the arbitrariness
of x1, u∗ is the solution of the equation (17), and u∗ ∈ H .
Proof completed.

4 Proof of Theorem 5

Proof Before starting our discussion, let’s do some prepa-
ration work first. Fixing one point O ∈ V on the graph,
∀x ∈ V , there is a distance function ρ(x) = ρ(x, O). Tak-
ing Bk = {x ∈ V : ρ(x, O) < k} as the opening ball
on the graph, and we might as well restrict our discus-
sion to k > 1. Actually, only the situation where k is
sufficiently large needs to be considered. W 1,2

0 (Bk) is a
Sobolev space, which satisfies u = 0 on ∂Bk. We take
the norm on it as ∥u∥W 1,2

0 (Bk) = (
∫

Bk
| ∇u |2 +hu2dµ) 1

2 ,
where h(x) ≥ a0 > 0 and µ(x) ≥ µ0 > 0 hold true for
∀x ∈ V . We define variational functionals : W 1,2

0 (Bk) → R
as follows

Jk(u) = 1
2

∫
Bk

(| ∇u |2 +hu2)dµ

−
∫

Bk

fln | u + m | dµ − log

∫
Bk

geudµ

(64)

Since ln | u + m |< 1+ | u + m |≤ 1+ | u | + | m |, there
are fln | u + m |< f+ | fu | + | fm | naturally.And then,
we have

∫
Bk

fln | u + m | dµ

<

∫
Bk

| f | dµ +
∫

Bk

| fu | dµ

+ | m | ·
∫

Bk

| f | dµ

= (1+ | m |)
∫

Bk

| f | dµ +
∫

Bk

| fu | dµ

(65)

Due to f ≥ 1 and q ∈ [1, 2], ∀x ∈ V we can get f(x)q ≥
f(x), which leads to

∫
Bk

|f | dµ ≤
∫

Bk

|f | q dµ

≤
∫

V

|f | q dµ = ∥f∥q
Lq(V ).

(66)

Now we discuss
∫

Bk
| fu | dµ. It follows from Hölder in-

equality that ∥fu∥L1(Bk) ≤ ∥f∥Lq(Bk) ·∥u∥Lp(Bk), wherein
1
p + 1

q = 1, p = 1 + 1
q−1 , q ∈ [1, 2]. Using Theorem 4, we

can see that ∥u∥Lp(Bk) ≤ C∥u∥W 1,2
0 (Bk), C ∼ q, h0, µ0.

And thus, one has

∥f u∥L1(Bk) ≤ C ∥f∥Lq(Bk) ∥u∥W 1,2
0 (Bk)

≤ C ∥f∥Lq(V ) ∥u∥W 1,2
0 (Bk).

(67)

By using the Young’s inequality to the above equation, it
can be obtained that

∥f u∥L1(Bk) ≤ 1
4ε

∥u∥2
W 1,2

0 (Bk) + ε C2 ∥f∥2
Lq(V ). (68)

which holds true for ∀ε > 0. Taking ε = 1, then we have

−
∫

Bk

fln | u + m | dµ

≥ −(1+ | m |) · ∥f∥q
Lq(V )

− 1
4∥u∥2

W 1,2
0 (Bk) − C2∥f∥2

Lq(V ).

(69)

What’s more,

∥v∥2
W 1,2

0 (Bk) =
∫

Bk

| ∇v |2 +hv2dµ ≥
∫

Bk

hv2dµ

=
∑

x∈Bk

h(x)µ(x)v(x)2

≥ a0µ0
∑

x∈Bk

v(x)2

≥ a0µ0v(x)2,

(70)

so we have | v(x) |≤ 1√
a0µ0

∥v∥W 1,2
0 (Bk), and it holds for

∀x ∈ Bk. Furthermore, one has ( v(x)
∥v∥

W
1,2
0 (Bk)

)2 ≤ 1
a0µ0

,

which established for ∀v(x) ∈ W 1,2
0 (Bk). Becuase u =

u
∥u∥

W
1,2
0 (Bk)

·∥u∥W 1,2
0 (Bk), it follows from Young’s inequality

that

u = u

∥u∥W 1,2
0 (Bk)

· ∥u∥W 1,2
0 (Bk)

≤ u2

4ε∥u∥2
W 1,2

0 (Bk)
+ ε∥u∥2

W 1,2
0 (Bk)

≤ 1
4εµ0a0

+ ε∥u∥2
W 1,2

0 (Bk).

(71)
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Thus ,we have eu ≤ e
1

4εµ0a0
+ε∥u∥2

W
1,2
0 (Bk) . In view of g ≥ 0

and g ̸≡ 0, one has geu ≤ ge
1

4εµ0a0
+ε∥u∥2

W
1,2
0 (Bk) . Together

with g ∈ L1(V ), we get

∫
Bk

geudµ ≤ e
1

4εµ0a0
+ε∥u∥2

W
1,2
0 (Bk) ·

∫
Bk

gdµ

≤ e
1

4εµ0a0
+ε∥u∥2

W
1,2
0 (Bk) ·

∫
V

gdµ

= e
1

4εµ0a0
+ε∥u∥2

W
1,2
0 (Bk) · ∥g∥L1(V ).

(72)

This will directly lead to

log

∫
Bk

geudµ

≤ log(e
1

4εµ0a0
+ε∥u∥2

W
1,2
0 (Bk) · ∥g∥L1(V ))

= 1
4εµ0a0

+ ε∥u∥2
W 1,2

0 (Bk)

+ log∥g∥L1(V )

(73)

Combining with formula (64)(69)(73), we can obtain that

Jk(u) ≥ (1
2 − 1

4 − ε)∥u∥2
W 1,2

0 (Bk)

− (1+ | m |)∥f∥q
Lq(V ) − C2∥f∥2

Lq(V )

− log∥g∥L1(V ) − 1
4εµ0a0

.

(74)

Taking ε = 1
8 , one has

Jk(u) ≥ 1
8∥u∥2

W 1,2
0 (Bk) − (1+ | m |)∥f∥q

Lq(V )

− C2∥f∥2
Lq(V ) − log∥g∥L1(V ) − 2

µ0a0
.

(75)

Jk(u) ≥ −(1+ | m |)∥f∥q
Lq(V )

− C2∥f∥2
Lq(V ) − log∥g∥L1(V ) − 2

µ0a0
,

(76)

which holds for ∀u ∈ W 1,2
0 (Bk). Hence, Jk(u) has a

lower bound in W 1,2
0 (Bk), and where there is a lower

bound, there must be a infimum. Then, we mark Λk =
inf

u∈W 1,2
0 (Bk)

Jk(u) and take the minimized subsequence

(ũj) ⊂ W 1,2
0 (Bk) s.t Jk(ũj) → Λk as j → ∞. For n = 1,

Λk + 1 is not a lower bound, then ∃ ũ1 ∈ W 1,2
0 (Bk) s.t

Jk(ũ1) < Λk + 1; what’s more, for n = 2, Λk + 1
2 is

also not a lower bound, similarly, ∃ ũ2 ∈ W 1,2
0 (Bk) s.t

Jk(ũ2) < Λk + 1
2 ; Repeat the above operation, we ulti-

mately get Λk ≤ Jk(ũj) < Λk + 1
j . Let j → ∞, one has

Jk(ũj) → Λk. In view of (22), we have

Jk(0) = −
∫

Bk

fln | m | dµ − log

∫
Bk

gdµ (77)

In consideration of f ≥ 1 and 0 <| m |< 1, so one has
ln | m |< 0 and fq ≥ f . Which directly leads to

∫
Bk

fdµ ≤
∫

fqdµ ≤ ∥f∥q
Lq(V ) (78)

and

−ln | m |
∫

Bk

fdµ ≤ −ln | m | ·∥f∥q
Lq(V ) (79)

For the second item in (77), due to g(x) ≥ 0 and g ̸≡ 0,
∃x0 ∈ Bk such that g(x0) > 0.

∫
Bk

gdµ =
∑

x∈Bk

g(x)µ(x) ≥ g(x0)µ(x0) > 0, (80)

and then, we have

−log

∫
Bk

gdµ < −log(g(x0)µ(x0)). (81)

Inserting (79), (81) into (77), one has

Jk(0) ≤ −ln | m | ·∥f∥q
Lq(V ) − log(g(x0)µ(x0)), (82)

and one thing needs to be pointed out, since we only
discuss the case where the radius of the opening ball is
sufficiently large, when the radius l > k, x0 ∈ Bk ⊂ Bl

can still be taken as a non-zero point, and thus x0 is
considered independent of the radius k. Because

Jk(u) ≥ 1
8∥u∥2

W 1,2
0 (Bk) − C2∥f∥2

Lq(V )

− (1+ | m |)∥f∥q
Lq(V ) − log∥g∥L1(V ) − 2

µ0a0
.

(83)

holds for ∀u ∈ W 1,2
0 (Bk), especially, we have Jk(ũj) ≥

1
8 ∥ũj∥2

W 1,2
0 (Bk) − C, where
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C = C2 ∥f∥2
Lq(V ) + (1 + |m|) ∥f∥q

Lq(V )

+ log
(
∥g∥L1(V )

)
+ 2

µ0 a0
.

(84)

Due to Jk(ũj) → Λk as j → ∞ and the boundedness of
convergent sequences, taking ε = M > 0, ∃ J , when j > J ,
one has | Jk(ũj) − Λk |< M , i.e. Jk(ũj) < Λk + M . And
combined with

Λk ≤ Jk(0) ≤ −ln | m | ·∥f∥q
Lq(V ) − log(g(x0)µ(x0)), (85)

it implies that

1
8∥ũj∥2

W 1,2
0 (Bk) − C ≤ Jk(ũj) < Λk + M

≤ −ln | m | ·∥f∥q
Lq(V ) − log(g(x0)µ(x0)) + M.

(86)

and

∥ũj∥2
W 1,2

0 (Bk) ≤ 2
√

2

· (−ln | m | ∥f∥q
Lq(V ) − log(g(x0)µ(x0)) + M + C)

1
2

≜ C.

(87)

where C ̸∼ k. The above indicates that all terms of
the minimization sequence (ũj) before the J term are
bounded according to the norm ∥ · ∥W 1,2

0 (Bk). We take
the j > J terms and still mark the sequence as (ũj), its
corresponding functional value sequence (jk(ũj)) is a sub-
sequence of the original sequence, and (jk(ũj)) converges
to Λk similarly. For the new sequence (ũj), noting that
∥ũj∥W 1,2

0 (Bk) are bounded and W 1,2
0 (Bk) is pre-compact,

so ∃ uk ∈ W 1,2
0 (Bk), such that ũj

∥·∥
W

1,2
0 (Bk)
→ uk, where

(ũj) is a subsequence.
In the following statement, we will deduce that se-

quences that converge according to the norm must con-
verge uniformly.

We have konwn that ∀ ε > 0, ∃ J , when j > J , one
has ∥ũj − uk∥W 1,2

0 (Bk) < ε. Expand the above equation,
we naturally obtain that

µ0a0
∑

x∈Bk

(ũj(x) − uk(x))2

≤
∑

x∈Bk

h(x)µ(x)(ũj(x) − uk(x))2

=
∫

Bk

h(ũj − uk)2dµ

≤
∫

Bk

| ∇(ũj − uk) |2 +h(ũj − uk)2dµ < ε2.

(88)

which deduces that ∀x ∈ Bk, µ0a0(ũj(x) − uk(x))2 <

ε2, i.e. | ũj(x) − uk(x) |< 1√
µ0a0

ε. Combining the above
statements, we can easily get ũj ⇒ uk in Bk, hence, (ũj)
uniformly converges to uk. Specially, one has pointwise
convergence lim

j→∞
ũj = uk. Let j → ∞, we get

Λk = lim
j→∞

Jk(ũj) = Jk( lim
j→∞

ũj) = Jk(uk). (89)

Thus, uk is the reachable point of the infimum. What’s
more, uk satisfies the Euler-Lagrange equation.

{
−∆uk + huk = 1

γk
geuk − f

uk+m , in Bk,

uk ∈ W 1,2
0 (Bk), γk =

∫
Bk

geudµ.
(90)

Up to now, we have obtained the local solution uk of the
equation (18).

Combining (83) and (85), we can easily obtain that

∥uk∥W 1,2
0 (Bk) ≤ C, C ≁ k. (91)

For any bounded set K ⊂ V , there is always a sufficiently
large k ∈ Z+, s.t. K ⊂ Bk. Using Th 4 and (91), we imply
that

∥uk∥L∞(K) ≤ 1
√

a0µ0
∥uk∥W 1,2

0 (Bk) ≤ C ≁ k. (92)

Given that uk is a function defined on Bk ∪ ∂Bk, let’s
extend it to the entire V below. Let

uk =
{

uk(x) x ∈ Bk,

0 x /∈ Bk.
(93)

Next, we will take the convergent subsequence point by
point. For a set composed of individual points x1 ∈ V ,
∃ k ∈ Z+, as can be seen from the above, |uk(x1)| ≤
C and for any l > k, which holds |ul(x1)| ≤ C. Due
to the existence of convergent sub columns in bounded
point columns, it deduece that uk(x1) is a convergent sub
column, converging to u∗(x1); For x2 ∈ V , we consider the
kick-off corresponding to {uk(x1)}. ∃ k ∈ Z+ s.t. x2 ∈ Bk

and |uk(x2)| ≤ C, which holds for any l > k. By the same
token, {uk(x2)} is a convergent sub column, meanwhile,
maintain the astringency of {uk(x1)}. Repeat the above
operation, we get uk(x) → u∗(x), ∀x ∈ V . Hence, uk

locally converges uniformly to u∗. Combining (91) and Th
4, we can deduce
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∥uk∥L∞(Bk) ≤ 1
√

µ0a0
∥uk∥W 1,2

0 (Bk) ≤ C. (94)

And then, |uk(x)| ≤ C holds true for any x ∈ Bk.
Considering −C ≤ uk(x) ≤ C and g ≥ 0, thus we
obtain ge−c ≤ geuk ≤ gec.Integrate its two sides on
Bk, one has e−c∥g∥L1(Bk) ≤ γk ≤ ec∥g∥L1(Bk), where
γk =

∫
Bk

geuk dµ. It follows from

e−c ≤ γk

∥g∥L1(Bk)
≤ ec, (95)

and { γk

∥g∥L1(Bk)
} is a bounded sequence, we can get a

convergence subsequence, we still mark it as { γk

∥g∥L1(Bk)
}.

Because lim
k→∞

∥g∥L1(Bk) = ∥g∥L1(V ), { γk

∥g∥L1(Bk)
} is conver-

gent, according to the four operations of the limit, we can
know that γk is convergent.We mark lim

k→∞
γk = γ∗. Take

the limit for (95), one has

lim
k→∞

e−c ≤ lim
k→∞

γk

∥g∥L1(Bk)
≤ lim

k→∞
ec, (96)

i.e.

ec ≤ γ∗

∥g∥L1(V )
≤ ec,

e−c∥g∥L1(V ) ≤ γ∗ ≤ ec∥g∥L1(V ),

(97)

∀x1 ∈ V , ∃ k ∈ Z+, s.t. after the extension of the critical
function uk on Bk, it still satisfies the equation at x1. i.e.

−Λuk(x1) + huk(x1) = geuk(x1)∫
Bk

geuk dµ
+ f

uk(x1) + m
. (98)

When the radius l > k, the corresponding critical point
function still satisfies the above equation at x1 with respect
to the corresponding integral. Let k → ∞, we have

−Λu∗(x1) + hu∗(x1) = geu∗(x1)

γ∗ + f

u∗(x1) + m
. (99)

Based on the arbitrariness of x1, one obtains

−Λu∗ + hu∗ = geu∗

γ∗ + f

u∗ + m
in V. (100)

So far, we have got a limit function u∗ that is close to
the solution to the equation. Now, we will declare that
γ∗ =

∫
V

geu∗
dµ. On the one hand, for ∀l > 1 fixed, there

holds the following formula

∫
Bℓ

g eu∗
dµ = lim

k→∞

∫
Bℓ

g euk dµ

≤ lim
k→∞

∫
Bk

g euk dµ = γ∗.

(101)

Let l → ∞ to the above formula, one has

∫
V

geu∗
≤ γ∗. (102)

On the other hand, due to ∥uk∥L∞(Bk) ≤ C and g ∈
L1(V ), for ∀ η > 0, there exists sufficiently large l0 > 1,
s.t. when l > l0, we have

∫
Bk

geuk dµ ≤ η +
∫

Bl
geuk dµ.

Actually, ∥uk∥L∞(Bk) ≤ C, we temporarily fix k, one
has |uk(x)| ≤ C, which holds true for ∀x ∈ Bk. And
then, −C ≤ uk(x) ≤ C, combining with g ≥ 0, we have
geuk ≤ geC . Integrate the two ends of the equation on
Bk \ Bl, we get

∫
Bk\Bl

geuk dµ ≤ eC

∫
Bk\Bl

gdµ ≤ eC

∫
V \Bl

gdµ. (103)

Due to
∫

V \Bl
gdµ → 0 when l is sufficiently large,∫

Bk\Bl
geuk dµ ≤ ol(1). Add

∫
Bl

geuk dµ to both ends si-
multaneously, one has

∫
Bk

geuk dµ ≤ ol(1) +
∫

Bl

geuk dµ. (104)

∀η > 0, ∃ l0 > 1, when l > i0, we have ol(1) < η, which
leads to

∫
Bk

geuk dµ ≤ η +
∫

Bl

geuk dµ. (105)

As for the equation above, we let k → ∞, l → ∞, η →
0+, and obtain taht γ∗ ≤

∫
V

geu∗
dµ. Combining with
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∫
V

geu∗
dµ ≤ γ∗, and then, we get γ∗ =

∫
V

geu∗
dµ. Thus,

u∗ is a function on the graph and satisfies the equation at
every point.

{
−Λu∗ + hu∗ = 1

γ∗geu∗ + f
u∗+m , in V,

γ∗ =
∫

V
geu∗

dµ.
(106)

Finally, let’s declare u∗ ∈ H ∩ L∞(V ) and first explain
u∗ ∈ H . We investigate ∥uk∥2

H ,

∥uk∥2
H =

∫
V

(|∇uk|2 + hu2
k)dµ

= 1
2

∑
x∈V

∑
y∼x

ωxy(uk(y) − uk(x))2

+
∑
x∈V

µ(x)h(x)u2
k(x)

= 1
2

∑
x∈Bk,y∼x

ωxy(uk(y) − uk(x))2

+ 1
2

∑
x∈∂Bk,y∼x

ωxy(uk(y) − uk(x))2

+
∑

x∈Bk

µ(x)h(x)u2
k(x)

≤
∑

x∈Bk,y∼x

ωxy(uk(y) − uk(x))2

+ 2
∑

x∈Bk

µ(x)h(x)u2
k(x)

= 2(
∑

x∈Bk

µ(x) · 1
2µ(x)

∑
y∼x

ωxy(uk(y) − uk(x))2

+
∑

x∈Bk

µ(x)h(x)u2
k(x))

= 2∥u∥2
W 1,2

0 (Bk)

≤ C ≁ k.

(107)

so (uk) is a bounded sequence in H . Because H is a
Hilbert space, any bounded point sequence has weakly
convergent subsequences, we still label the convergent
subsequence as (uk), and uk

weak
⇀ ũ, u ∈ H . i.e. for

∀ Φ ∈ Cc(V ), we have
∫

V
ukΦdµ →

∫
V

ũΦdµ. Especially,
∀x1 ∈ V , we take the characteristic function of x1

Φ(x) =
{

1 x = x1,

0 x ̸= x1.
(108)

Then, uk(x1)µ(x1) → ũ(x1)µ(x1) as k → ∞. Next, based
on the multiplication property of the limit, we have
uk(x1) → ũ(x1). Combining the arbitrariness of x1, one

has uk(x) → ũ(x) in V . Also, because the subsequence of
uk maintains the convergence of the original sequence, we
have uk(x) → u∗(x) in V . Due to the uniqueness of the
existence of limits, we konw that u∗(x) = ũ(x) ∈ H . In
the follwing step, we declare that u∗ ∈ L∞(V ). We only
need to examine ∥u∗∥2

H .

a0µ0 u∗(x)2 ≤ a0µ0
∑
x∈V

u∗(x)2

≤
∑
x∈V

h(x) µ(x) u∗(x)2 =
∫

V

h u∗ 2 dµ

≤
∫

V

(
|∇u∗|2 + h u∗ 2)

dµ.

(109)

And then, |u∗(x)| ≤ 1√
a0µ0

· ∥u∗∥H , which holds true for
∀ x ∈ V . Thus, ∥u∗∥L∞(V ) = sup

x∈V
|u∗(x)| ≤ ∥u∗∥H√

a0µ0
< +∞,

which is a finite number. Moreover, u∗ ∈ H ∩ L∞(V ) and
u∗ is the solution to the equation. As so far, the conclusion
has been proven.
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Abstract In the matter of exact solutions of Einstein’s field
equations, coordinates play a very decisive role. Sometimes
it is very difficult to understand the physical concept of a
phenomenon or physical quantity in one coordinate system,
while by changing the coordinate system, a simpler under-
standing of that quantity is obtained. In geodesy, which deals
with the simulation and modeling of the gravitational field,
it is common to use elliptical coordinates. In this article, we
attempt to explain some computational fundamentals in el-
liptical coordinates and discuss its possible application to
gravity.

1 Introduction

The purpose of developing elliptic coordinates in
geodesy is to obtain a more accurate model of the Earth,
which is not a perfect sphere. In contrast, relativists usu-
ally employ spherical coordinates, since the modeling of the
Earth is not central to their concerns and spherical symme-
try provides a good approximation for most astrophysical
bodies under study. Nevertheless, it seems important to em-
phasize that elliptic coordinates can be useful for examin-
ing axisymmetric solutions in general relativity. By employ-
ing such coordinates, one may derive more elegant and po-
tentially simpler solution methods for Einstein’s field equa-
tions.
In this article, we review basic concepts of elliptic coordi-
nates and discuss known solutions of the Laplace equation
under the assumption of an ellipsoidal mass distribution act-
ing as the gravitational source.

ae-mail: borzoo.nazari@ut.ac.ir
be-mail: nazari.z@gmail.com

2 Two-Dimensional Elliptic Coordinates

We begin by introducing two-dimensional elliptic coordi-
nates, and in the following section the approach will be ex-
tended to three dimensions. Every point in the plane can be
described using two coordinates. In polar coordinates (r,θ),
for example, specifying an angle determines a direction, and
specifying a radius determines where the direction intersects
a centered circle—thereby fixing the point. The same idea
can be applied to elliptic coordinates: we specify a line (di-
rection) by a known angle, and then instead of a circle, we
use an ellipse to determine the position of the point by the
intersection of the line and the ellipse. Therefor, we fix the
first coordinate, i.e. θ , and find the second coordinate using
the ellipse formula as follows:

Fig. 1: ellipsoidal coordinates in two dimensions

y = x tan(θ), (1)

x2

a2 +
y2

b2 = 1, (2)

we find out that
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x = a[1+
1

1− e2 tan2(θ)]−1/2,

y = a tan(θ)[1+
1

1− e2 tan2(θ)]−1/2,

(3)

where e = c
a is the eccentricity of the ellipse and c2 =

a2 − b2. Therefore, the elliptic coordinates are determined
by two parameters (a,θ), assuming that the eccentricity is
fixed and known in advance. Up to this point, the variable
θ has played the role of the angle in polar coordinates. We
now proceed to a different approach and introduce a new
coordinate, which seems to have no direct relation to polar
coordinates. Considering the equation of the ellipse, one can
see that for a given angle λ , we may write:

x = acos(λ ),

y = bsin(λ ),
(4)

which, taking into account the eccentricity, is expressed as
follows:

x = acos(λ ),

y = a
√

1− e2 sin(λ ).
(5)

To obtain a geometric and physical interpretation of the an-
gle λ , one may compare relations (3) and (5) and determine
its connection with the polar angle θ . Before doing so, we
apply a convention commonly used in geodesy texts to re-
lations (3) and (5). In geodesy literature, instead of treating
the eccentricity as constant, the quantity c in the relation
c2 = a2 + b2 is usually taken to be constant and is denoted
by E, and instead of b, the symbol u is used. Under this con-
vention, relations (3) and (5) are rewritten in the following
form:

x = a[1+
u2 +E2

u2 tan2(θ)]−1/2,

y = a tan(θ)[1+
u2 +E2

u2 tan2(θ)]−1/2,

(6)

x =
√

u2 +E2 cos(λ ),

y = usin(λ ).
(7)

It is easy to see that the change of variable

tan(λ ) =
a
u

tan(θ), (8)

transforms relations (6) and (7) into each other. To better
understand the meaning of the angles θ and λ , we consider
the following figure:

Fig. 2: relationship between the angles θ and λ

In Figure 2, the inscribed and circumscribed circles with
radii a and b, respectively, are drawn as dashed curves. The
point A is the vertical projection of the point P onto the cir-
cumscribed circle. Therefore, the angle λ is the polar angle
corresponding to the point A. Based on these assumptions,
the validity of relation (8) can be shown easily.

3 Laplacian Operator in the Two-Dimensional
Coordinate System (u,λ )E

The subscript E indicates that the parameter E is constant in
this coordinate system. By applying the transformations (7)
to the two-dimensional Laplacian operator

∇
2 = ∂

2
x +∂

2
y , (9)

and after some algebraic manipulation, we obtain

(∂ 2
x +∂

2
y )V =

1
u2 +E2 sin2

λ

[
(u2 +E2)

∂ 2V
∂u2 +

∂ 2V
∂λ 2 +u

∂V
∂u

]
.

(10)

To solve the two-dimensional Laplace equation in this ellip-
tic coordinate system, we assume separation of variables:

V (u,λ ) = Λ(λ )U(u). (11)
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Introducing the substitution

z = u+
√

u2 +E2, (12)

the U-equation yields the solution

U(u) = A0

(
u+

√
u2 +E2

)n

+B0

(
u+

√
u2 +E2

)−n
,

(13)

where n is a natural number. The angular part becomes

Λ(λ ) = A1 cos(nλ )+B1 sin(nλ ). (14)

Finally, note that if E = 0, then

u = r,λ = θ , (15)

and the usual solutions in polar coordinates are recovered.

4 Three-Dimensional Ellipsoidal Coordinate System

The procedure here follows the same approach as in the two-
dimensional case. This time, instead of fixing one polar an-
gle θ , we fix two angles θ and φ and consider the ellipsoid

x2 + y2

a2 +
z2

c2 = 1. (16)

The first two semi-axes are taken equal to a, which not only
simplifies the mathematics but also corresponds to axisym-
metric physical bodies. The above surface is an ellipse in the
z–y plane rotated about the z-axis.

A point on the ellipsoid in Cartesian coordinates (x,y,z)
can be described using spherical coordinates (ρ,θ ,φ):

x = ρ sinθ cosφ , y = ρ sinθ sinφ ,

z = ρ cosθ .
(17)

Substituting these into (16) gives

ρ = c

√
c2 +E2

c2 +E2 cos2 θ
. (18)

We also note that

a2 = c2 +E2, (19)

which is the standard relation between the semi-axes.
To introduce a new angular coordinate analogous to the

two-dimensional case, we define

cosβ =
c√

c2 +E2 cos2 θ
sinθ . (20)

This gives the coordinate transformation known as the Ja-
cobi ellipsoidal coordinates of the first type:

x =
√

c2 +E2 cosβ cosφ ,

y =
√

c2 +E2 cosβ sinφ ,

z = csinβ .

(21)

Substituting c→ u yields the final form of the 3-dimensional
ellipsoidal coordinate system.

5 Laplace Equation in Ellipsoidal Coordinates

Using the coordinates (21) and after some algebraic manip-
ulation, the Laplace operator becomes

∇
2V =

1
u2 +E2 sin2

β

×
[

∂

∂u

(
(u2 +E2)

∂V
∂u

)
+

1
cosβ

∂

∂β

(
cosβ

∂V
∂β

)
+

u2 +E2 sin2
β

(u2 +E2)cos2 β

∂ 2V
∂λ 2

]
= 0.

(22)

To solve this equation for a static gravitational potential, we
assume separation of variables:

V (u,β ,λ ) = Λ(λ )B(β )H(u). (23)

This yields three ordinary differential equations:

d2Λ

dλ 2 + c0Λ = 0, (24)

d2B
dβ 2 − tanβ

dB
dβ

+

(
− c0

cos2 β
+ c1

)
B = 0, (25)
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(u2 +E2)
d2H
du2 +2u

dH
du

+

(
c0E2

u2 +E2 − c1

)
H = 0. (26)

Applying boundary conditions on the potential (such as van-
ishing at infinity) and using relations (24)-(26), we obtain
the potential outside the ellipsoid as

V (u,β ,λ ) =
∞

∑
n=0

n

∑
m=−n

amn Q|m|
n

(
iu
E

)
Y nm(λ ,β ). (27)

The coefficients amn are determined by the boundary con-
ditions. Q|m|

n (iu/E) are the generalized Legendre functions,
and Y nm(λ ,β ) are the normalized spherical harmonics. To
determine the coefficients amn, we may, for example, apply
Dirichlet boundary conditions on the ellipsoidal boundary
defined by u = b. By carrying out this procedure and using
the addition theorems of spherical harmonics, we obtain the
following relation:

amn =
1
S

∫∫
E

w(β ′)Y nm(λ
′,β ′)V (b,λ ′,β ′)dS. (28)

The surface area of the ellipsoid is

S = 4πa2
(

1
2
+

b2

4aE
ln
(

a+E
a−E

))
, (29)

and the associated weight function isgiven by

w(β ′) =
a√

b2 +E2 sin2
β ′

(
1
2
+

b2

4aE
ln
(

a+E
a−E

))
. (30)

The generalized Legendre functions satisfy

Qm
n

( u
E

)
= in+1 Qm

n

(
iu
E

)
= (−1)m (n+m)!

(2n+1)!!

(
E
u

)n+1

= 2F1

(
n−m+1

2
,

n+m+1
2

,
2n+3

2
,

E2

u2

) (31)

where 2F1 is the Gaussian hypergeometric function.

6 Review of Relativistic Results

Using the coordinate relations given in (21), the metric com-
ponents of the gravitational field outside an ellipsoidal body
can be rewritten in elliptic coordinates, and the unknown
functions may then be determined by solving Einstein’s field
equations. As an example, we may take the g00 component
of the metric of a complete ellipsoidal mass distribution in
the form

g00 = 1+
1
c2 f (λ ,u). (32)

For the remaining metric components, a general form may
be assumed based on the Schwarzschild metric and axial
symmetry with respect to β , and the Einstein field equations
can be solved accordingly. At this stage, the Newtonian limit
in elliptic coordinates may be used to determine the function
f (λ ,u). As mentioned earlier, this analysis is currently be-
ing developed by the authors.

7 Conclusion

In this work, we introduced the elliptic coordinate system
and derived several well-known differential operators in this
framework. Our motivation for employing elliptic coordi-
nates lies in the considerable simplification they provide
when solving Einstein’s field equations. The authors have
continued developing these solutions and have obtained a
simplified derivation of the Kerr solution, which is now be-
ing prepared for publication. Since axisymmetric solutions
play a central role in general relativity and astrophysics, it is
natural to use axisymmetric coordinate systems such as the
one defined by (21).
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Appendix A: A Brief Overview of Generalized
Legendre Functions

Equation (25) represents the angular part of the solution to
Laplace’s equation, and its solutions are well known and
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treated in standard texts in mathematical physics. The gener-
alized (or associated) Legendre functions arise as solutions
to the associated Legendre differential equation

(1− x2)
d2y
dx2 −2x

dy
dx

+

(
ℓ(ℓ+1)− m2

1− x2

)
y = 0, (A.1)

where ℓ = 0,1,2, . . . is the degree and m = 0,1,2, . . . , ℓ is
the order. This equation appears naturally when solving
Laplace’s equation in spherical coordinates and plays a cen-
tral role in problems with axial symmetry [1, 6].

Appendix A.1: Legendre Polynomials and Their
Generalizations

For m = 0, Eq. (A.1) reduces to the Legendre polynomials
Pℓ(x). For m ̸= 0, the solutions generalize to the associated
Legendre functions

Pm
ℓ (x) = (1− x2)m/2 dm

dxm Pℓ(x). (A.2)

These functions represent the angular dependence of fields
in systems with axial (but not full spherical) symmetry.

Appendix A.2: Legendre Functions of the Second Kind

The second linearly independent solution of (A.1) is the
Legendre function of the second kind, denoted Qm

ℓ (x) [2].
In gravitational problems, Qm

ℓ commonly appears in exterior
(decaying) potentials, particularly when the coordinates in-
troduce complex arguments, such as

Qm
ℓ

(
iu
E

)
, (A.3)

which naturally arises in ellipsoidal coordinate geometries.

Appendix A.3: Connection to Spherical Harmonics

The generalized Legendre functions form the angular part of
spherical harmonics:

Y m
ℓ (θ ,φ) = Nℓm Pm

ℓ (cosθ)eimφ , (A.4)

where Nℓm is a normalization factor. Thus, spherical
harmonics describe the angular dependence of three-
dimensional solutions to Laplace’s and Helmholtz’s equa-
tions, while Qm

ℓ governs the radial dependence in certain ex-
terior potentials.

Appendix B: Normalized Spherical Harmonics

When solving Laplace’s equation in spherical coordinates,
the angular dependence of the solution is described by
the normalized spherical harmonics, denoted by Y m

ℓ (θ ,φ).
These functions form a complete orthonormal basis on
the unit sphere and are indexed by the integers ℓ =

0,1,2, . . . , m =−ℓ, . . . , ℓ.

The normalized spherical harmonics are defined in terms
of the associated Legendre functions Pm

ℓ (x):

Y m
ℓ (θ ,φ) = Nℓm P|m|

ℓ (cosθ)eimφ , (B.5)

where the normalization constant is

Nℓm =

√
2ℓ+1

4π

(ℓ−m)!
(ℓ+m)!

. (B.6)

The normalization is chosen so that the spherical harmonics
satisfy the orthonormality condition

∫ 2π

0

∫
π

0
Y m
ℓ (θ ,φ)Y m′ ∗

ℓ′ (θ ,φ) sinθ dθ dφ = δℓℓ′δmm′ . (B.7)

Spherical harmonics play a central role in quantum mechan-
ics as the angular eigenfunctions of the orbital angular mo-
mentum operator, and in classical gravitational and electro-
magnetic potentials where axial or spherical symmetry is
present [1, 6, 7].
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Abstract A simple and reliable numerical approach is
constructed to solve the linear and nonlinear two-
dimensional Fokker-Planck equations (FPEs). Initially, the
Fokker–Planck equation is reformulated by decomposing it
into one-dimensional components in the x and y directions.
Then, local one-dimensional sub-equations are numerically
solved by the explicit and implicit finite difference methods.
The convergence of the proposed schemes is proved through
truncation error and von Neumann stability analyses. The ef-
fectiveness and precision of the developed numerical meth-
ods are demonstrated using test problems, and the obtained
outcomes are compared against the corresponding exact so-
lutions for validation.

1 Introduction

The Fokker–Planck equation (FPE), originally formulated
by Fokker (1914) and later by Planck (1917), serves as a
mathematical model for describing Brownian particle mo-
tion. Over the years, FPEs have found widespread applica-
tions in diverse areas such as solid-state physics, quantum
optics, chemical physics, theoretical biology, and circuit the-
ory [1]. Various numerical strategies have been developed
for their solution, including finite volume schemes [2, 3],
Galerkin-type approaches [4–6], finite difference methods
[7], and particle-based techniques [8]. To overcome the in-
stabilities of the standard finite difference methods, nonstan-
dard finite difference schemes are used to solve the one-
dimensional FPEs in [9]. The most fundamental of these
methods, the finite difference technique, has also been used
to solve higher-dimensional FPE (2D) [10]. Some semi-
analytical techniques have also been used to solve FPEs, of

ae-mail: asneena@gmail.com
 be-mail: clemence@ncat.edu
 cCorresponding author e-mail: aawasthi@nitc.ac.in

which the Adomian decomposition method [11] is a well-
known example.

From a theoretical physics perspective, the
Fokker–Planck equation occupies a central role as the
forward Kolmogorov representation of stochastic dynamics
and as the macroscopic limit of Langevin and Liouville
equations. It combines the conservation of probability and
the relaxation toward equilibrium distributions controlled
by underlying potential landscapes, and bridges the gap
between tiny random processes and macroscopic transport
events. In addition to being a numerical simplification,
the operator splitting technique used in this study decom-
poses the Fokker–Planck operator into commuting drift
and diffusion generators, each with unique mathemati-
cal and physical features. This decomposition parallels
the Lie–Trotter and Strang formulations widely used in
quantum and statistical mechanics to separate reversible
and irreversible dynamics. Therefore, the current research
advances our understanding of Fokker-Planck evolution
from a mathematical-physics perspective.

Higher-dimensional FPEs naturally arise in systems in-
volving multiple interacting variables, such as in population
dynamics, neural networks, and chemical reactions involv-
ing multiple species. However, the increased complexity due
to high dimensionality imposes significant computational
challenges, often referred to as the "curse of dimensionality"
[12]. To address this, researchers have developed more effi-
cient algorithms, including operator splitting methods [13],
sparse grid techniques [14], and dimensionality reduction
strategies [15]. For instance, splitting methods have been
employed to decouple the multidimensional FPE into sim-
pler sub-problems, making the numerical integration more
tractable. Moreover, tensor-based methods [16] and sparse
spectral approaches [17] have also been proposed to reduce
computational costs while maintaining accuracy in higher-
dimensional settings. These advancements extend the appli-



226

cability of numerical FPE solvers to realistic, multi-variable
systems in physics, biology, and engineering.

In recent years, many researchers have provided numer-
ical solutions for one-dimensional FPEs through sophisti-
cated methods, such as structure-preserving schemes [18–
20], deep KD-tree algorithm [21], stable Petrov-Galerkin
discretization [22], a method based on KRnet (ADDA-KR)
[23], an extension of the generalized Hermite pseudospec-
tral method [24], and a physically guided deep learning-
based method [25]. In addition to solving one-dimensional
FPEs, there are existing sophisticated numerical methods for
solving higher-dimensional forms[26], such as one based on
wavelet theory in [27] and Chang–Cooper two-level algo-
rithms [28]. However, only a handful of high-order finite
difference schemes are available in the literature [29–32].

This paper presents a finite difference numerical method
for two-dimensional FPEs using the splitting technique, for
which not many studies are found in the literature. The
present study was motivated by the application of the split-
ting operator for Burger’s equation in [33]. The goal of the
proposed method is to solve the higher-dimensional FPEs
with simple and accurate algorithms. The splitting technique
is a locally one-dimensional method for higher dimensional
partial differential equations, which resolves the difficul-
ties faced by numerical methods directly applied to higher-
dimensional PDEs [34]. In this sense, this work is an ex-
tension of the simplest numerical methods in [35] to higher
dimensional FPEs. The main benefits of the splitting oper-
ator method are that it is swift and straightforward to use,
requiring fewer significant numerical computations to solve
higher-dimensional PDEs.

The evolution of the concentration function w(x, t), with
respect to the spatial coordinate x and temporal variable t, is
modeled by the general linear FPE, which is written in the
form,

∂w
∂ t

=

[
− ∂

∂x
A(x)+

∂ 2

∂x2 B(x)
]

w(x, t), (1)

with the initial state

w(x,0) = f (x), x ∈ R, (2)

where B(x) > 0 denotes the diffusion coefficient and A(x)
represents the drift coefficient. Its extension to two variables
x1,x2 is given by

∂w
∂ t

=

[
−

2

∑
i=1

∂

∂xi
Ai(x)+

2

∑
i, j=1

∂ 2

∂xi∂x j
Bi, j(x)

]
w, (3)

with the initial state,

w(x,0) = g(x), x = (x1,x2) ∈ R2. (4)

The non-linear FPE in two variables x1,x2 is represented as,

∂w
∂ t

=−
2

∑
i=1

∂

∂xi

(
Ai(x, t,w)w

)
+

2

∑
i, j=1

∂ 2

∂xi∂x j

(
Bi j(x, t,w)w

)
.

(5)

The rest of the paper is organized as follows. Section 2
contains the model of the problem and the formulation of
the numerical method. Section 3 discusses the convergence
and stability of the proposed schemes. Section 4 provides
numerical examples to show the efficiency of the schemes.
Section 5 presents a brief discussion and conclusion.

2 Formulation of the computational techniques

2.1 Splitting operator technique

Consider, in expanded form, the linear FPE (3) in the do-
main Ω = [0,T ]× [a,b]× [c,d],

∂w
∂ t

=−A1
∂w
∂x

−w
∂A1

∂x
−A2

∂w
∂y

−w
∂A2

∂y

+B11
∂ 2w
∂x2 +2

∂B11

∂x
∂w
∂x

+w
∂ 2B11

∂x2

+B22
∂ 2w
∂y2 +2

∂B22

∂y
∂w
∂y

+w
∂ 2B22

∂y2 .

(6)

with the initial state,

w(x,0) = g(x), x = (x,y). (7)

The development of the scheme is as follows: First Eqn.(6)
is split into two equations as

1
2

∂w
∂ t

=−A1
∂w
∂x

−w
∂A1

∂x
+B11

∂ 2w
∂x2

+2
∂B11

∂x
∂w
∂x

+w
∂ 2B11

∂x2 ,

1
2

∂w
∂ t

=−A2
∂w
∂y

−w
∂A2

∂y
+B22

∂ 2w
∂y2

+2
∂B22

∂y
∂w
∂y

+w
∂ 2B22

∂y2 .

(8a)

(8b)
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As counterparts of Eqn. (6), the formulations in (8a) and
(8b) correspond to the x- and y-directions, respectively. The
resulting system is given in Eqns. (8) is then approximated
numerically via the finite difference method, using both ex-
plicit and implicit discretizations, while avoiding any form
of linearization. The process begins by computing the solu-
tion at the (n+ 1

2 )
th level along the x-direction, employing

the values from the nth level while treating y as constant;
these intermediate solutions correspond to points on the hor-
izontal axis. Thereafter, the (n+ 1)th level solution is ob-
tained along the y-direction from the (n+ 1

2 )
th level results,

with x held constant; these solutions lie on the vertical axis.
It follows that the computed approximation at the (n+ 1)th

step is consistent with the two-dimensional solution of Eqn.
(6) evaluated at the same step.

2.2 The explicit method via splitting operator

Consider the spatial domain Ω = [a,b]× [c,d]⊂ R2, which
is discretized into a grid of (N+1)× (M+1) points. he dis-
cretization in the x- and y-directions is carried out with mesh
sizes defined by h= b−a

N and k = d−c
M , respectively. The tem-

poral interval [0,T ] is uniformly divided into K subintervals
with step size τ = T

K . The discrete time instants are then de-
noted by tn = nτ , where n = 0,1, . . . ,K − 1. The numerical
solution at the nth time step corresponding to the mesh point
(xi,y j, tn) is represented by W n

i j = W (xi,y j, tn).
The time and space derivatives are explicitly discretized by
the forward difference and the central difference, respec-
tively. The discretized Eqns.(8) become

W
n+ 1

2
i j −W n

i j

τ
=−A1

W n
i+1, j −W n

i−1, j

2h
−W n

i j A1x

+B11
W n

i+1, j −2W n
i j +W n

i−1, j

h2

+2B11x
W n

i+1, j −W n
i−1, j

2h
+W n

i j B11xx,

W n+1
i j −W

n+ 1
2

i j

τ
=−A2

W
n+ 1

2
i, j+1 −W

n+ 1
2

i, j−1

2k
−W

n+ 1
2

i j A2y

+B22
W

n+ 1
2

i, j+1 −2W
n+ 1

2
i j +W

n+ 1
2

i, j−1

k2

+2B22y
W

n+ 1
2

i, j+1 −W
n+ 1

2
i, j−1

2k

+W
n+ 1

2
i j B22yy.

(9a)

(9b)

where 0 ≤ i ≤ N, 0 ≤ j ≤ M, and 0 ≤ n ≤ K −1. The initial
and boundary conditions in discrete form are

W 0
i j = g(x0,y0);0 ≤ i ≤ N,0 ≤ j ≤ M,

W n
a = f1(y, t),W n

b = f2(y, t),

W n
c = f3(x, t),W n

d = f4(x, t).

(10)

Eqns.(9) can be written as

W
n+ 1

2
i j =

2
τ

(
θiW

n
i+1, j +σiW

n
i, j +ωiW

n
i, j
)
,

W n+1
i, j =

2
τ

(
λ jW

n+ 1
2

i, j+1 +µ jW
n+ 1

2
i, j +ν jW

n+ 1
2

i, j−1

)
,

(11a)

(11b)

where the coefficients are defined by θi = (−A1h +

2B11 +2h∂xiB11)/(2h2), σi = 1−∂xiA1 +∂ 2
xi

B11 −2B11/h2,
ωi = (A1h + 2B11 − 2h∂xiB11)/(2h2), and similarly λ j =

(−A2k+2B22+2k ∂y j B22)/(2k2), µ j = 1−∂y j A2+∂ 2
y j

B22−
2B22/k2, ν j = (A2k+2B22 −2k ∂y j B22)/(2k2).

The numerical scheme (11) is an explicit central differ-
ence scheme for the splitting operator Eqns. (8).

For the nonlinear FPE, the nonlinear terms in Eqn.(6) are
treated in the following ways:

– w2 = W n
i, jW

n
i, j in the x–direction, and

w2 = W
n+ 1

2
i, j W

n+ 1
2

i, j in the y–direction

– wwx = W n
i, j

(
W n

i+1, j−W n
i−1, j

2h

)
, and

wwy = W
n+ 1

2
i, j

(
W

n+ 1
2

i, j+1 −W
n+ 1

2
i, j−1

2k

)

– wwxx = W n
i, j

(
W n

i+1, j−W n
i, j+W n

i−1, j
h2

)
, and

wwyy = W
n+ 1

2
i, j

(
W

n+ 1
2

i, j+1 −W
n+ 1

2
i, j +W

n+ 1
2

i, j−1
k2

)

– w2
x =

(
W n

i+1, j−W n
i−1, j

2h

)2
, and

w2
y =

(
W

n+ 1
2

i, j+1 −W
n+ 1

2
i, j−1

2k

)2

2.3 The implicit method via the splitting operator

In the case of the implicit scheme, the decomposed Eqns. (8)
are approximated using a forward difference in time com-
bined with central differences in the spatial variables. The
resulting discretization takes the following form:
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W
n+ 1

2
i j −W n

i j

τ
=−A1

W
n+ 1

2
i+1, j −W

n+ 1
2

i−1, j

2h

−W
n+ 1

2
i j A1x

+B11
W

n+ 1
2

i+1, j −2W
n+ 1

2
i j +W

n+ 1
2

i−1, j

h2

+2B11x
W

n+ 1
2

i+1, j −W
n+ 1

2
i−1, j

2h

+W
n+ 1

2
i j B11xx,

W n+1
i j −W

n+ 1
2

i j

τ
=−A2

W n+1
i, j+1 −W n+1

i, j−1

2k
−W n+1

i j A2y

+B22
W n+1

i, j+1 −2W n+1
i j +W n+1

i, j−1

k2

+2B22y
W n+1

i, j+1 −W n+1
i, j−1

2k
+W n+1

i j B22yy.

(12a)

(12b)

where 0 ≤ i ≤ N, 0 ≤ j ≤ M and 0 ≤ n ≤ K −1. The initial
and boundary conditions in Eqns.(12) are

W 0
i, j = g(x0,y0);0 ≤ i ≤ N,0 ≤ j ≤ M,

W n
a = f1(y, t),W n

b = f2(y, t),

W n
c = f3(x, t),W n

d = f4(x, t).

(13)

The discrete forms (12) in the x and y directions, respec-
tively, may be written as follows:

τ

2h2

(
αiW

n+ 1
2

i−1, j +βiW
n+ 1

2
i, j + γiW

n+ 1
2

i+1, j

)
= W n

i j ,

τ

2k2

(
ξ jW

n+1
i, j−1 +χ jW

n+1
i, j +δ jW

n+1
i, j+1

)
= W

n+ 1
2

i, j ,

(14a)

(14b)

where,

αi = h(−A1 +2B11x)−2B11,

βi = 2h2( 1
τ
+A1x −B11xx

)
+4B11,

γi = h(A1 −2B11x)−2B11,

(15)

and,

ξ j = k(−A2 +2B22y)−2B22,

χ j = 2k2( 1
τ
+A2y −B22yy

)
+4B22,

δ j = k(A2 −2B22y)−2B22.

(16)

For the nonlinear FPE (6) nonlinear terms are discretized in
the following ways:

– w2 = W n
i, jW

n+ 1
2

i, j in the x− direction and

w2 = W
n+ 1

2
i, j W n+1

i, j in the y− direction

– w ∂w
∂x = W n

i, j

(
W

n+ 1
2

i+1, j −W
n+ 1

2
i−1, j

2h

)
, and

w ∂w
∂y = W

n+ 1
2

i, j

(
W n+1

i, j+1−W n+1
i, j−1

2k

)

– w ∂ 2w
∂x2 = W n

i, j

(
W

n+ 1
2

i+1, j −W
n+ 1

2
i, j +W

n+ 1
2

i−1, j
h2

)
, and

w ∂ 2w
∂y2 = W

n+ 1
2

i, j

(
W n+1

i, j+1−W n+1
i, j +W n+1

i, j−1
k2

)

–
(

∂w
∂x

)2
=
(

W n
i+1, j−W n

i−1, j
2h

)(
W

n+ 1
2

i+1, j −W
n+ 1

2
i−1, j

2h

)
, and

(
∂w
∂y

)2
=

(
W

n+ 1
2

i, j+1 −W
n+ 1

2
i, j−1

2k

)(
W n+1

i, j+1−W n+1
i, j−1

2k

)

The formulation (14) is semi-implicit, achieved by lineariz-
ing the nonlinear source terms through a split evaluation at
successive and previous time levels.

3 Consistency and stability

The assessment of the error and stability of the numerical
schemes is given in this section. The consistency of the com-
putational schemes is proved by the truncation error method,
and their stability is derived from von Neumann stability
analysis.

Theorem 1 The numerical scheme given in (11) achieves
first-order accuracy with respect to the temporal variable,
while attaining second-order accuracy in the spatial direc-
tions x and y.

Proof The fully discretized form of the explicit central dif-
ference scheme (11) is
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W n+1
i j =

4
τ2

(
λ j(θiW

n
i+1, j+1 +σiW

n
i, j+1 +ωiW

n
i−1, j+1)

+µ j(θiW
n

i+1, j +σiW
n

i j +ωiW
n

i−1, j)

+ν j(θiW
n

i+1, j−1 +σiW
n

i, j−1 +ωiW
n

i−1, j−1)
)
.

(17)

Applying Taylor expansion on all terms of Eq. (17) and sim-
plifying results in the local truncation error (LTE) given by

LT E = W n+1
i j

− 4
τ2

[
λ j(θiW n

i+1, j+1 +σiW n
i, j+1 +ωiW n

i−1, j+1)

+µ j(θiW n
i+1, j +σiW n

i j +ωiW n
i−1, j)

+ν j(θiW n
i+1, j−1 +σiW n

i, j−1 +ωiW n
i−1, j−1)

]
= τ

2W + τ
2Wt +

τ2

2! Wtt −4λθW −4λθhWx

−4λθkWy −2λθh2Wxx −2λθk2Wyy

−8λθhkWxy −λσW −4kλσWy

−2λσk2Wyy −4λωW +4hλωWx

−4kλωWy −2λωh2Wxx −2λωk2Wyy

+8hkλωWxy −4µωW +4hµωWx

−2µωh2Wxx −2νθk2Wyy −4νθW

+2νωh2Wxx −2νθk2Wyy + · · ·

= τ
2W + tτ2Wt +

t2τ2

2! Wtt −2λωh2Wxx

−2νωk2Wyy + · · ·

= O(τ2 +h2 + k2),

(18)

where,

θ = (−A1h+2B11 +2h ∂B11
∂x )/(2h2),

σ =
(
h2(1− ∂A1

∂x + ∂ 2B11
∂x2 )−2B11

)
/h2,

ω = (A1h+2B11 −2h ∂B11
∂x )/(2h2),

λ = (−A2k+2B22 +2k ∂B22
∂y )/(2k2),

µ =
(
k2(1− ∂A2

∂y + ∂ 2B22
∂y2 )−2B22

)
/k2,

ν = (A2k+2B22 −2k ∂B22
∂y )/(2k2).

(19)

The truncation error is

T E = τ
−1(LT E) = O(τ)+O(h2 + k2). (20)

Accordingly, the numerical approximation incurs errors that
are of order O(τ) in time and O(h2+k2) in space, consistent
with the stated result.

Theorem 2 The explicit central difference scheme defined
in (11) admits conditional stability, holding only under spe-
cific restrictions on the discretization parameters.

Proof The stability requirement for the proposed explicit
scheme is established through von Neumann stability
analysis and can be formulated as follows.

Let the Fourier tranform corresponding to W n at the nth

time level be denoted by, Ŵ n. The 2D Fourier transform is

Ŵ n+1(ζ ,η) =
1√

2π
√

2π

∞

∑
j,k=−∞

e−i jζ h−iκηk W n+1
i, j . (21)

Performing a Fourier transformation of Eqn. (11) results in,

Ŵ n+ 1
2 (ζ ,η) =

2
τ

(
θ ei jζ h Ŵ n(ζ ,η)

+σ Ŵ n(ζ ,η)

+ω e−i jζ h Ŵ n(ζ ,η)
)
,

Ŵ n+1(ζ ,η) =
2
τ

(
λ eiκηk Ŵ n+ 1

2 (ζ ,η)

+µ Ŵ n+ 1
2 (ζ ,η)

+ν e−iκηk Ŵ n+ 1
2 (ζ ,η)

)
,

Ŵ n+1(ζ ,η) = Ŵ n(ζ ,η)
4
τ2

(
θ ei jζ h +σ

+ω e−i jζ h
)(

λ eiκηk

+µ +ν e−iκηk
)
.

(22)

Here the amplification factor ρ(ζ ,η) is,

ρ(ζ ,η) =
4
τ2

(
θei jζ h +σ +ωe−i jζ h

)
×
(

λeiκηk +µ +νe−iκηk
)
.

(23)

Rewriting the exponential terms in terms of trigonometric
functions, Eqn. (23) can be expressed as

ρ(ζ ,η) =
4
τ2

[(
σ +(θ +ω)cos(ζ h)

)
×
(
µ +(λ +ν)cos(ηk)

)
− (θ −ω)(λ −ν) sin(ζ h) sin(ηk)

]
+ i
[
(µ +(λ +ν)cos(ηk))(θ −ω)sin(ζ h)

+(σ +(θ +ω)cos(ζ h))

× (λ −ν)sin(ηk)
]
.

(24)
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Therefore,

|ρ|2 = 4
τ2

[
(θ −ω)2 sin2

ζ h+(σ +(θ +ω) cosζ h)2]
×
[
(λ −ν)2 sin2

ηk+(µ +(λ +ν)) cosηk)2] (25)

By the von Neumann criteria, the proposed scheme is stable
under the condition |ρ|2 ≤ 1 and hence conditionally stable.

Theorem 3 The implicit central difference scheme (14) is
second-order convergent in temporal and spatial variables.

Proof The LTE at the node (xi,y j, tn+1) is given by

LT En+1
i j = W n+1

i, j

− τ

2k2

(
ξ jW

n+1
i, j−1 +χ jW

n+1
i, j +δ jW

n+1
i, j+1

)
− 1

βi

2h2

τ
W n

i, j

+
αi

βi

τ

2k2

(
ξ jW

n+1
i+1, j−1 +χ jW

n+1
i+1, j +δ jW

n+1
i+1, j+1

)
+

γi

βi

τ

2k2

(
ξ jW

n+1
i−1, j−1 +χ jW

n+1
i−1, j +δ jW

n+1
i−1, j+1

)
=
(

1−χ j
τ

2k2

)
W n+1

i, j − 1
βi

2h2

τ
W n

i, j

+
τ

2k2

(
−ξ jW

n+1
i, j−1 −δ jW

n+1
i, j+1

+
αiξ j

βi
W n+1

i+1, j−1 +
αiχ j

βi
W n+1

i+1, j

)
+

τ

2k2

(
αiδ j

βi
W n+1

i+1, j+1 +
γiξ j

βi
W n+1

i−1, j−1

+
γiχ j

βi
W n+1

i−1, j +
γiδ j

βi
W n+1

i−1, j+1

)
=
(

1−χ
τ

2k2

)
W (x,y, t + τ)

− 1
β

2h2

τ
W (x,y, t)

+
τ

2k2

(
−ξ W (x,y− k, t + τ)

−δ W (x,y+ k, t + τ)

+
αξ

β
W (x+h,y− k, t + τ)

)
+

τ

2k2

(
αχ

β
W (x+h,y, t + τ)

+
αδ

β
W (x+h,y+ k, t + τ)

+
γξ

β
W (x−h,y− k, t + τ)

)
+

τ

2k2

(
γχ

β
W (x−h,y, t + τ)

+
γδ

β
W (x−h,y+ k, t + τ)

)
.

(26)

Expanding each term by Taylor’s series expansion and sim-
plifying,

LT E =

(
ξ +χ +

αξ

β
+

γχ

β
+ . . .

)
τ

3W

+

(
αξ

β
− γχ

β
+ . . .

)
τ

3Wt

+

(
−β +

γδ

β
+ . . .

)
τ

3Wtt + . . .

+ τ

(
αξ

2β
+

δ χ

4β
+ . . .

)
Wxx

+ τ

(
αδ

4β
+

γη

4β
+ . . .

)
Wyy + . . . ,

(27)

where

α = h
(
−A1 +2

∂B11

∂x

)
−2B11,

β = 2h2
(

1
τ
+

∂A1

∂x
+

∂ 2B11

∂x2

)
+4B11,

γ = h
(

A1 −2
∂B11

∂x

)
−2B11,

ξ = k
(
−A2 +2

∂B22

∂yn

)
−2B22,

χ = 2k2
(

1
τ
+

∂A2

∂y
+

∂ 2B22

∂y2

)
+4B22,

δ = k
(

A2 −2
∂B22

∂y

)
−2B22.

(28)

The global truncation error is

T E =
1
τ

LT E = O(τ2 +h2 + k2), (29)

which is quadratic in temporal and spatial variables, and
hence the claim.

Theorem 4 The implicit central difference scheme de-
scribed in (14) possesses unconditional stability, indepen-
dent of the discretization parameters.

Proof The combined form of the decomposed Eqns. (14) is,

W n+1
i, j =

4k2h2

βiχ jτ2 W n
i, j −

γiδ j

βiχ j
W n+1

i+1, j+1 −
γiχ j

βiχ j
W n+1

i+1, j

−
γiξ j

βiχ j
W n+1

i+1, j−1 −
αiδ j

βiχ j
W n+1

i−1, j+1

−
αiβ j

βiχ j
W n+1

i−1, j −
αiξ j

βiχ j
W n+1

i−1, j−1.

(30)
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Applying the Fourier transform to each term in Eqn.(30),
obtain

Ŵ n+1(ζ ,η)

+
1

β χ

[
γδei jζ h+iκηk + γχei jζ h + γξ ei jζ h−iκηk

]
× Ŵ n+1(ζ ,η)

+
1

β χ

[
αδe−i jζ h+iκηk +αξ e−i jζ h +αξ e−i jζ h−iκηk

]
× Ŵ n+1(ζ ,η)

=
4k2h2

β χτ
Ŵ n(ζ ,η).

(31)

Rewriting each term in terms of trigonometric functions,
Eqn. (31) may be written as

β χ Ŵ n+1

+
[
γδ (cosζ h+ isinζ h)(cosηk+ isinηk)

+ γχ (cosζ h+ isinζ h)
]
Ŵ n+1

+
[
γξ (cosζ h+ isinζ h)(cosηk− isinηk)

+αδ (cosζ h− isinζ h)(cosηk+ isinηk)
]

× Ŵ n+1

+
[
αξ (cosζ h− isinζ h)

+αξ (cosζ h− isinζ h)(cosηk− isinηk)
]

× Ŵ n+1

=
4k2h2

τ
Ŵ n(ζ ,η).

(32)

The amplification factor ρ can be derived from (32) as

ρ =
4k2h2

τ(U + iV )
, (33)

where,

U = β χ +(γδ +αξ ) cos(ζ h+ηk)

+(γχ +αξ ) cos(ζ h)

+(γξ +αξ ) cos(ζ h−ηk),

V = (γδ −αξ ) sin(ζ h+ηk)

+(γχ −αξ ) sin(ζ h)

+(γξ −αξ ) sin(ζ h−ηk).

(34)

Consequently, the modulus of the amplification factor takes
the form,

ρρ = |ρ|2 = 16k4h4

τ2(U 2 +V 2)
. (35)

Here 16h4k4 << τ2 and U 2 +V 2 ≤ 1

However, 16h4k4 ≤ τ2(U 2+V 2) and thus |ρ|2 ≤ 1, un-
conditionally. Thus, by the von Neumann criteria, the nu-
merical scheme (14) is unconditionally stable.

4 Numerical Illustrations

This section presents numerical experiments to confirm the
theoretical findings, where the accuracy of the scheme is as-
sessed using the l2 and l∞ error norms defined by

l2 =
1
h

√
N

∑
i=0

(Wi −wi)
2,

l∞ = max
i

; |Wi −wi| .

(36)

In these expressions, wi denotes the numerical approxima-
tion, Wi represents the exact solution at node i, and N is the
total number of spatial nodes in the computational domain.

4.1 Example 1

Consider Eqn.(6) with

A1 =
5x
6

,A2 =
5y
6
,

B11 =
x2

6
, B12 = B21 = 0, B22 =

y2

6
.

(37)

Then the following equation is obtained:

∂w
∂ t

=−w− x
6

∂w
∂x

− y
6

∂w
∂y

+
x2

6
∂ 2w
∂x2 +

y2

6
∂ 2w
∂y2 , (38)

for which the exact solution can be determined,

w(x,y, t) = (1− x2)(1− y2)e−t , −1 ≤ x,y ≤ 1. (39)

A comparison of errors in l2 and l∞ norms for different num-
bers of nodes with elapsed times for the proposed schemes
is presented in Table 1. Table 2 compares the proposed
schemes’ computed errors with existing schemes in the lit-
erature [34], and shows that the proposed simple algorithms
give better results than the existing schemes.
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Table 1: Comparison of errors in l2 and l∞ norms with τ = 0.0001, T = 1 for the Example 4.1.

Explicit method Implicit method Explicit method Implicit method

T = 0.1 T = 0.1 T = 0.25 T = 0.25

Grid size l2 l∞ time(s) l2 l∞ time(s) l2 l∞ time(s) l2 l∞ time(s)

10×10 1.08×10−04 5.32×10−05 0.199525 1.01×10−05 4.25×10−05 0.118825 2.32×10−04 9.74×10−05 0.106984 2.32×10−05 8.77×10−05 1.932976
20×20 1.53×10−05 4.52×10−05 0.188134 2.03×10−05 3.52×10−05 1.596892 3.28×10−05 8.21×10−05 0.413535 2.57×10−05 8.74×10−06 3.771442
30×30 1.87×10−06 4.52×10−07 0.387606 1.21×10−07 2.52×10−07 2.949689 4.02×10−06 7.74×10−07 0.903345 3.02×10−07 7.54×10−08 6.742057
40×40 2.16×10−06 5.52×10−07 0.705215 3.61×10−07 2.52×10−08 6.945364 4.64×10−06 9.24×10−07 1.608009 5.64×10−07 6.74×10−08 17.982288
50×50 2.41×10−06 4.52×10−07 1.053064 1.32×10−07 2.52×10−08 10.32946 5.19×10−06 7.74×10−07 2.541735 5.16×10−07 9.74×10−08 26.486728
60×60 2.64×10−06 3.66×10−07 1.666046 1.64×10−07 4.22×10−08 14.307854 5.69×10−06 7.22×10−07 3.651856 4.69×10−07 6.74×10−08 44.764648
70×70 2.85×10−06 4.33×10−07 2.513052 2.86×10−07 4.52×10−08 18.132008 6.14×10−06 6.74×10−07 5.038307 6.11×10−07 9.22×10−08 53.097249
80×80 3.05×10−06 5.52×10−07 4.307044 2.05×10−07 4.42×10−08 24.037259 6.57×10−06 9.01×10−07 6.530545 5.75×10−07 9.22×10−08 6.74×10−08

90×90 3.24×10−06 3.52×10−07 5.20769 2.24×10−07 4.02×10−08 43.586021 6.97×10−06 8.74×10−07 7.987636 5.97×10−07 7.74×10−08 119.364149
100×100 3.24×10−06 4.52×10−07 8.757617 3.41×10−07 4.52×10−08 54.792485 7.34×10−06 9.74×10−07 9.874276 7.22×10−07 1.74×10−08 153.558578

Table 2: Comparison of errors in l2 and l∞ norms of the proposed schemes with existing schemes [34] for different grid points with τ = 0.001,
T = 1 for the Example 4.1.

GFDM[34] Explicit method Implicit method

Grid size l2 l∞ l2 l∞ l2 l∞
55 1.14×10−04 2.11×10−03 1.03×10−04 1.84×10−05 1.03×10−05 1.84×10−05

197 3.19×10−05 5.90×10−04 1.95×10−05 1.65×10−06 1.87×10−06 2.87×10−07

743 8.45×10−06 1.57×10−04 2.86×10−06 1.03×10−07 2.56×10−07 1.23×10−08

4.2 Example 2

Consider Eqn.(6) with

A1 =
4w
x

+
x
6
, A2 =

4w
y

+
y
6
,

B11 = B22 = w, B12 = B21 = 0.

(40)

The resulting FPE is

∂w
∂ t

=
4w2

x2 +
4w2

y2 − w
3
+

∂w
∂x

(
−x
6

− 8w
x

)
+

∂w
∂y

(
−y
6

− 8w
y

)
+2w

∂ 2w
∂x2 +2w

∂ 2w
∂y2 +2

(
∂w
∂x

)2

+2
(

∂w
∂y

)2

,

(41)

that admits an exact analytical solution

w(x,y, t) = x2y2e−t , 0 ≤ x,y ≤ 1. (42)

The numerical errors of the proposed schemes, evaluated us-
ing the l2 and l∞ norms, are summarized in Table 3. To fur-
ther assess the performance and reliability of the proposed
methods, their accuracy is compared with that of an estab-
lished approach [34] in Table 4.

5 Conclusion

In this work, the two-dimensional FPE was systematically
analyzed using finite difference schemes constructed
through an operator splitting approach. Full discretizations
of the model were developed, and their reliability was con-
firmed through both linear and nonlinear two-dimensional
examples with variable coefficients. The proposed algo-
rithms were thoroughly analyzed for stability using von
Neumann’s criterion. The explicit formulation proved to be
temporally first-order and spatially second-order accurate,
whereas the implicit formulation achieved second-order
accuracy in both temporal and spatial domains. To illustrate
the effectiveness and computational advantage of the pro-
posed strategies, their outcomes were contrasted with those
of a more sophisticated but resource-demanding approach
documented in earlier studies. The error analysis, conducted
using multiple norms, indicates that the proposed schemes
not only provide high accuracy but also offer a competitive
and efficient alternative for solving two-dimensional FPEs.
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Table 3: Comparison of errors in l2 and l∞ norms with τ = 0.0001, T = 1 for the Example 4.2.

Explicit method Semi-implicit method Explicit method Semi-implicit method

T = 0.25 T = 0.0.25 T = 0.3 T = 0.3

Grid size l2 l∞ l2 l∞ l2 l∞ l2 l∞
15×15 4.94×10−03 7.79×10−03 4.70×10−03 7.41×10−03 1.99×10−04 6.75×10−05 1.84×10−04 6.24×10−05

25×25 9.32×10−03 6.29×10−03 4.69×10−03 4.08×10−03 2.57×10−04 6.79×10−05 2.37×10−04 6.28×10−05

35×35 3.63×10−03 8.80×10−03 8.85×10−03 8.18×10−04 3.04×10−04 6.80×10−05 2.81×10−04 6.29×10−05

45×45 4.93×10−04 7.83×10−04 7.27×10−04 7.23×10−04 3.45×10−04 6.81×10−05 3.19×10−04 6.29×10−05

55×55 9.25×10−04 3.07×10−04 6.64×10−04 1.82×10−04 3.81×10−05 6.81×10−06 3.52×10−05 6.29×10−06

65×65 5.40×10−04 8.01×10−04 4.74×10−04 2.21×10−04 4.14×10−05 6.81×10−06 3.83×10−05 6.23×10−06

75×75 9.83×10−04 8.80×10−05 4.69×10−04 7.21×10−05 4.45×10−06 6.81×10−06 4.11×10−06 6.32×10−06

85×85 2.61×10−04 7.83×10−05 9.42×10−05 1.72×10−05 4.74×10−06 6.81×10−06 4.38×10−06 6.29×10−06

95×95 6.02×10−05 7.83×10−05 4.21×10−05 1.80×10−05 5.01×10−06 6.81×10−07 4.63×10−06 6.29×10−07

105×105 2.60×10−05 8.01×10−06 7.75×10−06 7.42×10−06 5.27×10−07 6.81×10−07 4.87×10−07 6.30×10−07

Table 4: Comparison of errors in l2 and l∞ norms of the proposed schemes with existing schemes [34] for different grid points with τ = 0.001,
T = 1 for the Example 4.2.

GFDM[34] Explicit method Implicit method

Grid size l2 l∞ l2 l∞ l2 l∞
55 3.61×10−04 6.70×10−04 1.82×10−04 5.72×10−04 4.81×10−04 8.59×10−05

197 1.01×10−04 1.82×10−04 2.85×10−06 7.34×10−06 1.06×10−05 9.98×10−06

743 2.01×10−05 3.79×10−05 5.48×10−06 7.42×10−06 4.03×10−06 6.81×10−07
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