TvP

ISSN:3041-8984

Iransactions Ir
Theoretical anc
athematica
Physics

Volume 3 (2) 2026
Available Online at: https://ttmp.qut.ac.ir



Transactions in Theoretical and Mathematical Physics

Publisher: Qom University of Technology
ISSN: 3041-8984
Volume: 3, Issue 2, 2026

Available online: https://ttmp.qut.ac.ir



https://ttmp.qut.ac.ir/

Table of Contents

Hybrid FEM-RBFNN: A Fusion of Finite Element Method and Radial
Basis Function Neural Networks for Solving PDEs

Ridwan O Ojo, Ajimot Adebisi, Ganiyu Tajudeen, Muideen O Ogunniran,
M. Bayram, K.O. Kareem

Pages 42-53

Metastable de Sitter Vacua from Critical Scalar Theory
Farhang Loran, Ehsan Bavarsad
Pages 54-58

Qualitative Analysis of the Effect of Minimising Listeriosis in Cow
Population on the Eradication of Human Listeriosis

Ayoade A Abayomi

Pages 59-65

A discussion on the eigenvalues of sum operators in the Hilbert space
Hanie Jarollahi, Mehdi Jafari Matehkolaee
Pages 66-68

Observing an Open FRW de Sitter Universe Living in a Minkowski
Spacetime

Farhang Loran

Pages 69-73

The Second-Order Basis for Homogeneous Solutions of Compatible
Higher Order Linear ODEs with Varying Coefficients

Gunawan Nugroho, Totok Ruki Biyanto

Pages 74-81



TTMP vol 3 (2), 2026
doi: 10.30511/TTMP.2026.2087762.1074

Transactions in Theoretical
and Mathematical Physics

Hybrid FEM-RBFNN: A Fusion of Finite Element Method and Radial
Basis Function Neural Networks for Solving PDEs

R.O. Ojo'%, A.F. Adebisi', T.O. Ganiyu', M.O. Ogunniran', M. Bayram?, K.O. Kareem?

! Department of Mathematical Sciences, Osun State University, Osogbo, Nigeria
2Depau“tment of Mathematical Sciences, Federal College of Education, Iwo, Nigeria

3Faculty of Engineering, Biruni University, Turkey

Received: 29 March 2026 / Accepted: 03 April 2026/ Published: 04 May 2026

Abstract The Finite Element Method (FEM) serves as a
standard numerical technique for Partial Differential Equa-
tion (PDE) solutions because it maintains stability combined
with theoretical proof. The method experiences significant
performance issues when dealing with high-dimensional
spaces that require fine mesh resolutions. The research intro-
duces a hybrid FEM-RBFNN framework that serves as a fast
surrogate model for studying nonlinear wave motion. The
hybrid method uses Radial Basis Function Neural Network
(RBFNN) training on low-cost, coarse-grid FEM data to
produce accurate results without requiring full-mesh refine-
ment. The nonlinear Schrodinger Equation (NLSE) analysis
shows that FEM-RBFNN successfully tracks the movement
of complex solitons while mitigating numerical issues aris-
ing from coarse mesh grids. The results demonstrate that the
system achieves a 60x speedup over detailed ground-truth
simulations, reducing processing time from 4.60s to 0.08s.
The surrogate maintains an Ly error of 0.014, matching the
performance of the coarse source while using training data
to address high-frequency dispersive tails. The research de-
velops an efficient PDE solver that supports real-time sim-
ulations and extensive parameter exploration through its ro-
bust, differentiable features.

Keywords: Finite Element, Nonlinear Schrodinger Equa-
tion, Radial Basis Function, Neural Networks.

1 Introduction

Fundamental in nature, partial differential equations help
simulate complex phenomena across several scientific and
technological domains. Computational meshes are funda-
mental to the accuracy and stability of traditional numeri-
cal methods such as the Finite Element Method (FEM), Fi-
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nite Difference Method (FDM), and Finite Volume Method
(FVM). These techniques nevertheless struggle with dy-
namic boundaries and complex geometries, where mesh
generation becomes computationally costly. Eliminating
meshing limitations enables mesh-free methods, especially
neural network-based systems such as Physics-Informed
Neural Networks (PINNs) and Radial Basis Function Neu-
ral Networks, to serve as a potential substitute [1]. Although
neural networks are perfect universal approximators, their
convergence guarantees and numerical stability remain the
subject of ongoing study. Numerical methods for PDEs have
been enhanced by recent developments, including the ratio-
nal multi-derivative integrator by [2]. This work presents
a hybrid FEM-RBFNN framework integrating the stability
of FEM with the adaptability of RBFNNs to improve so-
lution accuracy and computational efficiency. Particularly in
cases with noisy or inadequate data, the suggested method is
meant to manage both stationary and time-dependent PDEs.

FEM’s efficiency in solving PDEs does not eliminate
problems, including high computational cost, numerical in-
stability, and the need to handle irregular domains. Al-
though RBFNNs have shown promise in enhancing numer-
ical methods through improved function approximation and
generalisation [3], their integration with FEM remains a
challenging area of ongoing research. This work aims to
provide a hybrid FEM-RBFNN framework to address com-
putational inefficiencies, improve mesh discretisation, and
enhance numerical stability while preserving high solution
accuracy. The results will help to advance hybrid numerical
approaches for the solution of challenging PDEs in several
fields [4, 5].

The research develops a hybrid numerical framework
combining FEM and RBFNNSs that improves the accuracy,
efficiency, and flexibility of PDE simulations. The frame-
work provides an efficient computational method that adapts
to solve difficult PDE problems through a combination of
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numerical methods and machine learning techniques. The
combination of FEM with Radial Basis Function Neural
Networks is necessary because FEM struggles with spe-
cific problems involving noisy data, complex geometries and
domains, and the need for local adaptivity and improved
solution smoothness. The integration allows generalisation
because PDE problems are partially defined by boundary
data deficiencies and undisclosed coefficient information.
The hybrid technique aims to enhance FEM performance in
challenging problem situations while preserving its existing
functionality.

This study presents a hybrid FEM-RBFNN framework
that improves numerical resolution of PDEs by combin-
ing FEM and RBFNN techniques. RBFNNs enhance nu-
merical accuracy through their ability to diminish numeri-
cal errors, which leads to better FEM solutions for PDEs.
The hybrid model achieves greater computational efficiency
through shorter solution times, enabling its use in exten-
sive simulations. This method successfully solves nonlinear
PDEs, complex geometric structures, and difficult boundary
conditions in complex domains, which pose challenges for
traditional FEM methods [6]. RBFNNs enhance FEM ap-
proximation accuracy through their capacity to model geo-
metric variations while maintaining the fundamental prop-
erties of FEM [7]. The method improves observational data
integration by applying it to real-world situations that in-
clude sparse or noisy data, thereby supporting the solution
of inverse problems [4, 5].

PDEs admit both analytical and numerical solution
methods. The mathematical techniques of integral transfor-
mations and separation of variables enable analytical meth-
ods to deliver exact solutions for simple PDEs and geomet-
ric problems, but their application is limited to these ba-
sic situations. In complex situations, numerical techniques
that approximate PDE solutions using computer methods
are therefore more sensible. By discretising the problem do-
main and approximating derivatives using difference equa-
tions [8], the finite difference method is used. Stability re-
strictions cause FDM to struggle with complex domains and
high-dimensional problems, even though it is theoretically
simple and computationally economical for simple geome-
tries [7]. With piecewise polynomials, the FEM approxi-
mates solutions and is therefore appropriate for irregular ge-
ometries and complex boundary conditions [6]. Its localised
basis functions produce sparse system matrices that improve
computational efficiency; however, mesh generation can be
computationally costly. Because it guarantees local conser-
vation of mass, energy, and momentum, the finite-volume
method is frequently employed for PDEs originating from
conservation laws. In computational fluid dynamics, FVM
is extensively used; precise flux computations in irregular
geometries can be difficult. With excellent accuracy, spec-
tral methods approximate solutions using orthogonal basis

functions, such as Chebyshev polynomials or Fourier series
[9]. But the Gibbs phenomenon causes them problems with
discontinuities and irregular domains. Computational accu-
racy and efficiency are highly influenced by the choice of
basis functions and the mesh resolution.

2 Finite Element Method

Especially in complex domains, FEM is a commonly used
numerical method for solving PDEs. Using localised basis
functions [10] defined in small subregions known as finite
elements, it approximates solutions. The approach trans-
forms PDEs into a variational form, thereby generating alge-
braic equations that can be solved using matrix techniques.
FEM'’s advantage lies in its ability to produce sparse sys-
tem matrices, thereby improving computational efficiency.
Adaptive mesh refinement, which enables higher resolu-
tion in important areas such as steep gradients or singu-
larities, is a vital component of FEM [11]. However, mesh
generation, especially in three dimensions, remains com-
putationally intensive [6]. FEM has significant applications
across many fields. Stress analysis and vibration simula-
tions find application in structural engineering. FEM mod-
els the Navier-Stokes equations for both aerodynamic and
biological uses in fluid dynamics. Heat transfer is achieved
through two methods: thermal conduction and radiation sim-
ulation. The finite element method FEM is used in geo-
physics to model seismic wave propagation and groundwa-
ter movement, while it serves as a tool for solving Maxwell’s
equations in antenna and waveguide designs. The field of
biomedical engineering uses FEM to create biomechanical
models which examine stress distribution in both bones and
prosthetic devices. The technology is used in acoustics for
its ability to control noise and study sound wave motion.
The finite element method FEM remains an effective tool
for solving partial differential equations PDEs because it
provides precise solutions through its performance in var-
ious scientific and engineering fields, despite facing chal-
lenges from high computation requirements and intricate
mesh structures.

2.1 Artificial Neural Networks

Artificial neural networks (ANNSs) serve as universal ap-
proximators, unlike traditional linear techniques. The sys-
tem uses biological neural networks as its basis to build
interconnected layers of neurons that identify data patterns
and relationships for classification, regression, and function
approximation tasks. Neural networks utilise connections
with assigned weights to process information. The neuron
receives multiple inputs and performs a weighted sum be-
fore applying a non-linear activation function to produce an
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output, which is then forwarded to other neurons. The mech-
anism enables ANNs to learn complex relationships which
include non-linear patterns [12]. The training process uses
weight adjustments via optimisation algorithms, such as gra-
dient descent, to reduce prediction errors. The structure of
ANNSs consists of an input layer and multiple hidden layers
that lead to an output layer. Data in hidden layers extract
their most abstract features, which then lead to predictions.
The selection of activation functions, along with architec-
tural design and training approaches, determines how well
the system performs. The three major activation functions
used in neural networks include sigmoid, hyperbolic tan-
gent, and Rectified Linear Unit (ReLU). Each neural net-
work type serves a specific data processing purpose. Con-
volutional Neural Networks (CNNs) prove most effective
at processing images, while Recurrent Neural Networks
(RNNs) function best with sequential data [13]. Physics-
Informed Neural Networks use physical laws as training ele-
ments, while Radial Basis Function Neural Networks utilise
radial basis functions to achieve precise function approxi-
mation results. The basic form of artificial neural networks,
the Feedforward Neural Network (FFNN), transmits data in
a single direction [14]. The Universal Approximation The-
orem shows that any continuous function can be approxi-
mated by a fully connected FFNN when the network reaches
enough depth or width [12]. PINNs use physical constraints
integrated into their loss functions to solve partial differen-
tial equations while reducing their reliance on labelled data.
RBFNNSs achieve excellent accuracy in function approxima-
tion and interpolation because their radial basis functions
reach fast convergence times with smooth function approx-
imations [15]. The dissertation evaluates RBFNNs for their
efficient operation, with strong approximation performance
as its primary focus. The chosen architectures will meet
the required approximation accuracy standards demanded
by the studied tasks.

Figure (1) illustrates the conceptual analogy between a
biological neuron and an artificial neuron, which serves as
the foundational building block of artificial neural networks.
In the biological setting, a neuron uses structures known
as dendrites to receive signals from neighbouring neurons.
After processing these signals in the cell body, the neuron
produces an electrical impulse that travels down the axon
and connects with other neurons through synapses when
the total input exceeds a predetermined threshold. The left
side shows how an artificial neuron replicates this process
through mathematical representation. It receives multiple
numerical inputs, each multiplied by an associated weight.
The combination of weighted inputs with the bias term cre-
ates a value that the activation function uses to determine the
neuron’s output. This output can then serve as input to other
neurons in the network.

The resemblance between biological and artificial neu-
rons highlights the inspiration drawn from neuroscience in
the design of neural networks. Artificial neurons create pre-
dictive patterns through training by modifying weights and
biases, enabling the system to perform predictive and classi-
fication tasks and to recognise complex relationships in data,
just as the human brain develops knowledge through life ex-
periences.

2.2 Radial Basis Function Neural Networks (RBFNNs) —
Fundamentals and Applications

Radial Basis Function Neural Networks are a class of ar-
tificial neural networks widely used in regression, classi-
fication, function approximation, and time-series forecast-
ing. Designed in the late 1980s, RBFNNs are prized for
their simple architecture, fast learning, and ability to rep-
resent complex, nonlinear interactions. Three layers com-
prise them: an input layer, a hidden layer with radial ba-
sis activation functions (often Gaussian), and a linear out-
put layer. The hidden layer computes distances between in-
puts and neuron centroids by underlying localised activa-
tion and effective function approximation. Three fundamen-
tal parameters (centres, spreads, and output weights) are op-
timised during RBFNN training. While spreads are often
calculated using heuristics such as the mean distance to the
nearest neighbour, centres are usually found using cluster-
ing techniques such as K-means or random sampling. Com-
monly used for output weights, the least squares estimate
streamlines training. RBFNNs have a main benefit of fast
training because they do not require deep backpropagation.
Rather, they employ a two-phase approach: first computing
output weights [15], then deciding centres and spreads. This
structure lowers computational cost and allows fast conver-
gence. In function approximation, interpolation, and pattern
recognition, RBFNNs shine. They are used in time-series
forecasting for energy modelling, weather prediction, and
financial markets, as well as in classification tasks such as
image recognition, medical diagnosis, and biometric iden-
tification. They are also rather important. Adaptive control
systems, system identification, and signal processing also
make use of RBFNNs. Especially in solving partial dif-
ferential equations, RBFNNs have shown potential as sub-
stitutes for conventional numerical techniques such as the
FEM and the Finite Difference Method. The smooth interpo-
lation method, together with its capacity to handle complex
geometric shapes through direct modelling without using
mesh systems, makes this technique highly useful for struc-
tural analysis, fluid dynamics and heat transfer applications.
The method faces three main problems: sensitivity to param-
eter selection, potential overfitting, and increased computa-
tional demands associated with high-dimensional data. The
research examines the integration of RBFNNs with FEMs
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Fig. 1 Illustration and Comparison of a Biological Neuron and an Artificial Neuron

to improve the numerical stability and computational per-
formance of PDE solution methods.

2.3 Hybrid and Machine Learning-Based Methods

The evolution of computational science has created hybrid
methods which combine neural network technology with
established numerical techniques to solve PDEs. The re-
search work of [16, 17] employed neural networks as pri-
ors within a finite element framework to achieve stability
improvements by reducing the need for explicit regularisa-
tion. The research of [18] provided a foundation for further
research, enabling scientists to solve inverse problems with
enhanced accuracy, though the process required increased
computational power.

The research of [2] presented a rational multi-derivative
integrator which solves singular and advection equations by
using adaptive residual subsampling to manage computa-
tional needs. The research work of [19] developed a hy-
brid block method that solves singular initial value problems
using Poisson, collocation, and interpolation power series
techniques to improve numerical stability.

The research work of [20] developed a hybrid frame-
work that integrated neural networks with block integrators
to enhance solutions to boundary value problems, achiev-
ing better performance and greater accuracy. The research
demonstrates how hybrid methods can combine traditional
numerical solvers with machine learning techniques to cre-
ate powerful solutions for PDE problems.

2.4 Comparative Analysis of Existing Methods

The Finite Difference Method, Finite Element Method,
and Finite Volume Method, which are traditional numeri-

cal methods for solving partial differential equations, face
challenges when applied to advanced problems involving
complex geometries and multidimensional spaces, and they
require expensive computational resources. RBFNNs and
PINNs, among other neural network-based methods, offer
better function approximation. However, RBFNNs are sen-
sitive to hyperparameters, and PINNs demand large compu-
tational resources. The goal of hybrid methods is to com-
bine the advantages of numerical and neural network tech-
niques. Although they may cause more computing overhead,
methods including FEM-NN hybrids and neural network-
enhanced integrators have shown higher accuracy and adapt-
ability. The growing number of studies on hybrid approaches
highlights their ability to create more accurate and effective
PDE-solving systems.

3 Mathematical Formulation and Problem Definition
3.1 Finite Element Method

3.1.1 Weak Formulation of the Governing Equation

The finite element method is based on deriving the weak

form of a governing partial differential equation. Consider a
general second-order PDE given by
=V (a()Vu(x)) = f(x), x€Q, ()

subject to the boundary conditions:

x €9, 2

X € JQy. 3)
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Table 1 Comparison of Existing Methods for Solving PDEs

| Method

Strengths

| Limitations

| Applications

Finite Difference

Simple, efficient for regular
grids

Struggles with complex ge-
ometries, stability issues

Heat transfer, wave equations

Finite Element

Handles complex geome-
tries, high accuracy

Computationally intensive,

complex meshing

Structural analysis, fluid dy-
namics

Finite Volume

Conservation laws, flexible

Lower-order accuracy, com-

Fluid dynamics, heat transfer

tional and neural approaches

tial stability issues

meshing plex flux approximations

RBFNN Smooth interpolation, good | Sensitive to hyperparameters, | Function approximation, spa-
for non-linear relationships scalability issues tial interpolation

PINNs Physics-based learning, | High training cost, conver- | Scientific computing, data-
solves inverse problems gence challenges scarce environments

Hybrid Methods | Combines strengths of tradi- | Increased complexity, poten- | Inverse problems, real-time

simulations

The weak formulation is obtained by multiplying the
equation by a test function v(x) and integrating over the do-
main, we obtain:

/Q v(x) (—V - (a(x) Va(x))) dx = /

Q

v(x).f (x) dx. @

Using integration by parts and applying boundary con-
ditions, we derive the weak form:

/Qa(x)Vv(x) -Vu(x) dx—/aQN v(x)h(x)dI'

:/Qv(x)f(x)dx

3.2 FEM Discretisation Strategy

®)

The domain £ is discretised into finite elements, and the
unknown function u(x) is approximated as:

~ ) uigi(x)
i=1

where: u; represents the unknown nodal values, and ¢;(x)
are the shape functions.

Substituting this into the weak form leads to the system
of equations:

(6)

Ku—f. ™
where

K; = /Q a(3)V6,)- V() ®
= [ 600f(vdrt / 9i(x)h(x) dT. ©)

3.2.1 Solution of PDE from FEM

Solving the system Ku = f yields the nodal values:

u=[uj,uy,... u. (10)

where K is the stiffness matrix, u is the vector of unknown
nodal values, and f represents external forces or source
terms.

These nodal solutions (u) serve as training data for the
Radial Basis Function Neural Network.

3.3 Justification for Hybridising FEM and RBFNN

FEM depends on mesh quality and has a high computational
cost, whereas RBFNNs are mesh-free with better general-
isation. Hybridising FEM with RBFNN allows leveraging
FEM’s numerical rigour while enhancing flexibility and ef-
ficiency through RBFNNS.

3.4 Conceptual Framework of the Hybrid Model

To raise the accuracy and efficiency of partial differential
equation solving, the hybrid model combines Radial Basis
Function Neural Networks with the Finite Element Method.
By means of nodal value solving, FEM discretises the prob-
lem domain and generates an initial approximation. FEM
solutions, however, might be sensitive to mesh quality and
require fine discretisation to achieve high accuracy, thereby
increasing computational cost. The RBFNN system func-
tions as a post-processing tool which enhances the results
of the FEM analysis. The neural network learns from FEM
nodal solutions using spatial coordinates, producing outputs
that match FEM results. RBFNN achieves better solution
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accuracy through its interpolation and generalisation abili-
ties, which do not require additional mesh development. The
numerical framework of FEM benefits from this method’s
structured organisation, while RBFNN serves as a tool that
reduces errors and produces smoother results. The hybrid
model enables efficient computation while maintaining ac-
curacy by solving complex geometric problems that require
more FEM refinements to achieve the same level of preci-
sion.

3.5 Integration of FEM and RBFNN
3.5.1 Training the RBFNN

The data for training the RBFNN is extracted from the FEM
results:

— Input (X): Nodal coordinates, material properties, and
boundary conditions.

— Output (Y): FEM-computed unknowns (e.g., displace-
ments, stresses, or temperatures).

The training dataset is structured as:

{(X:, Y)Y, i=1,2,....n, (11)
where:

Xi: [xilaxi27"'7-xim]a (12)
Yi: [”“17”1‘27"'3”[}7} (13)

3.6 Radial Basis Function Neural Network (RBFNN)
Enhancement

To refine the FEM solution, RBFNN is employed as a
post-processing tool. Given a set of nodal coordinates X =
{x1,x2,...,x,} and their corresponding FEM-computed val-
ues Y = {uy,uz,...,u,}, RBFENN approximates the solution
as:

i(x) =Y wio(|lx—cill), (14)
i=1

where ¢(r) is a radial basis function and r = ||x — ¢;|| is the
Euclidean distance

3.6.1 Radial Basis Function

The choice of radial basis function affects the accuracy of
the approximation. Commonly used functions include:

2
o(r) = exp(—zrcz> , Gaussian, (15)
o(r) = \/i’2+7627 Multiquadric, (16)
1
¢(r)= Neaw=a Inverse Multiquadric. 17)

where o is the spread parameter.

3.6.2 Computation of Weights

The weights w; are determined by solving the linear system:

W =7, (18)

where @ is the interpolation matrix with entries:

Dij = 9(|lci —cll), (19)
and W = [wy,wa, ..., wu|T, Y = [ug,u,...,u,)7.

3.6.3 RBFNN Output

The output of the RBFNN is given by:

V=Y wip(|X —cil)) +b, (20)
=1

where w; represents the weight of the i-th RBF, ¢; is the cen-
tre of the i-th RBF, b is the bias term, m is the number of
RBF centres.

3.6.4 Optimisation of RBFNN Parameters
To achieve optimal performance, parameters w;, ¢;, and ¢

are optimized by minimizing the error function:

1 .
Error:EZHY,-—Yin. Q1)
i=1

Using techniques such as gradient descent or least
squares fitting, the weights and spread parameters are up-
dated iteratively to minimise the error.

3.6.5 Prediction Using RBFNN

For new input data Xpew, the trained RBFNN predicts the
unknowns as:

m
Yhew = Zwi(P(”Xnew*CiH)WLh (22)
i=1
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3.7 Purpose and Role of the RBFNN in the Hybrid
FEM-RBFNN Framework

The Finite Element Method is a powerful numerical tool
for solving partial differential equations by discretising the
problem domain £ C R” into smaller elements. However,
the accuracy of FEM strongly depends on mesh resolu-
tion, and refining the mesh significantly increases com-
putational cost. To overcome this limitation, we propose
coupling FEM with a Radial Basis Function Neural Net-
work, forming a hybrid framework that leverages the phys-
ical rigour of FEM and the approximation power of neural
networks. The RBFNN acts as an adaptive post—processor
to the coarse—-mesh FEM solution. Rather than attempting
to reproduce the coarse—mesh results, the network learns
a continuous functional mapping from the spatial coor-
dinates to the PDE solution and produces a smoother,
mesh—independent approximation that can generalise to ar-
bitrary points in Q. Let u(x) denote the exact solution of a
PDE in Q, and let u;(x) represent the FEM approximation
on a coarse mesh .7,. The hybrid strategy aims to construct
a continuous surrogate 4(x) satisfying

i(x) = u(x), Vxe,

The RBFNN model requires training data consisting of
input points x and their corresponding output values uy,.
The proposed hybrid method achieves its greatest efficiency
by performing a single FEM analysis on a coarse mesh
and incurring lower RBFNN training costs than complete
mesh refinement. The model #(x) enables evaluations at
any selected location, which makes it ideal for both para-
metric research and immediate simulation requirements.
The RBFNN serves as a data-driven function approxima-
tor within the hybrid FEM-RBFNN framework, thereby
improving the accuracy of FEM solutions. The theoretical
foundation of the method depends on radial basis functions,
which approximate functions and the system, thereby reduc-
ing errors through additive error reduction. The RBFNN cre-
ates a smooth and precise surrogate by learning from coarse-
mesh FEM outputs, delivering faster PDE solution approxi-
mation than traditional mesh-refinement methods.

3.8 Computational Complexity and Efficiency Analysis

The computational complexity of the hybrid FEM-RBFNN
model is determined by three processes: finite element dis-
cretisation and matrix assembly, and Radial Basis Function
Neural Network training. The primary costs of FEM depend
on the selected solver because they involve two tasks: stiff-
ness matrix development that grows according to ¢'(N) and
linear system solving that ranges from & (n'?) to &(n?).
Evaluating radial basis functions (&'(n?) and solving for
weights (€'(n*) RBFNN introduces complexity.

Leveraging RBFNN for interpolation and refinement,
the hybrid model enhances accuracy without undue FEM re-
finement. Particularly for complex geometries, this reduces
computational costs while preserving accuracy. Although
the worst-case complexity is ¢(N) + €(n?), solver and
training modifications can improve efficiency and thereby
make the method a feasible substitute for pure FEM for PDE
solutions.

4 Results and Discussion
4.1 Experimental Settings

The problems considered are partial differential equa-
tions spanning both time-dependent and steady-state sce-
narios, accompanied by suitable boundary and initial con-
ditions and known exact solutions for validation. A non-
linear Schrodinger Equation (NLSE) is defined over a one-
dimensional spatial domain and typically involves time de-
pendence. It is a dispersive partial differential equation
where the nonlinearity arises from the interaction term, of-
ten of cubic type (|w|*>y). The NLSE is widely used to
model phenomena such as wave propagation in nonlinear
optical fibres, Bose—Einstein condensates, and deep-water
waves. The solution to the NLSE often exhibits localised
wave packets, known as solitons, which maintain their shape
over time due to the balance between dispersion and nonlin-
earity. Boundary conditions may vary; periodic or homoge-
neous Dirichlet conditions are commonly used, and an ini-
tial condition specifies the initial wave profile. The problem
serves as a benchmark in numerical analysis, but here the
focus is on assessing schemes capable of handling nonlin-
earity, wave-like behaviour, and complex-valued solutions.
Numerical methods must maintain essential physical prop-
erties, including mass and energy conservation throughout
the entire time interval. The process serves as a fundamental
test method which enables researchers to assess how well
their time-stepping methods and spatial discretisation pro-
cedures function.

The study assesses two approaches, the Finite Element
Method and the FEM-Radial Basis Function Neural Net-
work, to solve three nonlinear partial differential equations
which hold essential value for scientific and technical fields.
The researchers applied multiple numerical methods, along
with optimisation techniques, to improve stability and accu-
racy. The research team conducted systematic adjustments
of key hyperparameters, including the gamma value, initial
points (n-init), and RBF centres, to enhance model perfor-
mance [15, 18]. The researchers used data from FEM to
create their input for FEM-RBFNN after they completed
the normalisation process, which resulted in better gen-
eralisation and convergence according to the findings of
[1]. Google Colab served as the computational environment
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for experiments because it handled the FEM and FEM-
RBFNN computational requirements despite lacking high-
performance computing optimisation. The implementation
used Python as the main programming language, combin-
ing Matplotlib for visualisation with NumPy and SciPy for
numerical computations, and Scikit-learn and PyTorch for
neural network training [21, 22]. FEniCS provides an effec-
tive framework for solving PDEs through its finite element
analysis system, which is based on [23]. The implemen-
tation of automated code-generation techniques improved
efficiency for high-order FEM computations. The research
demonstrates how hyperparameter optimisation, data stan-
dardisation, and FEM-RBFNN integration work with the
study to show the advantages and weaknesses of the two
methods, which will enable the creation of more effective
numerical approaches for solving difficult differential equa-
tions [2, 16].

4.2 Numerical Examples

Consider this 1D nonlinear Schrodinger equation.[4]

_19%y(x1)

P
vt 52wy (23)

ot 2
To solve this using the Finite Element Method, we de-
compose the complex wave function y(x,¢) into its real
and imaginary components, u and v, respectively, such that
v = u+iv. This yields a coupled system of real-valued par-
tial differential equations:

0 192

5= age W 24
dv 192

5 =25t (25)

. . . . . . 2
i: Imaginary unit, aa—';/: Time derivative (evolution), %Tg':

Spatial second derivative (dispersion), | |>w: Cubic nonlin-
earity (self-interaction term).

1D nonlinear Schrédinger (NLSE) solution module |y/|.
The solution is generated with FEM and used as a reference
solution. We also show the solution at different time frames
f=g E I 3m T

18242812

The initial boundary value problem, given a domain 2 =

[—10,10] x (0,T], is written as:

Vi +0.5ye+ WPy =0 (x,1)€Q
y(0,x) = 2sech(x) x € [-5,5] 26)
W(I,—S):W(I,S) IE(O7T]
Vi (t,—5) =y (1,5) t€(0,T]

where T = 7.

The 1D Nonlinear Schrédinger Equation (NLSE) is a
fundamental model in nonlinear optics and quantum me-
chanics. We consider the dimensionless form:
dy 1%y

— —_—— 2 pr—
i +2 2 +|ylfy=0 27

4.3 Temporal Discretisation: Semi-Implicit Crank-Nicolson

The Crank-Nicolson CN method provides second-order
temporal accuracy and necessary numerical stability. The
CN method approximates the solution at the midpoint
bnr1)2 =1t + A1 /2 using an arithmetic average of the val-
ues at the current and subsequent time steps. The semi-
discrete equations for the coupled NLSE system are estab-
lished through the following equations.

n+1 _ .n

u = u :gu(un+1/27vn+1/2) (28a)
vy n+1/2  n+1/2

i = AP (28b)

where ¢"+1/2 = L(¢"*+! + ¢"). To avoid the computational
overhead of solving a fully nonlinear system at each step,
we implement a semi-implicit linearisation. The nonlinear
potential |y|? is lagged by one half-step, evaluated at #,:

|Wn+1/2|2 ~ (un)Z + (Vr1)2 (29)

The corresponding variational (weak) form imple-
mented in the FEniCS framework involves finding m =
(u,v) € ¥ such that:

<';t'”,¢>+a(-ﬂ+%¢) .
+C(.n;.n+%7¢) =0, Voe7.

where a(-,-) represents the linear dispersive terms and
¢(+;+,-) represents the linearised cubic interaction. This for-
mulation preserves the Hamiltonian structure of the NLSE
more effectively than explicit methods, preventing non-
physical growth of the soliton amplitude over long integra-
tion times.

4.4 Ground Truth (Fine FEM) and FEM-RBFNN Strategy

The Ground Truth is established using a high-fidelity Fi-
nite Element mesh containing N;,. = 800 linear Lagrange
elements. This resolution enables the system to detect the
abrupt changes which occur during soliton phase transitions.

The surrogate modelling framework establishes a con-
nection between two opposing requirements by providing
fast computations which maintain precise numerical results.
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Table 2 Performance Comparison at t = /4

Method L[?Error L. Error CPU Time (s)
FEM 0.012181 0.039490  1.4089
FEM-RBFNN  0.014309 0.057344  0.0760

The project aims to train a Radial Basis Function Neu-
ral Network to generate a precise solution estimate from
data obtained from an economical coarse-grid simulation
(Neoarse = 100). The Finite Element Method (FEM) uses a
physics-based approach to solve problems, while neural net-
works can recover spatial details through interpolation.

The first phase, Data Generation, involves solving the
coupled NLSE on the coarse mesh to obtain the discrete
wave magnitude |Weoqrse (x, T)|. The data collected from the
coarse mesh exhibit inherent discretisation errors because its
resolution fails to meet the Nyquist criterion required to cap-
ture fine-scale dispersive ripples. The RBFNN uses its lo-
calised basis functions to filter out the errors, which it treats
as “noise.”

In the training phase, the RBFNN uses spatial coordi-
nates x to create the output magnitude . The network archi-
tecture consists of a hidden layer of M Gaussian kernels. To
ensure the surrogate accurately represents the soliton peak,
we employ K-Means clustering to define the kernel cen-
tres c;. This unsupervised learning step clusters the centres
around the spatial regions of highest data density. The final
surrogate model is formulated as:

2
Zw]exp< |x2602]| ) 31)

The weights w; are determined by linear least-squares op-
timisation, which minimises the L, norm of the error rela-
tive to the coarse training samples. The resulting model pro-
vides a continuous, high-resolution reconstruction that can
be evaluated at Ny;,. = 800 nodes at a fraction of the cost of
a full fine-mesh simulation.

Based on the computational experiment, the performance
metrics are summarised in Table 2.

The experimental results demonstrate the high efficiency
of the RBFNN as a surrogate model for the NLSE. The pri-
mary findings are detailed below:

Computational Efficiency The RBFNN method provides its
main benefit through its ability to decrease computational
requirements. The Fine FEM process needs about 4.60 sec-
onds to complete its final state but the RBFNN evaluation
process finishes in only 0.076 seconds. The system achieves
a performance increase of approximately 60x when com-
pared to actual measurements and the system achieves a
performance increase of 18x when compared to the training
coarse solver.

Accuracy and Generalisation The RBFNN achieves an L,
error of 0.0143 which approaches the approximate error of
the coarse training data that measures 0.0122. The surrogate
shows high accuracy in representing the main soliton peak.
The coarse grid exhibits a L. error increase to 0.057 which
occurs at the dispersive tails of the wave. The Gaussian ker-
nels improve numerical noise reduction of the coarse mesh
yet they function as a low-pass filter which causes slight re-
duction in the peak frequency oscillations of the dispersive
wave components.

4.5 Strengths and Limitations of the Proposed Method

By honing FEM solutions without requiring denser meshes,
the FEM-RBFNN method improves accuracy and reduces
computational costs. Its ability to interpolate helps reduce
numerical oscillations and enhance generalisation, hence fa-
cilitating the handling of complicated geometries. Still, pa-
rameter selection is quite important, as poor choices can
lead to instability or suboptimal approximations. Further-
more, even if FEM-RBFNN speeds up predictions, the ini-
tial RBFNN training adds significant computational over-
head, especially when clustering with K-Means. As shown
in situation 3, FEM alone was sufficient; thus, the usefulness
of the hybrid model depends on the situation. FEM-RBFNN
is most helpful when FEM suffers from accuracy issues.
FEM-RBFNN provides, all things considered, a balanced
and effective method for solving difficult PDEs, greatly en-
hancing numerical solutions while preserving computational
feasibility.

5 Conclusion and Future Work
5.1 Summary of Findings

This study successfully implemented a hybrid FEM-
RBFNN framework to optimise the numerical simulation of
the Nonlinear Schrodinger Equation (NLSE). While the Fi-
nite Element Method (FEM) provides a robust mathemati-
cal foundation for managing complex wave dynamics, high-
fidelity simulations on fine meshes are often computation-
ally prohibitive. By integrating Radial Basis Function Neu-
ral Networks (RBFNNs), this work established an efficient
surrogate model capable of reconstructing high-resolution
wave profiles from computationally "cheap" coarse-grid
data.

The benchmark tests showed that the soliton propaga-
tion testing demonstrated that the FEM-RBFNN method
achieved a complete transformation of computational re-
quirements for its calculations. The surrogate model
achieved a speed improvement of 60 times, as indicated
by the quantitative results, which showed it performed at
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Data Generation: Fine vs Coarse

Surrogate Result: RBFNN vs Ground Truth
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Fig. 2 Comparison of numerical solutions: (Left) Generation of training data via coarse sampling against the ground truth; (Right) RBFNN

prediction vs. Fine FEM ground truth.

3D Evolution: Fine FEM (Ground Truth)

3D Evolution: RBFNN Prediction

Fig. 3 Side-by-side 3D comparison of wave magnitude evolution. The left panel displays the Fine FEM (Ground Truth), while the right panel
displays the RBFNN Prediction. The RBFNN successfully captures the qualitative features of the soliton’s propagation. However, as seen in the
right panel, the RBFNN tends to act as a low-pass filter, slightly smoothing the dispersive ripples found at the base of the soliton peak. This is an
expected characteristic of Gaussian RBF kernels when the centre density M is lower than the Nyquist frequency of the underlying mesh.

0.08 seconds for the fine-mesh ground truth, compared to
4.60 seconds for the coarse-mesh ground truth. The RBFNN
model produced an L; error of approximately 0.014, which
closely matched the actual discretisation error of the coarse
training data, 0.012. The results demonstrate that RBFNNs
can use K-Means clustering to select their optimal centres,
which serve as continuous interpolators that eliminate nu-
merical artefacts arising from coarse FEM distributions.

The RBFNN system preserves the coarse training set
discretisation boundaries while providing users with a rapid
differentiable model that displays wave amplitude. The hy-
brid method provides an effective and promising solution
that enables researchers to conduct real-time wave analy-
sis and study multiple parameters at large scales, whereas
the standard FEM fine-mesh approach requires an unfeasi-
ble computational budget.

The FEM-RBFNN system requires more work on auto-
mated hyperparameter tuning for the RBF shape parameter
€. The proposed strategy provides a direct pathway to high-
accuracy numerical results that require fewer computational
resources.

The FEM-RBFNN surrogate system provides reliable
speed and accuracy, making it suitable for real-time wave-
propagation analysis and large parameter sweeps that exceed
the limits of full FEM simulations.

5.2 Contributions to Knowledge

The research project demonstrates how numerical analysis
advances through the successful application of the Finite
Element Method (FEM) and Radial Basis Function Neu-
ral Networks (RBFNNSs), which serve as fast surrogates
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for modelling nonlinear wave behaviour. The study demon-
strates that RBFNNSs can serve as "super-resolution” interpo-
lators, recreating the complete soliton profile using limited
common grid information.

The work achieves its primary goal by reducing com-
putational requirements. The semi-implicit Crank-Nicolson
FEM method produced training data that enabled the hybrid
model to achieve a 60x speedup while keeping the Nonlin-
ear Schrodinger Equation (NLSE) solution unaffected. The
study demonstrates that K-Means clustering improves RBF
centre placement by enabling the neural network to correctly
identify location-based events, including soliton peaks. This
method provides executives with a fixed system that com-
bines established deterministic solvers with machine learn-
ing systems to address the nonlinear physics requirements
for both spatial and temporal resolution.

5.3 Future Research Directions

The research must advance by extending the existing frame-
work to provide complete time-dependent surrogates that
can use Recurrent Neural Networks (RNNs) and Long
Short-Term Memory (LSTM) networks to model the future
evolution of |y| over all future time periods without re-
running the FEM solver. The engineering value of the hy-
brid model should increase through its extension to higher-
dimensional PDEs, including 2D and 3D NLSE systems for
research on optical filamentation and multi-physics fluid dy-
namics.

The RBFNN evaluation should use GPU-accelerated
systems, as this implementation will enhance the efficiency
of real-time wavefront sensing during control processes. Re-
search into automated hyperparameter optimisation must be
conducted to test the RBF shape parameter € and the num-
ber of centres M across various initial conditions. The FEM-
RBFNN framework should be used for industrial-scale sim-
ulations in structural analysis, heat transfer, and electromag-
netics to test its ability to serve as a general scientific com-
puting tool in hybrid scientific computing.
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Abstract Studying the critical scalar theory in four di-
mensional Euclidean space with the potential term —g¢*
we show that the theory can not be analytically continued
through g = 0 from g < 0 region to g > 0 region. For g > 0
although energy is not bounded from below but there exist a
classical trajectory with an AdSs moduli space, correspond-
ing to a metastable local minima of the action. The fluctua-
tion around this solution is governed by a minimally coupled
scalar theory on four dimensional de Sitter background with
a reversed Mexican hat potential. Since in the weak cou-
pling limit, the partition function picks up contribution only
around classical solutions, one can assume that our de Sitter
universe corresponds to that local minima which lifetime in-
creases exponentially as the coupling constant tends to zero.
Similar results is obtained in the case of critical scalar theory
coupled to U(1) gauge field which is essential for people liv-
ing on flat Euclidean space to observe a de Sitter background
by optical instruments.

Keywords: critical scalar theory; de Sitter vacua

1 Introduction

Recently, we showed that the fluctuations of the scalar
field around the classical trajectory of massless ¢* model
in four dimensional flat Euclidean spacetime is governed
by a conformally coupled scalar field theory in four di-
mensional de Sitter background [1]. This result is interest-
ing due to its uniqueness. In four dimensions, in principle,
one can consider two classes of critical (classically scale-
free ) scalar field theories i.e. massless ¢* models on Eu-
clidean (Minkowski) spacetime with g, the coupling con-
stant, either positive or negative (we assume the potential
V(9) = —£¢*). Although scalar theory with g > 0 seems

4oran @iut.ac.ir

to be not physical as energy is not bounded from below but
as is shown in [1] in this case, the Euler-Lagrange equa-
tion of motion of the scalar theory on Euclidean space has
an interesting classical solution say ¢o with finite action
S[¢o] ~ g~ !. Interestingly, as far as we are considering real
scalar field theories the model with the physical potential
i.e. the case of g < 0 has not such a solution, see Eq.(1).
We should clarify that from our previous viewpoint [1], for
g < 0, one can still consider a solution like ¢y obtained by
an analytic continuation from g > 0 to g < 0 region. But
such a solution is singular on the surface of a sphere which
radius is proportional to g. Consequently the action S[¢y]
is infinite and @y can not be considered as a classical tra-
jectory. If one ignores this problem and follows the calcu-
lations one obtains a conformally coupled scalar field on
AdS,4 background. The reason why we do not follow our
previous point of view turns back to our new machinery for
constructing @ from the first principles explained in sec-
tion 2. Of course similar singularities appear even for g > 0,
when one switches to Minkowski spacetime by Wick rota-
tion x° — ix". But in this case (g > 0) one can argue that the
singularity is beyond the horizon of observers living in the
corresponding de Sitter spacetime and consequently is safe.
We do not study the case of Minkowski spacetime in this
paper.

As is shown in [1] the information geometry of the mod-
uli of @9 is AdS5 (dSs) if g > 0 (g < 0) which resembles the
information geometry of k = 1 SU(2) instantons [2] '. The
moduli here are the location of the center of ¢y and its size
and are consequences of the invariance of the action under
rescaling and translation. The similarity between this solu-
tion and SU(2) instantons can be explained in terms of the ’t
Hooft ¢4 ansatz for instantons [3].

'V (o) can be shown to be proportional to the SU(2) one-instanton
density [2].
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In this paper focusing on the case g > 0 we show that ¢y
can be responsible for viewing a metastable de Sitter back-
ground. We first show that ¢y is a metastable local minima
of the action. Then we show that the weak coupling limit
g — 10 is equivalent to the classical (2 — 0) limit therefore
in that limit the partition function picks up contribution only
around the classical trajectory ¢p. As we said before, fluctu-
ations around ¢ is governed by a scalar theory on a de Sit-
ter background with a reversed Mexican potential. The hight
and width of the barrier is proportional to R and g~!. Here
R is the scalar curvature of the universe which can not be
determined in our model but one can show that the lifetime
of this local minima is proportional to e

Summarizing these results we verify that the critical
scalar theory can not be analytically continued (at least
through g = 0) from g < 0 region to g > 0 region. These
results are strictly important from perturbation theory point
of view. In the g — ~0 limit, valid perturbations are around
¢ =0 in a flat Euclidean background but in the g — 70
limit perturbations are around ¢ = 0 in an Euclidean de Sit-
ter background. More explicitly at g = 0™, the theory is
simply a free massless scalar theory on flat Euclidean space
but at g = 0" due to / considerations the theory is a (free and
stable) conformally coupled scalar theory on an Euclidean
de Sitter background. See sections 2 and 3.

But why we are interested in de Sitter background. In
fact WMAP results [4] combined with earlier cosmological
observations shows that we are living in an accelerating uni-
verse. Constructing four dimensional de Sitter vacuum as a
string theory (M-theory) solution has been a long standing
challenge. In [5] KKLT constructed a metastable de Sitter
vacua of type IIB string theory by adding D3-branes to the
GKP [6] model of highly warped IIB compactifications with
nontrivial NS and RR three-form fluxes. The mean lifetime
of KKLT solution is 10'°" years. KKLMMT constructed a
model of inflation by adding mobile D3 branes to the KKLT
solution [7]. In such models the inflaton (the position of D3
brane deep inside the warped throat geometry) is a confor-
mally coupled scalar in the effective four-dimensional ge-
ometry. Therefore the mass of such a scalar mé is close to
2H? = ER where H? is the Hubble parameter, & = § (in
four dimension) is the conformal coupling constant and R is
the curvature of de Sitter space. As is uncovered in [7] this
does not meet the observational requirement mé ~ 1072H?
2. Similar considerations show that our model can not be a
successful model for inflation since in the g — 10 limit we
also obtain a conformally coupled scalar theory on de Sitter
background.

2In D3/D7 model of inflation one does not encounter the m% ~ H?

problem. But here in contrast to the model of D3/D3 inflation in the
highly warped throat, there is no natural mechanism for suppressing
the contribution of cosmic strings formed at the end of inflation to the
CMB anisotropy. See [8] for a solution to this problem.

Another problem in our model is the existence of a con-
tinuum of de Sitter bubbles, given by the location of the cen-
ter of ¢ and its size. Naively this number is proportional to
the volume of the AdS5 moduli space. If ¢y is responsible to
observe, say, by optical methods a de Sitter geometry (see
section 4), a natural question is to ask which bubble we live
in. Studying the variation of action around the ¢ solution,
we have verified, by numerical calculations that smaller bub-
bles are more stable than larger ones. Consequently there is
a transition: larger bubbles decay to smaller ones and prob-
ably finally there remains a gas of zero size bubbles. The
mechanism of such a decays is not clear to us yet but its
phenomenology, might be similar to that of the discretuum
of possible de Sitter vacua in KKLT models [9].

As we said before our theory can not do any prediction
about the size of our de Sitter universe or the nature of the
scalar field but it predicts that the lifetime of this metastable
vacuais T~ e . The model is interesting due to its unique-
ness and symmetries which brings hopes to be constructible
from a fundamental theory like string theory.

The organization of the paper is as follows. In section
2, we study the critical scalar theory in D = 4 Euclidean
space and ¢, the exact solution to the corresponding Euler-
Lagrange equation of motion. Considering the weak cou-
pling limit we show that the partition function only picks up
contribution around ¢y. In section 3, we show that the criti-
cal scalar theory considered as the action for (not essentially
small) fluctuations around ¢y is a scalar theory on D = 4
de Sitter background. Consequently we verify that in the
weak coupling limit the critical scalar theory of section 2is
in fact a metastable scalar theory on de Sitter background
with finite lifetime increasing exponentially as the coupling
constant decreases. In section 4 we generalize our model to
scalar theory coupled to U(1) gauge field. Such a general-
ization is essential as it shows how by optical observations
people living in a flat Euclidean space can view a de Sitter
geometry for their universe.

2 Critical scalar theory in D = 4 Euclidean space

In this section we study scalar field theories in four dimen-
sional Euclidean space invariant under rescaling transforma-
tion. By rescaling we mean a coordinate transformation x —
x' = Ax, A > 0. Requiring the kinetic term of a scalar theory
to be invariant under rescaling, one verifies that the scalar
field should be transformed as ¢ (x) — ¢'(x') = A1 (x). A
scale free theory by definition is a theory given by an action
S invariant under rescaling. In addition to the Kinetic term
which variation is a total derivative, we search for polyno-
mials V(¢) in ¢ as the potential term such that 8V =0, up to
total derivatives. Such polynomials exist only in three, four
and six dimensions. In the case of our interest i.e. D = 4,



56

V(g) = %"(j)“. Here g, the coupling constant is some arbi-
trary real constant which is by construction invariant under
rescaling. Such a scalar model is called critical as it is scale-
free and its correlation length is infinite. The corresponding
Euler-Lagrange equation of motion is a nonlinear Laplace
equation V2¢ + g¢> = 0. One can easily show that for g > 0,
a solution of the non-linear Laplace equation is [1, 9],

pay— 8B
¢0(X’B7a#)_ \/;ﬁ2+(x_a)21 (1)

where (x—a)? = 8,y (x—a)*(x—a)". B and a* are undeter-
mined parameters describing the the size and location of ¢y.
These moduli are consequences of symmetries of the action
i.e. invariance under rescaling and translation. The informa-
tion geometry of the moduli space, given by Hitchin formula
(10]

1
Gy = N/d4xfoal (log %) 9y (log %), )
is an Euclidean AdSs space [1],
1
,,d0'de’ = 5 (dB* +da?). 3)
I=1,---,5 counts space directions of moduli space 8’ €

{B,a"}, N = %fd“x.,% is a normalization constant and
L = ZI 6‘ is the Lagrangian density calculated at ¢ = ¢.
The moduli a* are present since the action is invariant un-
der transformation. The existence of 8 is the result of invari-
ance under rescaling. To see this let us consider scale-free
fields i.e. those fields that satisfy the relation d¢ = 0. Here
S:0(x) = ¢’(x) — ¢(x) is the infinitesimal scale transforma-
tion given by A = 1 4 € for some infinitesimal €. To this aim
we first note that rescaling leaves the origin (x = 0) invari-
ant. Consequently ¢(0) is distinguished from the values of
the field at the other points since ¢(0) — ¢’(0) = A~ (0).
Therefore, it is plausible to make the dependence of scalar
fields on their values at the origin explicit and represent
the rescaling transformation by ¢ (x; ¢ (0)) — ¢'(x;¢(0)) =
A7 19 (A 1x;29(0)). Defining B! = ¢(0), one can show
that S¢¢p(x) = —&(1 +x'9;)¢(x), where x € {x*,B}. The
SO(4) invariant solutions of equation 8, ¢ = 0 satisfying the

k+2
condition ¢(0;¢(0)) = ¢(0) are ¢ = cf~! (\/[5[257#) ’

where ¢ is some arbitrary constant. It is easy to see that for

c= \/g, ¢o, among the others, is the solution of classical

equation of motion.

Now it is time to show that ¢y is a metastable local min-
ima of the action. Since ¢ is a solution of Euler-Lagrange
equation of motion 6§ = 0 it is a local extremum of the ac-
tion. So it is enough to show that there are field variations

30f course from 8S = 0 we can only conclude that ¢ is a stationary
point and not necessarily a local extremum. We continue by assuming
that ¢y is a local extremum. This assumption can be proved following
the results of section 3.

Po — ¢n = Po + €1 for €' functions 7 vanishing as x — oo
such that S = cpe? + O(€?) for some real positive con-
stant cy. For simplicity one can assume 1) = (ﬁ) n, g=3,
b =1 and calculate 85 = S[¢y] — S[¢o] for some integers n.
One recognizes that ¢, > 0 for n > 5, though it is negative
for 0 < n <5. A good sign for metastability of the action at
@p. Section 3 provides an exact proof for this claim. Another
interesting observation is that bubbles with larger size are
less stable than those with smaller size. This can be checked
noting that the size of a bubble is proportional to B~!. By
repeating the above calculations one easily verifies that for
example for b =3 ¢, > 0 even for n = 3. Unfortunately with-
out analytic data all these observations make only a rough
picture of the phenomena which can not be used to make an
exact statement.

The weak coupling limit

To study the weak coupling limit of the theory one can scale
g — 5% and consider the A — oo limit, while keeping fields
¢ undistorted. To this aim we do the following transforma-

tions,

x— Ax, X =X,
o —A1"1o, and 0 — A9, 4)
g8, g— A%,

which results in the desired transformation:

x— Ax,
o—9,
g— A%,
S — A28,

(&)

More explicitly due to invariance under rescaling we have,

/D[(P] e—%S[a};)L*zg] — /D[¢] e—%swag]. ©6)

To calculate the partition function one can instead of the
transformation S — A2S assume that § — S but 1 — A ~2A.

Consequently the g — *0 limit is equivalent to 4 — *0
limit 4. Therefore in the weak coupling limit the partition
function picks up contribution only from trajectories close
to ¢p. This key observation when we study coupling to U (1)
gauge field proves why people living in a flat Euclidean
space with a critical scalar field at g = 0" observe a de Sitter
universe.

40f course we are also blowing our universe as x — Ax. Since the
flat Euclidean space we considered is not compact it does not seems
to cause any problem at this level. In the case n-point functions one
should note that non-coincident points go to infinity with respect to
each other
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3 ¢o as a de Sitter background

In this section we show that fluctuations around ¢y are gov-
erned by a scalar theory on de Sitter background. This sec-
tion is a review of the calculations made in [1]. In order to
study the fluctuations around ¢ one should rewrite the ac-
tion

S[¢] = / d'x (;6“V8u¢av¢ - j¢>“) : ™

in terms of new fields ¢ = ¢ — ¢. In this way one obtains a
new action,

S[9] = S[90] + Stree 9]+ Sine (0], ®)
where S[¢o] = [d*x.% = %, and
Streeld] = [ ' (;5”%6(%& + ;M2<x)¢32) NG
in which,

ﬁz

M?(x) = —3g¢3 = —24 (10)

(B> +(x—a)?)*
The mass dependent term can be interpreted as interaction
with @y background. Now recall that in general, by insert-
ing § = VQ¢ and 8y = Q 'gyy in the action S[¢] =
j’d4x%5ﬂv8#58v$, one obtains,

S[@] :l/d“x\/g (;gﬂvauéavgﬂ;egmﬁz), (11)

i.e. a scalar theory on conformally flat background given by
the metric g,y in which Q > 0 is an arbitrary ¢’ function.
R is the scalar curvature of the background and & = % is
the conformal coupling constant. For details see [11] or ap-
pendix C of [1]. Thus, defining ¢ = Q%é, one can show
that Sgee[@] given in Eq.(9) is the action of the scalar
field ¢ on some conformally flat background with metric
Suv = -Qauvi

~ 1 _ _
Sfreem :/d4x g|<28“v&u¢ v
(12)
+

| —

(§R+m2)¢32>.

Here, m>Q = M?(x), where m? is the mass of ¢ (undeter-
mined) and M?(x) is given in Eq.(10). This result is sur-
prising as one can show that the Ricci tensor R,y = Agpy,
where A = —’"72 > 0 as far as 2 > 0. Consequently ¢ lives
in a four dimensional de Sitter space which scalar curva-
ture R = —2m?. The interacting part of the action, S [¢] =

[d*x | gHV|‘$int is well-defined in terms of ¢ on the cor-

responding dSy:
—mm 23 824

Lt =8 zfp _Z(P : (13)
Interestingly after a shift of the scalar field ¢ — ¢ — ’3—’;‘2
the action (8) can be written in the dS4 as follows:

- D 1 vy T T
S[o]= [ d"x+/|gl 58 o

(14)

lenzo 824
+§§R¢ i )

This is a scalar theory in a de Sitter background with re-
versed Mexican hat potential. ¢ = 0 corresponds to the local
minima of the potential which distance to the center of the

hill (the location of o) is |/ K. The hight of the hill is %°.
The lifetime of the metastable vacua can be estimated using
the WKB method: the transition rate I" is

(ER)?
g

AS~Vy

logl" ~ —AS, (15)

in which V4 ~ R~ 2 is the volume of the .#*, the Euclidean
. . . -1
de Sitter space. Consequently the lifetime 7 ~ ef .

4 Critical scalar theory coupled to U(1) gauge field

In this section we study complex critical scalar theory on
Euclidean space coupled to U (1) gauge field A,

s= [a'x(Ipaof - §191*) +5a, (16)

where Dy, = 8,1 +ieAy is the covariant derivative and Sy =
—%FqupGBP”(SG". It is easy to verify that Ay =0 and ¢ =
¢p is a solution of the Euler-Lagrange equation of motion.
Inserting ¢ = ¢ — @y in the Eq.(16), one obtains

S = S[go] +S[@] + Sins +Sa, (17)
where
Sint = /d4x5“v [(ieAu (@ +¢0)ov (9" + o) +c.c.)

+ Ay |6+ 0[] (18)

. 1 ~ -
91 = [atx (5 lou@+ = £loal). a9
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Inserting ¢ = .Q’%@ where  is defined as before by the

)

relation ¢ = 3 £ one obtains,
1 - —m? -
Sim:/d“xf.Qb‘“v ieAy | ¢+ —— | " +cuc.
2 3g
2
2 - —m?
Fe AyAy |0+ =1 |, (20)
38
and
4
. 4 1 -2 gl- —m?
S[¢]:/dx ~Q[0ud| =0+ 5—
2 4
2
1 2 - —m2
_gﬁv\@qw 3| | 1)

where V2 = 0"V 9, dy. Defining guy = 28,y and noting
that —/QV*V/Q = | /g&R, after an obvious shift ¢ — ¢ —

\/;*;’2 , one obtains,
- 1 | T2 814
s= [atea (S pudnni + herial - £al")

+ SA7 (22)

It is known that in D = 4, S4 is invariant under conformal
transformation &,y — Q268,y and A, — A, thus one can
write the action S4 equivalently as follows,
Sp= 7 [ 48PS  FuFro. 23)
where Fj,y = dyAy — dyvAy is the field strength in the de Sit-
ter background. Consequently at g = 0™ the theory given by
the action (16) is a conformally coupled scalar theory mini-
mally coupled to U(1) gauge field on de Sitter background.
Therefore at g = 0" using optical instruments people living
on flat Euclidean space observe an accelerating universe.
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Abstract Listeriosis is a bacterial infection and one of
the key zoonotic foodborne diseases, accounting for about
28% of yearly food-related mortality in the US. Listeriosis
spreads into human populations mostly through the inges-
tion of contaminated milk and meat. Since cows are a major
source of milk and meat to humans, a nonlinear epidemic
model is designed to analyse the transmission dynamics of
listeriosis in cow populations under management conditions
of treatment and disinfection. The model is studied qualita-
tively by deriving its equilibria and reproductive ratio (Ry),
and by analysing its stability using stability theory for dif-
ferential equations. The analysis reveals the necessary and
sufficient conditions for listeriosis persistence and eradica-
tion in cow populations. The results indicate that listeriosis
spread in cow populations could be prevented or eradicated
if the rates of application of treatment and disinfection ex-
ceed certain critical values.

Keywords: Listeriosis; model; equilibria; reproductive ra-
tio; stability

1 Introduction

Listeriosis is a contagious infection that instigates stillbirths
in mammals. The agent of listeriosis is Listeria monocy-
togenes, which survives in soil and water and attacks the
intestinal track through the ingestion of contaminated food
materials [1]. Listeriosis persists as a major issue in veteri-
nary medicine and as one of the key zoonotic food-borne
diseases, accounting for about 28% of food-related mortal-
ity in the US each year [2]. It is a serious foodborne disease,
and studies have established a link between ingestion of con-
taminated silage and animal rhombencephalitis [3].

%ayoayoade @unilag.edu.ng

While cattle play a crucial role in spreading and ampli-
fying the listeria bacteria, L. monocytogenes is a saprophyte,
meaning it thrives and naturally survives as a free-living or-
ganism in soil, mud, and water [4, 5]. The bacteria are highly
resilient and can persist in dry soil, manure, and on straw for
long periods, continuously seeding the infection into animal
feed [6, 7]. While listeriosis is a serious infection in cer-
tain individuals, humans do not typically contract it through
direct contact with cattle; rather, they are infected through
foodborne transmission [8, 9].

The incubation period for listeriosis is between 11-70
days, and the most vulnerable individuals are the elderly, ba-
bies, pregnant women and immunosuppressed patients such
as individuals who are suffering from AIDS, hemochro-
matosis, cirrhosis, diabetes, sarcoidosis, renal failure, aplas-
tic anaemia, hematologic malignancies, ulcerative colitis
and collagen vascular disease [10-12]. When the infection
is fully developed, infected cows may exhibit meningitis,
febrile gastroenteritis, sepsis, perinatal infections, etc. [13].
L. monocytogenes infections in cows may be treated with an-
tibiotics such as rifampicin, linezolid and meropenem [11].

Listeriosis outbreaks have been reported in Europe,
Japan, North America, and South Africa, where 209 deaths
were attributed to listeriosis infections between 2017 and
2018 [14]. Several mathematical and nonmathematical mod-
els have been developed to give insights into the transmis-
sion dynamics, growth and survival of L. monocytogenes.
The majority of the mathematical models in the literature
consider listeriosis transmission in the environment and in
human and animal populations, without considering any par-
ticular animal [2, 11, 13, 14]. Since listeriosis spreads into
the human population mostly through the ingestion of con-
taminated milk and meat [15] and given that cows are a ma-
jor source of milk and meat to humans, it is reasonable to
argue that elimination of L. monocytogenes in cow popu-
lations may be enough to prevent or eradicate listeriosis in
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the human population. Based on that hypothesis, a nonlin-
ear epidemic model is developed by incorporating factors
capable of preventing or eradicating listeriosis in cow pop-
ulations; in the present analysis, unlike earlier works, the
dynamics of listeriosis in the environment and in human and
animal populations are considered. The management condi-
tions incorporated into the present model are vaccination of
calves, treatment of cows, and disinfection of the environ-
ment.

2 Model Formulation

The population N(¢) that consists of cows and contami-
nated environment in Fig. (1) is divided into five compart-
ments: susceptible cows (S;), vaccinated cows (V,), infected
cows (I.), recovered cows (R.) and contaminated environ-
ment (C,). Cows are recruited at rate 7, with some pro-
portion & vaccinated at birth and moved to the vaccination
class V, with the quantity o7, while the remaining propor-
tion (1 — &) moves to the susceptible compartment at birth
with the quantity (1 — o). The proportion a of the cows
that are vaccinated at birth is immune to listeriosis infec-
tion until the immunity wanes. The vaccinated cows move
to the susceptible compartment at a rate p after waning of
immunity. Infections occur when there is effective contact
between susceptible and infected cows, and between sus-
ceptible cows and a contaminated environment, at rates 3
and f3,, respectively.

1-a)m

(n+ml,
® +8)C,

Fig. 1 Transmission diagram of listeriosis dynamics in cow popula-
tions

Infected cows increase L. monocytogenes in the soil at
rate 6 and regain susceptibility after recovery at rate ¢.
Treatment and disinfection are introduced to the infected

cows and the environment at rates ¢ and 9, respectively, and
the introduction of the two controls results in reductions in
disease spread from the infected cows and the contaminated
environment, with reduction factors 7; and 7,, respectively.
The reduction factors 7; and 7, are embedded in Y. The in-
troduction of treatment ¢ to the infected cows also reduces
0, the rate at which the infected cows increase the growth of
L. Monocytogenes in the environment with reduction factor
&. Mortality unrelated to listeriosis in cows occurs at rate u
while listeriosis-related mortality in cows occurs at rate 1.
Also, listeriosis removal from the soil unrelated to disinfec-
tion occurs at rate . Going by the aforementioned assump-
tions and the transmission diagram, the following nonlinear
epidemic model is derived.

dv,

= am—(p Ve, (1)
das,.

i =(1—O£)7T+ch+(PRc—(lI/+IJ)Sm 2
dl.

o = VSe—(@+80+n+ul, 3)
dR.

dt - ¢IC (‘P""”)Rm (4)
dcC, =&E0I.— (04 9)C,, (5)
dt

where

v =1 B11. + 1 fC.. 6)

2.1 Positivity and Boundedness of Solutions

Theorem 1 The listeriosis model in Eq. (1)-Eq. (5) is
bounded in the region

T
0 = {(Ver S oo RerCe) € B2 0 < Se < 1

0<V.<1, 0<IL<I, 7)

0<R.<1, 0<C <

505)

v+6J)

if it is established that the solutions of the model are non-
negative.

Proof Let the solution set of the model be
{Ve(t),Sc(2),1.(¢),Re(2),Ce(t)}. Since the model moni-
tors the populations of living things, the initial conditions
to each state variable are nonnegative, i.e., V.(0) > 0,
5(0) > 0, 1,(0) > 0, R,(0) > 0, and C, (0) > 0.

From Eq. (1),

dve(t)
e =ar—(p+u)ve, (3
dv(t) B

di +oV.(t) =g, 9
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where 0 = p 4+ u and € = ax. Then,

= d‘;ct(t) exp(ot) + oV.(t)exp(ot) = gexp(ot), (10)
= % [Vc(t)exp(ot)} = gexp(ot), (11)
= V(1) :vC(O)exp(_oz)+§[1 —exp(—or)].  (12)

Therefore, V.(t) > 0 in Eq. (12) since V.(0) > 0.
Hence, the solution V,(¢) is nonnegative. By the same ar-
gument, the nonnegativity for other solutions S.(f), I.(¢),
R.(), and C,(t) can be established. Hence, the solution set
{Ve(t),8c(2),1.(t),R:(t),Co(2)} for the model is nonnega-
tive. Therefore, the model is bounded in the region defined
in Eq. (7).

3 Model Analysis

3.1 Equilibria and Reproductive Ratio

The listeriosis model Eq. (1)-Eq. (5) allows a listeriosis-free
equilibrium (LFE) obtained as Ly = (V2,52,12,R2,C?)

crcrter Ve

oan (ptp)(l-a)mtpan
(u+p’ waipy > % 0, 0] and a
listeriosis-endemic  equilibrium (LEE) obtained as

L* = (VF,SiI7,R;,C;) with coordinates

o 9T, (13)
L+p
(L+p)(v+p)
. vSe
f'=———"¢ >0, 15
Co+E6+n+pu (15)
R::—")IC >0, (16)
o+u
. oL
(o) 19+5>0 17)

After deriving the model’s equilibria, the reproductive
ratio (Rg) must be computed to quantify the tendency toward
listeriosis outbreaks or eradication in cow populations. It is
an epidemiological parameter that measures the transmis-
sion potential of infectious diseases. If the numerical value
of Ry is greater than one, the infection will spread, but if
Ro < 1, the infection will fail to spread or die out. Following
the Next Generation Matrix Operator developed by Driess-
che and Watmough, which has been applied in many epi-
demic models [16-21] and outlined in [22], the reproductive
ratio for the present listeriosis model is derived and is given
by

(0 +8)T1 B1SY + £ 675,50
(0+6)(9+E0+n+pu)

Ry = (18)

The result of Ry in Eq. (18) indicates that listeriosis
transmission can be prevented or eradicated in cow popula-
tions if the treatment and disinfection parameters, ¢ and ¥,
are sufficiently large. Increasing these parameters reduces
the effective transmission rates f8; and f, associated with
infected cows and the contaminated environment, respec-
tively, as well as the parameter 6, which governs the contri-
bution of infected cows to the growth of L. monocytogenes
in the environment. Consequently, higher values of ¢ and ¢
lead to lower effective values of B, B, and 0, thereby de-
creasing the magnitude of Ry. If Ry is reduced below unity,
as indicated by Eq. (18), listeriosis transmission cannot be
sustained, providing a necessary condition for the preven-
tion or eradication of the disease in cow populations.

3.2 Stability Analysis of Listeriosis-Free Equilibrium

Theorem 2 The listeriosis-free equilibrium of the model is
locally asymptotically stable if the associated Ry < 1, oth-
erwise the model is locally asymptotically unstable.

Proof To investigate the stability of the model about the
listeriosis-free equilibrium Ly, the variational matrix of the
model about Ly is derived and is given as

J(Lo) =
—(u+p) 0 0 0 0
P 1 TP 4 —0paS, (19)
0 0 171[5152 -r 0 172[3258 s
0 0 ¢  —(p+rp) O
0 0 £o 0 —(0+9)

where I’ = ¢ +56 +n +pu.

Three of the eigenvalues of the matrix J(L) are negative and
are given as —t, —(t +p) and —(@ + ). The remaining
two eigenvalues can be computed from the submatrix

_(uBS2—(9+E0+N+p) TSS
A= (P iw) o

|A — AI| = 0 is evaluated to
A2+ [6+6+¢+§9+n+u—rlﬁlsg]k

+(O+8)(9+E0+N+p) 2h
— (04 8)T1B1S — E01:B,8° = 0.

All the roots in Eq. (21) are less than zero if

O+8+0+E0+n+u—1BiS° >0. (22)
and,

9+8 0

(0+6)(9+E0+n+u) 23)

— (19 + 6)’1’1/3158 — 5672[3258 > 0.
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From Eq. (23),

(8+8)TBiSe + 0TS,
<(04+8)(¢+E0+n+u)
(94 8)T1B1SY + 6T BoS? (24)
(0+6)(9+E0+n+n)
(0+0)(¢+E60+n+p)
(O+06)(9+E0+n+u)

In view of Eq. (18), Ry < 1.

Since it has been established that Ry < 1, inequality (22)
is satisfied and all eigenvalues of Eq. (21) are negative.
Therefore, the listeriosis-free equilibrium of the model is lo-
cally asymptotically stable. The global stability of the liste-
riosis model can also be investigated around the disease-free
equilibrium Ly using a Lyapunov function.

Theorem 3 The listeriosis-free equilibrium Ly is globally
asymptotically stable if Ry < 1.

Proof The model is globally asymptotically stable around
Ly if it can be shown that V (r) < 0, where V (¢) is a Lyapunov
function. Define

V(t) = Al +A,Cl, (25)
Vi) == [A1(0+E0+m+p) ~ AT BiS - A2£6| 1,
- [Az(ﬁ+6)—Amﬁzsg} C., (26)
V(t) = (0 +8)T BiSIC, + 0T BS2C,
—(0+06)(¢+50+n+u)Ce, (27)
V()= (0+0)(¢+E0+n+p)
(19+6)11ﬁ152+5912[3259
[(ﬂ+5)(¢+§9+n+u> - }C“ @
V(t)=(0+6)(¢+E6+n+u)(Ro—1)C.. (29)

In view of Eq. (18),
V(it)=(0+8)(9+E0+n+u)(Ro—1)C,. (30)

If Ry < 1in Eq. (30), the Lyapunov function satisfies V (t) <
0. Also, V(¢) = 0 if C, = 0. Therefore, the listeriosis-free
equilibrium of the model is globally asymptotically stable.
However, if Ry > 1, there exists a unique listeriosis-endemic
equilibrium.

3.3 Stability Analysis of Listeriosis-Endemic Equilibrium

Theorem 4 The listeriosis-free equilibrium becomes unsta-
ble and the system moves from Ly to L*, the listeriosis-
endemic equilibrium, if R > 1.

Proof The reproductive ratio is greater than one (Rg > 1)
and the listeriosis-endemic equilibrium of the model is lo-
cally asymptotically stable if it is established that all the The
eigenvalues of the variational matrix of the model about L*,
the listeriosis-endemic equilibrium, are negative. The varia-
tional matrix of the model computed at L* is derived as

J(L¥) =
—-u—p 0 0 0 0
P —y—u —upis; ¢ —nhSi| @
0 Yy TIBISj—F 0 TQﬁQSj
0 0 ¢ —¢o—p 0
0 0 £o6 0 -0

One of the eigenvalues of J(L*) is —(f + p) and the remain-
ing eigenvalues can be derived from submatrix M defined as

J(M) =
—(y+u) —upiS; ¢ —npS;
(4 T ﬁl S: - 0 TszS; (32)
0 ¢ —(p+up) O '
0 1) 0 —(9+96)

Since a row reduction transform a matrix into a new one that
has the exact same solution set with the original matrix, we
row reduce J(M) in (32) and obtain

J(M) =
—(v+)—ups; ¢ —wpSe
A * o . (33)
0 o —(p+u) 0 ’
0 &6 0 —(®+9)
where
o\ rn[mpS: —VE¢+§9+”+“” T )
VAT @)

v

The matrix J(M) has the eigenvalue —(y + u) while the
remaining eigenvalues can be obtained from submatrix N
defined as

Cl (0] )
JN)=| ¢ —(p+u) O : (36)
£o 0 —(9+9)

Row reduce matrix operation reduces the matrix J(N) to

J(N) =
cq (&)
¢ —(p+u) 0 '
£6 0 —(8+9)
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The matrix J(N) has one of the eigenvalues being —(¢ +
W) and the remaining two eigenvalues can be derived from
matrix P given as

C1 (6]
JP) = <(P(<p+u)+¢(p(<p+u)>'
£o —(8+9)

(38)

The characteristic equation of Eq. (38), i.e., |A — AI| =0,
simplifies to

Az+{2(¢+u)+6+5¢}k

£ (39)
c c
FE2 )+ (9+8) | Dlp)—0] =0
¢ 9
The two eigenvalues in Eq. (39) are negative if
Lp+p)+0+8—¢>0and
¢
E6cs (40)

S0 g+ (0+8) | Dgt) o] 0.
¢ 9

If inequalities (40) are true, the two eigenvalues in
Eq. (39) are negative, Ryp > 1, and the endemic equilib-
rium of the listeriosis model is locally asymptotically stable.
However, if one or both eigenvalues in Eq. (39) are positive,
Ry < 1, and the endemic equilibrium of the model is locally
asymptotically unstable if one or both inequalities (40) are
not true.
From inequalities (40), assuming

Clotm)ros-9<0. (4D
Then,
¢*—19*>%((p+u)+5. (42)

Notice in the transmission diagram (Figure 1) as well as
in Eq. (4) and Eq. (5) that ¢ results in the transfer of in-
fected cows to the recovered compartment, while ¥ results
in the elimination of L. monocytogenes from the environ-
ment. Parameter ¢ acts as an injection (positive contribu-
tion), whereas ¥ acts as a withdrawal (negative contribu-
tion). Therefore, the quantity ¢* — 9* appearing in inequal-
ity (42) does not represent a net difference between the two
controls, but rather the critical threshold condition that must
be satisfied for Ry to be reduced below unity and for the
endemic equilibrium to lose its local asymptotic stability.
While ¢* denotes the critical treatment level required to
transfer infected cows into the recovered compartment, 9*
denotes the critical disinfection level required to eliminate
L. monocytogenes from the environment. Consequently, the
stability of the endemic equilibrium depends on the magni-
tude of the treatment and disinfection parameters ¢ and 9.

If the threshold condition (42) is satisfied, one or both eigen-
values in Eq. (39) become positive and the endemic equilib-
rium is locally asymptotically unstable. Conversely, if con-
dition (42) is not satisfied, the eigenvalues in Eq. (39) may
remain negative and the endemic equilibrium may be neg-
ative and the endemic equilibrium of the listeriosis model
becomes locally asymptotically stable.

4 Results and Discussion

Based on the hypothesis underlying the model, eradication
of L. monocytogenes in cow populations may be enough to
prevent or eradicate listeriosis in the human population. A
rigorous analysis was conducted, and the necessary condi-
tions for local and global stability of the model were de-
rived, which depended on the threshold parameter Ry. The
disease-free equilibrium of the model was proved to be lo-
cally and globally asymptotically stable whenever Ry < 1.
The implication of the disease-free equilibrium being locally
and globally asymptotically stable is that listeriosis would
fail to spread within the model framework in both local and
global cattle farms if a listeriosis-infected cow were intro-
duced into a naive cow population. Listeriosis would not
break out locally and globally in cow populations if the con-
ditions imposed on the model were maintained. The stability
of the disease-free equilibrium therefore depended on the
rates of applications of treatment and disinfection parame-
ters whose values must attain the critical level defined in the
analysis (i.e., ¢* and ©*). If the values of the control param-
eters treatment and disinfection fall short of these critical
levels, the disease-free equilibrium would become unstable.
L. monocytogenes might spread in cow populations and con-
sequently get into the human population when the disease-
free equilibrium becomes unstable.

5 Conclusion

Listeriosis is a widespread zoonotic disease. The main nat-
ural reservoirs are soil, water, decaying vegetation and the
gastrointestinal tracts of animals. A wide range of animals —
both domestic and wild — act as reservoirs and asymptomatic
carriers, shedding the bacteria into the environment via fae-
ces, milk, and uterine discharges [1, 3]. Examples of animals
(both domestic and wild as well as farm animals) that are
carriers for L. monocytogenes are sheep, cattle, goats, pigs,
dogs, cats, poultry, deer, moose, elk, reindeer, wild boars,
mice, rabbits, rats, gulls, crows, pigeons, fish, crustaceans,
insects, etc. [3, 10]. While animals rarely transmit listerio-
sis directly to humans, humans typically contract listeriosis
by consuming food or water contaminated by these animal
reservoirs. Because cattle are a major reservoir that transmits
the bacteria into raw milk, unpasteurised dairy products, and
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meat, a compartmental model has been designed to analyse
the transmission dynamics of listeriosis in cow populations
under management conditions of treatment and disinfection.
The solutions of the model had been proved to be positive
and bounded. The equilibria and reproductive ratio of the
model were derived, and the stability was analysed based
on the derived reproductive ratio. The model’s stability had
been analysed to theoretically derive the minimum level of
treatment and disinfection needed to eradicate human lis-
teriosis by preventing or minimising listeriosis in the cow
population. The model analysis had been limited to quali-
tative aspects, while the quantitative and numerical simula-
tions had been excluded to reduce space, as in [20, 23-25].
However, it is anticipated that this analysis has provided the
essential knowledge required to prevent listeriosis transmis-
sion in the human population by preventing or minimising
listeriosis spread in the cow population.
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Abstract In this paper, we present rigorous proofs and
counterexamples showing that the notion of partiality (re-
ductionism) does not apply to operators in Hilbert space.
We argue that the classical concepts of partiality and total-
ity (holism) are fundamentally incompatible with the struc-
ture of quantum mechanics. This claim is supported across
different interpretations of quantum theory, including cases
involving nonlinear operators. Our analysis highlights the
limitations of classical intuition in operator algebra and
provides a refined understanding of eigenvalue behavior in
quantum systems.

Keywords: Eigenvalues; Holism; Reductionism

1 Introduction

Whenever a system S is composed of components S; and S,
it is often written as S = S| +.5,.

In this context, operator algebra displays properties that
differ sharply from classical intuition. This is particularly
evident in the behavior of inverse operators [1, 2] and non-
linear operators [3, 4]. For two arbitrary operators A and B
in Hilbert space, their sum is

C=A+B. M

A careful analysis of operator algebra reveals that even
linear operators in Hilbert spaces display subtleties rarely
emphasized in standard quantum mechanics textbooks. For
example, the adjoint of the sum of two linear operators
need not equal the sum of their adjoints. In fact, while for
bounded operators one routinely has

(A+B)"=A" + B,

m.matehkolaece @aut.ac.ir

the statement need not hold for densely defined (unbounded)
operators without further hypothesis. This departure from
classical additivity has important implications; for example,
this point is treated carefully in classical perturbation the-
ory [5] and functional analysis [6].

The spectral behavior of operator sums highlights an
even deeper issue. Weyl’s inequalities [7] and the min—max
principle [8] provide useful upper and lower bounds on the
eigenvalues of sums of Hermitian operators, but these results
do not imply any simple additive law. Even if both are posi-
tive, counterexamples show that they may still admit neg-
ative eigenvalues [2, 9]. This observation undermines the
reductionist expectation that the extremal eigenvalues of a
composite operator must reflect those of its parts.

Furthermore, modern research has shown that estimat-
ing extremal eigenvalues remains nontrivial even in struc-
tured cases. For example, new lower bounds for the mini-
mum singular value and minimum eigenvalue have recently
been obtained in matrix analysis [3, 4, 10, 11]. Algorith-
mic approaches now provide sharper monotone bounds for
the minimum eigenvalue of M-matrices [10], while inves-
tigations of non-Hermitian perturbations demonstrate that
small changes to one operator can produce dramatic spec-
tral shifts in their sum [11]. These studies reinforce the fact
that spectral properties of operator sums cannot be reduced
to a straightforward “part—whole” relation, but instead de-
mand careful operator-theoretic analysis.

In particular, this paper investigates the behavior of the
smallest eigenvalue of the sum of two operators. Counterex-
amples show that the minimum eigenvalue of A 4+ B (or
AB) does not necessarily correspond to the eigenvalues of
A or B individually. Despite the importance of this issue,
such operator-theoretic details have not received the atten-
tion they deserve in standard quantum mechanics presenta-
tions. By clarifying these subtleties, our work emphasizes
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the limitations of classical reductionism and highlights the
emergent character of quantum operator spectra.

2 Main Issues

Suppose the smallest eigenvalue of operator A is denoted by
a, and the smallest eigenvalue of operator B is b. In this case,
what is the smallest eigenvalue of the operator C = A + B?

At first, it seems that the answer to the above question
is ¢ = a -+ b, but we will see that we obtain a controversial
result.

So, we start the discussion with the example of matrices
A and B:

10 4x —x
AZ(OO)’ B:<6x—x)' 2)

The eigenvalues of matrix A are denoted by A, = 0,1, and
the eigenvalues of matrix B are denoted by A;, = x, 2x. For all
x > 0, these eigenvalues are non-negative. We now construct
the matrix A + B.

A+B= <1+4x _x>. 3)
6x —x

The eigenvalue equation of matrix (3) is given by

A2 = Ac(3x+1)+2x* —x=0. (4)

For sufficiently small x, the eigenvalues can be expanded as

2
Ay = &C%JFO(X) = 1 +4x+o(),
$2 (5)
—2x+—=+o(x)
Aep = + =—x+o(x).

where o(x) denotes a function that converges to zero more
rapidly than x.

Thus, for small positive values of x, one of the eigenval-
ues of A + B becomes negative, even though all eigenvalues
of A and B were non-negative. This demonstrates that the
smallest eigenvalue of A+ B cannot, in general, be expressed
as the sum of the smallest eigenvalues of A and B.

A special situation: Now assume that both A and B are Her-
mitian operators. We define the functions f and g in terms
of vectors |u) in the Hilbert space as follows:

(u|Au) (u|Bu)
(ufuy ’ (ufu) -
Because A is Hermitian, it admits an orthonormal basis

of eigenvectors {|u;)} with eigenvalues q;.
Any vector |u) can be expanded as

fu) = 8(u) = (6)

A\u,->:a,~\u,->, M:ZCi‘M,'>. (7)

Substituting (7) into (6), we obtain

Zcic;<uj|”i> Zai|C,‘|2
i 5

- = . €]
Y CCiujlu) Y |G

i,] i

f(u)

This immediately shows that a < f(u) < @, by the same
reasoning b < g(u) < &', where b and b’ are, respectively,
the smallest and largest eigenvalues of the operator B.

Now consider the operator C,

CV =cV. ©)
Where V is a vector in Hilbert space similar to U. We can
express this as

vicv)

e= it = F0) +80). (10)

We can directly infer from equation (10) that a+b < ¢ <
a+b.

The lower section features compelling graphs that
clearly illustrate the eigenvalues of matrices A and B and
A+B.

o Simulation
i: @® Eigenvalue 0
14 @® Eigenvaluel
12 X Minimum Eigenvalue
1.0
0.8
q" 0.6
= o4
@M o2
> o0 -+
5 2
oy-04
= 0.6
L -0.8
-1.0
-1.2
-1.4
-1.6
-1.8
-2.0
-2.0-1.8-1.6-1.4-1.2-1.0-0.8-0.6-0.4-0.2 0.0 0.2 04 0.6 0.8 1.0 1.2 14 16 1.8 2.0
X

Fig. 1 This figure shows that the eigenvalues of matrix A. Direct com-
putation yields two eigenvalues, 0 and 1, which appear as two distinct
points on the axis. The smaller eigenvalue 0 is evident, contrasting with
the larger eigenvalue 1.

From the x-dependence it follows that the spectrum of
A + B has no global minimum. For every eigenvalue iden-
tified, a smaller one appears as x increases. This graphical
analysis reinforces the earlier conclusion that the smallest
eigenvalue of a sum of operators cannot be simply inferred
from the eigenvalues of its summands.
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Fig. 2 This figure present the eigenvalues of matrix B. These are given
by x,2x. On the graph they appear as two straight lines with different
slopes. Since these eigenvalues grow unbounded as x — oo, a logarith-
mic scale is used to display them clearly. The smaller eigenvalue x is
marked with a dashed red line for emphasis.
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Fig. 3 This figure displays the eigenvalues of the sum A + B. The two
eigenvalues are 1+4x and —x. The first increases linearly with x, while
the second decreases without bound as x — c. Again, a logarithmic
scale is used The negative branch, —x, indicates that A 4+ B does not
necessarily admit a non-negative minimum eigenvalue, even when both
A and B possess non-negative eigenvalues.

3 Conclusion

In this paper we have shown, through explicit examples and
theoretical analysis, that the spectral behavior of operator
sums in Hilbert space differs fundamentally from classical
expectations. In particular, the smallest eigenvalue of A + B
cannot, in general, be obtained as the sum of the smallest

eigenvalues of A and B. Counterexamples demonstrate that
even when both A and B are positive, their sum may admit
negative eigenvalues. This result underscores a key distinc-
tion between classical additive structures and operator alge-
bra in quantum mechanics.

While classical mechanics often permits decomposition
of a system into independent parts, such a “part—whole” re-
lation does not carry over straightforwardly to the spectral
properties of quantum operators. Recognizing this limitation
provides a clearer understanding of the mathematical foun-
dations of quantum theory and emphasizes the need for care-
ful operator-theoretic analysis beyond classical intuition.
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Abstract We show that people living in a four dimensional
Minkowski spacetime and located in the Fubini vacua of an
unstable critical scalar theory, observe an open FRW de Sit-
ter universe.

Keywords: critical scalar theory; Fubini vacua; de Sitter
universe

1 Introduction

The WMAP results [1] combined with earlier cosmologi-
cal observations shows that we are living in an accelerating
universe. The currently observed lumpiness in the tempera-
ture of the cosmic microwave background is just right for a
flat universe though there are also some evidences that our
universe is spatially open [2]. The great simplifying fact of
cosmology is that the universe appears to be homogeneous
and isotropic along a preferred set of spatial hypersurfaces
[3]. Of course homogeneity and isotropy are only approxi-
mate, but they become increasingly good approximations on
larger length scales, allowing us to describe spacetime on
cosmological scales by the Robertson-Walker metric. Con-
structing four dimensional de Sitter vacuum as a string the-
ory (M-theory) solution has been a long standing challenge.
An outstanding example of string theory models of de Sitter
vacua are the KKLT models [4] with an exponentially large
number of stable and metastable vacua without supersym-
metry or with .#" = 1 supersymmetry in four dimensions,
the “landscape” [5]. In KKLT models, metastable de Sitter
vacua of type IIB string theory is constructed by adding D3-
branes to the GKP [6] model of highly warped IIB compact-
ifications with nontrivial NS and RR three-form fluxes after
certain fine tuning of the fluxes.

4oran @iut.ac.ir

Recently, we realized that it is possible to observe a
de Sitter universe while living in a flat background. This
proposal was the consequence of a simple observation: the
fluctuations of the scalar field around the classical trajectory
of an unstable massless ¢* model in four dimensional flat
Euclidean spacetime is governed by a conformally coupled
scalar field theory in four dimensional de Sitter background
[7]. This classical trajectory is the Fubini vacua of the classi-
cally conformal-invariant scalar field theories. In [8] S. Fu-
bini verified that critical scalar theories possess a classical
vacua with O(D, 1) symmetry in which the expectation value
of the scalar field is non-vanishing. The motivation to study
such a classical vacua at that time was "to introduce a fun-
damental scale of hadron phenomena by means of dilatation
non-invariant vacuum state in the frame work of a scale in-
variant Lagrangian field theory" [8]. This result is interesting
due to its uniqueness. In four dimensions, in principle, one
can consider two classes of critical (classically scale-free )
scalar field theories i.e. massless ¢* models on Euclidean
spacetime with g, the coupling constant, either positive or
negative (we assume the potential V (¢) = —£¢*). Although
scalar theory with g > 0 seems to be not physical as the po-
tential is not bounded from below but in this case, the Euler-
Lagrange equation of motion has an interesting classical so-
lution say @p with finite action S[@y] ~ g~'. For g < 0, one
can still consider a solution like ¢y obtained by an analytic
continuation from g > 0 to g < 0 region. But such a solution
is singular on the surface of a sphere which radius is propor-
tional to g. Consequently the action S[¢y] is infinite and @
can not be considered as a classical trajectory. For g > 0 it
is shown in [7] that the information geometry of the moduli
space of ¢ given by Hitchin formula [9] is Euclidean AdSs,

1

%,d6'de’ = B

(dB? +dd?), (1)
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where 6/ € {$,a"} and I = 1,---,5. The moduli here are
ay’s the location of the center of ¢y and 8 which is propor-
tional to the inverse of the size of ¢. This resembles the in-
formation geometry of SU(2) instantons. In addition V(¢y)
can be shown to be proportional to the SU(2) one-instanton
density [10]. Interestingly, ¢ is the bulk to boundary prop-
agator in the AdSs geometry of the moduli space.

In ref. [11] we generalized the model to scalar theory
coupled to U(1) gauge field. Such a generalization is es-
sential as it shows how by optical observations people liv-
ing in a flat Euclidean space observe a de Sitter geometry
for their universe. In this model the massless scalar field is
charged though we have not observed light charged scalars.
This problem can be resolved noting that as we will show, in
this model observations are made in a de Sitter background
in which the scalar field appears to be conformally coupled
to the de Sitter background. Therefore its mass is propor-
tional to the scalar curvature R of the observed universe. Us-
ing the WKB approximation, the lifetime of the observed
de Sitter background is calculated in [11] and is shown to be
proportional to e¥ - (To my knowledge, this result is given
for the first time in a beautiful paper by Coleman where ¢y is
called a "bounce" [12].) Consequently in the weak coupling
limit g — 10 the lifetime increases exponentially.

In this paper we study the critical scalar theory on
Minkowski spacetime. Here ¢y is singular on a hyperbola in
the timelike region which asymptotes to the lightcone. The
total energy of ¢y, measured by an observer located at the
center of ¢ is conserved and vanishing though the energy
density is a function of space and time. The energy den-
sity diverges in the neighborhood of singularity causing a
gravitational collapse when the scalar theory is coupled to
gravity. Fortunately the singularity is safe. On the one hand
in Minkowski spacetime, the distance between the observers
and the singularity is proportional to 3. On the other hand
there is some mechanism of f transition in the model: larger
¢o’s decay to smaller ones due to say thermal fluctuations
around ¢y and finally there remains only a gas of zero sized
bubbles which corresponds to B — c. The mechanism of
such transition is not clear yet but its phenomenology, prob-
ably is similar to that of the discretuum of possible de Sitter
vacua in KKLT models [13]. Therefore, for the most sta-
ble @ solution, the singularity is located at infinite future
and is out of reach. Furthermore, from the observers point
of view, the observable universe is an open de Sitter space
which horizon is located on the singularity. Therefore they
do not see the singularity at all for any value of 8! Of course
they should feel some back reactions when the scalar theory
is coupled to gravity caused by the 8 transition. The energy
density p and pressure p that they measure are constants
satisfying the dark energy equation of state p = —p = A
(8wG = 1), where A is the cosmological constant. A ques-
tion here is the value of A or equivalently R, the curvature

scalar. At classical level, R is not determined in the critical
scalar model as is expected. Because the theory is classically
scale free. The quantum theory is not scale free due to loop
corrections. Therefore quantum corrections are the hopeful
candidates to give the value of the observed scalar curva-
ture. The details are not clear for us yet and we postpone it
to future works.

In Minkowski spacetime in the case of critical scalar
model with negative coupling constant the singularity of ¢
is a hyperbola in the spacelike region which asymptotes to
the lightcone. One can easily verify that in this case the total
energy for existence of ¢y is infinite. Thus, similar to the Eu-
clidean case, one can conclude that ¢ uniquely exists only
in the unstable (g > 0) critical scalar model.

The organization of the paper is as follows. In the next
section we study the critical scalar theory on flat Euclidean
background and determine the role of the moduli § in the
stability of the solutions. We show that by recasting the
scalar theory in terms of new fields ¢ = ¢ — ¢ at the end
of the day one obtains a ¢* model conformally coupled
to a de Sitter background. In section 3 we switch to the
Minkowski spacetime by a Wick rotation ¢ — it and study
the observed de Sitter universe in terms of the Robertson-
Walker metric.

2 Critical scalar theory in D = 4 Euclidean space

In this section we study scalar field theories in four dimen-
sional Euclidean space invariant under rescaling transforma-
tion x — x’ = Ax, A > 0. There are in general three scale-free
scalar theories: ¢* model in D = 4 and ¢> and ¢° models in
D = 6,3 respectively. In this paper we only study ¢* model
in D = 4 though the main result of this paper can be sim-
ply generalized to the other two scalar models. The action in
Euclidean space is

S[¢] = / d*x (;6“V8u¢8v¢ - jw) )

where we assume g > 0. Consequently the potential V (p) ~
—¢* and is not bounded from below. The Kronecker delta
symbol 0"V stands for the metric of flat Euclidean space.
The corresponding equation of motion is a non-linear
Laplace equation V2¢ + g¢> = 0, where V2 = §1V9,,0,.
One can easily show that for g > 0, a solution of the non-
linear Laplace equation is

W L
Po(x: B, a") = \/;ﬁ2—|—(x—a)2’ 3)

where (x—a)? = 8,y (x—a)!(x—a)". B and a* are undeter-
mined parameters describing the the size and location of ¢y.
These moduli are consequences of symmetries of the action



71

i.e. invariance under rescaling and translation. The informa-
tion geometry of the moduli space, given by Hitchin formula

(9]

1
g]] = N /d4x$081 (logo%) :9] (log.,%) y (4)

is an Euclidean AdSs space (1). N = 45—3 fd4x$o is a nor-
malization constant and %y = %(f)é is the Lagrangian den-
sity calculated at ¢ = @9. The moduli a* are present since
the action is invariant under translation. The existence of 3
is the result of invariance under rescaling [11].

To my knowledge, the solution ¢g is obtained for the
first time by Fubini. He looked for a solution of the equation
of motion "in which the vacuum expectation value of the
field ¢ (x) is non-vanishing” [8]. He verified that this vacua
is not invariant under the Poincare group but is invariant un-
der the de Sitter group O(3,1). Consequently by recasting
the action in terms of new fields ¢ = ¢ — ¢ one expects
to obtain, after some field redefinitions, a scalar theory in
de Sitter background. In fact the action in terms of qS is,

S[9] = S[¢o] + Stree @] + Sin 8], )

where S[¢o] = [d*x.% = % and

- ' 1 N | -
Siceld] = [ @' (30,6026 L) ©
in which,

ﬁZ
(B> +(x—a))*
These equations show that ¢ is a metastable local minima of
the action. This can also be verified explicitly by numerical
analysis of action (2), see ref. [11]. Equation (6) can be used
to show that the stability increases as § — oo. In fact if we
calculate the variation of action at the stationary point ¢o(3)

for different values of the moduli B; and f3;, under variation
8¢, from Egs.(6,7) one verifies that,

AS = 8S|g, — S|,
~ [ Bl - on(B)) 507+ 060D, ®

M*(x) = —3g¢3 = —24 )

For simplicity we assume that afi =0, i=1,2. Therefore AS
is proportional to,

2 (—x*+ BIB3)
(B +x2)2(B +x2)

For 8¢ with compact support, i.e. §¢ = 0 if |x| > /P15
the integral above is positive therefore AS ~ (B2 — 7). As
far as ¢@p is a metastable local minima there exist 6¢ with
compact support such that 85|, > 0 i = 1,2. Consequently
if B; > B, then 6S|g, > 85|, > 0. One can convince her-
self/himself that for some 8¢ one obtains 5S|g, < 0 while

(B~ B3) [ ax ;69% ©

o8| p, > 0. Consequently one concludes that there is a tran-
sition B, — B; induced by say, thermal fluctuations. In ad-
dition the stability increases as 3 — oo.

The mass term in Eq.(6) can be interpreted as interac-
tion with the background ¢y. Now recall that in general,
by inserting ¢ = v/ Q¢ and Ouv = .Q_lguv in the action
S[] = [ d*x55"Y 9, ¢y @, one obtains,

16 = [ e (Se a0+ J6r5?) . (0

i.e. a scalar theory on conformally flat background given by
the metric g,y = Q6 in which Q > 0 is an arbitrary €
function. R is the scalar curvature of the background and
&= % is the conformal coupling constant. For details see

[14] or appendix C of [7]. Thus, defining ¢ = Q%Iqs, one
can show that Stree[®] given in Eq.(6) is the action of the
scalar field ¢ on some conformally flat background,

' 1
Sieel) = [ d*x/lgl (58" 0 200 (an
1 2\ 42
+ 5 (ER+m)9?).
with metric

8uv:-95uw Q=

12)

where m? is the mass of ¢ (undetermined) and M?(x) is
given in Eq.(7). This result is surprising as one can show

that the Ricci tensor R,y = Agyy, where A = f’"; >0 as
far as © > 0. Consequently ¢ lives in a four dimensional
de Sitter space which scalar curvature R = —2m?. The in-

teracting part of the action, Sip[@] = [d*xy/|guv|-Lpy is

well-defined in terms of ¢ on the corresponding dSy:

—m2 _ _
=8\ 5, 0~ 39" (13)

Interestingly after a shift of the scalar field ¢ — ¢ — *3’22

the action (5) can be written in the dS4 as follows:
- 1 _ -
$19] = [ d*v/lel (38" ud 06

! (14)
2 874

“ERp2 -8 )

+5ERG? -5

This is a scalar theory in a de Sitter background with re-

versed Mexican hat potential. In a similar way, by recasting

the critical scalar theory minimally coupled to U(1) gauge

field in terms of fluctuations around the classical solution

¢ = ¢o and Ay, = 0, one verifies that the action

S:/d4x(|DH¢\2—§\¢|4)+SA, (15)



72

is equivalent to
S = S[go] +S[@,Au] +Sa, (16)

where
S[0,Au] = / d'xy/g (;g“vDuéquS*+V(q$)>, (17)

V(p)=1ER ]q3|2 —¢ |¢3|4 and Sy is the Kinetic term for the
gauge field,

1
SA == 7Z/d4.xFqupo-5p#56v

|
== / d*2\/38" 8" Fyuy Foo. (18)

Fuy in the first equality above is the field strength in
Minkowski spacetime. In the second equality F,, should be
understood as the field strength on the de Sitter space [11].
It should be noted that under the conformal transformation
guv — 2guy, in four dimensions Ay — Ay,

3 The critical scalar theory in Minkowski spacetime

The critical scalar theory in four dimensional Minkowski
spacetime is given by the action

S[9] = / d'x (;n“vamamjw), (19)

where 1,y = (+,—,—,—) and g > 0. The equation of mo-
tion is a non-linear wave equation N*dydy¢ — g¢> = 0
which has the solution

8 B
i 20
% \/?ﬁz—(t—a0)2+|56—&'|2’ e

where ¥ € R3. Here on we assume a* = 0 for simplicity. ¢
is singular on the hyperbola > = x* + B2 and we define its
distance to an observer located on the origin to be given by
B. The Hamiltonian density .77 corresponding to ¢y, is,
1682 12 +x*—p?
g (—P2+x2+p2)*

which tends to infinity in the vicinity of the singularity. As is
explained in the introduction, using the results of section 2
and the arguments after Eq.(9), we now that the most stable
@ is the zero-sized one, corresponding to 3 — 0. Therefore
the singularity is safe when the scalar theory is coupled to
gravity. For r < 8 one can calculate, say, the total vacuum
energy H = [d>x# corresponding to ¢y which is surpris-
ingly vanishing, H = 0. Repeating the calculations of sec-
tion 2 one verifies that observers located at the origin of the
Minkowski spacetime observe a de Sitter space given by the
conformally flat metric,

122 1
A (BE-12+x2)

H = 1)

ds*

S (—dt* +dx*), (22)

where A > 0 is the cosmological constant. This metric can
be obtained using Eq.(12) after a Wick rotation ¢ — it. We
use a different set of coordinates in order to describe the
observed de Sitter space with FRW metric to see whether it
is open, closed or flat. Defining, coordinates u, p and z;, i =
1,2,3 by the relations z? = 1, = ucosh p and x; = usinh pz;
useful to describe the timelike region ¢ > |¥|, one obtains,

e 1282 1
=

A (B2—u?)? (23)
x (—du* +u* (dp* +sinh*pdz7)) .

we define a time coordinate 7 by the relation dt =
~1 .
(B?—u?)"" du. Thus one obtains,

_12p7)

dt?
A

ds*
. (24)
sinh”(237) )

—ap (dp2+smh2pdz,~2)].
One can call the region u < 8 which can be observed by
observers located on the origin the south pole and the u >
B region the north pole, a known terminology in de Sitter
geometry. The south pole and north pole in our model are
separated by the horizon located at u = f3, i.e the singularity

of @p. By normalizing T by the normalization factor 4/ 'A—z B

and defining a new coordinate r = sinh p, one at the end of
the day obtains,

d 2
ds2d12+a(r)2< 4 +r2dz,.2), (25)

1+72

\/g sinh \/gr. This is the Robertson-
Walker metric for open de Sitter universe. One can easily
calculate the energy density p and the pressure p of the
cosmological stuff corresponding to ¢y using the Friedmann
equations for the open universe,

a\>  8nG L
) " 3Pt
a 4nG
-—=—— 3p). 26
p 5 (P+3p) (26)
One verifies that p and p satisfy the equation of state for the
cosmological constant p = —p=A (871G =1).

in which a(7) =
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Abstract This research presents a reduction and recon-
struction study for third and fourth order linear ordinary
differential equations with variable coefficients, including
equations with nonzero dependent variable terms. A com-
patible higher order equation is reduced to a second order
ODE and then is solved analytically to produce the homo-
geneous solution required by variation of parameters and
the Wronskian. Once this homogeneous solution is found,
the systematic general solution follows from the classical
variation of parameters, represented here by equation (9d).
The work therefore aims to pierce the main difficulty of
variable coefficient problems: finding an analytical homoge-
neous solution for the linear compatible ODE with varying
coefficients. Validation is performed on Airy, Bessel, Leg-
endre, and Weber type models, including induced third and
fourth order equations and beyond special functions coeffi-
cients. Numerical comparisons with classical special func-
tions show agreement at round off scale.

Keywords: Variable-coefficient ordinary differential equa-
tions; reduction of order; analytical solution; integrating fac-
tor; special functions

1 Introduction

Linear ODEs with variable coefficients are foundational in
mathematical physics, engineering dynamics, wave propa-
gation, elasticity, quantum mechanics, and stability theory.
Classical theory established that variable coefficients, sin-
gular points, and boundary behavior fundamentally com-
plicate solution structures beyond constant-coefficient cases
[1, 2]. Thus, the special functions such as Airy, Bessel, Leg-
endre, and parabolic-cylinder functions arise naturally from
second-order variable-coefficient equations and continue to

dgunawan @ep.its.ac.id

serve as benchmarks for analytical and numerical methods
(3, 4].

Despite extensive developments in Frobenius series,
WKB approximations, contour-integral representations,
variation of parameters, and transformation-based tech-
niques, systematic approaches that reduce higher-order
variable-coefficient ODE:s to solvable lower-order forms re-
main of strong interest. Recent studies have advanced gener-
alized integrating factors for second- and third-order equa-
tions [5-7]. Gadella and Lara emphasized that exact solu-
tions for variable coefficient systems are generally difficult
except for special structures [8]. Recent applied mathemat-
ics treatments continue to introduce Wronskians, Cauchy
problems, first and second order linear equations, and Eu-
ler type or special equations as the main analytical tools [9].
Open educational resources published in recent years also
continue to present higher order equations through Wron-
skians, superposition, variation of parameters, and reduction
of order, showing that the topic remains central in current
teaching and research practice [10].

The analytical bottleneck can be stated very clearly: the
general solution is systematic if a fundamental homoge-
neous pair is known. The Wronskian and variation of param-
eters then produce a particular solution and complete the so-
lution space. However, finding even one nontrivial homoge-
neous solution for a variable-coefficient equation is the main
difficulty. This observation motivates the present work on
variable-coefficient linear ODEs, which constructs a correct
homogeneous solution so that variation of parameters and
reduction of order become systematic and classical. In this
sense, the proposed approach is complementary to the stan-
dard methodology: first reduce a compatible higher-order
equation to a second-order equation, then solve the second-
order ODE analytically, and finally use the Wronskian and
variation of parameters to establish the general solution.
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This paper contributes a structured reduction-of-order
method for compatible third- and fourth-order linear ODEs.
The method transforms the original equation into a reduced
form in which a derivative of the dependent variable sat-
isfies a second-order variable-coefficient ODE. The reduced
second-order equation is solved analytically, followed by in-
verse transformations to reconstruct the original solution.
To validate the framework, the paper applies the reduction
to Airy, Bessel, Legendre, and Weber equations of higher-
order type. These functions are classical enough to provide
exact benchmark solutions, while remaining sufficiently rich
to test variable-coefficient behavior. Additional examples
involving non-special variable terms are also considered,
demonstrating that the applicability of the method extends
beyond constructive special-function settings.

2 The Mathematical Formulations
2.1 Reduction of 3rd Order ODE

Firstly, we would like to state that the written symbols and
coefficients are freely chosen for convenience and the reader
should not be confused by perceiving that each subsec-
tion has its own variables and coefficients. Consider a non-
homogeneous third-order linear differential equation with
variable coefficients,

Yaxx T A1Yxx + a2Yx +azy = ayg, (1a)
Leta; = b + < then equation (1a) can be rewritten as

1

%(aSYXx)x+b1yxx+a2yx+a3y = da4. (1b)

Also take ap = by + b1 % , thus the following relation is ob-
tained,

1
— (aSyxx)x +

b
= (agyx)x +bayx +azy = ay. (Ic)
as ag

Multiply by an arbitrary function ¢ to generate,

(04
- (QSyxx)x +

aby
— (aeyx)x + otboyc + ctazy = otay. (1d)
as ae

Suppose that the following expression is satisfied,
a3
a=Ce n® (le)

oby = aas,

Let C; = 1, equation (1d) is rewritten as
o ob a3y
—(a5yxx)x + ——(agyx)x + b2 (ef b2 xy) = Qay. (1f)
as ag .
Suppose that

- 43 a3
e'/ by dxy =1u, y=ue ] by dx (221)

Therefore, equation (1f) can be expanded as

a{a5 luxxe_'[”;dx—i-Zux (—) iy
as by
+u<_a3> [%dx—i—u( a3> /“3dx
by /. by . (2b)
b a3
+al{a6 [uxe Iy dx
ag

+ bou, = day,.
Assume that

(- (2)]

(20)

. . a .
Now assume that b, is given, then Z6x can be determined
ae
from (2c) as

a _ fox+bifr +f8

2d
ag b1 fo ed)

Substituting into a, = by 4 by ‘% to give the expression of
. a . . .
by as a function of = Performing the resulting expression
as

into a; = b + ‘% to generate as. Therefore, equation (1a)
is reduced into Uy, + ajuy, + agi, = ag . Let u, = v, thus
the above equation can be transformed to the second-order
ODE,

o targyt+agg=ag, or gu+p(x)g.+r(x)g=0. (2e)

This establishes that the original third-order equation is re-
duced to a second-order equation in v(x), provided the coef-
ficient decomposition (a1,az,a3) — (a7,as,a9) exists.

2.2 Reduction of 4th Order ODE

Consider a non-homogeneous fourth-order linear differen-
tial equation with variable coefficients below,

Yaxxx T @1 YVxxx T Q2Yxx + A3Yx + a4y = as. (3a)

Suppose that a; = by + 6‘ ,and ay = by + b1 ”7" ,and az =
bs+by7, “Sx , equation (3a) becomes

1 by
- (a6yxxx)x +— (a7yxx)x
ae ag
b (3b)

2

+ 678 (agyx)x +b3yx +asy = as.
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Multiplying by an arbitrary function ¢ to give % (agyxxr)x +

P (a7y)e+ (% (agyx)x + b3y, + aasy = as.

az
Take the following relation,

aq
ouby = aas,  a=Cpe B )
Equation (3c) is transformed as

o oby ab;
—_ (a()yxxx)x +— (37)’xx)x +— (aSyx)x
de ar as

GA
+b3 (ef b3 dxy) = Qas.

Let us assume that

(3d)

ay o
el s dxy =u, y=ue Joyax, (4a)

Expanding equation (3d) as

il ag | Uy E + 3y <a4>E+3ux <a4) E
ag b3 b3/,
ay 2 ay

+3uy(—— | E+ul—— ] E
() el
aq ag
+3u| —— -
( b3>x< b3>
Oﬂbl{
+— ay
as
}X

as
uE+u () E
b3

a4
I3 o Performing the following relation,

} + b3u, = Qas.
X

where E = ¢

(04 asg ag ag
—las| —— | E+3a¢|—— —— |E
a6[ 6( b3)xx 6( b3>x< b3>

. . (40)
b
e (gere( 3):
ay b3 b3 X ¥
+067]92 3 (_a4>E =0.
ag b3
X

Suppose that b3 and ag are given, then a7 can be deter-
ay

mined from (4c) as

ae S b+ fi

az bif13

(4d)

Substituting (4d) into a; = by + b % to give b; as a function

a .. . .

of =% The next step is implementing into a; = by + % to
as

produce ag. Therefore, the fourth-order equation is reduced

N0 Uyyxy + A9Uxxx + A10Uxy + A11Ux = a12.
Let u, = v, thus the above equation can be transformed
to the third-order equation,

Guwx T A98xx +a108x + a1 = ain. (4e)
Implementing the third-order reduction into (4e), both third-
and fourth-order equations are systematically reduced to the

same second-order structure, provided the auxiliary coeffi-
cients satisfy compatibility relations.

2.3 Analytical Solution of 2"¢ Order ODE with Varying
Coefficients

Consider the 2" order ODE equation with variable coeffi-
cients as follows,

Ay +f1 (X)Ax—i-fg(x)A =0. (5a)

Let A = wB, then

Bt (224 1i) Bt <W"x+f‘w"+fzw> B=0. (5b)
w w

Take 27> + f; = a; = 0, then w is determined by

w=e 2/ Ndx, (5¢)

and equation (5a) is rewritten as

By +axB =0, (5d)

woet fiwxt+fHow
w :

Let B = (yZ),, equation (5d) becomes

where a; =

(yZ)xxx + a2(yZ)x =0,

or
VZix + 3VxZix + 3Vl + YxZ + a2y Zy a2y Z =0, (6a)
or

VZyxx + 3yxZyx + (3yxx + 612)’) Zy+ (yxxx + (lex) Z=0.

Suppose that 3y, = b; —|—y%‘, 3y +axy = by + by %7 equa-
tion (6a) is rewritten as

b
ay? (a3Zxx)x + i (a4Zx)x +byZ,+yZ=0, (6b)
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where ¥ = y,.x +azy,. Introducing the integrating factor § =
I hl dx
e’ n

, to give
ﬁz (a3Zxx)x [3 41 (Cl4Z ) +b (ﬁz)x =0,
or
y 2
ﬁy{a {e f,,zdexx+2<_Y>e I
as b2

(6¢)

+ b U, =0.

with U = BZ. Set the following condition,

ﬁla3x e xdx+a3x o xdx +& a4xe-fldx‘| =0.
as X a4 X
(6d)

Expanding (6d),
ﬁ%ﬁmm" + Byl ¥4 3By "xxefw]
+ %Xxe.fxdx —+ ‘Byxxxe'/‘xdx

a (D
+ Bb;%c%e”dx+ﬁb1%x€fxdxJrﬁbl%ze'mdx]

4

=0

)

where x(x) = f%. Recalling the definition of 3, equation
(6d) is rewritten as

+ YXxx

[y T v+ 3y +

(6e)

bl A4y

+ X+blxx+b1%

Equation (6¢) is then defined by

ﬁy [a el xd Uxxx“"aSXefx Ue + azy el x dU
+ ZaSXEfdeUXX + 203X2€fxdex + ZQSXXEIXdXUx

+as el XU, 4 az gl XU,

Bbi

as

+ ase! XXV + asyel *U,

(7a)

+a4xefxdeX —l—aU(efdeUx

By

+byU, —l—— asx2el XU 4+ azpee! ¥ U

b
+—ﬁa1 asye! U | U =o0.
4

X

Recalling the definition of 3, equation (7a) is rewritten as

Yoxx +

3yx

(7b)
2y 3x

+ |3y + ALY

=0.

Substituting b; = 3y, — “3‘, b % “‘” = 3y +azy — by, into

(6e),
YWy + [3yx + 3yx} Usx
+ [3)’%2 + VX +6yx X + 3y + a2y} U,=0,
or (7C)
Ut 32+ Sy—x} Un

+ [3X2+Xx 6yxx+3y’“ —le}U 0.
Take the following condition, {3;5 + 3%} - [3;52 ot
X
6%‘ X+ 3% +a2}. The y- and b,-dependent terms can be
separated as

2

-3 (yx) —ay =32 -2+ 62y =0. (8a)
y y

Thus, each solution will be

y=Cre IVIed

2 y3

——_—. 8b
3 [y3dx+C (8b)
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Furthermore, equation (6e) is performed into 3y, = b; +
y“a%-", as follows,

a
by (x - =+ 1) =3y 31’ 3

as (8¢c)

- 3yx%xx71 _yxxxxil .

Then, substitute equation (8c) into 3y, + axy = by + by %*
to form the equation for ay4,

a.
(3yxx+a2y_b2) (—X - ai: + 1)

(8d)
_ O
4

3y« +YX2 + 3y — 3.)&%)6%71 _yXXxXI] .

and the solution can be directly found.
After establishing the coefficient relations, now we move
to equation (7d), which is simplified as

Uy, + 3x+3yyi U, =C;. (92)

and the solution for U and A are

U=0; /y73ef3fxdx [/ (y3e3fxdx) a’x] dx

+C4/<y_38_3-fxdx) dx+Cs.

(9b)

and
A :wB:w(yZ)x:w(yefxde) : (9c)

where w and U are defined by (5c) and (9b). Thus the gen-
eral solution for A with forcing function f5 is

A%Ap,xx + 2AhAh,xAp,x + flA%lAp,x = Ahf37
or
A=AA,

:Ah

(9d)
/%eiff‘dx (/Ahf3eff‘dxdx> dx]
h

1 .
+ C6Ap, </Az€_'}fldxdx) + CAy,.
h

Note that the second term of (9d) is exactly the second ho-
mogeneous solution used by variation of parameters, which
in this method appears as a consequence of generating the
general solution.

3 Validation Against Various Physical and Engineering
Models

To establish the quantitative reliability of the reduction and
reconstruction methods, the proposed analytical solutions
are benchmarked against high-accuracy direct numerical in-
tegration of the original higher-order equations. The refer-
ence solution y¢(x) is obtained by direct integration of the
full third- or fourth-order ODE using the DOP853 algorithm
[12], implemented via scipy.integrate.solve_ivp
[11]. DOP853 is an explicit eighth-order Runge—Kutta
method with seventh-order dense output, widely adopted for
non-stiff high-precision problems due to its adaptive step-
size control, embedded error estimation, and robust handling
of smooth variable coefficients.

3.1 Airy Equation (Quantum Tunneling & Wave
Propagation)

The reduced mechanism A,y —xA = 0 models quantum
wavefunctions near classical turning points and diffraction
caustics. Applying the framework with f; = 0, o, = —x,
yields w = 1, ap = —x. The compatibility conditions se-
lect y(x) = Ai(x), and Egs. (9a2)—(9¢) reconstruct the ho-
mogeneous solution. The Cq term in (9d) generates Bi(x)
via Ay = Ay, [ A, dx. Maximum absolute error over [—2,2]:
6.74x 10713,

3.2 Bessel Equation (Cylindrical Waveguides & Heat
Transfer)

The reduced equation Ay + x'A, + (1-vix2)A =
0, (v = 0.7), governs radial modes in cylindrical coordi-
nates. Normalization yields w = x~'/2, transforming the
equation to a Schrédinger-type form with potential a;(x) =

1 2
1+ 4x2v . The reconstruction recovers Jy(x) as Aj, and
variation of parameters yields Y, (x). Error over [0.5,2]:
5.33x 1071,

3.3 Legendre Equation (Potential Theory & Spherical
Harmonics)

The reduced equation (1 —x?)A,, — 2xA, + (£ + 1)A =
0, £ =7, exhibits endpoint singularities at x = +1. The nor-
malization factor w = (1 —x2)~'/2 absorbs the f; singular-
ity, yielding By, +az(x)B = 0, with az(x) = 2% + ﬁ
The reconstruction isolates the polynomial branch P (x),
while the quadrature integral generates Q7(x). Error over

[—0.8,0.8]: 2.44 x 10~ 14,
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3.4 Weber/Parabolic Cylinder Equation
(Quantum Harmonic Oscillator & Plasma Stability)

The reduced equation Ay, + (v + % — %)

A=0,(v=0.3),
models parabolic potential wells. The framework recovers
Dy(x) as Ay, and the second branch Dy (—x) emerges from

the Cg integral. Error over [—1,1]: 3.63 x 10713,

3.5 Nonclassical Variable-Coefficient Test

To verify robustness beyond special functions, coefficients
are constructed as aj(x) = sin(x + 0.42), ax(x) = 2 +
x?, daz(x) = 15.3¢*. Direct numerical integration versus
reduction reconstruction yields maximum errors < 2.62 X

10~7 for second-order, < 7.08 x 108 for third-order, and

< 2.62 x 1077 for fourth-order reconstructions, confirming

structural stability under noncanonical coefficient profiles.
The validations are summarized in the following tables.

Table 1: The second-order benchmarks.

Model Case Interval Maximum
absolute error
Second order Airy —2<x<2 6.738 x 10713
Second order Bessel 05<x<2 5.329x 10713
Second order Legendre —0.8<x<0.8 2.442x 1014
Second order ~ Weber —-1<x<1 3.634x 10713

Table 2: Reconstruction errors with nonzero dependent-variable terms.

Model Case Interval Maximum absolute error
Third order with nonzero dependent variable term Airy —2<x<?2 1.832x 1013
Third order with nonzero dependent variable term Bessel 05<x<2 3.886 x 10710
Third order with nonzero dependent variable term Legendre —0.8<x<0.8 3.331x 10710
Third order with nonzero dependent variable term Weber —-1<x<1 3.331x 10715
Fourth order with nonzero dependent variable term Airy —2<x<2 4233 x 10713
Fourth order with nonzero dependent variable term Bessel 05<x<2 2.220x 10716
Fourth order with nonzero dependent variable term Legendre —0.8 <x<0.8 1.110 x 10716
Fourth order with nonzero dependent variable term Weber —1<x<1 3.109 x 10~ 15

Table 3: Non-special-function reconstruction errors.

Comparison

Maximum absolute error

Second order, variation of parameters versus direct integration
Third order original, reduction reconstruction versus direct integration
Fourth order original, reduction reconstruction versus direct integration

2.5544 x 1077
7.0761 x 1078
2.6170 x 107

The proposed solution is reconstructed via reduction and
then analytical solution of a second-order ODE. Reference
solutions use DOP853, with numerical truncation errors
small enough to lie well below the precision of the analytical
solution. Initial conditions for the higher-order system are
derived consistently by back-substitution through y = e™**u
and the derivative relations g = u, for third-order equations,
or g = uy, for fourth-order equations. The results confirm
that the proposed method can be used to solve compati-
ble full higher-order variable-coefficient ODEs by reducing
the problem to a second-order equation. The agreement be-
tween reconstructed analytical solutions and direct higher-
order numerical integration is close to numerical precision in
all tested cases. The Airy examples show that turning-point
behavior is preserved by the reduction and reconstruction.

The Bessel examples show that singular coefficients can be
handled on intervals that do not include the singular point.
The Legendre examples show that endpoint singularities can
be handled on the open interval and interpreted through lim-
iting values at the endpoints.

The framework transforms the classical problem of find-
ing a homogeneous solution for variable-coefficient ODEs
into a constructive second-order ODE. By normalizing the
first-derivative term, endpoint singularities are analytically
absorbed into the integrating factor. The variation of pa-
rameters step is no longer formal: the Wronskian structure
emerges naturally from the Cg integral, ensuring linear inde-
pendence by construction. The method is highly amenable
to symbolic algebra systems and hybrid symbolic—numeric
solvers. However, the reduction applies strictly to com-
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patible equations satisfying the coefficient decomposition
ansatz. Not all higher-order ODEs possess this structure;
irregular singular points or non-integrable coefficient cou-
plings may violate compatibility. Nested integrals in (9c)
can become computationally intensive for highly oscilla-
tory or rapidly varying coefficients, requiring adaptive high-
precision integration. Additionally, the choice of which ho-
mogeneous solution is reconstructed may admit multiple
valid possibilities, necessitating consistency checks or phys-
ical boundary conditions to select the appropriate solu-
tion manifold. The formulation and validating processes are
summarized in the following statement.

Theorem 1 (Compatibility—Reduction and Reconstruc-
tion)

Let Z,ly] =y + ZZ;}ak(x)y(”_k) =0 be a linear
n-th order (n = 3,4) ODE with coefficients a; € C(I)
on an open interval I C R. Suppose the coefficients sat-
isfy the hierarchical compatibility decomposition: ay(x) =
br(x) + by (x)é—ilnak(x), k=1,...,n—1 for smooth aux-
iliary functions ai(x) and integrating factors by(x). Then:

1. Z,[y] admits an operator factorization £, = D" %0 %5,
where D = “L and £5[A] = A+ f1(x)Ac + fo(X)A.

2. The homogeneous solution Aj, of £[A] = 0 is explic-
itly reconstructible via Equations (9a)—(9c) provided the
compatibility condition Q(x) = Py(x) holds for the trans-
formed operator.

3. The general solution of £,]y] = 0 follows constructively
from Equation (9d), with the Wronskian determinant sat-

isfying detW[yy,...,y,] = Cexp(— [a;i(x)dx).

Proof The factorization follows from iterative application
of the gauge transformation u = e/(@/b1-1)4%y, and the com-
patibility ansatz, which systematically eliminates lower-
order dependent terms and exposes the derivative chain
structure. The normalization A = wB converts .% to Liou-
ville normal form, removing the first-derivative singularity.
The substitution B = (yZ), and integrating factor 3 exploit
the exact derivative property of linear differential opera-
tors under compatibility, reducing the third-order Z-equation
to (9a). Integration yields (9b), and inversion recovers Ay
via (9¢). Variation of parameters completes the basis, with
Abel’s identity guaranteeing linear independence and Wron-
skian preservation.

4 Conclusion

This paper presented a rigorous reduction and reconstruc-
tion method for compatible third- and fourth-order linear
ODEs with variable coefficients. By transforming the origi-
nal equation into a second-order ODE and solving it through

normalization, substitution, and nested integrals (Eqs. 9a—
9d), the method systematically supplies the missing homo-
geneous solution required for variation of parameters. Val-
idation against Airy, Bessel, Legendre, and Weber models,
including nonzero dependent-variable gauges, demonstrates
agreement with classical solutions at roundoff scale. A for-
mal compatibility—reconstruction theorem establishes the
analytical foundation, while a critical evaluation highlights
singularity regularization, computational structure, and do-
main applicability.

The results confirm that resolving the second-order an-
alytical problem is the key step in making Wronskian
higher-order reduction constructive and exact. The third-
and fourth-order reductions suggest a promising and natural
extension to higher-order systems. We formalize this exten-
sion through the following conjecture and proposition.

Conjecture 1 (Iterative Compatibility Reduction for n-th
Order Systems)

Any linear n-th order ODE with variable coefficients
(n > 5) that satisfies a hierarchical compatibility decompo-
sition of the form ai(x) = by(x) + b1 (x) % Inay(x), k =
I,...,n—1, can be reduced to a second-order equation
through successive operator factorizations ., = D" 20 %5,
where each reduction step eliminates one derivative order
via an exponential transformation and coefficient matching.
The homogeneous solution of .%5 reconstructs the full solu-
tion space of %, via n — 2 successive integrations, preserv-
ing linear independence and Wronskian structure.

Proposition 1 (n-th Order Reconstruction)

If the reduced second-order ODE admits a
homogeneous  solution g, via Equations (9a)-
(9c), then the original n-th order solution y(x) is

given by y(x) = e_S"*Z(x)/~~~/g(x)dx"_2, where
——

n—2 times
Sp2(x) = Y072 [si(x)dx accumulates the integrating
Sfunctions from each reduction step, and g(x) is the general
solution of the second-order equation. The reconstruc-
tion preserves the Abel-Liouville Wronskian identity:

detWlyy,...,yq] = Cexp(— [ai(x)dx).
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